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CONVERSIONS BETWEEN U.S. CUSTOMARY UNITS AND SI UNITS 


U.S. Customary unit Equals SI unit 


Acceleration (linear) 
foot per second squared i 0.3048 * 0.305 meter per second squared m/s? 
inch per second squared in./s? 0.0254* 0.0254 meter per second squared m/s? 


Area 





square foot 
square inch 


Density (mass) 
slug per cubic foot slug/ft? 515.379 kilogram per cubic meter kg/m’ 


0.09290304* "n. 0929 square meter 
645.16* square millimeter 










Density (weight) 
pound per cubic foot ? 157.087 157 newton per cubic meter 
pound per cubic inch in." 271.447 271 kilonewton per cubic 
meter 





Energy; work 
foot-pound - 1.35582 l joule (N-m) 
inch-pound in.- 0.112985 joule 
kilowatt-hour 3.6* . megajoule 
British thermal unit 1055.06 joule 


Force 
pound 4.44822 4.45 newton (kg-m/s”) 
kip (1000 pounds) 4.44822 4.45 kilonewton 


Force per unit length 
pound per foot 14.5939 ; newton per meter 
pound per inch in. 175.127 newton per meter 
kip per foot 14.5939 kilonewton per meter 
kip per inch In. 175.127 kilonewton per meter 


0.3048* meter 
ddp ; millimeter 
1.609344* . kilometer 


Mass 
slug Ib-s^/ft 14.5939 14.6 kilogram kg 


Moment of a force; torque 
pound-foot - 1.35582 newton meter 
pound-inch -in. 0.112985 newton meter 
kip-foot - 1.35582 kilonewton meter 
kip-inch -in. 0.112985 kilonewton meter 





CONVERSIONS BETWEEN U.S. CUSTOMARY UNITS AND SI UNITS (Continued) 


Times conversion factor 


U.S. Customary unit Equals SI unit 


Moment of inertia (area) 
inch to fourth power In. 416,231 416,000 millimeter to fourth 
power 
inch to fourth power In. 0.416231 x 10 ? 0.416 x 10 ^| meter to fourth power 


Moment of inertia (mass) 
slug foot squared slug-ft? 1.35582 kilogram meter squared 


Power 
foot-pound per second ft-Ib/s 1.35582 watt (J/s or N-m/s) 
foot-pound per minute ft-Ib/min 0.02259770 l watt 
horsepower (550 ft-Ib/s) hp 745.701 watt 


Pressure; stress 
pound per square foot 47.8803 . pascal (N/m?) 
pound per square inch i 6894.76 pascal 


kip per square foot 47.8803 ; kilopascal 
kip per square inch i 6.89476 l megapascal 


Section modulus 
inch to third power in." 16,387.1 16,400 millimeter to third power 
inch to third power in.” 16.3871 X 10 9 16.4 x 10 9 meter to third power 


Velocity (linear) 
foot per second 0.3048* meter per second 
inch per second In. 0.0254* meter per second 
mile per hour 0.44704* . meter per second 
mile per hour 1.609344* kilometer per hour 


Volume 
cubic foot 0.0283168 0.0283 cubic meter 
cubic inch in." 16.3871 x 107° 16.4 x 10 9 cubic meter 
cubic inch In. 16.3871 16.4 cubic centimeter (cc) 
gallon (231 in.) 3.78541 3.79 liter 
gallon (231 in.?) . 0.00378541 0.00379 cubic meter 





* An asterisk denotes an exact conversion factor 
Note: To convert from SI units to USCS units, divide by the conversion factor 


Temperature Conversion Formulas 7(°C) = HTCP) = 32] = T(K) = 273.15 


T(K) = SUTCE) 37 | ZI odo = TCC)T- 213.15 


TCF) = STCC) + 32 = zT) — 459.67 
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James Monroe Gere 
1925—2008 


James Monroe Gere, Professor Emeritus of Civil Engineering at Stanford University, died in 
Portola Valley, CA, on January 30, 2008. Jim Gere was born on June 14, 1925, in Syracuse, 
NY. He joined the U.S. Army Air Corps at age 17 in 1942, serving in England, France and 
Germany. After the war, he earned undergraduate and master's degrees in Civil Engineering 
from the Rensselaer Polytechnic Institute in 1949 and 1951, respectively. He worked as an 
instructor and later as a Research Associate for Rensselaer between 1949 and 1952. He was 
awarded one of the first NSF Fellowships, and chose to study at Stanford. He received his 
Ph.D. in 1954 and was offered a faculty position in Civil Engineering, beginning a 34-year 
career of engaging his students in challenging topics in mechanics, and structural and earth- 
quake engineering. He served as Department Chair and Associate Dean of Engineering and in 
1974 co-founded the John A. Blume Earthquake Engineering Center at Stanford. In 1980, Jim 
Gere also became the founding head of the Stanford Committee on Earthquake Preparedness, 
which urged campus members to brace and strengthen office equipment, furniture, and other 


contents items that could pose a life safety hazard in the event of an earthquake. That same year, he was invited as one of 
the first foreigners to study the earthquake-devastated city of Tangshan, China. Jim retired from Stanford in 1988 but con- 
tinued to be a most valuable member of the Stanford community as he gave freely of his time to advise students and to 





Jim Gere in the Timoshenko 
Library at Stanford holding a 
copy of the 2nd edition of this 
text (photo courtesy of Richard 
Weingardt Consultants, Inc.) 


guide them on various field trips to the California earthquake country. 

Jim Gere was known for his outgoing manner, his cheerful personality and wonderful 
smile, his athleticism, and his skill as an educator in Civil Engineering. He authored nine text- 
books on various engineering subjects starting in 1972 with Mechanics of Materials, a text that 
was inspired by his teacher and mentor Stephan P. Timoshenko. His other well-known text- 
books, used in engineering courses around the world, include: Theory of Elastic Stability, 
co-authored with S. Timoshenko; Matrix Analysis of Framed Structures and Matrix Algebra 
for Engineers, both co-authored with W. Weaver; Moment Distribution; Earthquake Tables: 
Structural and Construction Design Manual, co-authored with H. Krawinkler; and Terra Non 
Firma: Understanding and Preparing for Earthquakes, co-authored with H. Shah. 

Respected and admired by students, faculty, and staff at Stanford University, Professor 
Gere always felt that the opportunity to work with and be of service to young people both 
inside and outside the classroom was one of his great joys. He hiked frequently and regu- 
larly visited Yosemite and the Grand Canyon national parks. He made over 20 ascents of 
Half Dome in Yosemite as well as “John Muir hikes" of up to 50 miles in a day. In 1986 he 
hiked to the base camp of Mount Everest, saving the life of a companion on the trip. James 
was an active runner and completed the Boston Marathon at age 48, in a time of 3:13. 

James Gere will be long remembered by all who knew him as a considerate and loving 
man whose upbeat good humor made aspects of daily life or work easier to bear. His last proj- 
ect (in progress and now being continued by his daughter Susan of Palo Alto) was a book 
based on the written memoirs of his great-grandfather, a Colonel (122d NY) in the Civil War. 
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Preface 


Mechanics of Materials is a basic engineering subject that must be under- 
stood by anyone concerned with the strength and physical performance of 
structures, whether those structures are man-made or natural. The subject 
matter includes such fundamental concepts as stresses and strains, defor- 
mations and displacements, elasticity and inelasticity, strain energy, and 
load-carrying capacity. These concepts underlie the design and analysis of 
a huge variety of mechanical and structural systems. 

At the college level, mechanics of materials is usually taught during 
the sophomore and junior years. The subject is required for most stu- 
dents majoring in mechanical, structural, civil, biomedical, aeronautical, 
and aerospace engineering. Furthermore, many students from such 
diverse fields as materials science, industrial engineering, architecture, 
and agricultural engineering also find it useful to study this subject. 


About this Book 


The main topics covered in this book are the analysis and design of 
structural members subjected to tension, compression, torsion, and 
bending, including the fundamental concepts mentioned in the first para- 
graph. Other topics of general interest are the transformations of stress 
and strain, combined loadings, stress concentrations, deflections of 
beams, and stability of columns. 

Specialized topics include the following: Thermal effects, dynamic 
loading, nonprismatic members, beams of two materials, shear centers, 
pressure vessels, and statically indeterminate beams. For completeness 
and occasional reference, elementary topics such as shear forces, bending 
moments, centroids, and moments of inertia also are presented. As an aid 
to the student reader, each chapter begins with a Chapter Overview and 
closes with a Chapter Summary & Review in which the key points pre- 
sented in the chapter are listed for quick review (in preparation for 
examinations on the material). Each chapter also opens with a photo- 
graph of a component or structure which illustrates the key concepts to 
be discussed in that chapter. 

Much more material than can be taught in a single course is 
included in this book, and therefore instructors have the opportunity to 
select the topics they wish to cover. As a guide, some of the more 
specialized topics are identified in the table of contents by stars. 


xi 


xii 


PREFACE 


Considerable effort has been spent in checking and proofreading the 
text so as to eliminate errors, but if you happen to find one, no matter 
how trivial, please notify me by e-mail (bgoodno(2ce.gatech.edu). Then 
we can correct any errors in the next printing of the book. 


Examples 


Examples are presented throughout the book to illustrate the theoretical 
concepts and show how those concepts may be used in practical situations. 
In some cases, photographs have been added showing actual engineering 
structures or components to reinforce the tie between theory and applica- 
tion. The examples vary in length from one to four pages, depending upon 
the complexity of the material to be illustrated. When the emphasis is on 
concepts, the examples are worked out in symbolic terms so as to better 
illustrate the ideas, and when the emphasis is on problem-solving, the 
examples are numerical in character. In selected examples throughout the 
text, graphical display of results (e.g., stresses in beams) has been added to 
enhance the student's understanding of the problem results. 


Problems 


In all mechanics courses, solving problems is an important part of the 
learning process. This textbook offers more than 1,000 problems for 
homework assignments and classroom discussions. Approximately 40% 
of the problems are new or significantly revised in the seventh edition. 
The problems are placed at the end of each chapter so that they are easy 
to find and don't break up the presentation of the main subject matter. 
Also, an unusually difficult or lengthy problem is indicated by attaching 
one or more stars (depending upon the degree of difficulty) to the prob- 
lem number, thus alerting students to the time necessary for solution. 
In general, problems are arranged in order of increasing difficulty. 
Answers to all problems are listed near the back of the book. 


Units 


Both the International System of Units (SI) and the U.S. Customary 
System (USCS) are used in the examples and problems. Discussions of 
both systems and a table of conversion factors are given in Appendix A. 
For problems involving numerical solutions, odd-numbered problems are 
in USCS units and even-numbered problems are in SI units. This conven- 
tion makes it easy to know in advance which system of units is being 
used in any particular problem. In addition, tables containing properties 
of structural-steel shapes in both USCS and SI units have been added to 
Appendix E so that solution of beam analysis and design examples and 
end-of-chapter problems can be carried out in either USCS or SI units. 


References and Historical Notes 


References and historical notes appear immediately after the last chapter 
in the book. They consist of original sources for the subject matter plus 
brief biographical information about the pioneering scientists, engineers, 
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and mathematicians who created the subject of mechanics of materials. A 
separate name index makes it easy to look up any of these historical figures. 


Appendixes 


Reference material appears in the appendixes at the back of the book. Much 
of the material is in the form of tables—properties of plane areas, properties 
of structural-steel shapes, properties of structural lumber, deflections and 
slopes of beams, and properties of materials (Appendixes D through H, 
respectively). 

In contrast, Appendixes A and B are descriptive—the former gives a 
detailed description of the SI and USCS systems of units, and the latter 
presents the methodology for solving problems in mechanics. Included 
in the latter are topics such as dimensional consistency and significant 
digits. Lastly, as a handy time-saver, Appendix C provides a listing of 
commonly used mathematical formulas. 


S.P. Timoshenko (1878-1972) and J.M. Gere (1925-2008) 


Many readers of this book will recognize the name of Stephen P. 
Timoshenko— probably the most famous name in the field of applied 
mechanics. Timoshenko is generally recognized as the world's most out- 
standing pioneer in applied mechanics. He contributed many new ideas 
and concepts and became famous for both his scholarship and his teach- 
ing. Through his numerous textbooks he made a profound change in the 
teaching of mechanics not only in this country but wherever mechanics is 
taught. Timoshenko was both teacher and mentor to James Gere and 
provided the motivation for the first edition of this text, authored by 
James M. Gere and published in 1972; the second and each subsequent 
edition of this book were written by James Gere over the course of his 
long and distinguished tenure as author, educator, and researcher at 
Stanford University. James Gere started as a doctoral student at Stanford 
in 1952 and retired from Stanford as a professor in 1988 having authored 
this and eight other well known and respected text books on mechanics, 
and structural and earthquake engineering. He remained active at 
Stanford as Professor Emeritus until his death in January of 2008. 

A brief biography of Timoshenko appears in the first reference at 
the back of the book, and also in an August 2007 STRUCTURE maga- 
zine article entitled “Stephen P. Timoshenko: Father of Engineering 
Mechanics in the U.S.” by Richard G. Weingardt, P.E. This article pro- 
vides an excellent historical perspective on this and the many other 
engineering mechanics textbooks written by each of these authors. 
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pressure (force per unit area) 
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radius, radius of gyration (r — VIIA ) 
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thermal strain 


yield strain 
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normal stress 
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critical stress for a column (a, = P.,/A) 
proportional-limit stress 

residual stress 

thermal stress 

ultimate stress; yield stress 
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shear stress 


shear stresses on planes perpendicular to the x, y, and z axes and acting 
parallel to the y, z, and x axes 


shear stress on a plane perpendicular to the x, axis and acting parallel to 
the y, axis (rotated axes) 


shear stress on an inclined plane 
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ultimate stress in shear; yield stress in shear 
angle, angle of twist of a bar in torsion 
angle, angle of rotation 


angular velocity, angular frequency (w = 27) 
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This telecommunications tower is an assemblage of many members that act primarily in 
tension or compression. 
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CHAPTER OVERVIEW 


In Chapter 1, we are introduced to mechanics of materials, which exam- 
ines the stresses, strains, and displacements in bars of various materials 
acted on by axial loads applied at the centroids of their cross sections. 
We will learn about normal stress (o) and normal strain (€) in materials 
used for structural applications, then identify key properties of various 
materials, such as the modulus of elasticity (Æ) and yield (o5) and ulti- 
mate (g,,) stresses, from plots of stress (o) versus strain (e). We will also 
plot shear stress (7) versus shear strain (y) and identify the shearing 
modulus of elasticity (G). If these materials perform only in the linear 
range, stress and strain are related by Hooke's Law for normal stress and 
strain (o = E » €) and also for shear stress and strain (7 = G * y). We 
will see that changes in lateral dimensions and volume depend upon 
Poisson’s ratio (v). Material properties E, G, and v, in fact, are directly 
related to one another and are not independent properties of the material. 

Assemblage of bars to form structures (such as trusses) leads 
to consideration of average shear (T) and bearing (op) stresses in 
their connections as well as normal stresses acting on the net area of the 
cross section (if in tension) or on the full cross-sectional area (if 
in compression). If we restrict maximum stresses at any point to allow- 
able values by use of factors of safety, we can identify allowable levels 
of axial loads for simple systems, such as cables and bars. Factors of 
safety relate actual to required strength of structural members and 
account for a variety of uncertainties, such as variations in material 
properties and probability of accidental overload. Lastly, we will con- 
sider design: the iterative process by which the appropriate size of 
structural members is determined to meet a variety of both strength and 
stiffness requirements for a particular structure subjected to a variety of 
different loadings. 
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Chapter 1 is organized as follows: 


1.1 Introduction to Mechanics of Materials 5 
1.2 Normal Stress and Strain 7 
1.3 Mechanical Properties of Materials 15 
1.4 Elasticity, Plasticity, and Creep 24 
1.5 Linear Elasticity, Hooke’s Law, and Poisson's Ratio 27 
1.6 Shear Stress and Strain 32 
1.7 Allowable Stresses and Allowable Loads 43 
1.8 Design for Axial Loads and Direct Shear 49 
Chapter Summary & Review 55 
Problems 57 
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1.1 INTRODUCTION TO MECHANICS OF MATERIALS 


Mechanics of materials is a branch of applied mechanics that deals 
with the behavior of solid bodies subjected to various types of loading. 
Other names for this field of study are strength of materials and 
mechanics of deformable bodies. The solid bodies considered in this 
book include bars with axial loads, shafts in torsion, beams in bending, 
and columns in compression. 

The principal objective of mechanics of materials is to determine 
the stresses, strains, and displacements in structures and their compo- 
nents due to the loads acting on them. If we can find these quantities for 
all values of the loads up to the loads that cause failure, we will have a 
complete picture of the mechanical behavior of these structures. 

An understanding of mechanical behavior is essential for the safe 
design of all types of structures, whether airplanes and antennas, buildings 
and bridges, machines and motors, or ships and spacecraft. That is why 
mechanics of materials is a basic subject in so many engineering fields. Stat- 
ics and dynamics are also essential, but those subjects deal primarily with 
the forces and motions associated with particles and rigid bodies. In 
mechanics of materials we go one step further by examining the stresses and 
strains inside real bodies, that 1s, bodies of finite dimensions that deform 
under loads. To determine the stresses and strains, we use the physical prop- 
erties of the materials as well as numerous theoretical laws and concepts. 

Theoretical analyses and experimental results have equally important 
roles in mechanics of materials. We use theories to derive formulas 
and equations for predicting mechanical behavior, but these expressions 
cannot be used in practical design unless the physical properties of the 
materials are known. Such properties are available only after careful 
experiments have been carried out in the laboratory. Furthermore, not all 
practical problems are amenable to theoretical analysis alone, and in 
such cases physical testing is a necessity. 

The historical development of mechanics of materials is a fascinating 
blend of both theory and experiment—theory has pointed the way to 
useful results in some instances, and experiment has done so in others. 
Such famous persons as Leonardo da Vinci (1452-1519) and Galileo 
Galilei (1564—1642) performed experiments to determine the strength of 
wires, bars, and beams, although they did not develop adequate theories 
(by today's standards) to explain their test results. By contrast, the 
famous mathematician Leonhard Euler (1707—1783) developed the math- 
ematical theory of columns and calculated the critical load of a column in 
1744, long before any experimental evidence existed to show the signifi- 
cance of his results. Without appropriate tests to back up his theories, 
Euler's results remained unused for over a hundred years, although today 
they are the basis for the design and analysis of most columns." 


"The history of mechanics of materials, beginning with Leonardo and Galileo, is given in 
Refs. 1-1, 1-2, and 1-3. 
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Problems 


When studying mechanics of materials, you will find that your efforts 
are divided naturally into two parts: first, understanding the logical 
development of the concepts, and second, applying those concepts to 
practical situations. The former is accomplished by studying the deriva- 
tions, discussions, and examples that appear in each chapter, and 
the latter is accomplished by solving the problems at the ends of the 
chapters. Some of the problems are numerical in character, and others 
are symbolic (or algebraic). 

An advantage of numerical problems is that the magnitudes of all 
quantities are evident at every stage of the calculations, thus providing 
an opportunity to judge whether the values are reasonable or not. The 
principal advantage of symbolic problems is that they lead to 
general-purpose formulas. A formula displays the variables that affect 
the final results; for instance, a quantity may actually cancel out of the 
solution, a fact that would not be evident from a numerical solution. 
Also, an algebraic solution shows the manner in which each variable 
affects the results, as when one variable appears in the numerator and 
another appears in the denominator. Furthermore, a symbolic solution 
provides the opportunity to check the dimensions at every stage of the 
work. 

Finally, the most important reason for solving algebraically is to 
obtain a general formula that can be used for many different problems. In 
contrast, a numerical solution applies to only one set of circumstances. 
Because engineers must be adept at both kinds of solutions, you will find 
a mixture of numeric and symbolic problems throughout this book. 

Numerical problems require that you work with specific units of 
measurement. In keeping with current engineering practice, this book 
utilizes both the International System of Units (SI) and the U.S. Customary 
System (USCS). A discussion of both systems appears in Appendix A, 
where you will also find many useful tables, including a table of 
conversion factors. 

All problems appear at the ends of the chapters, with the problem 
numbers and subheadings identifying the sections to which they belong. 
In the case of problems requiring numerical solutions, odd-numbered 
problems are in USCS units and even-numbered problems are in SI units. 

The techniques for solving problems are discussed in detail in 
Appendix B. In addition to a list of sound engineering procedures, 
Appendix B includes sections on dimensional homogeneity and signifi- 
cant digits. These topics are especially important, because every equation 
must be dimensionally homogeneous and every numerical result must be 
expressed with the proper number of significant digits. In this book, final 
numerical results are usually presented with three significant digits when 
a number begins with the digits 2 through 9, and with four significant 
digits when a number begins with the digit 1. Intermediate values are 
often recorded with additional digits to avoid losing numerical accuracy 
due to rounding of numbers. 
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FIG. 1-1 Structural members subjected to 
axial loads. (The tow bar is in tension 
and the landing gear strut is in 
compression.) 
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The most fundamental concepts in mechanics of materials are stress and 
strain. These concepts can be illustrated in their most elementary form 
by considering a prismatic bar subjected to axial forces. A prismatic 
bar is a straight structural member having the same cross section 
throughout its length, and an axial force is a load directed along the axis 
of the member, resulting in either tension or compression in the bar. 
Examples are shown in Fig. 1-1, where the tow bar is a prismatic 
member in tension and the landing gear strut is a member in compres- 
sion. Other examples are the members of a bridge truss, connecting rods 
in automobile engines, spokes of bicycle wheels, columns in buildings, 
and wing struts in small airplanes. 

For discussion purposes, we will consider the tow bar of Fig. 1-1 
and isolate a segment of it as a free body (Fig. 1-2a). When drawing this 
free-body diagram, we disregard the weight of the bar itself and assume 
that the only active forces are the axial forces P at the ends. Next we 
consider two views of the bar, the first showing the same bar before the 
loads are applied (Fig. 1-2b) and the second showing it after the loads 
are applied (Fig. 1-2c). Note that the original length of the bar is denoted 
by the letter L, and the increase in length due to the loads is denoted by 
the Greek letter 6 (delta). 

The internal actions in the bar are exposed if we make an imaginary 
cut through the bar at section mn (Fig. 1-2c). Because this section is taken 
perpendicular to the longitudinal axis of the bar, it is called a cross section. 

We now isolate the part of the bar to the left of cross section mn as a 
free body (Fig. 1-2d). At the right-hand end of this free body (section mn) 
we show the action of the removed part of the bar (that is, the part to the 
right of section mn) upon the part that remains. This action consists of 
continuously distributed stresses acting over the entire cross section, and 
the axial force P acting at the cross section is the resultant of those 
stresses. (The resultant force is shown with a dashed line in 
Fig. 1-2d.) 

Stress has units of force per unit area and is denoted by the Greek 
letter ø (sigma). In general, the stresses ø acting on a plane surface may 
be uniform throughout the area or may vary in intensity from one point 
to another. Let us assume that the stresses acting on cross section mn 














Tow bar 
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FIG. 1-2 Prismatic bar in tension: 

(a) free-body diagram of a segment of 
the bar, (b) segment of the bar before 
loading, (c) segment of the bar after 
loading, and (d) normal stresses in the 
bar 


(Fig. 1-2d) are uniformly distributed over the area. Then the resultant of 
those stresses must be equal to the magnitude of the stress times the 
cross-sectional area A of the bar, that is, P = oA. Therefore, we obtain 
the following expression for the magnitude of the stresses: 


P 1-1 
EE (1-1) 


This equation gives the intensity of uniform stress in an axially loaded, 
prismatic bar of arbitrary cross-sectional shape. 

When the bar is stretched by the forces P, the stresses are tensile 
stresses; if the forces are reversed in direction, causing the bar to be 
compressed, we obtain compressive stresses. Inasmuch as the stresses 
act in a direction perpendicular to the cut surface, they are called normal 
stresses. Thus, normal stresses may be either tensile or compressive. 
Later, in Section 1.6, we will encounter another type of stress, called 
shear stress, that acts parallel to the surface. 

When a sign convention for normal stresses is required, it is 
customary to define tensile stresses as positive and compressive stresses 
as negative. 

Because the normal stress ø is obtained by dividing the axial force 
by the cross-sectional area, it has units of force per unit of area. When 
USCS units are used, stress is customarily expressed in pounds per 
square inch (psi) or kips per square inch (ksi). For instance, suppose 


"One kip, or kilopound, equals 1000 Ib. 


eo 


FIG. 1-3 Steel eyebar subjected to tensile 
loads P 
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that the bar of Fig. 1-2 has a diameter d of 2.0 inches and the load P has 
a magnitude of 6 kips. Then the stress in the bar is 


P Pp 6k 


Eu ue c ed bi deteortolos 
A aA mQOinYy/A eee Se 


In this example the stress is tensile, or positive. 

When SI units are used, force is expressed in newtons (N) and area 
in square meters (m^). Consequently, stress has units of newtons per 
square meter (N/m?), that is, pascals (Pa). However, the pascal is such a 
small unit of stress that it is necessary to work with large multiples, 
usually the megapascal (MPa). 

To demonstrate that a pascal is indeed small, we have only to note 
that it takes almost 7000 pascals to make 1 psi. As an illustration, the 
stress in the bar described in the preceding example (1.91 ksi) converts to 
13.2 MPa, which is 13.2 X 10 pascals. Although it is not recommended 
in SI, you will sometimes find stress given in newtons per square 
millimeter (N/mm^), which is a unit equal to the megapascal (MPa). 


Limitations 


The equation ø = P/A is valid only if the stress is uniformly distributed over 
the cross section of the bar. This condition is realized if the axial force P 
acts through the centroid of the cross-sectional area, as demonstrated later in 
this section. When the load P does not act at the centroid, bending of the bar 
will result, and a more complicated analysis is necessary (see Sections 5.12 
and 11.5). However, in this book (as in common practice) it is understood 
that axial forces are applied at the centroids of the cross sections unless 
specifically stated otherwise. 

The uniform stress condition pictured in Fig. 1-2d exists throughout 
the length of the bar except near the ends. The stress distribution at the 
end of a bar depends upon how the load P is transmitted to the bar. If the 
load happens to be distributed uniformly over the end, then the stress 
pattern at the end will be the same as everywhere else. However, it is 
more likely that the load is transmitted through a pin or a bolt, producing 
high localized stresses called stress concentrations. 

One possibility is illustrated by the eyebar shown in Fig. 1-3. In this 
instance the loads P are transmitted to the bar by pins that pass through 
the holes (or eyes) at the ends of the bar. Thus, the forces shown in the 
figure are actually the resultants of bearing pressures between the pins 
and the eyebar, and the stress distribution around the holes is quite 
complex. However, as we move away from the ends and toward the 
middle of the bar, the stress distribution gradually approaches the 
uniform distribution pictured in Fig. 1-2d. 

As a practical rule, the formula @ = P/A may be used with good 
accuracy at any point within a prismatic bar that is at least as far away 


"Conversion factors between USCS units and SI units are listed in Table A-5, Appendix A. 
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from the stress concentration as the largest lateral dimension of the bar. In 
other words, the stress distribution in the steel eyebar of Fig. 1-3 is 
uniform at distances b or greater from the enlarged ends, where b is the 
width of the bar, and the stress distribution in the prismatic bar of Fig. 1-2 
is uniform at distances d or greater from the ends, where d is the diameter 
of the bar (Fig. 1-2d). More detailed discussions of stress concentrations 
produced by axial loads are given in Section 2.10. 

Of course, even when the stress is not uniformly distributed, the 
equation o = P/A may still be useful because it gives the average 
normal stress on the cross section. 


Normal Strain 


As already observed, a straight bar will change in length when loaded 
axially, becoming longer when in tension and shorter when in compression. 
For instance, consider again the prismatic bar of Fig. 1-2. The elongation 6 
of this bar (Fig. 1-2c) is the cumulative result of the stretching of all 
elements of the material throughout the volume of the bar. Let us assume 
that the material 1s the same everywhere in the bar. Then, if we consider half 
of the bar (length L/2), it will have an elongation equal to 6/2, and if we 
consider one-fourth of the bar, it will have an elongation equal to 6/4. 

In general, the elongation of a segment is equal to its length divided 
by the total length L and multiplied by the total elongation 6. Therefore, a 
unit length of the bar will have an elongation equal to 1/L times ó. This 
quantity is called the elongation per unit length, or strain, and is denoted 
by the Greek letter e (epsilon). We see that strain is given by the equation 


€ — — (1-2) 


If the bar is in tension, the strain is called a tensile strain, representing an 
elongation or stretching of the material. If the bar is in compression, the 
strain is a compressive strain and the bar shortens. Tensile strain is 
usually taken as positive and compressive strain as negative. The strain € 
is called a normal strain because it is associated with normal stresses. 

Because normal strain is the ratio of two lengths, it is a dimension- 
less quantity, that is, it has no units. Therefore, strain is expressed 
simply as a number, independent of any system of units. Numerical 
values of strain are usually very small, because bars made of structural 
materials undergo only small changes in length when loaded. 

As an example, consider a steel bar having length L equal to 2.0 m. 
When heavily loaded in tension, this bar might elongate by 1.4 mm, 
which means that the strain is 


Ó 1.4 mm -€ 
€ = — = —— ——— = 0.0007 = 700 x 10 
L 2.0m 
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In practice, the original units of ó and L are sometimes attached to the 
strain itself, and then the strain 1s recorded in forms such as mm/m, 
um/m, and in./in. For instance, the strain e in the preceding illustration 
could be given as 700 uum/m or 700X 10? in./in. Also, strain is some- 
times expressed as a percent, especially when the strains are large. (In 
the preceding example, the strain is 0.07%.) 


Uniaxial Stress and Strain 


The definitions of normal stress and normal strain are based upon purely 
static and geometric considerations, which means that Eqs. (1-1) and 
(1-2) can be used for loads of any magnitude and for any material. The 
principal requirement is that the deformation of the bar be uniform 
throughout its volume, which in turn requires that the bar be prismatic, 
the loads act through the centroids of the cross sections, and the material 
be homogeneous (that is, the same throughout all parts of the bar). The 
resulting state of stress and strain is called uniaxial stress and strain. 

Further discussions of uniaxial stress, including stresses in direc- 
tions other than the longitudinal direction of the bar, are given later in 
Section 2.6. We will also analyze more complicated stress states, such 
as biaxial stress and plane stress, in Chapter 7. 


Line of Action of the Axial Forces 
for a Uniform Stress Distribution 


Throughout the preceding discussion of stress and strain in a prismatic 
bar, we assumed that the normal stress ø was distributed uniformly over 
the cross section. Now we will demonstrate that this condition is met if 
the line of action of the axial forces is through the centroid of the cross- 
sectional area. 

Consider a prismatic bar of arbitrary cross-sectional shape subjected 
to axial forces P that produce uniformly distributed stresses o (Fig. 1-4a). 
Also, let p, represent the point in the cross section where the line of 
action of the forces intersects the cross section (Fig. 1-4b). We construct 
a set of xy axes in the plane of the cross section and denote the coordi- 
nates of point p; by x and y. To determine these coordinates, we observe 
that the moments M, and M, of the force P about the x and y axes, 
respectively, must be equal to the corresponding moments of the 
uniformly distributed stresses. 

The moments of the force P are 


M,-Py M, 


= —Px (a,b) 


in which a moment is considered positive when its vector (using the 
right-hand rule) acts in the positive direction of the corresponding axis. 


"To visualize the right-hand rule, imagine that you grasp an axis of coordinates with your 
right hand so that your fingers fold around the axis and your thumb points in the positive 
direction of the axis. Then a moment is positive if it acts about the axis in the same direc- 
tion as your fingers. 
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FIG. 1-4 Uniform stress distribution in 
a prismatic bar: (a) axial forces P, 
and (b) cross section of the bar 





(a) 





(b) 


The moments of the distributed stresses are obtained by integrating 
over the cross-sectional area A. The differential force acting on an 
element of area dA (Fig. 1-4b) is equal to odA. The moments of this 
elemental force about the x and y axes are a ydA and — oxdA, respectively, 
in which x and y denote the coordinates of the element dA. The total 
moments are obtained by integrating over the cross-sectional area: 


M, =|oydA M, = - | oxda (c,d) 


These expressions give the moments produced by the stresses o. 

Next, we equate the moments M, and M, as obtained from the 
force P (Eqs. a and b) to the moments obtained from the distributed 
stresses (Eqs. c and d): 


Py — [oyaa Px = foxdA 


Because the stresses ø are uniformly distributed, we know that they are 
constant over the cross-sectional area A and can be placed outside the 
integral signs. Also, we know that ø is equal to P/A. Therefore, we 
obtain the following formulas for the coordinates of point pı: 


«pa — [xa 





(1-3a,b) 


These equations are the same as the equations defining the coordinates 
of the centroid of an area (see Eqs. 12-3a and b in Chapter 12). There- 
fore, we have now arrived at an important conclusion: /n order to have 
uniform tension or compression in a prismatic bar, the axial force must 
act through the centroid of the cross-sectional area. As explained previ- 
ously, we always assume that these conditions are met unless it is 
specifically stated otherwise. 

The following examples illustrate the calculation of stresses and 
strains in prismatic bars. In the first example we disregard the weight of 
the bar and in the second we include it. (It is customary when solving 
textbook problems to omit the weight of the structure unless specifically 
instructed to include it.) 


Example 1-1 


FIG. 1-5 Example 1-1. Hollow aluminum 
post in compression 
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A short post constructed from a hollow circular tube of aluminum supports a 
compressive load of 26 kips (Fig. 1-5). The inner and outer diameters of the 
tube are d; = 4.0 in. and d) = 4.5 in., respectively, and its length is 16 in. The 
shortening of the post due to the load is measured as 0.012 in. 

Determine the compressive stress and strain in the post. (Disregard the 
weight of the post itself, and assume that the post does not buckle under the 
load.) 








Solution 

Assuming that the compressive load acts at the center of the hollow tube, 
we can use the equation o = P/A (Eq. 1-1) to calculate the normal stress. The 
force P equals 26 k (or 26,000 Ib), and the cross-sectional area A is 


A= 7 (d$ — d1) = p: (4.5 in.? — (4.0 in.?| = 3.338 in? 


Therefore, the compressive stress in the post is 


P . 26,000 Ib 
———— es = 7790 psi = 
UU seen AUS 
The compressive strain (from Eq. 1-2) is 
ô 0.012 in. 
e= D = = 750 x 10° < 
L 16 in. 


Thus, the stress and strain in the post have been calculated. 

Note: As explained earlier, strain is a dimensionless quantity and no units 
are needed. For clarity, however, units are often given. In this example, e could 
be written as 750 X 10 ? in./in. or 750 pin ./in. 
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FIG. 1-6 Example 1-2. Steel rod 
supporting a weight W 


A circular steel rod of length L and diameter d hangs in a mine shaft and holds 
an ore bucket of weight W at its lower end (Fig. 1-6). 

(a) Obtain a formula for the maximum stress Omax in the rod, taking into 
account the weight of the rod itself. 

(b) Calculate the maximum stress if L = 40 m, d = 8 mm, and W = 1.5 kN. 


| 
L 


(a) The maximum axial force Fmax in the rod occurs at the upper end and is 
equal to the weight W of the ore bucket plus the weight Wo of the rod itself. The 
latter is equal to the weight density y of the steel times the volume V of the rod, 
or 


WW caa ae ade (1-4) 


in which A is the cross-sectional area of the rod. Therefore, the formula for the 
maximum stress (from Eq. 1-1) becomes 


Fmax W sF yAL W 
Omax — hii CIUS 
A A A 





+ yL (1-5) «mm 


(b) To calculate the maximum stress, we substitute numerical values into the 
preceding equation. The cross-sectional area A equals md?/4, where d = 8 mm, 
and the weight density y of steel is 77.0 kN/m? (from Table H-1 in Appendix H). 
Thus, 


1.5kN " 
max = — + (T1.0 KN 40 
— 29.8 MPa + 3.1 MPa = 32.9 MPa «um 


In this example, the weight of the rod contributes noticeably to the maximum 
stress and should not be disregarded. 
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1.3 MECHANICAL PROPERTIES OF MATERIALS 


FIG. 1-7 Tensile-test machine with 
automatic data-processing system. 
(Courtesy of MTS Systems Corporation) 


The design of machines and structures so that they will function prop- 
erly requires that we understand the mechanical behavior of the 
materials being used. Ordinarily, the only way to determine how materials 
behave when they are subjected to loads is to perform experiments in 
the laboratory. The usual procedure is to place small specimens of the 
material in testing machines, apply the loads, and then measure the 
resulting deformations (such as changes in length and changes in diameter). 
Most materials-testing laboratories are equipped with machines capable 
of loading specimens in a variety of ways, including both static and 
dynamic loading in tension and compression. 

A typical tensile-test machine is shown in Fig. 1-7. The test spec- 
imen is installed between the two large grips of the testing machine and 
then loaded in tension. Measuring devices record the deformations, and 
the automatic control and data-processing systems (at the left in the 
photo) tabulate and graph the results. 

A more detailed view of a tensile-test specimen is shown in Fig. 1-8 
on the next page. The ends of the circular specimen are enlarged where 
they fit in the grips so that failure will not occur near the grips them- 
selves. A failure at the ends would not produce the desired information 
about the material, because the stress distribution near the grips is not 
uniform, as explained in Section 1.2. In a properly designed specimen, 
failure will occur in the prismatic portion of the specimen where the 
stress distribution is uniform and the bar is subjected only to pure 
tension. This situation is shown in Fig. 1-8, where the steel specimen 
has just fractured under load. The device at the left, which is attached by 
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FIG. 1-8 Typical tensile-test specimen 
with extensometer attached; the 
specimen has just fractured in tension. 
(Courtesy of MTS Systems Corporation) 





two arms to the specimen, is an extensometer that measures the elonga- 
tion during loading. 

In order that test results will be comparable, the dimensions of test 
specimens and the methods of applying loads must be standardized. 
One of the major standards organizations in the United States is the 
American Society for Testing and Materials (ASTM), a technical society 
that publishes specifications and standards for materials and testing. 
Other standardizing organizations are the American Standards Associa- 
tion (ASA) and the National Institute of Standards and Technology 
(NIST). Similar organizations exist in other countries. 

The ASTM standard tension specimen has a diameter of 0.505 in. 
and a gage length of 2.0 in. between the gage marks, which are the 
points where the extensometer arms are attached to the specimen (see 
Fig. 1-8). As the specimen is pulled, the axial load is measured and 
recorded, either automatically or by reading from a dial. The elongation 
over the gage length is measured simultaneously, either by mechanical 
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gages of the kind shown in Fig. 1-8 or by electrical-resistance strain 
gages. 

In a static test, the load is applied slowly and the precise rate of 
loading is not of interest because it does not affect the behavior of the 
specimen. However, in a dynamic test the load is applied rapidly and 
sometimes in a cyclical manner. Since the nature of a dynamic load 
affects the properties of the materials, the rate of loading must also be 
measured. 

Compression tests of metals are customarily made on small speci- 
mens in the shape of cubes or circular cylinders. For instance, cubes 
may be 2.0 in. on a side, and cylinders may have diameters of 1 in. and 
lengths from 1 to 12 in. Both the load applied by the machine and the 
shortening of the specimen may be measured. The shortening should be 
measured over a gage length that is less than the total length of the spec- 
imen in order to eliminate end effects. 

Concrete is tested in compression on important construction proj- 
ects to ensure that the required strength has been obtained. One type 
of concrete test specimen is 6 in. in diameter, 12 in. in length, and 
28 days old (the age of concrete is important because concrete gains 
strength as it cures). Similar but somewhat smaller specimens are 
used when performing compression tests of rock (Fig. 1-9, on the 
next page). 


Stress-Strain Diagrams 


Test results generally depend upon the dimensions of the specimen being 
tested. Since it is unlikely that we will be designing a structure having 
parts that are the same size as the test specimens, we need to express 
the test results in a form that can be applied to members of any size. 
A simple way to achieve this objective is to convert the test results to 
stresses and strains. 

The axial stress ø in a test specimen is calculated by dividing the 
axial load P by the cross-sectional area A (Eq. 1-1). When the initial 
area of the specimen is used in the calculation, the stress is called the 
nominal stress (other names are conventional stress and engineering 
stress). A more exact value of the axial stress, called the true stress, can 
be calculated by using the actual area of the bar at the cross section 
where failure occurs. Since the actual area in a tension test is always less 
than the initial area (as illustrated in Fig. 1-8), the true stress 1s larger 
than the nominal stress. 

The average axial strain e in the test specimen is found by dividing 
the measured elongation 6 between the gage marks by the gage length L 
(see Fig. 1-8 and Eq. 1-2). If the initial gage length is used in the calcula- 
tion (for instance, 2.0 in.), then the nominal strain is obtained. Since 
the distance between the gage marks increases as the tensile load is 
applied, we can calculate the true strain (or natural strain) at any value 
of the load by using the actual distance between the gage marks. In 
tension, true strain is always smaller than nominal strain. However, for 
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FIG. 1-9 Rock sample being tested in 
compression to obtain compressive 
strength, elastic modulus and 
Poisson's ratio (Courtesy of MTS 
Systems Corporation) 





most engineering purposes, nominal stress and nominal strain are 
adequate, as explained later in this section. 

After performing a tension or compression test and determining the 
stress and strain at various magnitudes of the load, we can plot a 
diagram of stress versus strain. Such a stress-strain diagram is a char- 
acteristic of the particular material being tested and conveys important 
information about the mechanical properties and type of behavior. 


" Stress-strain diagrams were originated by Jacob Bernoulli (1654—1705) and J. V. Poncelet 


(1788—1867); see Ref. 1-4. 


FIG. 1-10 Stress-strain diagram for 
a typical structural steel in tension 
(not to scale) 
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The first material we will discuss is structural steel, also known as 
mild steel or low-carbon steel. Structural steel is one of the most widely 
used metals and is found in buildings, bridges, cranes, ships, towers, 
vehicles, and many other types of construction. A stress-strain diagram 
for a typical structural steel in tension is shown in Fig. 1-10. Strains are 
plotted on the horizontal axis and stresses on the vertical axis. (In order 
to display all of the important features of this material, the strain axis in 
Fig. 1-10 is not drawn to scale.) 

The diagram begins with a straight line from the origin O to point A, 
which means that the relationship between stress and strain in this initial 
region is not only linear but also proportional. Beyond point A, the 
proportionality between stress and strain no longer exists; hence the 
stress at A is called the proportional limit. For low-carbon steels, this 
limit is in the range 30 to 50 ksi (210 to 350 MPa), but high-strength 
steels (with higher carbon content plus other alloys) can have propor- 
tional limits of more than 80 ksi (550 MPa). The slope of the straight 
line from O to A is called the modulus of elasticity. Because the slope 
has units of stress divided by strain, modulus of elasticity has the same 
units as stress. (Modulus of elasticity is discussed later in Section 1.5.) 

With an increase in stress beyond the proportional limit, the strain 
begins to increase more rapidly for each increment in stress. Conse- 
quently, the stress-strain curve has a smaller and smaller slope, until, at 
point B, the curve becomes horizontal (see Fig. 1-10). Beginning at this 
point, considerable elongation of the test specimen occurs with no 
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“Two variables are said to be proportional if their ratio remains constant. Therefore, 
a proportional relationship may be represented by a straight line through the origin. 
However, a proportional relationship is not the same as a linear relationship. Although a 
proportional relationship is linear, the converse is not necessarily true, because a rela- 
tionship represented by a straight line that does not pass through the origin is linear but 
not proportional. The often-used expression “directly proportional” is synonymous with 
“proportional” (Ref. 1-5). 
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FIG. 1-11 Necking of a mild-steel bar in 
tension 


noticeable increase in the tensile force (from B to C). This phenomenon 
is known as yielding of the material, and point B is called the yield 
point. The corresponding stress is known as the yield stress of the 
steel. 

In the region from B to C (Fig. 1-10), the material becomes perfectly 
plastic, which means that it deforms without an increase in the applied 
load. The elongation of a mild-steel specimen in the perfectly plastic 
region is typically 10 to 15 times the elongation that occurs in the linear 
region (between the onset of loading and the proportional limit). The 
presence of very large strains in the plastic region (and beyond) is the 
reason for not plotting this diagram to scale. 

After undergoing the large strains that occur during yielding in the 
region BC, the steel begins to strain harden. During strain hardening, the 
material undergoes changes in its crystalline structure, resulting in 
increased resistance of the material to further deformation. Elongation of 
the test specimen in this region requires an increase in the tensile load, 
and therefore the stress-strain diagram has a positive slope from C to D. 
The load eventually reaches its maximum value, and the corresponding 
stress (at point D) is called the ultimate stress. Further stretching of the 
bar is actually accompanied by a reduction in the load, and fracture 
finally occurs at a point such as £ in Fig. 1-10. 

The yield stress and ultimate stress of a material are also called the 
yield strength and ultimate strength, respectively. Strength is a general 
term that refers to the capacity of a structure to resist loads. For instance, 
the yield strength of a beam is the magnitude of the load required to cause 
yielding in the beam, and the ultimate strength of a truss is the maximum 
load it can support, that is, the failure load. However, when conducting a 
tension test of a particular material, we define load-carrying capacity by the 
stresses in the specimen rather than by the total loads acting on the speci- 
men. As a result, the strength of a material is usually stated as a stress. 

When a test specimen is stretched, lateral contraction occurs, as 
previously mentioned. The resulting decrease in cross-sectional area is 
too small to have a noticeable effect on the calculated values of the 
stresses up to about point C in Fig. 1-10, but beyond that point the 
reduction in area begins to alter the shape of the curve. In the vicinity of 
the ultimate stress, the reduction in area of the bar becomes clearly visi- 
ble and a pronounced necking of the bar occurs (see Figs. 1-8 and 1-11). 

If the actual cross-sectional area at the narrow part of the neck is 
used to calculate the stress, the true stress-strain curve (the dashed line 
CE' in Fig. 1-10) is obtained. The total load the bar can carry does indeed 
diminish after the ultimate stress is reached (as shown by curve DE), but 
this reduction is due to the decrease in area of the bar and not to a loss in 
strength of the material itself. In reality, the material withstands an 
increase in true stress up to failure (point E"). Because most structures are 
expected to function at stresses below the proportional limit, the conven- 
tional stress-strain curve OABCDE, which is based upon the original 
cross-sectional area of the specimen and is easy to determine, provides 
satisfactory information for use in engineering design. 


FIG. 1-12 Stress-strain diagram for a 
typical structural steel in tension (drawn 
to scale) 
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FIG. 1-13 Typical stress-strain diagram 
for an aluminum alloy 





FIG. 1-14 Arbitrary yield stress 
determined by the offset method 
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The diagram of Fig. 1-10 shows the general characteristics of the 
stress-strain curve for mild steel, but its proportions are not realistic 
because, as already mentioned, the strain that occurs from B to C may be 
more than ten times the strain occurring from O to A. Furthermore, 
the strains from C to E are many times greater than those from B to C. 
The correct relationships are portrayed in Fig. 1-12, which shows a 
stress-strain diagram for mild steel drawn to scale. In this figure, the 
strains from the zero point to point A are so small in comparison to the 
strains from point A to point E that they cannot be seen, and the initial 
part of the diagram appears to be a vertical line. 

The presence of a clearly defined yield point followed by large 
plastic strains is an important characteristic of structural steel that is 
sometimes utilized in practical design (see, for instance, the discussions 
of elastoplastic behavior in Sections 2.12 and 6.10). Metals such as 
structural steel that undergo large permanent strains before failure are 
classified as ductile. For instance, ductility 1s the property that enables a 
bar of steel to be bent into a circular arc or drawn into a wire without 
breaking. A desirable feature of ductile materials 1s that visible distor- 
tions occur if the loads become too large, thus providing an opportunity 
to take remedial action before an actual fracture occurs. Also, materials 
exhibiting ductile behavior are capable of absorbing large amounts of 
strain energy prior to fracture. 

Structural steel is an alloy of iron containing about 0.2% carbon, 
and therefore it is classified as a low-carbon steel. With increasing 
carbon content, steel becomes less ductile but stronger (higher yield 
stress and higher ultimate stress). The physical properties of steel are 
also affected by heat treatment, the presence of other metals, and manu- 
facturing processes such as rolling. Other materials that behave in a 
ductile manner (under certain conditions) include aluminum, copper, 
magnesium, lead, molybdenum, nickel, brass, bronze, monel metal, 
nylon, and teflon. 

Although they may have considerable ductility, aluminum alloys 
typically do not have a clearly definable yield point, as shown by the 
stress-strain diagram of Fig. 1-13. However, they do have an initial 
linear region with a recognizable proportional limit. Alloys produced for 
structural purposes have proportional limits in the range 10 to 60 ksi 
(70 to 410 MPa) and ultimate stresses in the range 20 to 80 ksi (140 to 
550 MPa). 

When a material such as aluminum does not have an obvious yield 
point and yet undergoes large strains after the proportional limit is 
exceeded, an arbitrary yield stress may be determined by the offset 
method. A straight line is drawn on the stress-strain diagram parallel to 
the initial linear part of the curve (Fig. 1-14) but offset by some standard 
strain, such as 0.002 (or 0.2%). The intersection of the offset line and 
the stress-strain curve (point A in the figure) defines the yield stress. 
Because this stress is determined by an arbitrary rule and is not an 
inherent physical property of the material, it should be distinguished 
from a true yield stress by referring to it as the offset yield stress. For a 
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FIG. 1-15 Stress-strain curves for two 
kinds of rubber in tension 
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FIG. 1-16 Typical stress-strain diagram 
for a brittle material showing the propor- 
tional limit (point A) and fracture stress 
(point B) 


material such as aluminum, the offset yield stress is slightly above the 
proportional limit. In the case of structural steel, with its abrupt transi- 
tion from the linear region to the region of plastic stretching, the offset 
stress is essentially the same as both the yield stress and the proportional 
limit. 

Rubber maintains a linear relationship between stress and strain up 
to relatively large strains (as compared to metals). The strain at the pro- 
portional limit may be as high as 0.1 or 0.2 (10% or 20%). Beyond the 
proportional limit, the behavior depends upon the type of rubber 
(Fig. 1-15). Some kinds of soft rubber will stretch enormously without 
failure, reaching lengths several times their original lengths. The mate- 
rial eventually offers increasing resistance to the load, and the 
stress-strain curve turns markedly upward. You can easily sense this 
characteristic behavior by stretching a rubber band with your hands. 
(Note that although rubber exhibits very large strains, it is not a ductile 
material because the strains are not permanent. It is, of course, an elas- 
tic material; see Section 1.4.) 

The ductility of a material in tension can be characterized by its 
elongation and by the reduction in area at the cross section where frac- 
ture occurs. The percent elongation is defined as follows: 

Lı — Lo 
Percent elongation — —L (100) (1-6) 
0 


in which Lọ is the original gage length and L, is the distance between 
the gage marks at fracture. Because the elongation is not uniform 
over the length of the specimen but is concentrated in the region of 
necking, the percent elongation depends upon the gage length. There- 
fore, when stating the percent elongation, the gage length should 
always be given. For a 2 in. gage length, steel may have an elongation 
in the range from 3% to 40%, depending upon composition; in the case 
of structural steel, values of 20% or 30% are common. The elongation 
of aluminum alloys varies from 1% to 45%, depending upon composi- 
tion and treatment. 

The percent reduction in area measures the amount of necking that 
occurs and is defined as follows: 


A 
Percent reduction in area — i (100) (1-7) 
0 


in which A, is the original cross-sectional area and A, is the final area at 
the fracture section. For ductile steels, the reduction is about 50%. 
Materials that fail in tension at relatively low values of strain are 
classified as brittle. Examples are concrete, stone, cast iron, glass, 
ceramics, and a variety of metallic alloys. Brittle materials fail with only 
little elongation after the proportional limit (the stress at point A in 
Fig. 1-16) is exceeded. Furthermore, the reduction in area 1s insignificant, 
and so the nominal fracture stress (point B) is the same as the true 
ultimate stress. High-carbon steels have very high yield stresses—over 
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100 ksi (700 MPa) in some cases—but they behave in a brittle manner 
and fracture occurs at an elongation of only a few percent. 

Ordinary glass is a nearly ideal brittle material, because it exhibits 
almost no ductility. The stress-strain curve for glass in tension is essen- 
tially a straight line, with failure occurring before any yielding takes 
place. The ultimate stress is about 10,000 psi (70 MPa) for certain kinds 
of plate glass, but great variations exist, depending upon the type of 
glass, the size of the specimen, and the presence of microscopic defects. 
Glass fibers can develop enormous strengths, and ultimate stresses over 
1,000,000 psi (7 GPa) have been attained. 

Many types of plastics are used for structural purposes because of 
their light weight, resistance to corrosion, and good electrical insulation 
properties. Their mechanical properties vary tremendously, with some 
plastics being brittle and others ductile. When designing with plastics it 
is important to realize that their properties are greatly affected by both 
temperature changes and the passage of time. For instance, the ultimate 
tensile stress of some plastics is cut in half merely by raising the temper- 
ature from 50? F to 120? F. Also, a loaded plastic may stretch gradually 
over time until it is no longer serviceable. For example, a bar of 
polyvinyl chloride subjected to a tensile load that initially produces a 
strain of 0.005 may have that strain doubled after one week, even 
though the load remains constant. (This phenomenon, known as creep, 
is discussed in the next section.) 

Ultimate tensile stresses for plastics are generally in the range 2 to 
50 ksi (14 to 350 MPa) and weight densities vary from 50 to 90 Ib/ft? 
(8 to 14 kN/m^). One type of nylon has an ultimate stress of 12 ksi 
(80 MPa) and weighs only 70 lb/ft? (11 kN/m?), which is only 12% 
heavier than water. Because of its light weight, the strength-to-weight 
ratio for nylon is about the same as for structural steel (see Prob. 1.3-4). 

A filament-reinforced material consists of a base material (or 
matrix) in which high-strength filaments, fibers, or whiskers are 
embedded. The resulting composite material has much greater strength 
than the base material. As an example, the use of glass fibers can more 
than double the strength of a plastic matrix. Composites are widely used 
in aircraft, boats, rockets, and space vehicles where high strength and 
light weight are needed. 


Compression 


Stress-strain curves for materials in compression differ from those in 
tension. Ductile metals such as steel, aluminum, and copper have pro- 
portional limits in compression very close to those in tension, and the 
initial regions of their compressive and tensile stress-strain diagrams are 
about the same. However, after yielding begins, the behavior is quite dif- 
ferent. In a tension test, the specimen is stretched, necking may occur, and 
fracture ultimately takes place. When the material is compressed, it bulges 
outward on the sides and becomes barrel shaped, because friction between 
the specimen and the end plates prevents lateral expansion. With increasing 
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FIG. 1-17 Stress-strain diagram for copper 
in compression 


load, the specimen is flattened out and offers greatly increased resistance to 
further shortening (which means that the stress-strain curve becomes very 
steep). These characteristics are illustrated in Fig. 1-17, which shows a 
compressive stress-strain diagram for copper. Since the actual cross-sec- 
tional area of a specimen tested in compression is larger than the initial 
area, the true stress in a compression test is smaller than the nominal stress. 

Brittle materials loaded in compression typically have an initial 
linear region followed by a region in which the shortening increases at 
a slightly higher rate than does the load. The stress-strain curves for 
compression and tension often have similar shapes, but the ultimate 
stresses in compression are much higher than those in tension. Also, 
unlike ductile materials, which flatten out when compressed, brittle 
materials actually break at the maximum load. 


Tables of Mechanical Properties 


Properties of materials are listed in the tables of Appendix H at the back 
of the book. The data in the tables are typical of the materials and are 
suitable for solving problems in this book. However, properties of mate- 
rials and stress-strain curves vary greatly, even for the same material, 
because of different manufacturing processes, chemical composition, 
internal defects, temperature, and many other factors. 

For these reasons, data obtained from Appendix H (or other tables 
of a similar nature) should not be used for specific engineering or design 
purposes. Instead, the manufacturers or materials suppliers should be 
consulted for information about a particular product. 


1.4 ELASTICITY, PLASTICITY, AND CREEP 


Stress-strain diagrams portray the behavior of engineering materials 
when the materials are loaded in tension or compression, as described in 
the preceding section. To go one step further, let us now consider what 
happens when the load is removed and the material 1s unloaded. 

Assume, for instance, that we apply a load to a tensile specimen so 
that the stress and strain go from the origin O to point A on the stress- 
strain curve of Fig. 1-18a. Suppose further that when the load is removed, 
the material follows exactly the same curve back to the origin O. This 
property of a material, by which it returns to its original dimensions 
during unloading, is called elasticity, and the material itself is said to be 
elastic. Note that the stress-strain curve from O to A need not be linear in 
order for the material to be elastic. 

Now suppose that we load this same material to a higher level, so that 
point B is reached on the stress-strain curve (Fig. 1-18b). When unloading 
occurs from point 5, the material follows line BC on the diagram. This 
unloading line is parallel to the initial portion of the loading curve; that is, 
line BC is parallel to a tangent to the stress-strain curve at the origin. 
When point C is reached, the load has been entirely removed, but a 
residual strain, or permanent strain, represented by line OC, remains in 
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FIG. 1-18 Stress-strain diagrams 
illustrating (a) elastic behavior, 
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the material. As a consequence, the bar being tested is longer than it was 
before loading. This residual elongation of the bar is called the perma- 
nent set. Of the total strain OD developed during loading from O to B, the 
strain CD has been recovered elastically and the strain OC remains as a 
permanent strain. Thus, during unloading the bar returns partially to its 
original shape, and so the material is said to be partially elastic. 

Between points A and B on the stress-strain curve (Fig. 1-18b), there 
must be a point before which the material is elastic and beyond which 
the material is partially elastic. To find this point, we load the material 
to some selected value of stress and then remove the load. If there is no 
permanent set (that is, if the elongation of the bar returns to zero), then 
the material is fully elastic up to the selected value of the stress. 

The process of loading and unloading can be repeated for succes- 
sively higher values of stress. Eventually, a stress will be reached such 
that not all the strain is recovered during unloading. By this procedure, it 
is possible to determine the stress at the upper limit of the elastic region, 
for instance, the stress at point E in Figs. 1-18a and b. The stress at this 
point is known as the elastic limit of the material. 

Many materials, including most metals, have linear regions at the 
beginning of their stress-strain curves (for example, see Figs. 1-10 and 
1-13). The stress at the upper limit of this linear region is the propor- 
tional limit, as explained in the preceeding section. The elastic limit is 
usually the same as, or slightly above, the proportional limit. Hence, for 
many materials the two limits are assigned the same numerical value. In 
the case of mild steel, the yield stress is also very close to the propor- 
tional limit, so that for practical purposes the yield stress, the elastic 
limit, and the proportional limit are assumed to be equal. Of course, this 
situation does not hold for all materials. Rubber is an outstanding 
example of a material that is elastic far beyond the proportional limit. 

The characteristic of a material by which it undergoes inelastic strains 
beyond the strain at the elastic limit is known as plasticity. Thus, on the 
stress-strain curve of Fig. 1-18a, we have an elastic region followed by a 
plastic region. When large deformations occur in a ductile material loaded 
into the plastic region, the material is said to undergo plastic flow. 


Reloading of a Material 


If the material remains within the elastic range, it can be loaded, unloaded, 
and loaded again without significantly changing the behavior. However, 
when loaded into the plastic range, the internal structure of the material is 
altered and its properties change. For instance, we have already observed 
that a permanent strain exists in the specimen after unloading from the 
plastic region (Fig. 1-18b). Now suppose that the material is reloaded 
after such an unloading (Fig. 1-19). The new loading begins at point C on 
the diagram and continues upward to point B, the point at which 
unloading began during the first loading cycle. The material then follows 
the original stress-strain curve toward point F. Thus, for the second 
loading, we can imagine that we have a new stress-strain diagram with its 
origin at point C. 
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FIG. 1-19 Reloading of a material and 
raising of the elastic and proportional 
limits 
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FIG. 1-20 Creep in a bar under constant 
load 
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FIG. 1-21 Relaxation of stress in a wire 
under constant strain 


During the second loading, the material behaves in a linearly elastic 
manner from C to B, with the slope of line CB being the same as the slope 
of the tangent to the original loading curve at the origin O. The propor- 
tional limit is now at point B, which is at a higher stress than the original 
elastic limit (point E). Thus, by stretching a material such as steel or 
aluminum into the inelastic or plastic range, the properties of the material 
are changed—the linearly elastic region is increased, the proportional 
limit is raised, and the elastic limit is raised. However, the ductility is 
reduced because in the "new material" the amount of yielding beyond 
the elastic limit (from B to F) is less than in the original material (from 
Eto F). 


Creep 


The stress-strain diagrams described previously were obtained from 
tension tests involving static loading and unloading of the specimens, 
and the passage of time did not enter our discussions. However, when 
loaded for long periods of time, some materials develop additional 
strains and are said to creep. 

This phenomenon can manifest itself in a variety of ways. For 
instance, suppose that a vertical bar (Fig. 1-20a) is loaded slowly by a 
force P, producing an elongation equal to 69. Let us assume that the 
loading and corresponding elongation take place during a time interval 
of duration tọ (Fig. 1-20b). Subsequent to time fo, the load remains 
constant. However, due to creep, the bar may gradually lengthen, as 
shown in Fig. 1-20b, even though the load does not change. This 
behavior occurs with many materials, although sometimes the change is 
too small to be of concern. 

As another manifestation of creep, consider a wire that is stretched 
between two immovable supports so that it has an initial tensile stress dp 
(Fig. 1-21). Again, we will denote the time during which the wire is 
initially stretched as fo. With the elapse of time, the stress in the wire 
gradually diminishes, eventually reaching a constant value, even though 
the supports at the ends of the wire do not move. This process, is called 
relaxation of the material. 

Creep is usually more important at high temperatures than at 
ordinary temperatures, and therefore it should always be considered in 
the design of engines, furnaces, and other structures that operate at 
elevated temperatures for long periods of time. However, materials such 
as steel, concrete, and wood will creep slightly even at atmospheric 
temperatures. For example, creep of concrete over long periods of time 
can create undulations in bridge decks because of sagging between the 
supports. (One remedy is to construct the deck with an upward camber, 
which is an initial displacement above the horizontal, so that when creep 
occurs, the spans lower to the level position.) 


"The study of material behavior under various environmental and loading conditions is an 
important branch of applied mechanics. For more detailed engineering information about 
materials, consult a textbook devoted solely to this subject. 
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1.5 LINEAR ELASTICITY, HOOKE’S LAW, AND POISSON'S RATIO 


Many structural materials, including most metals, wood, plastics, and 
ceramics, behave both elastically and linearly when first loaded. 
Consequently, their stress-strain curves begin with a straight line passing 
through the origin. An example is the stress-strain curve for structural 
steel (Fig. 1-10), where the region from the origin O to the proportional 
limit (point A) is both linear and elastic. Other examples are the regions 
below both the proportional limits and the elastic limits on the diagrams 
for aluminum (Fig. 1-13), brittle materials (Fig. 1-16), and copper 
(Fig. 1-17). 

When a material behaves elastically and also exhibits a linear 
relationship between stress and strain, it is said to be linearly elastic. 
This type of behavior is extremely important in engineering for an 
obvious reason—by designing structures and machines to function in 
this region, we avoid permanent deformations due to yielding. 


Hooke's Law 


The linear relationship between stress and strain for a bar in simple 
tension or compression is expressed by the equation 


o= Ee (1-8) 


in which ø is the axial stress, e is the axial strain, and E is a constant of 
proportionality known as the modulus of elasticity for the material. The 
modulus of elasticity is the slope of the stress-strain diagram in the linearly 
elastic region, as mentioned previously in Section 1.3. Since strain is dimen- 
sionless, the units of E are the same as the units of stress. Typical units of E 
are psi or ksi in USCS units and pascals (or multiples thereof) in SI units. 

The equation e = Ee is commonly known as Hooke's law, named 
for the famous English scientist Robert Hooke (1635-1703). Hooke was 
the first person to investigate scientifically the elastic properties of mate- 
rials, and he tested such diverse materials as metal, wood, stone, bone, 
and sinew. He measured the stretching of long wires supporting weights 
and observed that the elongations “always bear the same proportions one 
to the other that the weights do that made them" (Ref. 1-6). Thus, Hooke 
established the linear relationship between the applied loads and the 
resulting elongations. 

Equation (1-8) is actually a very limited version of Hooke's law 
because it relates only to the longitudinal stresses and strains developed 
in simple tension or compression of a bar (uniaxial stress). To deal with 
more complicated states of stress, such as those found in most structures 
and machines, we must use more extensive equations of Hooke's law 
(see Sections 7.5 and 7.6). 

The modulus of elasticity has relatively large values for materials 
that are very stiff, such as structural metals. Steel has a modulus of 
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FIG. 1-22 Axial elongation and lateral 
contraction of a prismatic bar in tension: 
(a) bar before loading, and (b) bar after 
loading. (The deformations of the bar 
are highly exaggerated.) 


approximately 30,000 ksi (210 GPa); for aluminum, values around 
10,600 ksi (73 GPa) are typical. More flexible materials have a lower 
modulus—values for plastics range from 100 to 2,000 ksi (0.7 to 
14 GPa). Some representative values of E are listed in Table H-2, 
Appendix H. For most materials, the value of E in compression is nearly 
the same as in tension. 

Modulus of elasticity is often called Young's modulus, after 
another English scientist, Thomas Young (1773-1829). In connection 
with an investigation of tension and compression of prismatic bars, 
Young introduced the idea of a “modulus of the elasticity." However, 
his modulus was not the same as the one in use today, because it 
involved properties of the bar as well as of the material (Ref. 1-7). 


Poisson's Ratio 


When a prismatic bar is loaded in tension, the axial elongation is 
accompanied by lateral contraction (that is, contraction normal to the direc- 
tion of the applied load). This change in shape is pictured in Fig. 1-22, where 
part (a) shows the bar before loading and part (b) shows it after loading. In 
part (b), the dashed lines represent the shape of the bar prior to loading. 

Lateral contraction is easily seen by stretching a rubber band, but in 
metals the changes in lateral dimensions (in the linearly elastic region) 
are usually too small to be visible. However, they can be detected with 
sensitive measuring devices. 

The lateral strain e’ at any point in a bar is proportional to the axial 
strain € at that same point if the material is linearly elastic. The ratio of 
these strains is a property of the material known as Poisson's ratio. This 
dimensionless ratio, usually denoted by the Greek letter v (nu), can be 
expressed by the equation 


_  Jateralstrain _ € (1-9) 


axial strain € 


The minus sign is inserted in the equation to compensate for the fact that 
the lateral and axial strains normally have opposite signs. For instance, 
the axial strain in a bar in tension is positive and the lateral strain is 
negative (because the width of the bar decreases). For compression we 
have the opposite situation, with the bar becoming shorter (negative 
axial strain) and wider (positive lateral strain). Therefore, for ordinary 
materials Poisson's ratio will have a positive value. 

When Poisson's ratio for a material is known, we can obtain the 
lateral strain from the axial strain as follows: 


€ = —ve (1-10) 
When using Eqs. (1-9) and (1-10), we must always keep in mind that 


they apply only to a bar in uniaxial stress, that is, a bar for which the 
only stress is the normal stress ø in the axial direction. 


FIG. 1-22 (Repeated) 
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Poisson's ratio is named for the famous French mathematician 
Siméon Denis Poisson (1781—1840), who attempted to calculate this 
ratio by a molecular theory of materials (Ref. 1-8). For isotropic 
materials, Poisson found v — 1/4. More recent calculations based upon 
better models of atomic structure give v — 1/3. Both of these values are 
close to actual measured values, which are in the range 0.25 to 0.35 for 
most metals and many other materials. Materials with an extremely low 
value of Poisson's ratio include cork, for which vis practically zero, and 
concrete, for which v is about 0.1 or 0.2. A theoretical upper limit for 
Poisson's ratio is 0.5, as explained later in Section 7.5. Rubber comes 
close to this limiting value. 

A table of Poisson's ratios for various materials in the linearly elastic 
range is given in Appendix H (see Table H-2). For most purposes, 
Poisson's ratio is assumed to be the same in both tension and compression. 

When the strains in a material become large, Poisson's ratio changes. 
For instance, in the case of structural steel the ratio becomes almost 0.5 
when plastic yielding occurs. Thus, Poisson's ratio remains constant only 
in the linearly elastic range. When the material behavior is nonlinear, the 
ratio of lateral strain to axial strain is often called the contraction ratio. 
Of course, in the special case of linearly elastic behavior, the contraction 
ratio is the same as Poisson's ratio. 


Limitations 


For a particular material, Poisson's ratio remains constant throughout 
the linearly elastic range, as explained previously. Therefore, at any 
given point in the prismatic bar of Fig. 1-22, the lateral strain remains 
proportional to the axial strain as the load increases or decreases. 
However, for a given value of the load (which means that the axial 
strain is constant throughout the bar), additional conditions must be met 
if the lateral strains are to be the same throughout the entire bar. 

First, the material must be homogeneous, that is, it must have 
the same composition (and hence the same elastic properties) at every 
point. However, having a homogeneous material does not mean that the 
elastic properties at a particular point are the same in all directions. For 
instance, the modulus of elasticity could be different in the axial and 
lateral directions, as in the case of a wood pole. Therefore, a second 
condition for uniformity in the lateral strains is that the elastic properties 
must be the same in all directions perpendicular to the longitudinal axis. 
When the preceding conditions are met, as is often the case with metals, 
the lateral strains in a prismatic bar subjected to uniform tension will be 
the same at every point in the bar and the same in all lateral directions. 

Materials having the same properties in all directions (whether axial, 
lateral, or any other direction) are said to be isotropic. If the properties 
differ in various directions, the material 1s anisotropic (or aeolotropic). 

In this book, all examples and problems are solved with the assump- 
tion that the material is linearly elastic, homogeneous, and isotropic, 
unless a specific statement is made to the contrary. 
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A steel pipe of length L = 4.0 ft, outside diameter d? = 6.0 in., and inside 
diameter d, = 4.5 in. is compressed by an axial force P —140 k (Fig. 1-23). The 
material has modulus of elasticity E — 30,000 ksi and Poisson's ratio v — 0.30. 

Determine the following quantities for the pipe: (a) the shortening 6, (b) the 
lateral strain e€', (c) the increase Ad, in the outer diameter and the increase Ad, 
in the inner diameter, and (d) the increase At in the wall thickness. 





Solution 
The cross-sectional area A and longitudinal stress ø are determined as follows: 


A= x Io oe Fi eom — (GS mr] o bx im 





g —-— - BM E — 11.32 ksi (compression) 


FIG. 1-23 Example 1-3. Steel pipe in 237m. 


compression 


Because the stress is well below the yield stress (see Table H-3, Appendix H), 
the material behaves linearly elastically and the axial strain may be found from 
Hooke’s law: 


c  -1132ksi 


E —= —377.3 x 10 9 
E 30,000 ksi 


€ = 


The minus sign for the strain indicates that the pipe shortens. 
(a) Knowing the axial strain, we can now find the change in length of the 
pipe (see Eq. 1-2): 


8 = eL = (—377.3 x 10 ©)(4.0 ft\(12 in./ft) = —0.018 in. uuu 


The negative sign again indicates a shortening of the pipe. 
(b) The lateral strain is obtained from Poisson’s ratio (see Eq. 1-10): 


e/— —ve = —(0.30)(—377.3 X 10 °) = 113.2 x 10 9 «n 


The positive sign for e' indicates an increase in the lateral dimensions, as 
expected for compression. 
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(c) The increase in outer diameter equals the lateral strain times the diameter: 


Ad Es tob o« 10 EO a) ~ 0000679 m. «m 


similarly, the increase in inner diameter is 


Ad = ps (1132 x 10 945 in) — 0000509 in. d 


(d) The increase in wall thickness is found in the same manner as the 
increases in the diameters; thus, 


Ar~ et- (1G 2 10m) dest EO 00008 5am «em 


This result can be verified by noting that the increase in wall thickness is equal 
to half the difference of the increases in diameters: 


Ad» — Ad 
At = 2 = 5 (0.000679 in. — 0.000509 in.) = 0.000085 in. 


as expected. Note that under compression, all three quantities increase (outer 
diameter, inner diameter, and thickness). 

Note: The numerical results obtained in this example illustrate that the dimen- 
sional changes in structural materials under normal loading conditions 
are extremely small. In spite of their smallness, changes in dimensions 
can be important in certain kinds of analysis (such as the analysis of statically inde- 
terminate structures) and in the experimental determination of stresses and strains. 
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1.6 SHEAR STRESS AND STRAIN 





Diagonal bracing for an elevated walkway 
showing a clevis and a pin in double shear 


In the preceding sections we discussed the effects of normal stresses 
produced by axial loads acting on straight bars. These stresses are called 
“normal stresses" because they act in directions perpendicular to the 
surface of the material. Now we will consider another kind of stress, 
called a shear stress, that acts tangential to the surface of the material. 

As an illustration of the action of shear stresses, consider the bolted 
connection shown in Fig. 1-24a. This connection consists of a flat bar A, 
a clevis C, and a bolt B that passes through holes in the bar and clevis. 
Under the action of the tensile loads P, the bar and clevis will press 
against the bolt in bearing, and contact stresses, called bearing stresses, 
will be developed. In addition, the bar and clevis tend to shear the bolt, 
that is, cut through it, and this tendency is resisted by shear stresses in 
the bolt. As an example, consider the bracing for an elevated pedestrian 
walkway shown in the photograph. 








(b) 


FIG. 1-24 Bolted connection in which the 
bolt is loaded in double shear 


(a) 
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To show more clearly the actions of the bearing and shear stresses, let 
us look at this type of connection in a schematic side view (Fig. 1-24b). 
With this view in mind, we draw a free-body diagram of the bolt 
(Fig. 1-24c). The bearing stresses exerted by the clevis against the bolt 
appear on the left-hand side of the free-body diagram and are labeled 1 
and 3. The stresses from the bar appear on the right-hand side and are 
labeled 2. The actual distribution of the bearing stresses is difficult to 
determine, so it is customary to assume that the stresses are uniformly dis- 
tributed. Based upon the assumption of uniform distribution, we can 


FIG. 1-25 Bolted connection in which the 
bolt is loaded in single shear 
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calculate an average bearing stress o; by dividing the total bearing force 
F, by the bearing area Ap: 


eee (1-11) 
Ap 
The bearing area is defined as the projected area of the curved bearing 
surface. For instance, consider the bearing stresses labeled 1. The 
projected area A, on which they act is a rectangle having a height equal to 
the thickness of the clevis and a width equal to the diameter of the bolt. 
Also, the bearing force F, represented by the stresses labeled 1 is equal to 
P/2. The same area and the same force apply to the stresses labeled 3. 

Now consider the bearing stresses between the flat bar and the bolt 
(the stresses labeled 2). For these stresses, the bearing area A; is a rectangle 
with height equal to the thickness of the flat bar and width equal to the bolt 
diameter. The corresponding bearing force F, is equal to the load P. 

The free-body diagram of Fig. 1-24c shows that there is a tendency 
to shear the bolt along cross sections mn and pq. From a free-body 
diagram of the portion mnpq of the bolt (see Fig. 1-24d), we see that 
shear forces V act over the cut surfaces of the bolt. In this particular 
example there are two planes of shear (mn and pq), and so the bolt is said 
to be in double shear. In double shear, each of the shear forces is equal 
to one-half of the total load transmitted by the bolt, that is, V — P/2. 





(b) (c) (d) 
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FIG. 1-25 (Repeated) 
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The shear forces V are the resultants of the shear stresses distributed 
over the cross-sectional area of the bolt. For instance, the shear stresses 
acting on cross section mn are shown in Fig. 1-24e. These stresses act 
parallel to the cut surface. The exact distribution of the stresses is not 
known, but they are highest near the center and become zero at certain 
locations on the edges. As indicated in Fig. 1-24e, shear stresses are 
customarily denoted by the Greek letter 7 (tau). 

A bolted connection in single shear is shown in Fig. 1-25a, where the 
axial force P in the metal bar is transmitted to the flange of the steel 
column through a bolt. A cross-sectional view of the column (Fig. 1-25b) 
shows the connection in more detail. Also, a sketch of the bolt (Fig. 1- 
25c) shows the assumed distribution of the bearing stresses acting on the 
bolt. As mentioned earlier, the actual distribution of these bearing stresses 
is much more complex than shown in the figure. Furthermore, bearing 
stresses are also developed against the inside surfaces of the bolt head and 
nut. Thus, Fig. 1-25c is not a free-body diagram—only the idealized 
bearing stresses acting on the shank of the bolt are shown in the figure. 

By cutting through the bolt at section mn we obtain the diagram 
shown in Fig. 1-25d. This diagram includes the shear force V (equal to 
the load P) acting on the cross section of the bolt. As already pointed 
out, this shear force is the resultant of the shear stresses that act over the 
cross-sectional area of the bolt. 





(a) 











(b) (c) (d) 


FIG. 1-26 Failure of a bolt in single shear 
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Load 


The deformation of a bolt loaded almost to fracture in single shear 
is shown in Fig. 1-26 (compare with Fig. 1-25c). 

In the preceding discussions of bolted connections we disregarded 
friction (produced by tightening of the bolts) between the connecting 
elements. The presence of friction means that part of the load is carried 
by friction forces, thereby reducing the loads on the bolts. Since friction 
forces are unreliable and difficult to estimate, it is common practice to 
err on the conservative side and omit them from the calculations. 

The average shear stress on the cross section of a bolt is obtained 
by dividing the total shear force V by the area A of the cross section on 
which it acts, as follows: 


ape (1-12) 


In the example of Fig. 1-25, which shows a bolt in single shear, the 
shear force V is equal to the load P and the area A is the cross-sectional 
area of the bolt. However, in the example of Fig. 1-24, where the bolt is 
in double shear, the shear force V equals P/2. 

From Eq. (1-12) we see that shear stresses, like normal stresses, 
represent intensity of force, or force per unit of area. Thus, the units of 
shear stress are the same as those for normal stress, namely, psi or ksi in 
USCS units and pascals or multiples thereof in SI units. 

The loading arrangements shown in Figs. 1-24 and 1-25 are examples 
of direct shear (or simple shear) in which the shear stresses are created by 
the direct action of the forces in trying to cut through the material. Direct 
shear arises in the design of bolts, pins, rivets, keys, welds, and glued joints. 

Shear stresses also arise in an indirect manner when members are 
subjected to tension, torsion, and bending, as discussed later in Sections 2.6, 
3.3, and 5.8, respectively. 


Equality of Shear Stresses on Perpendicular Planes 


To obtain a more complete picture of the action of shear stresses, let us 
consider a small element of material in the form of a rectangular paral- 
lelepiped having sides of lengths a, b, and c in the x, y, and z directions, 
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FIG. 1-27 Small element of material 
subjected to shear stresses 





(b) 


FIG. 1-28 Element of material subjected to 
shear stresses and strains 


respectively (Fig. 1-27). The front and rear faces of this element are 
free of stress. 

Now assume that a shear stress 7, is distributed uniformly over the 
right-hand face, which has area bc. In order for the element to be in 
equilibrium in the y direction, the total shear force 7,bc acting on the 
right-hand face must be balanced by an equal but oppositely directed 
shear force on the left-hand face. Since the areas of these two faces are 
equal, it follows that the shear stresses on the two faces must be equal. 

The forces 7;bc acting on the left- and right-hand side faces 
(Fig. 1-27) form a couple having a moment about the z axis of magni- 
tude 7;abc, acting counterclockwise in the figure. Equilibrium of the 
element requires that this moment be balanced by an equal and opposite 
moment resulting from shear stresses acting on the top and bottom faces 
of the element. Denoting the stresses on the top and bottom faces as m, 
we see that the corresponding horizontal shear forces equal mac. These 
forces form a clockwise couple of moment tabc. From moment 
equilibrium of the element about the z axis, we see that t,abc equals 
Tabc, or 


T| = 75 (1-13) 


Therefore, the magnitudes of the four shear stresses acting on the 
element are equal, as shown in Fig. 1-28a. 

In summary, we have arrived at the following general observations 
regarding shear stresses acting on a rectangular element: 


1. Shear stresses on opposite (and parallel) faces of an element are 
equal in magnitude and opposite in direction. 

2. Shear stresses on adjacent (and perpendicular) faces of an element 
are equal in magnitude and have directions such that both stresses 
point toward, or both point away from, the line of intersection of the 
faces. 


These observations were obtained for an element subjected only to shear 
stresses (no normal stresses), as pictured in Figs. 1-27 and 1-28. This 
state of stress is called pure shear and is discussed later in greater detail 


(Section 3.5). l l l l 
For most purposes, the preceding conclusions remain valid even 


when normal stresses act on the faces of the element. The reason is that 
the normal stresses on opposite faces of a small element usually are 
equal in magnitude and opposite in direction; hence they do not alter the 
equilibrium equations used in reaching the preceding conclusions. 


"A parallelepiped is a prism whose bases are parallelograms; thus, a parallelepiped has 
six faces, each of which is a parallelogram. Opposite faces are parallel and identical par- 
allelograms. A rectangular parallelepiped has all faces in the form of rectangles. 


“A couple consists of two parallel forces that are equal in magnitude and opposite in 
direction. 
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Shear Strain 


Shear stresses acting on an element of material (Fig. 1-28a) are accom- 
panied by shear strains. As an aid in visualizing these strains, we note 
that the shear stresses have no tendency to elongate or shorten the 
element in the x, y, and z directions—in other words, the lengths of the 
sides of the element do not change. Instead, the shear stresses produce a 
change in the shape of the element (Fig. 1-28b). The original element, 
which is a rectangular parallelepiped, is deformed into an oblique paral- 
lelepiped, and the front and rear faces become rhomboids. 

Because of this deformation, the angles between the side faces 
change. For instance, the angles at points q and s, which were 77/2 before 
deformation, are reduced by a small angle y to 7/2 — y (Fig. 1-28b). At 
the same time, the angles at points p and r are increased to 7/2 + y. The 
angle y is a measure of the distortion, or change in shape, of the ele- 
ment and is called the shear strain. Because shear strain is an angle, it is 
usually measured in degrees or radians. 


Sign Conventions for Shear Stresses and Strains 


As an aid in establishing sign conventions for shear stresses and strains, 
we need a scheme for identifying the various faces of a stress element 
(Fig. 1-28a). Henceforth, we will refer to the faces oriented toward the 
positive directions of the axes as the positive faces of the element. In 
other words, a positive face has its outward normal directed in the posi- 
tive direction of a coordinate axis. The opposite faces are negative faces. 
Thus, in Fig. 1-28a, the right-hand, top, and front faces are the positive 
X, y, and z faces, respectively, and the opposite faces are the negative x, 
y, and z faces. 

Using the terminology described in the preceding paragraph, we may 
state the sign convention for shear stresses in the following manner: 


A shear stress acting on a positive face of an element is positive if it acts 
in the positive direction of one of the coordinate axes and negative if it 
acts in the negative direction of an axis. A shear stress acting on a nega- 
tive face of an element is positive if it acts in the negative direction of an 
axis and negative if it acts in a positive direction. 


Thus, all shear stresses shown in Fig. 1-28a are positive. 
The sign convention for shear strains is as follows: 


Shear strain in an element is positive when the angle between two positive 
faces (or two negative faces) is reduced. The strain is negative when the 
angle between two positive (or two negative) faces is increased. 


"An oblique angle can be either acute or obtuse, but it is not a right angle. A rhomboid 
is a parallelogram with oblique angles and adjacent sides not equal. (A rhombus is 
a parallelogram with oblique angles and all four sides equal, sometimes called a 
diamond-shaped figure.) 
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Thus, the strains shown in Fig. 1-28b are positive, and we see that posi- 
tive shear stresses are accompanied by positive shear strains. 


Hooke's Law in Shear 


The properties of a material in shear can be determined experimentally 
from direct-shear tests or from torsion tests. The latter tests are performed 
by twisting hollow, circular tubes, thereby producing a state of pure shear, 
as explained later in Section 3.5. From the results of these tests, we can plot 
shear stress-strain diagrams (that is, diagrams of shear stress 7 versus 
shear strain y). These diagrams are similar in shape to tension-test diagrams 
(c versus e) for the same materials, although they differ in magnitudes. 

From shear stress-strain diagrams, we can obtain material properties 
such as the proportional limit, modulus of elasticity, yield stress, and 
ultimate stress. These properties in shear are usually about half as large 
as those in tension. For instance, the yield stress for structural steel in 
shear is 0.5 to 0.6 times the yield stress in tension. 

For many materials, the initial part of the shear stress-strain diagram 
is a straight line through the origin, just as it is in tension. For this 
linearly elastic region, the shear stress and shear strain are proportional, 
and therefore we have the following equation for Hooke's law in shear: 


T= Gy (1-14) 


in which G is the shear modulus of elasticity (also called the modulus 
of rigidity). 

The shear modulus G has the same units as the tension modulus Æ, 
namely, psi or ksi in USCS units and pascals (or multiples thereof) in SI 
units. For mild steel, typical values of G are 11,000 ksi or 75 GPa; for 
aluminum alloys, typical values are 4000 ksi or 28 GPa. Additional values 
are listed in Table H-2, Appendix H. 

The moduli of elasticity in tension and shear are related by the 
following equation: 


E 


C — 34 » 


(1-15) 


in which v is Poisson's ratio. This relationship, which is derived later in 
Section 3.6, shows that E, G, and v are not independent elastic proper- 
ties of the material. Because the value of Poisson's ratio for ordinary 
materials is between zero and one-half, we see from Eq. (1-15) that G 
must be from one-third to one-half of E. 

The following examples illustrate some typical analyses involving 
the effects of shear. Example 1-4 is concerned with shear stresses in a 
plate, Example 1-5 deals with bearing and shear stresses in pins and 
bolts, and Example 1-6 involves finding shear stresses and shear strains 
in an elastomeric bearing pad subjected to a horizontal shear force. 





FIG. 1-29 Example 1-4. Punching a hole 
in a steel plate 


A punch for making holes in steel plates is shown in Fig. 1-29a. Assume that a 
punch having diameter d — 20 mm is used to punch a hole in an 8-mm plate, as 
shown in the cross-sectional view (Fig. 1-29b). 

If a force P= 110 KN is required to create the hole, what is the average 
shear stress in the plate and the average compressive stress in the punch? 


P= 110 kN 








d = 20 mm 


t=8.0 mm 





(b) 


Solution 

The average shear stress in the plate is obtained by dividing the force P by 
the shear area of the plate. The shear area A, is equal to the circumference of the 
hole times the thickness of the plate, or 


A, = adt = 7(20 mm)(8.0 mm) = 502.7 mm? 


in which d is the diameter of the punch and t is the thickness of the plate. There- 
fore, the average shear stress in the plate is 


P 110 kN 
—Ó— SO IGI 
E A. 502.7 mm? ü 


The average compressive stress in the punch is 


EE E a SN ian 
Apunen — 7d"/A — (20 mm)?/4 








in Which Apuncn is the cross-sectional area of the punch. 

Note: This analysis is highly idealized because we are disregarding impact 
effects that occur when a punch is rammed through a plate. (The inclusion of 
such effects requires advanced methods of analysis that are beyond the scope of 
mechanics of materials.) 
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A steel strut S serving as a brace for a boat hoist transmits a compressive force 
P = 12 K to the deck of a pier (Fig. 1-30a). The strut has a hollow square cross 
section with wall thickness t = 0.375 in. (Fig. 1-30b), and the angle 0 between 
the strut and the horizontal is 40°. A pin through the strut transmits the 
compressive force from the strut to two gussets G that are welded to the base 
plate B. Four anchor bolts fasten the base plate to the deck. 

The diameter of the pin is dpin = 0.75 in., the thickness of the gussets is 
tg = 0.625 in., the thickness of the base plate is tg = 0.375 in., and the diameter 
of the anchor bolts is dy4;, = 0.50 in. 

Determine the following stresses: (a) the bearing stress between the strut 
and the pin, (b) the shear stress in the pin, (c) the bearing stress between the pin 
and the gussets, (d) the bearing stress between the anchor bolts and the base 
plate, and (e) the shear stress in the anchor bolts. (Disregard any friction 
between the base plate and the deck.) 








Pin 
S 
G G 
t 
FIG. 1-30 Example 1-5. (a) Pin connec- 
tion between strut S and base plate B 
(b) Cross section through the strut S (a) (b) 


Solution 

(a) Bearing stress between strut and pin. The average value of the bearing 
stress between the strut and the pin is found by dividing the force in the strut by 
the total bearing area of the strut against the pin. The latter is equal to twice the 
thickness of the strut (because bearing occurs at two locations) times the diam- 
eter of the pin (see Fig. 1-30b). Thus, the bearing stress is 


DR 12k 
2nd, — 20.375 in.)(0.75 in.) 





= 21.3 ksi 4 


Op] — 





This bearing stress is not excessive for a strut made of structural steel. 

(b) Shear stress in pin. As can be seen from Fig. 1-30b, the pin tends to 
shear on two planes, namely, the planes between the strut and the gussets. 
Therefore, the average shear stress in the pin (which is in double shear) is equal 
to the total load applied to the pin divided by twice its cross-sectional area: 


P 12k 


Tpin = numm Um — pU Wc ee = 13.6 ksi 
2qd?./A — 2«(0.75 in./A 


The pin would normally be made of high-strength steel (tensile yield stress 
greater than 50 ksi) and could easily withstand this shear stress (the yield 
stress in shear is usually at least 50% of the yield stress in tension). 

(c) Bearing stress between pin and gussets. The pin bears against the 
gussets at two locations, so the bearing area is twice the thickness of the gussets 
times the pin diameter; thus, 


P 12k 


Mode 2(0.625 in.)(0.75 in) — 145 Ft 


Op2 


which is less than the bearing stress between the strut and the pin (21.3 ksi). 

(d) Bearing stress between anchor bolts and base plate. The vertical 
component of the force P (see Fig. 1-30a) is transmitted to the pier by direct 
bearing between the base plate and the pier. The horizontal component, 
however, is transmitted through the anchor bolts. The average bearing stress 
between the base plate and the anchor bolts is equal to the horizontal component 
of the force P divided by the bearing area of four bolts. The bearing area for one 
bolt is equal to the thickness of the base plate times the bolt diameter. Conse- 
quently, the bearing stress is 


| P cos 40° (12 k)(cos 40^) 


3 Ted, 4(0.375 in.)(0.50 in.) — 142 KS! 


(e) Shear stress in anchor bolts. The average shear stress in the anchor 
bolts is equal to the horizontal component of the force P divided by the 
total cross-sectional area of four bolts (note that each bolt is in single shear). 
Therefore, 


_ P cos40° _ (12k)(cos 40°) 


ae : S ETE RT 
Tot aAmdi./A — 4m(0.50 in.)2/4 a 


Any friction between the base plate and the pier would reduce the load on the 
anchor bolts. 
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Example 1-6 


A bearing pad of the kind used to support machines and bridge girders consists 
of a linearly elastic material (usually an elastomer, such as rubber) capped by a 
steel plate (Fig. 1-31a). Assume that the thickness of the elastomer is h, the 
dimensions of the plate are a X b, and the pad is subjected to a horizontal shear 
force V. 

Obtain formulas for the average shear stress Taver 1n the elastomer and the 
horizontal displacement d of the plate (Fig. 1-31b). 





FIG. 1-31 Example 1-6. Bearing pad in 
shear 





Solution 

Assume that the shear stresses in the elastomer are uniformly distributed 
throughout its entire volume. Then the shear stress on any horizontal plane 
through the elastomer equals the shear force V divided by the area ab of the 
plane (Fig. 1-31a): 


a (1-16) << 


The corresponding shear strain (from Hooke’s law in shear; Eq. 1-14) is 


Uc 
Go abG, 





y= (1-17) 


in which G, is the shear modulus of the elastomeric material. Finally, the hori- 
zontal displacement d is equal to A tan y (from Fig. 1-31b): 





d= hian y= han 4 | (1-18) «mm 


abG, 


In most practical situations the shear strain y is a small angle, and in such cases 
we may replace tan y by y and obtain 





ees p (1-19) «m 


Equations (1-18) and (1-19) give approximate results for the horizontal 
displacement of the plate because they are based upon the assumption that the 
shear stress and strain are constant throughout the volume of the elastomeric 
material. In reality the shear stress is zero at the edges of the material (because 
there are no shear stresses on the free vertical faces), and therefore the deforma- 
tion of the material is more complex than pictured in Fig. 1-31b. However, if 
the length a of the plate is large compared with the thickness h of the elastomer, 
the preceding results are satisfactory for design purposes. 
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1.7 ALLOWABLE STRESSES AND ALLOWABLE LOADS 


Engineering has been aptly described as the application of science to 
the common purposes of life. In fulfilling that mission, engineers design 
a seemingly endless variety of objects to serve the basic needs of 
society. These needs include housing, agriculture, transportation, 
communication, and many other aspects of modern life. Factors to be 
considered in design include functionality, strength, appearance, 
economics, and environmental effects. However, when studying 
mechanics of materials, our principal design interest 1s strength, that is, 
the capacity of the object to support or transmit loads. Objects that 
must sustain loads include buildings, machines, containers, trucks, 
aircraft, ships, and the like. For simplicity, we will refer to all such 
objects as structures; thus, a structure is any object that must support 
or transmit loads. 


Factors of Safety 


If structural failure is to be avoided, the loads that a structure is capable 
of supporting must be greater than the loads it will be subjected to when 
in service. Since strength is the ability of a structure to resist loads, the 
preceding criterion can be restated as follows: The actual strength of a 
structure must exceed the required strength. The ratio of the actual 
strength to the required strength is called the factor of safety n: 


Actual strength 
Factor of safety n — ee (1-20) 
Required strength 


Of course, the factor of safety must be greater than 1.0 if failure is to be 
avoided. Depending upon the circumstances, factors of safety from 
slightly above 1.0 to as much as 10 are used. 

The incorporation of factors of safety into design is not a simple 
matter, because both strength and failure have many different mean- 
ings. Strength may be measured by the load-carrying capacity of a 
structure, or it may be measured by the stress in the material. Failure 
may mean the fracture and complete collapse of a structure, or it may 
mean that the deformations have become so large that the structure 
can no longer perform its intended functions. The latter kind of 
failure may occur at loads much smaller than those that cause actual 
collapse. 

The determination of a factor of safety must also take into 
account such matters as the following: probability of accidental over- 
loading of the structure by loads that exceed the design loads; types 


Aa 
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of loads (static or dynamic); whether the loads are applied once or are 
repeated; how accurately the loads are known; possibilities for fatigue 
failure; inaccuracies in construction; variability in the quality of 
workmanship; variations in properties of materials; deterioration due 
to corrosion or other environmental effects; accuracy of the methods 
of analysis; whether failure is gradual (ample warning) or sudden (no 
warning); consequences of failure (minor damage or major catas- 
trophe); and other such considerations. If the factor of safety is too 
low, the likelihood of failure will be high and the structure will be 
unacceptable; if the factor is too large, the structure will be wasteful 
of materials and perhaps unsuitable for its function (for instance, it 
may be too heavy). 

Because of these complexities and uncertainties, factors of safety 
must be determined on a probabilistic basis. They usually are established 
by groups of experienced engineers who write the codes and specifica- 
tions used by other designers, and sometimes they are even enacted into 
law. The provisions of codes and specifications are intended to provide 
reasonable levels of safety without unreasonable costs. 

In aircraft design it is customary to speak of the margin of safety 
rather than the factor of safety. The margin of safety is defined as the 
factor of safety minus one: 


Margin of safety = n — 1 (1-21) 


Margin of safety is often expressed as a percent, in which case the value 
given above is multiplied by 100. Thus, a structure having an actual 
strength that is 1.75 times the required strength has a factor of safety of 
1.75 and a margin of safety of 0.75 (or 75%). When the margin of safety 
is reduced to zero or less, the structure (presumably) will fail. 


Allowable Stresses 


Factors of safety are defined and implemented in various ways. For 
many structures, it is important that the material remain within the 
linearly elastic range in order to avoid permanent deformations when the 
loads are removed. Under these conditions, the factor of safety is 
established with respect to yielding of the structure. Yielding begins 
when the yield stress is reached at any point within the structure. There- 
fore, by applying a factor of safety with respect to the yield stress (or 
yield strength), we obtain an allowable stress (or working stress) that 
must not be exceeded anywhere in the structure. Thus, 


Yield strength 
Allowable stress — NL A (1-22) 
Factor of safety 
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or, for tension and shear, respectively, 


Oy Ty 
Oalow — P and Tallow — (1-23a,b) 


1 n 


in which oy and Ty are the yield stresses and n, and n> are the 
corresponding factors of safety. In building design, a typical factor of 
safety with respect to yielding in tension is 1.67; thus, a mild steel 
having a yield stress of 36 ksi has an allowable stress of 21.6 ksi. 

Sometimes the factor of safety is applied to the ultimate stress 
instead of the yield stress. This method is suitable for brittle materials, 
such as concrete and some plastics, and for materials without a clearly 
defined yield stress, such as wood and high-strength steels. In these 
cases the allowable stresses in tension and shear are 


Oy Ty 
Oalow — and Tallow — (1-24a,b) 
Nz n4 


in which oy and Ty are the ultimate stresses (or ultimate strengths). 
Factors of safety with respect to the ultimate strength of a material are 
usually larger than those based upon yield strength. In the case of mild 
steel, a factor of safety of 1.67 with respect to yielding corresponds to 
a factor of approximately 2.8 with respect to the ultimate strength. 


Allowable Loads 


After the allowable stress has been established for a particular material 
and structure, the allowable load on that structure can be determined. 
The relationship between the allowable load and the allowable stress 
depends upon the type of structure. In this chapter we are concerned 
only with the most elementary kinds of structures, namely, bars in 
tension or compression and pins (or bolts) in direct shear and bearing. 

In these kinds of structures the stresses are uniformly distributed (or 
at least assumed to be uniformly distributed) over an area. For instance, 
in the case of a bar in tension, the stress is uniformly distributed over the 
cross-sectional area provided the resultant axial force acts through the 
centroid of the cross section. The same is true of a bar in compression 
provided the bar is not subject to buckling. In the case of a pin subjected 
to shear, we consider only the average shear stress on the cross section, 
which is equivalent to assuming that the shear stress is uniformly 
distributed. Similarly, we consider only an average value of the bearing 
stress acting on the projected area of the pin. 
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Therefore, in all four of the preceding cases the allowable load (also 
called the permissible load or the safe load) is equal to the allowable 
stress times the area over which it acts: 


Allowable load — (Allowable stress)( Area) (1-25) 


For bars in direct tension and compression (no buckling), this 
equation becomes 


T'itow = Oallow A (1-26) 


in which Gajjow is the permissible normal stress and A is the cross- 
sectional area of the bar. If the bar has a hole through it, the net area is 
normally used when the bar is in tension. The net area is the gross 
cross-sectional area minus the area removed by the hole. For compression, 
the gross area may be used if the hole is filled by a bolt or pin that can 
transmit the compressive stresses. 

For pins in direct shear, Eq. (1-25) becomes 


Falow — Tallow A (1-27) 


in which Tanow is the permissible shear stress and A is the area over which 

the shear stresses act. If the pin is in single shear, the area is the cross- 

sectional area of the pin; in double shear, it is twice the cross-sectional area. 
Finally, the permissible load based upon bearing is 


F log = Op A (1-28) 


in which o; is the allowable bearing stress and A, is the projected area 
of the pin or other surface over which the bearing stresses act. 

The following example illustrates how allowable loads are deter- 
mined when the allowable stresses for the material are known. 





FIG. 1-32 Example 1-7. Vertical hanger 
subjected to a tensile load P: (a) front 
view of bolted connection, and (b) side 
view of connection 


A steel bar serving as a vertical hanger to support heavy machinery in a factory 
is attached to a support by the bolted connection shown in Fig. 1-32. The main 
part of the hanger has a rectangular cross section with width b; = 1.5 in. 
and thickness t = 0.5 in. At the connection the hanger is enlarged to a width 
b, — 3.0 in. The bolt, which transfers the load from the hanger to the two 
gussets, has diameter d = 1.0 in. 

Determine the allowable value of the tensile load P in the hanger based 
upon the following four considerations: 

(a) The allowable tensile stress in the main part of the hanger is 16,000 psi. 

(b) The allowable tensile stress in the hanger at its cross section through the 
bolt hole is 11,000 psi. (The permissible stress at this section is lower because 
of the stress concentrations around the hole.) 

(c) The allowable bearing stress between the hanger and the bolt is 26,000 psi. 

(d) The allowable shear stress in the bolt is 6,500 psi. 






b, = 3.0 in. 


Bolt 
Washer 


Gusset 





Hanger 


— > e Ex roin 


bi zd um 


(a) (b) 


Solution 
(a) The allowable load P, based upon the stress in the main part of the 


hanger is equal to the allowable stress in tension times the cross-sectional area 
of the hanger (Eq. 1-26): 


Pi OatowA = Canowb1t = (16,000 psi)(1.5 in. X 0.5 in.) = 12,000 Ib 


continued 
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A load greater than this value will overstress the main part of the hanger, that is, 
the actual stress will exceed the allowable stress, thereby reducing the factor of 
safety. 

(b) At the cross section of the hanger through the bolt hole, we must make 
a similar calculation but with a different allowable stress and a different area. 
The net cross-sectional area, that is, the area that remains after the hole is drilled 
through the bar, is equal to the net width times the thickness. The net width is 
equal to the gross width b) minus the diameter d of the hole. Thus, the equation 
for the allowable load P, at this section is 


P, m O,llow A = O Allow (P2 E d)t m (11,000 psi)(3.0 in. — 1.0 in.)(0.5 in.) 
= 11,000 Ib 


(c) The allowable load based upon bearing between the hanger and the bolt 
is equal to the allowable bearing stress times the bearing area. The bearing area 
is the projection of the actual contact area, which is equal to the bolt diameter 
times the thickness of the hanger. Therefore, the allowable load (Eq. 1-28) is 


P3 = oA = aydt = (26,000 psi)(1.0 in.)(0.5 in.) = 13,000 Ib 


(d) Finally, the allowable load P4 based upon shear in the bolt is equal to 
the allowable shear stress times the shear area (Eq. 1-27). The shear area is 
twice the area of the bolt because the bolt is in double shear; thus: 


puc a Ora SOS ODDS OR ZO P OT 


We have now found the allowable tensile loads in the hanger based upon all 
four of the given conditions. 

Comparing the four preceding results, we see that the smallest value of the 
load is 


P uow = 10,200 1b dem 


This load, which is based upon shear in the bolt, is the allowable tensile load in 
the hanger. 
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1.8 DESIGN FOR AXIAL LOADS AND DIRECT SHEAR 


In the preceding section we discussed the determination of allowable 
loads for simple structures, and in earlier sections we saw how to find 
the stresses, strains, and deformations of bars. The determination of such 
quantities is known as analysis. In the context of mechanics of mate- 
rials, analysis consists of determining the response of a structure to 
loads, temperature changes, and other physical actions. By the response 
of a structure, we mean the stresses, strains, and deformations produced 
by the loads. 

Response also refers to the load-carrying capacity of a structure; for 
instance, the allowable load on a structure is a form of response. 

A structure is said to be known (or given) when we have a complete 
physical description of the structure, that is, when we know all of its 
properties. The properties of a structure include the types of members 
and how they are arranged, the dimensions of all members, the types of 
supports and where they are located, the materials used, and the properties 
of the materials. Thus, when analyzing a structure, the properties are 
given and the response is to be determined. 

The inverse process is called design. When designing a structure, 
we must determine the properties of the structure in order that the struc- 
ture will support the loads and perform its intended functions. For 
instance, a common design problem in engineering is to determine the 
size of a member to support given loads. Designing a structure is usually 
a much lengthier and more difficult process than analyzing it—indeed, 
analyzing a structure, often more than once, is typically part of the 
design process. 

In this section we will deal with design in its most elementary form 
by calculating the required sizes of simple tension and compression 
members as well as pins and bolts loaded in shear. In these cases the 
design process is quite straightforward. Knowing the loads to be trans- 
mitted and the allowable stresses 1n the materials, we can calculate the 
required areas of members from the following general relationship 
(compare with Eq. 1-25): 


Load to be transmitted 


Required area — (1-29) 


Allowable stress 


This equation can be applied to any structure in which the stresses are 
uniformly distributed over the area. (The use of this equation for finding 
the size of a bar in tension and the size of a pin in shear is illustrated in 
Example 1-8, which follows.) 

In addition to strength considerations, as exemplified by Eq. (1-29), 
the design of a structure is likely to involve stiffness and stability. 
Stiffness refers to the ability of the structure to resist changes in shape 
(for instance, to resist stretching, bending, or twisting), and stability 
refers to the ability of the structure to resist buckling under compressive 
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stresses. Limitations on stiffness are sometimes necessary to prevent 
excessive deformations, such as large deflections of a beam that might 
interfere with its performance. Buckling is the principal consideration 
inthe design of columns, which are slender compression members 
(Chapter 11). 

Another part of the design process is optimization, which is the 
task of designing the best structure to meet a particular goal, such as 
minimum weight. For instance, there may be many structures that will 
support a given load, but in some circumstances the best structure will 
be the lightest one. Of course, a goal such as minimum weight usually 
must be balanced against more general considerations, including the 
aesthetic, economic, environmental, political, and technical aspects of 
the particular design project. 

When analyzing or designing a structure, we refer to the forces that 
act on it as either loads or reactions. Loads are active forces that are 
applied to the structure by some external cause, such as gravity, water 
pressure, wind, amd earthquake ground motion. Reactions are passive 
forces that are induced at the supports of the structure—their magni- 
tudes and directions are determined by the nature of the structure itself. 
Thus, reactions must be calculated as part of the analysis, whereas loads 
are known in advance. 

Example 1-8, on the following pages, begins with a review of free- 
body diagrams and elementary statics and concludes with the design of 
a bar in tension and a pin in direct shear. 

When drawing free-body diagrams, it is helpful to distinguish reac- 
tions from loads or other applied forces. A common scheme is to place a 
slash, or slanted line, across the arrow when it represents a reactive 
force, as illustrated in Fig. 1-34 of the following example. 


Example 1-8 


FIG. 1-33 Example 1-8. Two-bar truss 
ABC supporting a sign of weight W 
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The two-bar truss ABC shown in Fig. 1-33 has pin supports at points A and C, 
which are 2.0 m apart. Members AB and BC are steel bars, pin connected at 
joint 5. The length of bar BC is 3.0 m. A sign weighing 5.4 kN is suspended 
from bar BC at points D and E, which are located 0.8 m and 0.4 m, respectively, 
from the ends of the bar. 

Determine the required cross-sectional area of bar AB and the required 
diameter of the pin at support C if the allowable stresses in tension and shear are 
125 MPa and 45 MPa, respectively. (Note: The pins at the supports are in 
double shear. Also, disregard the weights of members AB and BC.) 


A 





Solution 

The objectives of this example are to determine the required sizes of bar 
AB and the pin at support C. As a preliminary matter, we must determine the 
tensile force in the bar and the shear force acting on the pin. These quantities are 
found from free-body diagrams and equations of equilibrium. 

Reactions. We begin with a free-body diagram of the entire truss (Fig. 1-34a). 
On this diagram we show all forces acting on the truss—namely, the loads from 
the weight of the sign and the reactive forces exerted by the pin supports at A 
and C. Each reaction is shown by its horizontal and vertical components, with 
the resultant reaction shown by a dashed line. (Note the use of slashes across the 
arrows to distinguish reactions from loads.) 

The horizontal component A47 of the reaction at support A is obtained by 
summing moments about point C, as follows (counterclockwise moments are 
positive): 


> Mc=0 Rag Q.0m) — (2.7 kN)(0.8 m) — (2.7 kN)(2.6 m) = 0 


continued 
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(a) 


FIG. 1-34 Free-body diagrams for 
Example 1-8 





(b) 


Solving this equation, we get 
Ray = 4.590 kN 
Next, we sum forces in the horizontal direction and obtain 
XFagi;— 0 —— Reg = Rag = 4.590 kN 


To obtain the vertical component of the reaction at support C, we may use 
a free-body diagram of member BC, as shown in Fig. 1-34b. Summing moments 
about joint B gives the desired reaction component: 


22-0) —Rcy(3.0 m) + (2.7 kN)(2.2 m) + (2.7 KN)(0.4 m) = 0 


Now we return to the free-body diagram of the entire truss (Fig. 1-34a) and 
sum forces in the vertical direction to obtain the vertical component Ray of the 
reaction at A: 


SF e c0 Ray + Rey — 2.7 kN — 2.7 kN = 0 
Ray = 3.060 kN 
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As a partial check on these results, we note that the ratio RAy/RAg of the forces 
acting at point A is equal to the ratio of the vertical and horizontal components 
of line AB, namely, 2.0 m/3.0 m, or 2/3. 

Knowing the horizontal and vertical components of the reaction at A, we 
can find the reaction itself (Fig. 1-34a): 


Re N Roa) con) — Solo kN 


Similarly, the reaction at point C is obtained from its componets Rey and Rey, 


as follows: 
RO NR) CER ols kN 


Tensile force in bar AB. Because we are disregarding the weight of bar AB, 
the tensile force F4 in this bar is equal to the reaction at A (see Fig.1-34): 


FABp = RA = 5.516 kN 


Shear force acting on the pin at C. This shear force is equal to the reaction 
Rc (see Fig. 1-34); therefore, 


Thus, we have now found the tensile force F4g in bar AB and the shear force Ve 
acting on the pin at C. 

Required area of bar. The required cross-sectional area of bar AB is calcu- 
lated by dividing the tensile force by the allowable stress, inasmuch as the stress 
is uniformly distributed over the cross section (see Eq. 1-29): 


Fas _ 5.516KN 
Oallow 125 MPa 





= 44.1 mm? ei 


AAB = 


Bar AB must be designed with a cross-sectional area equal to or greater than 
44.1 mm? in order to support the weight of the sign, which is the only load we 
considered. When other loads are included in the calculations, the required area 
will be larger. 

Required diameter of pin. The required cross-sectional area of the pin at C, 
which is in double shear, is 


rtc Vete SUP TUR eer D 
Em 2T allow 2(45 MPa) 





from which we can calculate the required diameter: 


dpin = V 4Apin/7 = 8.54 mm es 


continued 
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A pin of at least this diameter is needed to support the weight of the sign 
without exceeding the allowable shear stress. 

Notes: In this example we intentionally omitted the weight of the truss 
from the calculations. However, once the sizes of the members are known, 
their weights can be calculated and included in the free-body diagrams of 
Fig. 1-34. 

When the weights of the bars are included, the design of member AB 
becomes more complicated, because it is no longer a bar in simple tension. 
Instead, it is a beam subjected to bending as well as tension. An analogous situ- 
ation exists for member BC. Not only because of its own weight but also 
because of the weight of the sign, member BC is subjected to both bending and 
compression. The design of such members must wait until we study stresses in 
beams (Chapter 5). 

In practice, other loads besides the weights of the truss and sign would 
have to be considered before making a final decision about the sizes of the bars 
and pins. Loads that could be important include wind loads, earthquake loads, 
and the weights of objects that might have to be supported temporarily by the 
truss and sign. 





FIG. 1-34 (Repeated) 


(a) 


(b) 





In Chapter 1 we learned about mechanical properties of construction materials. We 
computed normal stresses and strains in bars loaded by centroidal axial loads, and 
also shear stresses and strains (as well as bearing stresses) in pin connections used to 
assemble simple structures, such as trusses. We also defined allowable levels of 
stress from appropriate factors of safety and used these values to set allowable loads 
that could be applied to the structure. 


Some of the major concepts presented in this chapter are as follows. 


1. 


The principal objective of mechanics of materials is to determine the stresses, 
strains, and displacements in structures and their components due to the loads 
acting on them. These components include bars with axial loads, shafts in 
torsion, beams in bending, and colums in compression. 


Prismatic bars subjected to tensile or compressive loads acting through the cen- 
troid of their cross section (to avoid bending) experience normal stress and strain 
and either extension or contraction proportional to their lengths. These stresses 
and strains are uniform except near points of load application where high local- 
ized stresses, or stress-concentrations, occur. 


We investigated the mechanical behavior of various materials and plotted the 
resulting stress-strain diagram, which conveys important information about the 
material. Ductile materials (such as mild steel) have an initial linear relationship 
between normal stress and strain (up to the proportional limit) and are said to be 
linearly elastic with stress and strain related by Hooke’s law (o = E* e); they also 
have a well-defined yield point. Other ductile materials (such as aluminum 
alloys) typically do not have a clearly definable yield point, so an arbitrary yield 
stress may be determined by using the offset method. 


Materials that fail in tension at relatively low values of strain (such as concrete, 
stone, cast iron, glass ceramics and a variety of metallic alloys) are classified as 
brittle. Brittle materials fail with only little elongation after the proportional limit. 


If the material remains within the elastic range, it can be loaded, unloaded, and 
loaded again without significantly changing the behavior. However when loaded 
into the plastic range, the internal structure of the material is altered and its 
properties change. Loading and unloading behavior of materials depends on the 
elasticity and plasticity properties of the material, such as the elastic limit and 
possibility of permanent set (residual strain) in the material. Sustained loading 
over time may lead to creep and relaxation. 


Axial elongation of bars loaded in tension is accompanied by lateral contraction; 
the ratio of lateral strain to normal strain is known as Poisson’s ratio. Poisson's 
ratio remains constant throughout the linearly elastic range, provided the mate- 
rial is homogeneous and isotropic. Most of the examples and problems in the 
text are solved with the assumption that the material is linearly elastic, homoge- 
neous, and isotropic. 


Normal stresses act perpendicular to the surface of the material and shear 
stresses act tangential to the surface. We investigated bolted connections 
between plates in which the bolts were subjected to either single or double shear 
as well as average bearing stresses. The bearing stresses act on the rectangular 
projection of the actual curved contact surface between a bolt and plate. 


continued 
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CHAPTER 1 


Tension, Compression, and Shear 


8. 


10. 


11. 


We looked at an element of material acted on by shear stresses and strains to 
study a state of stress referred to as pure shear. We saw that shear strain (y) is 
a measure of the distortion or change in shape of the element in pure shear. We 
looked at Hooke's law in shear in which shear stress (7) is related to shear strain 
by the shearing modulus of elasticity (G), 7 = G+ y. We noted that E and G are 
related and therefore are not independent elastic properties of the material. 


Strength is the capacity of a structure or component to support or transmit loads. 
Factors of safely relate actual to required strength of structural members and 
account for a variety of uncertainties, such as variations in material properties, 
uncertain magnitudes or distributions of loadings, probability of accidental over- 
load, and so on. Because of these uncertainties, factors of safety must be 
determined using probabilistic methods. 


Yield or ultimate level stresses can be divided by factors of safety to produce 
allowable values for use in design. For a pin-connected member in axial tension, 
the allowable load depends on the allowable stress times the appropriate area 
(e.g., net cross-sectional area for bars acted on by centroidal tensile loads, 
cross-sectional area of pin for pins in shear, and projected area for bolts in bear- 
ing). If the bar is in compression, net cross-sectional area need not be used, but 
buckling may be an important consideration. 


Lastly, we considered design, the iterative process by which the appropriate size 
of structural members is determined to meet a variety of both strength and stiff- 
ness requirements for a particular structure subjected to a variety of different 
loadings. However, incorporation of factors of safety into design is not a simple 
matter, because both strength and failure have many different meanings. 


PROBLEMS CHAPTER 1 


Normal Stress and Strain 


1.2-1 A hollow circular post ABC (see figure) supports a 
load P, = 1700 Ib acting at the top. A second load P; is 
uniformly distributed around the cap plate at B. The diam- 
eters and thicknesses of the upper and lower parts of the 
post are d4g = 1.25 in., f4g = 0.5 in., dgc = 2.25 in., and 
fgc = 0.375 in., respectively. 

(a) Calculate the normal stress o4; in the upper part of 
the post. 

(b) If it is desired that the lower part of the post have 
the same compressive stress as the upper part, what should 
be the magnitude of the load P5? 

(c) If P, remains at 1700 Ib and P» is now set at 2260 Ib, 
what new thickness of BC will result in the same compres- 
sive stress in both parts? 








PROB. 1.2-1 
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1.2-2 A force P of 70N is applied by a rider to the 
front hand brake of a bicycle (P is the resultant of an 
evenly distributed pressure). As the hand brake pivots at A, 
a tension T develops in the 460-mm long brake cable (A, = 
1.075 mm?) which elongates by 6 = 0.214 mm. Find normal 
stress ø and strain e in the brake cable. 


Brake cable, L = 460 mm 


Hand brake pivot A 


"i 













P (Resultant 
of distributed 
pressure) 


100 Uniform hand 


Qn S brake pressure 


PROB. 1.2-2 
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1.2-3 A bicycle rider would like to compare the effective- 
ness of cantilever hand brakes [see figure part (a)] versus V 
brakes [figure part (b)]. 

(a) Calculate the braking force Rg at the wheel rims for 
each of the bicycle brake systems shown. Assume that all 
forces act in the plane of the figure and that cable tension 
T = 45 lbs. Also, what is the average compressive normal 
stress o, on the brake pad (A = 0.625 in^? 


be SS mma Ss 


Pivot points 
anchored to frame 





(a) Cantilever brakes 


PROB. 1.2-3 


1.2-4 A circular aluminum tube of length L = 400 mm is 
loaded in compression by forces P (see figure). The 
outside and inside diameters are 60 mm and 50 mm, 
respectively. A strain gage is placed on the outside of 
the bar to measure normal strains in the longitudinal 
direction. 

(a) If the measured strain is e = 550 X 107°, what is 
the shortening 6 of the bar? 

(b) If the compressive stress in the bar is intended to 
be 40 MPa, what should be the load P? 


(b) For each braking system, what is the stress in the 
brake cable (assume effective cross-sectional area of 
0.00167 in^)? 

(HINT: Because of symmetry, you only need to use the 
right half of each figure in your analysis.) 








Pivot points 
anchored to frame 


Eoi 


VA 
(b) V brakes 
Strain gage 
P P 
—» 
LT = 400 mm Lo 
PROB. 1.2-4 


1.2-5 The cross section of a concrete corner column that 
is loaded uniformly in compression is shown in the 
figure. 


(a) Determine the average compressive stress o, in the 
concrete if the load is equal to 3200 k. 

(b) Determine the coordinates x, and y, of the point 
where the resultant load must act in order to produce 
uniform normal stress in the column. 


y 
- 24 in—l20 in. 





PROB. 1.2-5 


1.2-6 A car weighing 130 kN when fully loaded is pulled 
slowly up a steep inclined track by a steel cable (see figure). 
The cable has an effective cross-sectional area of 490 mm’, 
and the angle a of the incline is 30°. 


Calculate the tensile stress o; in the cable. 





PROB. 1.2-6 


1.2-7 Two steel wires support a moveable overhead camera 
weighing W = 25 Ib (see figure) used for close-up viewing 
of field action at sporting events. At some instant, wire 1 is at 
an angle œ = 20° to the horizontal and wire 2 is at an angle 
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p = 48°. Both wires have a diameter of 30 mils. (Wire dia- 
meters are often expressed in mils; one mil equals 0.001 in.) 
Determine the tensile stresses o, and o» in the two wires. 





PROB. 1.2-7 


1.2-8 A long retaining wall is braced by wood shores set at 
an angle of 30? and supported by concrete thrust blocks, as 
shown in the first part of the figure. The shores are evenly 
spaced, 3 m apart. 

For analysis purposes, the wall and shores are ideal- 
ized as shown in the second part of the figure. Note that the 
base of the wall and both ends of the shores are assumed to 
be pinned. The pressure of the soil against the wall is 
assumed to be triangularly distributed, and the resultant 
force acting on a 3-meter length of the wall is F — 190 kN. 

If each shore has a 150 mm X 150 mm square cross 
section, what is the compressive stress o; in the shores? 


Soil Retaining 
wall 





Concrete 





PROB. 1.2-8 
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1.2-9 A pickup truck tailgate supports a crate (Wc = 150 Ib), 
as shown in the figure. The tailgate weighs Wy = 60 Ib 
and is supported by two cables (only one is shown in 
the figure). Each cable has an effective cross-sectional area 
A, = 0.017 in’. 

(a) Find the tensile force T and normal stress ø in each 
cable. 

(b) If each cable elongates 6 = 0.01 in. due to the 
weight of both the crate and the tailgate, what is the 
average strain in the cable? 





Wc = 150 Ib 





1.2-10 Solve the preceding problem if the mass of the tail gate 
is Mz = 27 kg and that of the crate is Mc = 68 kg. Use dimen- 
sions H = 305mm, L = 406 mm, dc = 460 mm, and dr = 
350 mm. The cable cross-sectional area is A, = 11.0 mm^. 

(a) Find the tensile force T and normal stress ø in each 
cable. 

(b) If each cable elongates 6 = 0.25 mm due to the 
weight of both the crate and the tailgate, what is the 
average strain in the cable? 















Tail gate 


PROB. 1.2-10 


*1.2-11 An L-shaped reinforced concrete slab 12 ft X 12 
ft (but with a 6 ft X 6 ft cutout) and thickness t = 9.0 in, is 
lifted by three cables attached at O, B and D, as shown in 
the figure. The cables are combined at point Q, which is 
7.0 ft above the top of the slab and directly above the center 
of mass at C. Each cable has an effective cross-sectional 
area of A, = 0.12 in’. 

(a) Find the tensile force T; (i = 1, 2, 3) in each cable due 
to the weight W of the concrete slab (ignore weight of cables). 

(b) Find the average stress o; in each cable. (See Table 
H-1 in Appendix H for the weight density of reinforced 
concrete. ) 











B (12, 0, 0) 


Concrete slab y = 150 p: 


Thickness t, c.g at (5 ft, 5 ft, 0) 


PROB. 1.2-11 


*1.2-12 A round bar ACB of length 2L (see figure) rotates 
about an axis through the midpoint C with constant angular 
speed w (radians per second). The material of the bar has 
weight density y. 

(a) Derive a formula for the tensile stress o, in the bar 
as a function of the distance x from the midpoint C. 

(b) What is the maximum tensile stress Omax? 


E— —sME 





PROB. 1.2-12 


1.2-13 Two gondolas on a ski lift are locked in the position 
shown in the figure while repairs are being made elsewhere. 
The distance between support towers is L — 100 ft. The 
length of each cable segment under gondola weights Wg = 
450 Ib and We = 650 Ib are Dap = 12 ft, Dgc = 70 ft, and 
Dep = 20 ft. The cable sag at B is Ag = 3.9 ft and that at 
C(Ac) is 7.1 ft. The effective cross-sectional area of the 
cable is A, = 0.12 in’. 

(a) Find the tension force in each cable segment; neglect 
the mass of the cable. 

(b) Find the average stress (o) in each cable segment. 


ANNE D 

0i Ap 
BN Bj ———h AeA 

n C Jj 

Pal 21 

- TN fF A 

N 
Wg Wc Support 
tower 








~ — L - 100 ft 


PROB. 1.2-13 


1.2-14 A crane boom of mass 450 kg with its center of mass 
at C is stabilized by two cables AQ and BO (A, = 304 mm? 
for each cable) as shown in the figure. A load P — 20 kN is 
supported at point D. The crane boom lies in the y—z plane. 
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(a) Find the tension forces in each cable: T4o and 
Tao (KN); neglect the mass of the cables, but include the 
mass of the boom in addition to load P. 

(b) Find the average stress (o) in each cable. 





PROB. 1.2-14 


Mechanical Properties and Stress-Strain Diagrams 


1.3-1 Imagine that a long steel wire hangs vertically from a 
high-altitude balloon. 

(a) What is the greatest length (feet) it can have without 
yielding if the steel yields at 40 ksi? 

(b) If the same wire hangs from a ship at sea, what is 
the greatest length? (Obtain the weight densities of steel 
and sea water from Table H-1, Appendix H.) 


1.3-2 Imagine that a long wire of tungsten hangs vertically 
from a high-altitude balloon. 

(a) What is the greatest length (meters) it can have 
without breaking if the ultimate strength (or breaking 
strength) is 1500 MPa? 

(b) If the same wire hangs from a ship at sea, what is the 
greatest length? (Obtain the weight densities of tungsten and 
sea water from Table H-1, Appendix H.) 
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1.3-3 Three different materials, designated A, B, and C, are 
tested in tension using test specimens having diameters of 
0.505 in. and gage lengths of 2.0 in. (see figure). At failure, 
the distances between the gage marks are found to be 2.13, 
2.48, and 2.78 in., respectively. Also, at the failure cross 
sections the diameters are found to be 0.484, 0.398, and 
0.253 in., respectively. 

Determine the percent elongation and percent reduction 
in area of each specimen, and then, using your own judg- 
ment, classify each material as brittle or ductile. 


iil 





PROB. 1.3-3 


1.3-4 The strength-to-weight ratio of a structural material 
is defined as its load-carrying capacity divided by 
its weight. For materials in tension, we may use a charac- 
teristic tensile stress (as obtained from a stress-strain 
curve) as a measure of strength. For instance, either the 
yield stress or the ultimate stress could be used, depending 
upon the particular application. Thus, the strength-to- 
weight ratio Rs4y for a material in tension is defined as 


Oo 
Rsw = — 
y 


in which ø is the characteristic stress and y is the weight 
density. Note that the ratio has units of length. 

Using the ultimate stress ay as the strength parameter, 
calculate the strength-to-weight ratio (in units of meters) 
for each of the following materials: aluminum alloy 
6061-T6, Douglas fir (in bending), nylon, structural steel 
ASTM-A572, and a titanium alloy. (Obtain the material 
properties from Tables H-1 and H-3 of Appendix H. When 
a range of values is given in a table, use the average value.) 


1.3-5 A symmetrical framework consisting of three pin- 
connected bars is loaded by a force P (see figure). The angle 
between the inclined bars and the horizontal is œ = 48°. The 
axial strain in the middle bar is measured as 0.0713. 

Determine the tensile stress in the outer bars if they are 
constructed of aluminum alloy having the stress-strain 
diagram shown in Fig. 1-13. (Express the stress in USCS 
units.) 





PROB. 1.3-5 


1.3-6 A specimen of a methacrylate plastic is tested in tension 
at room temperature (see figure), producing the stress-strain 
data listed in the accompanying table (see the next page). 

Plot the stress-strain curve and determine the propor- 
tional limit, modulus of elasticity (i.e., the slope of the 
initial part of the stress-strain curve), and yield stress at 
0.2% offset. Is the material ductile or brittle? 


P 
|. a — mm—— 
f a P 
>» 
PROB. 1.3-6 


STRESS-STRAIN DATA FOR PROBLEM 1.3-6 


Stress (MPa) Strain 
8.0 0.0032 
17:5 0.0073 
25.6 0.0111 
SLl 0.0129 
39.8 0.0163 
44.0 0.0184 
48.2 0.0209 
53.9 0.0260 
58.1 0.0331 
62.0 0.0429 
62.1 Fracture 


*1.3-7 The data shown in the accompanying table were 
obtained from a tensile test of high-strength steel. The test 
specimen had a diameter of 0.505 in. and a gage length of 
2.00 in. (see figure for Prob. 1.3-3). At fracture, the elonga- 
tion between the gage marks was 0.12 in. and the minimum 
diameter was 0.42 in. 

Plot the conventional stress-strain curve for the steel 
and determine the proportional limit, modulus of elasticity 
(1.e., the slope of the initial part of the stress-strain curve), 
yield stress at 0.1% offset, ultimate stress, percent elonga- 
tion in 2.00 in., and percent reduction in area. 


TENSILE-TEST DATA FOR PROBLEM 1.3-7 
Load (Ib) Elongation (in.) 


1,000 0.0002 

2,000 0.0006 

6,000 0.0019 
10,000 0.0033 
12,000 0.0039 
12,900 0.0043 
13,400 0.0047 
13,600 0.0054 
13,800 0.0063 
14,000 0.0090 
14,400 0.0102 
15,200 0.0130 
16,800 0.0230 
18,400 0.0336 
20,000 0.0507 
22,400 0.1108 
22,600 Fracture 


Elasticity and Plasticity 


1.4-1 A bar made of structural steel having the stress-strain 
diagram shown in the figure has a length of 48 in. The yield 
stress of the steel is 42 ksi and the slope of the initial linear 
part of the stress-strain curve (modulus of elasticity) is 
30 X 10? ksi. The bar is loaded axially until it elongates 
0.20 in., and then the load is removed. 
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How does the final length of the bar compare with 
its original length? (Hint: Use the concepts illustrated in 
Fig. 1-18b.) 





PROB. 1.4-1 


1.4-2 A bar of length 2.0 m is made of a structural steel 
having the stress-strain diagram shown in the figure. The 
yield stress of the steel is 250 MPa and the slope of the 
initial linear part of the stress-strain curve (modulus of 
elasticity) is 200 GPa. The bar is loaded axially until it 
elongates 6.5 mm, and then the load is removed. 

How does the final length of the bar compare with 
its original length? (Hint: Use the concepts illustrated in 
Fig. 1-18b.) 





PROB. 1.4-2 
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1.4-3 An aluminum bar has length L — 5 ft and diameter 
d = 1.25 in. The stress-strain curve for the aluminum is 
shown in Fig. 1-13 of Section 1.3. The initial straight- 
line part of the curve has a slope (modulus of elasticity) of 
10 X 10° psi. The bar is loaded by tensile forces P = 39 k 
and then unloaded. 

(a) What is the permanent set of the bar? 

(b) If the bar is reloaded, what is the proportional 
limit? (Hint: Use the concepts illustrated in Figs. 1-18b and 
1-19.) 


1.4-4 A circular bar of magnesium alloy is 750 mm long. 
The stress-strain diagram for the material is shown in the 
figure. The bar is loaded in tension to an elongation of 
6.0 mm, and then the load 1s removed. 

(a) What is the permanent set of the bar? 

(b) If the bar is reloaded, what is the proportional limit? 
(Hint: Use the concepts illustrated in Figs. 1-18b and 1-19.) 








PROBS. 1.4-3 and 1.4-4 


*1.4-5 A wire of length L — 4 ft and diameter d — 0.125 in. 
is stretched by tensile forces P — 600 Ib. The wire is made of 
a copper alloy having a stress-strain relationship that may be 
described mathematically by the following equation: 


18,000€ 


mul <e=<0. = ksi 
TU O=¢e€=0.03 (o si) 


O 


in which e is nondimensional and ø has units of kips per 
square inch (ksi). 
(a) Construct a stress-strain diagram for the material. 
(b) Determine the elongation of the wire due to the 
forces P. 


(c) If the forces are removed, what is the permanent set 
of the bar? 

(d) If the forces are applied again, what is the propor- 
tional limit? 


Hooke's Law and Poisson's Ratio 


When solving the problems for Section 1.5, assume that the 
material behaves linearly elastically. 


1.5-1 A high-strength steel bar used in a large crane has 
diameter d = 2.00 in. (see figure). The steel has modulus of 
elasticity E = 29 X 10° psi and Poisson's ratio v = 0.29. 
Because of clearance requirements, the diameter of the bar 
is limited to 2.001 in. when it is compressed by axial 
forces. 

What is the largest compressive load Pmax that is 
permitted? 


PROB. 1.5-1 


1.5-2 A round bar of 10 mm diameter is made of 
aluminum alloy 7075-T6 (see figure). When the bar is 
stretched by axial forces P, its diameter decreases by 
0.016 mm. 

Find the magnitude of the load P. (Obtain the material 
properties from Appendix H.) 


d= 10 mm 


7075-T6 


PROB. 1.5-2 


1.5-3 A polyethylene bar having diameter d; — 4.0 in. is 
placed inside a steel tube having inner diameter dọ = 4.01 in. 
(see figure). The polyethylene bar is then compressed by an 
axial force P. 


At what value of the force P will the space between 
the polyethylene bar and the steel tube be closed? (For 
polyethylene, assume E — 200 ksi and v — 0.4.) 








Polyethylene 
bar 





PROB. 1.5-3 


1.5-4 A prismatic bar with a circular cross section is 
loaded by tensile forces P — 65 kN (see figure). The bar 
has length L — 1.75 m and diameter d — 32 mm. It is made 
of aluminum alloy with modulus of elasticity E — 75 GPa 
and Poisson's ratio v — 1/3. 

Find the increase in length of the bar and the percent 
decrease in its cross-sectional area. 


[- 1 5. 


PROBS. 1.5-4 and 1.5-5 


1.5-5 A bar of monel metal as in the figure (length L — 9 in., 
diameter d — 0.225 in.) is loaded axially by a tensile force P. 
If the bar elongates by 0.0195 in., what is the decrease in 
diameter d? What is the magnitude of the load P? Use the 
data in Table H-2, Appendix H. 


1.5-6 A tensile test is peformed on a brass specimen 10 mm 
in diameter using a gage length of 50 mm (see figure). When 
the tensile load P reaches a value of 20 kN, the distance 
between the gage marks has increased by 0.122 mm. 
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(a) What is the modulus of elasticity E of the brass? 
(b) If the diameter decreases by 0.00830 mm, what is 
Poisson's ratio? 


10 mm 


k— 50 mm —| 


PROB. 1.5-6 


1.5-7 A hollow, brass circular pipe ABC (see figure) supports 
a load P, = 26.5 kips acting at the top. A second load P5 = 
22.0 kips is uniformly distributed around the cap plate at B. 
The diameters and thicknesses of the upper and lower parts of 
the pipe are dag = 1.25 in., tag = 0.5 in., dgc = 2.25 in., and 
tgc = 0.375 in., respectively. The modulus of elasticity is 
14,000 ksi. When both loads are fully applied, the wall thick- 
ness of pipe BC increases by 200 X 10 ? in. 

(a) Find the increase in the inner diameter of pipe 
segment BC. 

(b) Find Poisson's ratio for the brass. 

(c) Find the increase in the wall thickness of 
pipe segment AB and the increase in the inner diameter 
of AB. 








PROB. 1.5-7 
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*1.5-8 A brass bar of length 2.25 m with a square cross 
section of 90 mm on each side is subjected to an axial tensile 
force of 1500 kN (see figure). Assume that E = 110 GPa 
and v — 0.34. 

Determine the increase in volume of the bar. 






1500 kN 7 1500 kN 


PROB. 1.5-8 


Shear Stress and Strain 


1.6-1 An angle bracket having thickness t = 0.75 in. is 
attached to the flange of a column by two 5/8-inch diameter 
bolts (see figure). A uniformly distributed load from a 
floor joist acts on the top face of the bracket with a pressure 
p = 275 psi. The top face of the bracket has length L = 8 in. 
and width b = 3.0 in. 

Determine the average bearing pressure o; between 
the angle bracket and the bolts and the average shear stress 
Taver 1n the bolts. (Disregard friction between the bracket 
and the column.) 











™ Angle bracket 


PROB. 1.6-1 


1.6-2 Truss members supporting a roof are connected to a 
26-mm-thick gusset plate by a 22 mm diameter pin as 
shown in the figure and photo. The two end plates on the 
truss members are each 14 mm thick. 

(a) If the load P = 80 kN, what is the largest bearing 
stress acting on the pin? 

(b) If the ultimate shear stress for the pin is 190 MPa, 
what force P, is required to cause the pin to fail in shear? 

(Disregard friction between the plates.) 


Roof structure 


PROB. 1.6-2 


Truss members supporting a roof 
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1.6-3 The upper deck of a football stadium is supported by Determine the following quantities. 

braces each of which transfers a load P — 160 kips to the (a) The average shear stress Taver in the pin. 

base of a column [see figure part (a)]. A cap plate at the (b) The average bearing stress between the flange 
bottom of the brace distributes the load P to four flange plates and the pin (05), and also between the gusset plates 
plates (t; = 1 in.) through a pin (d, = 2 in.) to two gusset and the pin (Opg). 

plates (f, = 1.5 in.) [see figure parts (b) and (c)]. (Disregard friction between the plates.) 


Cap plate 
Flange plate 


(t= 1 in.) 


Pin (d, = 2 in.) 


Gusset plate 
(t, = 1.5 in.) 





KAY 


(b) Detail at bottom of brace 


wise 


sar ANA NE 
EAE d.e 
Aa 


Cap plate 


Pin (d, = 2 in.) 


«— — Flange plate 
(t= 1 in.) 





Gusset plate 
(t, = 1.5 in.) 





(c) Section through bottom of brace 


PROB. 1.6-3 
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1.6-4 The inclined ladder AB supports a house painter 
(82 kg) at C and the self weight (q — 36 N/m) of the ladder 
itself. Each ladder rail (t, = 4 mm) is supported by a shoe 
(t, = 5 mm) which is attached to the ladder rail by a bolt of 
diameter d, = 8 mm. 

(a) Find support reactions at A and B. 

(b) Find the resultant force in the shoe bolt at A. 

(c) Find maximum average shear (7) and bearing (0;) 
stresses in the shoe bolt at A. 





Shoe bolt (d; = 8 mm) 
_- Ladder shoe (t, = 5 mm) 


Y! 
Er. 


u 
Ay Ay 
bU fs 


Section at base 


1 a=1.8m b=0.7m 
A 


Assume no slip at A 
PROB. 1.6-4 
1.6-5 The force in the brake cable of the V-brake system 


shown in the figure is T = 45 lb. The pivot pin at A has 
diameter d, = 0.25 in. and length L, = 5/8 in. 


Use dimensions show in the figure. Neglect the weight 
of the brake system. 

(a) Find the average shear stress 74,,, in the pivot pin 
where it is anchored to the bicycle frame at B. 

(b) Find the average bearing stress o; ayer in the pivot 
pin over segment AB. 





-— Lower end of front brake cable 


u NX 








Hg 
Hy 
Q Pivot pins 
anchored to 
frame (dp) 
Lp 
PROB. 1.6-5 


1.6-6 A steel plate of dimensions 2.5 X 1.2 X 0.1 m is 
hoisted by steel cables with lengths L; = 3.2 m and L, = 
3.0 m that are each attached to the plate by a clevis and pin 
(see figure). The pins through the clevises are 18 mm in 
diameter and are located 2.0m apart. The orientation 
angles are measured to be 0 = 94.4? and a = 54.9°. 

For these conditions, first determine the cable forces 
T, and T5, then find the average shear stress Taver in both 
pin 1 and pin 2, and then the average bearing stress o; 
between the steel plate and each pin. Ignore the mass of the 
cables. 







Clevis 
and pin 2 


Center of mass 
of plate 


PROB. 1.6-6 


1.6-7 A special-purpose eye bolt of shank diameter d — 
0.50 in. passes through a hole in a steel plate of thickness 
t, = 0.75 in. (see figure) and is secured by a nut with thick- 
ness f — 0.25 in. The hexagonal nut bears directly against 
the steel plate. The radius of the circumscribed circle for the 
hexagon is r — 0.40 in. (which means that each side of the 
hexagon has length 0.40 in.). The tensile forces in three 
cables attached to the eye bolt are 7T; = 800 lb., Tə = 550 Ib., 
and T3 = 1241 Ib. 

(a) Find the resultant force acting on the eye bolt. 

(b) Determine the average bearing stress o; between the 
hexagonal nut on the eye bolt and the plate. 
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(c) Determine the average shear stress Taver in the nut 
and also in the steel plate. 





Nut 






t 
Eye bolt 
Steel plate 


PROB. 1.6-7 


1.6-8 An elastomeric bearing pad consisting of two steel 
plates bonded to a chloroprene elastomer (an artificial 
rubber) is subjected to a shear force V during a static loading 
test (see figure). The pad has dimensions a = 125 mm and 
b = 240 mm, and the elastomer has thickness t = 50 mm. 
When the force V equals 12 kN, the top plate is found to 
have displaced laterally 8.0 mm with respect to the bottom 
plate. 

What is the shear modulus of elasticity G of the 
chloroprene? 





PROB. 1.6-8 
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1.6-9 A joint between two concrete slabs A and B is filled 
with a flexible epoxy that bonds securely to the concrete 
(see figure). The height of the joint is h = 4.0 in., its 
length is L = 40 in., and its thickness is £ = 0.5 in. 
Under the action of shear forces V, the slabs displace 
vertically through the distance d — 0.002 in. relative to 
each other. 

(a) What is the average shear strain Yave in the 
epoxy? 

(b) What is the magnitude of the forces V if the shear 
modulus of elasticity G for the epoxy is 140 ksi? 








PROB. 1.6-9 


1.6-10 A flexible connection consisting of rubber pads 
(thickness t = 9 mm) bonded to steel plates is shown in the 
figure. The pads are 160 mm long and 80 mm wide. 

(a) Find the average shear strain Yaver in the rubber if 
the force P — 16 kN and the shear modulus for the rubber 
is G — 1250 kPa. 

(b) Find the relative horizontal displacement 6 between 
the interior plate and the outer plates. 
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PROB. 1.6-10 


1.6-11 A spherical fiberglass buoy used in an underwater 
experiment is anchored in shallow water by a chain 
[see part (a) of the figure]. Because the buoy is positioned 
just below the surface of the water, it is not expected to 
collapse from the water pressure. The chain is attached to 
the buoy by a shackle and pin [see part (b) of the figure]. 
The diameter of the pin is 0.5 in. and the thickness of the 
shackle is 0.25 in. The buoy has a diameter of 60 in. and 
weighs 1800 Ib on land (not including the weight of the 
chain). 

(a) Determine the average shear stress Taver in the pin. 

(b) Determine the average bearing stress o; between 
the pin and the shackle. 





PROB. 1.6-11 


(b) 
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*1.6-12 The clamp shown in the figure is used to support 
a load hanging from the lower flange of a steel beam. The 
clamp consists of two arms (A and B) joined by a pin at C. 
The pin has diameter d — 12 mm. Because arm B straddles 
arm A, the pin is in double shear. 

Line 1 in the figure defines the line of action of the 
resultant horizontal force H acting between the lower 
flange of the beam and arm B. The vertical distance from 
this line to the pin is h = 250 mm. Line 2 defines the line 
of action of the resultant vertical force V acting between 
the flange and arm B. The horizontal distance from this 
line to the centerline of the beam is c = 100 mm. The 
force conditions between arm A and the lower flange are 
symmetrical with those given for arm B. 

Determine the average shear stress in the pin at C 
when the load P = 18 KN. 





PROB. 1.6-12 
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*1.6-13 A hitch-mounted bicycle rack is designed to carry up 
to four 30-Ib. bikes mounted on and strapped to two arms GH 
[see bike loads in the figure part (a)]. The rack is attached to 
the vehicle at A and is assumed to be like a cantilever beam 
ABCDGH [figure part (b)]. The weight of fixed segment AB is 
W, = 10 lb, centered 9 in. from A [see the figure part (b)] and 
the rest of the rack weighs W> = 40 Ib, centered 19 in. from A. 
Segment ABCDG is a steel tube, 2 X 2 in., of thickness t = 
1/8 in. Segment BCDGH pivots about a bolt at B of diameter 
dg — 0.25 in. to allow access to the rear of the vehicle without 
removing the hitch rack. When in use, the rack is secured in an 
upright position by a pin at C (diameter of pin d, = 5/16 in.) 
[see photo and figure part (c)]. The overturning effect of the 
bikes on the rack is resisted by a force couple F - h at BC. 

(a) Find the support reactions at A for the fully loaded rack; 

(b) Find forces in the bolt at B and the pin at C. 

(c) Find average shear stresses Taver in both the bolt at 
B and the pin at C. 

(d) Find average bearing stresses o; in the bolt at B 
and the pin at C. 
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(c) Section a-a 
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**1.6-14 A bicycle chain consists of a series of small 
links, each 12 mm long between the centers of the pins (see 
figure). You might wish to examine a bicycle chain and 
Observe its construction. Note particularly the pins, which 
we will assume to have a diameter of 2.5 mm. 

In order to solve this problem, you must now make 
two measurements on a bicycle (see figure): (1) the length 
L of the crank arm from main axle to pedal axle, and (2) the 
radius R of the sprocket (the toothed wheel, sometimes 
called the chainring). 

(a) Using your measured dimensions, calculate the 
tensile force T in the chain due to a force F = 800 N 
applied to one of the pedals. 

(b) Calculate the average shear stress Taver in the pins. 





L| — Sprocket 





PROB. 1.6-14 


**1.6-15 A shock mount constructed as shown in the figure 
is used to support a delicate instrument. The mount consists 
of an outer steel tube with inside diameter b, a central steel 
bar of diameter d that supports the load P, anda hollow 
rubber cylinder (height A) bonded to the tube and bar. 

(a) Obtain a formula for the shear stress 7 in the 
rubber at a radial distance r from the center of the shock 
mount. 

(b) Obtain a formula for the downward displacement 6 
of the central bar due to the load P, assuming that G is the 
shear modulus of elasticity of the rubber and that the steel 
tube and bar are rigid. 


Steel tube 
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Steel bar 
d Rubber 





Er o em ow 


PROB. 1.6-15 


1.6-16 The steel plane truss shown in the figure is loaded by 
three forces P, each of which 1s 490 kN. The truss members 
each have a cross-sectional area of 3900 mm? and are 
connected by pins each with a diameter of d, = 18 mm. 
Members AC and BC each consist of one bar with thickness of 


tac = tgc = 19 mm. Member AB is composed of two bars [see 
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figure part (b)] each having thickness t4g/2 = 10 mm and 
length L = 3m. The roller support at B, is made up of two 
support plates, each having thickness 1,,/2 = 12 mm. 

(a) Find support reactions at joints A and B and forces 
in members AB, BC, and AB. 

(b) Calculate the largest average shear stress T, max in 
the pin at joint B, disregarding friction between the members; 
see figures parts (b) and (c) for sectional views of the joint. 

(c) Calculate the largest average bearing stress 907 max 
acting against the pin at joint B. 


P = 490 kN 
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1.6-17 A spray nozzle for a garden hose requires a force 
F = 5 |b. to open the spring-loaded spray chamber AB. The 
nozzle hand grip pivots about a pin through a flange at O. 
Each of the two flanges has thickness t = 1/16 in., and the 
pin has diameter d, = 1/8 in. [see figure part (a)]. The 
spray nozzle is attached to the garden hose with a quick 
release fitting at B [see figure part (b)]. Three brass balls 
(diameter d, = 3/16 in.) hold the spray head in place under 
water pressure force f, = 30 Ib. at C [see figure part (c)]. 
Use dimensions given in figure part (a). 

(a) Find the force in the pin at O due to applied 
force F. 

(b) Find average shear stress Taver and bearing stress 
0; in the pin at O. 


Pin 


(c) Find the average shear stress Taver in the brass 
retaining balls at C due to water pressure force fp. 


1.6-18 A single steel strut AB with diameter d, = 8 mm. 
supports the vehicle engine hood of mass 20 kg which 
pivots about hinges at C and D [see figures (a) and (b)]. 
The strut is bent into a loop at its end and then attached to 
a bolt at A with diameter d, = 10 mm. Strut AB lies in a 
vertical plane. 

(a) Find the strut force F, and average normal stress o 
in the strut. 

(b) Find the average shear stress Taver in the bolt at A. 

(c) Find the average bearing stress o; on the bolt at A. 
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PROB. 1.6-18 


1.6-19 The top portion of a pole saw used to trim small 
branches from trees is shown in the figure part (a). The 
cutting blade BCD [see figure parts (a) and (c)] applies a 
force P at point D. Ignore the effect of the weak return 
spring attached to the cutting blade below B. Use proper- 
ties and dimensions given in the figure. 

(a) Find the force P on the cutting blade at D if the 
tension force in the rope is T = 25 lb (see free body 
diagram in part (b)]. 

(b) Find force in the pin at C. 

(c) Find average shear stress Taver and bearing stress 
o, in the support pin at C [see Section a—a through cutting 
blade in figure part (c)]. 
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(a) Top part of pole saw 





(b) Free-body diagram 
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Allowable Loads 


1.7-1 A bar of solid circular cross section is loaded in 
tension by forces P (see figure). The bar has length L — 
16.0 in. and diameter d = 0.50 in. The material is a magne- 
sium alloy having modulus of elasticity E = 6.4 X 10° psi. 
The allowable stress in tension is Ogyow = 17,000 psi, and 
the elongation of the bar must not exceed 0.04 in. 

What is the allowable value of the forces P? 


P 


L 


PROB. 1.7-1 


1.7-2 A torque Tọ is transmitted between two flanged 
shafts by means of ten 20-mm bolts (see figure and photo). 
The diameter of the bolt circle is d = 250 mm. 

If the allowable shear stress in the bolts is 85 MPa, 
what is the maximum permissible torque? (Disregard fric- 
tion between the flanges.) 





Drive shaft coupling on a ship propulsion motor 


PROB. 1.7-2 


1.7-3 A tie-down on the deck of a sailboat consists of a bent 
bar bolted at both ends, as shown in the figure. The diameter 
dg of the bar is 1/4 in., the diameter dw of the washers is 7/8 
in., and the thickness t of the fiberglass deck is 3/8 in. 


If the allowable shear stress in the fiberglass is 300 psi, 
and the allowable bearing pressure between the washer and 
the fiberglass is 550 psi, what is the allowable load P now 
on the tie-down? 
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PROB. 1.7-3 


1.7-4 Two steel tubes are joined at B by four pins 
(d, = 11 mm), as shown in the cross section a—a in the 
figure. The outer diameters of the tubes are d4g = 40 mm 
and dgc = 28 mm. The wall thicknesses are t4g = 6 mm 
and tgc = 7 mm. The yield stress in tension for the steel is 
oy = 200MPa and the ultimate stress in tension is 
Oy = 340 MPa. The corresponding yield and ultimate 
values in shear for the pin are 80 MPa and 140 MPa, 
respectively. Finally, the yield and ultimate values in 
bearing between the pins and the tubes are 260 MPa and 
450 MPa, respectively. Assume that the factors of safety 
with respect to yield stress and ultimate stress are 4 and 5, 
respectively. 

(a) Calculate the allowable tensile force Panow consid- 
ering tension in the tubes. 

(b) Recompute Panow for shear in the pins. 

(c) Finally, recompute Panow for bearing between the 
pins and the tubes. Which is the controlling value of P? 
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Section a—a 


PROB. 1.7-4 


1.7-5 A steel pad supporting heavy machinery rests on four 
short, hollow, cast iron piers (see figure). The ultimate 
strength of the cast iron in compression is 50 ksi. The outer 
diameter of the piers is d = 4.5 in. and the wall thickness is 
t = 0.40 in. 

Using a factor of safety of 3.5 with respect to the 
ultimate strength, determine the total load P that may be 
supported by the pad. 





PROB. 1.7-5 
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1.7-6 The rear hatch of a van [BDCF in figure part (a)] is 
supported by two hinges at B, and B» and by two struts A,B, 
and AB, (diameter d, = 10 mm) as shown in figure part (b). 
The struts are supported at A, and A, by pins, each with 
diameter d, = 9 mm and passing through an eyelet of thick- 
ness t = 8 mm at the end of the strut [figure part (b)]. If a 
closing force P = 50 N 1s applied at G and the mass of the 
hatch M, = 43 kg is concentrated at C: 

(a) What is the force F in each strut? [Use the free- 
body diagram of one half of the hatch in the figure 
part (c)] 

(b) What is the maximum permissible force in the 
strut, Fayow, 1f the allowable stresses are as follows: 
compressive stress in the strut, 70 MPa; shear stress in the 
pin, 45 MPa; and bearing stress between the pin and the 
end of the strut, 110 MPa. 


Bottom 


505 mm 


n| 


A «—— Pin support 


1 


(c) 
PROB. 1.7-6 
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1.7-7 A lifeboat hangs from two ship's davits, as shown in 
the figure. A pin of diameter d — 0.80 in. passes through 
each davit and supports two pulleys, one on each side of the 
davit. 

Cables attached to the lifeboat pass over the pulleys 
and wind around winches that raise and lower the lifeboat. 
The lower parts of the cables are vertical and the upper 
parts make an angle œ = 15? with the horizontal. The 
allowable tensile force in each cable is 1800 Ib, and the 
allowable shear stress in the pins is 4000 psi. 

If the lifeboat weighs 1500 Ib, what is the maximum 
weight that should be carried in the lifeboat? 


/ / mg MÀ = = 
SS 





PROB. 1.7-7 


1.7-8 A cable and pulley system in figure part (a) supports a 
cage of mass 300 kg at B. Assume that this includes the mass 
of the cables as well. The thickness of each the three steel 
pulleys is t= 40 mm. The pin diameters are d,4 = 25 mm, 
dps = 30 mm and d,c = 22 mm [see figure, parts (a) and 
part (b)]. 

(a) Find expressions for the resultant forces acting on 
the pulleys at A, B, and C in terms of cable tension T. 


(b) What is the maximum weight W that can be added 
to the cage at B based on the following allowable stresses? 
Shear stress in the pins is 50 MPa; bearing stress between 
the pin and the pulley is 110 MPa. 
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PROB. 1.7-8 


1.7-9 A ship's spar is attached at the base of a mast by a 
pin connection (see figure). The spar is a steel tube of outer 
diameter d) = 3.5 in. and inner diameter d, = 2.8 in. The 
steel pin has diameter d — lin. and the two plates 
connecting the spar to the pin have thickness t = 0.5 in. 
The allowable stresses are as follows: compressive stress in 
the spar, 10 ksi; shear stress in the pin, 6.5 ksi; and bearing 
stress between the pin and the connecting plates, 16 ksi. 

Determine the allowable compressive force P4jj,, in 
the spar. 





PROB. 1.7-9 


1.7-10 What is the maximum possible value of the 
clamping force C in the jaws of the pliers shown in the 
figure if the ultimate shear stress in the 5-mm diameter pin 
is 340 MPa? 

What is the maximum permissible value of the applied 
load P if a factor of safety of 3.0 with respect to failure of 
the pin is to be maintained? 
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PROB. 1.7-10 


1.7-11 A metal bar AB of weight W is suspended by a system 
of steel wires arranged as shown in the figure. The diameter of 
the wires is 5/64 in., and the yield stress of the steel is 65 ksi. 

Determine the maximum permissible weight Wmax for 
a factor of safety of 1.9 with respect to yielding. 





PROB. 1.7-11 
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1.7-12 A plane truss is subjected to loads 2P and P at 
joints B and C, respectively, as shown in the figure 
part (a). The truss bars are made of two L102 X 76 X 6.4 
steel angles [see Table E-5(b): cross sectional area of the 
two angles, A = 2180 mm’, figure part (b)] having an 
ultimate stress in tension equal to 390 MPa. The angles 
are connected to an 12 mm-thick gusset plate at C [figure 
part (c)] with 16-mm diameter rivets; assume each rivet 
transfers an equal share of the member force to the 
gusset plate. The ultimate stresses in shear and bearing 
for the rivet steel are 190 MPa and 550 MPa, respec- 
tively. 

Determine the allowable load Panow if a safety factor 
of 2.5 is desired with respect to the ultimate load that 
can be carried. (Consider tension in the bars, shear in the 
rivets, bearing between the rivets and the bars, and also 
bearing between the rivets and the gusset plate. Disregard 
friction between the plates and the weight of the truss 
itself.) 







Gusset plate 


Rivet 


1.7-13 A solid bar of circular cross section (diameter d) has 
a hole of diameter d/5 drilled laterally through the center of 
the bar (see figure). The allowable average tensile stress on 
the net cross section of the bar is ois. 

(a) Obtain a formula for the allowable load Panow that 
the bar can carry in tension. 

(b) Calculate the value of Plow if the bar is made of 
brass with diameter d = 1.75 in. and Oayow = 12 ksi. 

(Hint: Use the formulas of Case 15 Appendix D.) 
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Gusset 


(c) 


(b) Section a—a 


PROB. 1.7-12 


1.7-14 A solid steel bar of diameter d, = 60 mm has a hole 
of diameter d, = 32 mm drilled through it (see figure). 
A steel pin of diameter d» passes through the hole and is 
attached to supports. 

Determine the maximum permissible tensile load Panow 
in the bar if the yield stress for shear in the pin is 7y — 120 
MPa, the yield stress for tension in the bar is oy = 250 MPa 
and a factor of safety of 2.0 with respect to yielding is 
required. (Hint: Use the formulas of Case 15, Appendix D.) 





PROB. 1.7-14 


1.7-15 A sign of weight W is supported at its base by four 
bolts anchored in a concrete footing. Wind pressure p acts 
normal to the surface of the sign; the resultant of the uniform 
wind pressure is force F at the center of pressure. The wind 
force is assumed to create equal shear forces F/4 in the y- 
direction at each bolt [see figure parts (a) and (c)]. The 
overturning effect of the wind force also causes an uplift 
force R at bolts A and C and a downward force (—R) at 
bolts B and D [see figure part (b)]. The resulting effects of 
the wind, and the associated ultimate stresses for each stress 
condition, are: normal stress in each bolt (o;, = 60 ksi); shear 
through the base plate (7, — 17 ksi); horizontal shear and 
bearing on each bolt (Tp, = 25 ksi and oj, = 75 ksi); and 
bearing on the bottom washer at B (or D) (ay, = 50 ksi). 

Find the maximum wind pressure Pmax (psf) that can 
be carried by the bolted support system for the sign if a 
safety factor of 2.5 is desired with respect to the ultimate 
wind load that can be carried. 

Use the following numerical data: bolt d, = 7/in.; 
washer dẹ, = 1.5 in.; base plate tẹ = 1 in.; base plate dimen- 
sions h = 14 in. and b = 12 in.; W = 500 Ib; H = 17 ft; sign 
dimensions (L, = 10 ft. X L, = 12 ft.); pipe column dia- 
meter d = 6 in., and pipe column thickness t = 3/8 in. 


CHAPTER 1 Problems 81 


Sign (L, X Lj) 










Resultant 
of wind 
pressure 


Y Overturning 
moment 
about x axis 


F 
Salt 
W 













One half of over — turning 
moment about x axis acts 
on each bolt pair 

Base 

plate (tpp) 





mE um = | 
Om CEA o tag Footing 
IA! ||: 
ph ———-4 | 
Tension Tg R W Compression 
(b) 





PROB. 1.7-15 


82 CHAPTER 1 Tension, Compression, and Shear 


1.7-16 The piston in an engine is attached to a connecting 
rod AB, which in turn is connected to a crank arm BC (see 
figure). The piston slides without friction in a cylinder and 
is subjected to a force P (assumed to be constant) while 
moving to the right in the figure. The connecting rod, 
which has diameter d and length L, is attached at both ends 
by pins. The crank arm rotates about the axle at C with the 
pin at B moving in a circle of radius R. The axle at C, 
which is supported by bearings, exerts a resisting 
moment M against the crank arm. 

(a) Obtain a formula for the maximum permissible 
force Pajoy based upon an allowable compressive stress 
o. in the connecting rod. 

(b) Calculate the force Panow for the following data: 
o, = 160 MPa, d = 9.00 mm, and R = 0.28L. 
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Design for Axial Loads and Direct Shear 


1.8-1 An aluminum tube is required to transmit an axial 
tensile force P — 33 k [see figure part (a)]. The thickness of 
the wall of the tube is to be 0.25 in. 

(a What is the minimum required outer diameter 
Amin 1f the allowable tensile stress is 12,000 psi? 

(b) Repeat part (a) if the tube will have a hole of diam- 
eter d/10 at mid-length [see figure parts (b) and (c)]. 


(a) 


Hole of diameter d/10 d 
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PROB. 1.8-1 


1.8-2 A copper alloy pipe having yield stress oy = 290 MPa 
is to carry an axial tensile load P — 1500 kN [see figure 
part (a)]. A factor of safety of 1.8 against yielding is to be 
used. 

(a) If the thickness t of the pipe is to be one-eighth of 
its outer diameter, what is the minimum required outer 
diameter din? 

(b) Repeat part (a) if the tube has a hole of diameter 
d/10 drilled through the entire tube as shown in the figure 


[part (b)]. 
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PROB. 1.8-2 


1.8-3 A horizontal beam AB with cross-sectional dimensions 
(b = 0.75 in.) X (h = 8.0 in.) is supported by an inclined 
strut CD and carries a load P — 2700 Ib at joint B [see figure 
part (a)]. The strut, which consists of two bars each of thick- 
ness 5b/8, is connected to the beam by a bolt passing through 
the three bars meeting at joint C [see figure part (b)]. 


(a) If the allowable shear stress in the bolt is 13,000 psi, 
what is the minimum required diameter dmin of the bolt at C? 

(b) If the allowable bearing stress in the bolt is 19,000 psi, 
what is the minimum required diameter dmin of the bolt at C? 
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PROB. 1.8-3 


1.8-4 Lateral bracing for an elevated pedestrian walkway is 
shown in the figure part (a). The thickness of the clevis plate 
t- = 16mm and the thickness of the gusset plate t, = 
20 mm [see figure part (b)]. The maximum force in the 
diagonal bracing is expected to be F = 190 kN. 

If the allowable shear stress in the pin is 90 MPa and 
the allowable bearing stress between the pin and both the 
clevis and gusset plates is 150 MPa, what is the minimum 
required diameter dmin of the pin? 
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(b) 
PROB. 1.8-4 


1.8-5 Forces P, = 1500 lb and P; = 2500 Ib are applied at 
joint C of plane truss ABC shown in the figure part (a). 
Member AC has thickness t4c = 5/16 in. and member AB is 
composed of two bars each having thickness t,,/2 = 3/16 
in. [see figure part (b)]. Ignore the effect of the two plates 
which make up the pin support at A. 

If the allowable shear stress in the pin is 12,000 psi 
and the allowable bearing stress in the pin is 20,000 psi, 
what is the minimum required diameter d,,;, of the pin? 


|^ 





Section a—a 


(b) 


PROB. 1.8-5 
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1.8-6 A suspender on a suspension bridge consists of a 
cable that passes over the main cable (see figure) and 
supports the bridge deck, which is far below. The 
suspender is held in position by a metal tie that is 
prevented from sliding downward by clamps around the 
suspender cable. 

Let P represent the load in each part of the suspender 
cable, and let 0 represent the angle of the suspender cable 
just above the tie. Finally, let Ca1ow represent the allowable 
tensile stress in the metal tie. 

(a) Obtain a formula for the minimum required cross- 
sectional area of the tie. 

(b) Calculate the minimum area if P = 130 kN, 0 = 75°, 
and ago, = 80 MPa. 


Collar 





PROB. 1.8-6 


1.8-7 A square steel tube of length L = 20 ft and width 
b, = 10.0 in. is hoisted by a crane (see figure). The tube 
hangs from a pin of diameter d that is held by the cables at 


points A and B. The cross section is a hollow square with 
inner dimension b, = 8.5 in. and outer dimension b = 
10.0 in. The allowable shear stress in the pin is 8,700 psi, 
and the allowable bearing stress between the pin and the 
tube is 13,000 psi. 

Determine the minimum diameter of the pin in 
order to support the weight of the tube. (Note: Disregard 
the rounded corners of the tube when calculating its 
weight.) 






Square 
tube 





PROB. 1.8-7 


1.8-8 A cable and pulley system at D is used to bring a 
230-kg pole (ACB) to a vertical position as shown in the 
figure part (a). The cable has tensile force T and is attached 
at C. The length L of the pole is 6.0 m, the outer diameter is 
d = 140 mm, and the wall thickness t = 12 mm. The pole 
pivots about a pin at A in figure part (b). The allowable 
shear stress in the pin is 60 MPa and the allowable bearing 
stress is 90 MPa. 

Find the minimum diameter of the pin at A in order to 
support the weight of the pole in the position shown in the 
figure part (a). 





Pin support 
plates 








PROB. 1.8-8 


1.8-9 A pressurized circular cylinder has a sealed cover 
plate fastened with steel bolts (see figure). The pressure p of 
the gas in the cylinder is 290 psi, the inside diameter D of 
the cylinder is 10.0 in., and the diameter dg of the bolts is 
0.50 in. 

If the allowable tensile stress in the bolts 1s 10,000 psi, 
find the number n of bolts needed to fasten the cover. 
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Cover plate 









Steel bolt 


«— Cylinder 


— —D 





PROB. 1.8-9 


1.8-10 A tubular post of outer diameter d; is guyed by 
two cables fitted with turnbuckles (see figure). The cables 
are tightened by rotating the turnbuckles, thus producing 
tension in the cables and compression in the post. Both 
cables are tightened to a tensile force of 110 kN. Also, 
the angle between the cables and the ground is 60°, and 
the allowable compressive stress in the post is o. = 35 
MPa. 

If the wall thickness of the post is 15 mm, what is the 
minimum permissible value of the outer diameter d3? 





PROB. 1.8-10 
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1.8-11 A large precast concrete panel for a warehouse is 
being raised to a vertical position using two sets of cables 
at two lift lines as shown in the figure part (a). Cable 1 has 
length L; = 22 ft and distances along the panel (see figure 
part (b)) are a = L,/2 and b = L,/4. The cables are attached 
at lift points B and D and the panel is rotated about its base 
at A. However, as a worst case, assume that the panel is 
momentarily lifted off the ground and its total weight must 
be supported by the cables. Assuming the cable lift forces F 
at each lift line are about equal, use the simplified model of 
one half of the panel in figure part (b) to perform your 
analysis for the lift position shown. The total weight of the 
panel is W — 85 kips. The orientation of the panel is 
defined by the following angles: y = 20° and 6 = 10°. 

Find the required cross-sectional area Ac of the cable 
if its breaking stress is 91 ksi and a factor of safety of 4 
with respect to failure is desired. 
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(b) 


PROB. 1.8-11 


1.8-12 A steel column of hollow circular cross section is 
supported on a circular steel base plate and a concrete 
pedestal (see figure). The column has outside diameter 
d — 250 mm and supports a load P — 750 kN. 

(a) If the allowable stress in the column is 55 MPa, 
what is the minimum required thickness t? Based upon your 
result, select a thickness for the column. (Select a thickness 
that is an even integer, such as 10, 12, 14, .. . , in units of 
millimeters.) 

(b) If the allowable bearing stress on the concrete 
pedestal is 11.5 MPa, what is the minimum required 
diameter D of the base plate if it is designed for the allowable 
load Panow that the column with the selected thickness can 


support? 
d 
\’ 







PROB. 1.8-12 


1.8-13 An elevated jogging track is supported at intervals 
by a wood beam AB (L = 7.5 ft) which is pinned at A and 
supported by steel rod BC and a steel washer at B. Both 
the rod (dgc = 3/16 in.) and the washer (dg = 1.0 in.) 
were designed using a rod tension force of Tgc = 425 Ib. 
The rod was sized using a factor of safety of 3 against 
reaching the ultimate stress o,, = 60 ksi. An allowable 
bearing stress Opa = 565 psi was used to size the washer 
at B. 

Now, a small platform HF is to be suspended below a 
section of the elevated track to support some mechanical 
and electrical equipment. The equipment load is uniform 
load q = 50 lb/ft and concentrated load Wg = 175 Ib at 
mid-span of beam HF. The plan is to drill a hole through 
beam AB at D and install the same rod (dgc) and washer 
(dg) at both D and F to support beam HF. 

(a) Use c; and o;, to check the proposed design for 
rod DF and washer dp; are they acceptable? 


(b) Also re-check the normal tensile stress in rod BC 
and bearing stress at 5; if either is inadequate under the 
additional load from platform HF, redesign them to meet 


the original design criteria. 
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*1.8-14 A flat bar of width b = 60 mm and thickness 
t = 10 mm is loaded in tension by a force P (see figure). 
The bar is attached to a support by a pin of diameter d that 
passes through a hole of the same size in the bar. The 
allowable tensile stress on the net cross section of the bar is 
or = 140 MPa, the allowable shear stress in the pin is 
Ts — 80 MPa, and the allowable bearing stress between the 
pin and the bar is o; = 200 MPa. 

(a) Determine the pin diameter d,, for which the load P 
will be a maximum. 

(b) Determine the corresponding value P nax of the load. 


CHAPTER 1 


Problems 87 





PROB. 1.8-14 


**1,8-15 Two bars AB and BC of the same material 
support a vertical load P (see figure). The length L of the 
horizontal bar is fixed, but the angle 0 can be varied by 
moving support A vertically and changing the length of bar 
AC to correspond with the new position of support A. The 
allowable stresses in the bars are the same in tension and 
compression. 

We observe that when the angle 0 is reduced, bar AC 
becomes shorter but the cross-sectional areas of both bars 
increase (because the axial forces are larger). The opposite 
effects occur if the angle 0 is increased. Thus, we see that 
the weight of the structure (which is proportional to the 
volume) depends upon the angle 0. 

Determine the angle 0 so that the structure has 
minimum weight without exceeding the allowable stresses 
in the bars. (Note: The weights of the bars are very small 
compared to the force P and may be disregarded.) 





PROB. 1.8-15 











An oil drilling rig is comprised of axially loaded members that must be designed for a variety of 
loading conditions, including self weight, impact, and temperature effects. 











Axially Loaded Members 


CHAPTER OVERVIEW 


In Chapter 2, we consider several other aspects of axially loaded members, 
beginning with the determination of changes in lengths caused by loads 
(Sections 2.2 and 2.3). The calculation of changes in lengths is an essential 
ingredient in the analysis of statically indeterminate structures, a topic we 
introduce in Section 2.4. If the member is statically indeterminate, we must 
augment the equations of statical equilibrium with compatibility equations 
(which rely on force-displacement relations) to solve for any unknowns of 
interest, such as support reactions or internal axial forces in members. 
Changes in lengths also must be calculated whenever it is necessary to con- 
trol the displacements of a structure, whether for aesthetic or functional 
reasons. In Section 2.5, we discuss the effects of temperature on the length of 
a bar, and we introduce the concepts of thermal stress and thermal strain. 
Also included in this section is a discussion of the effects of misfits and 
prestrains. A generalized view of the stresses in axially loaded bars is pre- 
sented in Section 2.6, where we discuss the stresses on inclined sections (as 
distinct from cross sections) of bars. Although only normal stresses act on 
cross sections of axially loaded bars, both normal and shear stresses act on 
inclined sections. Stresses on inclined sections of axially loaded members 
are investigated as a first step toward a more complete consideration of plane 
stress states in later chapters. We then introduce several additional topics of 
importance in mechanics of materials, namely, strain energy (Section 2.7), 
impact loading (Section 2.8), fatigue (Section 2.9), stress concentrations 
(Section 2.10), and nonlinear behavior (Sections 2.11 and 2.12). Although 
these subjects are discussed in the context of members with axial loads, the 
discussions provide the foundation for applying the same concepts to other 
structural elements, such as bars in torsion and beams in bending. 


Chapter 2 is organized as follows: 


2.1 Introduction 91 

2.2 Changes in Lengths of Axially Loaded Members 91 

2.3 Changes in Lengths Under Nonuniform Conditions 100 
2.4 Statically Indeterminate Structures 107 

2.5 Thermal Effects, Misfits, and Prestrains 116 

2.6 Stresses on Inclined Sections 128 

2.7 Strain Energy 140 
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Problems 182 


"Specialized and/or advanced topics 


2.1 INTRODUCTION 
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Structural components subjected only to tension or compression are 
known as axially loaded members. Solid bars with straight longitudinal 
axes are the most common type, although cables and coil springs also 
carry axial loads. Examples of axially loaded bars are truss members, 
connecting rods in engines, spokes in bicycle wheels, columns in build- 
ings, and struts in aircraft engine mounts. The stress-strain behavior of 
such members was discussed in Chapter 1, where we also obtained equa- 
tions for the stresses acting on cross sections (o = P/A) and the strains in 
longitudinal directions (e = 6/L). 


2.2 CHANGES IN LENGTHS OF AXIALLY LOADED MEMBERS 





FIG. 2-1 Spring subjected to an 
axial load P 








FIG. 2-2 Elongation of an axially loaded 
spring 


When determining the changes in lengths of axially loaded members, it is 
convenient to begin with a coil spring (Fig. 2-1). Springs of this type are 
used in large numbers in many kinds of machines and devices—for 
instance, there are dozens of them in every automobile. 

When a load is applied along the axis of a spring, as shown in 
Fig. 2-1, the spring gets longer or shorter depending upon the direction 
of the load. If the load acts away from the spring, the spring elongates 
and we say that the spring is loaded in tension. If the load acts toward 
the spring, the spring shortens and we say it is in compression. 
However, it should not be inferred from this terminology that the indi- 
vidual coils of a spring are subjected to direct tensile or compressive 
stresses; rather, the coils act primarily in direct shear and torsion (or 
twisting). Nevertheless, the overall stretching or shortening of a spring 
is analogous to the behavior of a bar in tension or compression, and so 
the same terminology is used. 


Springs 


The elongation of a spring is pictured in Fig. 2-2, where the upper part of 
the figure shows a spring in its natural length L (also called its unstressed 
length, relaxed length, or free length), and the lower part of the figure 
shows the effects of applying a tensile load. Under the action of the force 
P, the spring lengthens by an amount ô and its final length becomes L + ô. 
If the material of the spring is linearly elastic, the load and elongation will 
be proportional: 


P=ks 68=fP (2-1a,b) 


in which k and f are constants of proportionality. 

The constant k is called the stiffness of the spring and is defined as 
the force required to produce a unit elongation, that is, k = P/0. Simi- 
larly, the constant f is known as the flexibility and is defined as the 
elongation produced by a load of unit value, that is, f = 6/P. Although 
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FIG. 2-3 Prismatic bar of circular 
cross section 


OL 


Solid cross sections 


OU 


Hollow or tubular cross sections 


IL 


Thin-walled open cross sections 


FIG. 2-4 Typical cross sections of 
structural members 








FIG. 2-5 Elongation of a prismatic bar in 
tension 


we used a spring in tension for this discussion, it should be obvious that 
Eqs. (2-1a) and (2-1b) also apply to springs in compression. 

From the preceding discussion it is apparent that the stiffness and 
flexibility of a spring are the reciprocal of each other: 


l (2-2a,b) 
k 


The flexibility of a spring can easily be determined by measuring the 
elongation produced by a known load, and then the stiffness can be 
calculated from Eq. (2-2a). Other terms for the stiffness and flexibility of 
a spring are the spring constant and compliance, respectively. 

The spring properties given by Eqs. (2-1) and (2-2) can be used in 
the analysis and design of various mechanical devices involving springs, 
as illustrated later in Example 2-1. 


Prismatic Bars 


Axially loaded bars elongate under tensile loads and shorten under 
compressive loads, just as springs do. To analyze this behavior, let us 
consider the prismatic bar shown in Fig. 2-3. A prismatic bar is a struc- 
tural member having a straight longitudinal axis and constant cross 
section throughout its length. Although we often use circular bars in our 
illustrations, we should bear in mind that structural members may have a 
variety of cross-sectional shapes, such as those shown in Fig. 2-4. 

The elongation 6 of a prismatic bar subjected to a tensile load P is 
shown in Fig. 2-5. If the load acts through the centroid of the end cross 
section, the uniform normal stress at cross sections away from the ends is 
given by the formula e = P/A, where A is the cross-sectional area. 
Furthermore, if the bar is made of a homogeneous material, the axial 
strain is e = 6/L, where 61s the elongation and L is the length of the bar. 

Let us also assume that the material is linearly elastic, which means 
that it follows Hooke's law. Then the longitudinal stress and strain are 
related by the equation 0 = Ee, where E is the modulus of elasticity. 
Combining these basic relationships, we get the following equation for 
the elongation of the bar: 


_ PL 


6 = 
EA 


(2-3) 


This equation shows that the elongation is directly proportional to the 
load P and the length L and inversely proportional to the modulus of 
elasticity E and the cross-sectional area A. The product EA is known as 
the axial rigidity of the bar. 

Although Eq. (2-3) was derived for a member in tension, it applies 
equally well to a member in compression, in which case ó represents the 
shortening of the bar. Usually we know by inspection whether a member 





Steel cables on a pulley 





FIG. 2-6 Typical arrangement of strands 
and wires in a steel cable 
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gets longer or shorter; however, there are occasions when a sign conven- 
tion is needed (for instance, when analyzing a statically indeterminate bar). 
When that happens, elongation is usually taken as positive and shortening 
as negative. 

The change in length of a bar is normally very small in comparison 
to its length, especially when the material is a structural metal, such as 
steel or aluminum. As an example, consider an aluminum strut that is 
75.0 in. long and subjected to a moderate compressive stress of 7000 
psi. If the modulus of elasticity 1s 10,500 ksi, the shortening of the strut 
(from Eq. 2-3 with P/A replaced by o) is 6 = 0.050 in. Consequently, 
the ratio of the change in length to the original length is 0.05/75, or 
1/1500, and the final length is 0.999 times the original length. Under 
ordinary conditions similar to these, we can use the original length of a 
bar (instead of the final length) in calculations. 

The stiffness and flexibility of a prismatic bar are defined in the 
same way as for a spring. The stiffness is the force required to produce a 
unit elongation, or P/ó, and the flexibility is the elongation due to a unit 
load, or 6/P. Thus, from Eq. (2-3) we see that the stiffness and flexibility 
of a prismatic bar are, respectively, 


k = — DELL (2-4a,b) 


Stiffnesses and flexibilities of structural members, including those given 
by Eqs. (2-4a) and (2-4b), have a special role in the analysis of large 
structures by computer-oriented methods. 


Cables 


Cables are used to transmit large tensile forces, for example, when lifting 
and pulling heavy objects, raising elevators, guying towers, and 
supporting suspension bridges. Unlike springs and prismatic bars, cables 
cannot resist compression. Furthermore, they have little resistance to 
bending and therefore may be curved as well as straight. Nevertheless, a 
cable is considered to be an axially loaded member because it is 
subjected only to tensile forces. Because the tensile forces in a cable are 
directed along the axis, the forces may vary in both direction and magni- 
tude, depending upon the configuration of the cable. 

Cables are constructed from a large number of wires wound in some 
particular manner. While many arrangements are available depending 
upon how the cable will be used, a common type of cable, shown in 
Fig. 2-6, is formed by six strands wound helically around a central 
strand. Each strand is in turn constructed of many wires, also wound heli- 
cally. For this reason, cables are often referred to as wire rope. 

The cross-sectional area of a cable is equal to the total cross- 
sectional area of the individual wires, called the effective area or 
metallic area. This area is less than the area of a circle having the same 
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diameter as the cable because there are spaces between the individual 
wires. For example, the actual cross-sectional area (effective area) of a 
particular 1.0 inch diameter cable is only 0.471 in.*, whereas the area of a 
1.0 in. diameter circle is 0.785 in. 

Under the same tensile load, the elongation of a cable is greater than 
the elongation of a solid bar of the same material and same metallic 
cross-sectional area, because the wires in a cable “tighten up" in the same 
manner as the fibers in a rope. Thus, the modulus of elasticity (called the 
effective modulus) of a cable is less than the modulus of the material of 
which it 1s made. The effective modulus of steel cables 1s about 20,000 ksi 
(140 GPa), whereas the steel itself has a modulus of about 30,000 ksi 
(210 GPa). 

When determining the elongation of a cable from Eq. (2-3), the 
effective modulus should be used for E and the effective area should be 
used for A. 

In practice, the cross-sectional dimensions and other properties of 
cables are obtained from the manufacturers. However, for use in 
solving problems in this book (and definitely not for use in engineering 
applications), we list in Table 2-1 the properties of a particular type of 
cable. Note that the last column contains the ultimate load, which 1s the 
load that would cause the cable to break. The allowable load is 
obtained from the ultimate load by applying a safety factor that may 
range from 3 to 10, depending upon how the cable is to be used. The 
individual wires in a cable are usually made of high-strength steel, and 
the calculated tensile stress at the breaking load can be as high as 
200,000 psi (1400 MPa). 

The following examples illustrate techniques for analyzing simple 
devices containing springs and bars. The solutions require the use of free- 
body diagrams, equations of equilibrium, and equations for changes in 
length. The problems at the end of the chapter provide many additional 
examples. 


TABLE 2-1 PROPERTIES OF STEEL CABLES* 


Nominal Approximate Effective Ultimate 
diameter weight area load 


0.50 (12) 0.119 (76.7) 23,100 (102) 
0.75 (20) 0.268 (173) 51,900 (231) 
1.00 (25) 0.471 (304) 91,300 (406) 
1:29 (32) 0.745 (481) 144,000 (641) 
1.50 (38) 1.08 (697) 209,000 (930) 
13 (44) 1.47 (948) 285,000 (1260) 


2.00 (50) 1.92 (1230) 372,000 (1650) 





* To be used solely for solving problems in this book. 





FIG. 2-7 Example 2-1. (a) Rigid 
L-shaped frame ABC attached to outer 
frame BCD by a pivot at B, and 

(b) free-body diagram of frame ABC 





A rigid L-shaped frame ABC consisting of a horizontal arm AB (length b = 
10.5 in.) and a vertical arm BC (length c = 6.4 in.) is pivoted at point B, as 
shown in Fig. 2-7a. The pivot is attached to the outer frame BCD, which stands 
on a laboratory bench. The position of the pointer at C is controlled by a spring 
(stiffness k = 4.2 Ib/in.) that is attached to a threaded rod. The position of the 
threaded rod is adjusted by turning the knurled nut. 

The pitch of the threads (that is, the distance from one thread to the next) is 
p = 1/16 in., which means that one full revolution of the nut will move the rod 
by that same amount. Initially, when there is no weight on the hanger, the nut is 
turned until the pointer at the end of arm BC is directly over the reference mark 
on the outer frame. 

If a weight W = 2 Ib is placed on the hanger at A, how many revolutions of 
the nut are required to bring the pointer back to the mark? (Deformations of the 












Knurled nut LM 


Threaded 7 
rod 
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continued 





96 


CHAPTER 2  Axially Loaded Members 


metal parts of the device may be disregarded because they are negligible 
compared to the change in length of the spring.) 


Solution 

Inspection of the device (Fig. 2-7a) shows that the weight W acting down- 
ward will cause the pointer at C to move to the right. When the pointer moves to 
the right, the spring stretches by an additional amount—an amount that we can 
determine from the force in the spring. 

To determine the force in the spring, we construct a free-body diagram of 
frame ABC (Fig. 2-7b). In this diagram, W represents the force applied by the 
hanger and F represents the force applied by the spring. The reactions at the 
pivot are indicated with slashes across the arrows (see the discussion of reactions 
in Section 1.8). 

Taking moments about point B gives 


ipm we (a) 
C 


The corresponding elongation of the spring (from Eq. 2-1a) is 


om (b) 


F Wb 
k 

To bring the pointer back to the mark, we must turn the nut through enough revo- 
lutions to move the threaded rod to the left an amount equal to the elongation of 
the spring. Since each complete turn of the nut moves the rod a distance equal to 
the pitch p, the total movement of the rod is equal to np, where n is the number 
of turns. Therefore, 


s Wb 


E (c) 


np — 


from which we get the following formula for the number of revolutions of the nut: 


n = — (d) «mm 


Numerical results. As the final step in the solution, we substitute the given 
numerical data into Eq. (d), as follows: 


s (2 1b)(10.5 in.) 


S IH ONIS i 
ckp (6.4 in.)(4.2 Ib/in.)(1/16 in.) 


n 


This result shows that if we rotate the nut through 12.5 revolutions, the threaded 
rod will move to the left an amount equal to the elongation of the spring caused 
by the 2-Ib load, thus returning the pointer to the reference mark. 





The device shown in Fig. 2-8a consists of a horizontal beam ABC supported by 
two vertical bars BD and CE. Bar CE is pinned at both ends but bar BD is fixed to 
the foundation at its lower end. The distance from A to B is 450 mm and from B 
to C is 225 mm. Bars BD and CE have lengths of 480 mm and 600 mm, respec- 
tively, and their cross-sectional areas are 1020 mm^ and 520 mm’, respectively. 
The bars are made of steel having a modulus of elasticity E — 205 GPa. 

Assuming that beam ABC is rigid, find the maximum allowable load Pmax if 
the displacement of point A is limited to 1.0 mm. 





225 mm 





600 mm 





(a) 








450 mm 





FIG. 2-8 Example 2-2. Horizontal beam 
ABC supported by two vertical bars (c) 


continued 
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Solution 

To find the displacement of point A, we need to know the displacements of 
points B and C. Therefore, we must find the changes in lengths of bars BD and 
CE, using the general equation 6 = PL/EA (Eq. 2-3). 

We begin by finding the forces in the bars from a free-body diagram of 
the beam (Fig. 2-8b). Because bar CE is pinned at both ends, it is a “two-force” 
member and transmits only a vertical force Fcg to the beam. However, bar 
BD can transmit both a vertical force Fp and a horizontal force H. From equi- 
librium of beam ABC in the horizontal direction, we see that the horizontal force 
vanishes. 

Two additional equations of equilibrium enable us to express the forces Fgp 
and Fez in terms of the load P. Thus, by taking moments about point B and then 
summing forces in the vertical direction, we find 


Fceg- 2P Fgp = 3P (a) 


Note that the force Fc, acts downward on bar ABC and the force Fgp acts 
upward. Therefore, member CE is in tension and member BD is in compression. 
The shortening of member BD is 


= a BD Lgp 


Ó 
BD EAS 








450 mm 200225 me E (3P)(480 mm) 
(205 GPa)(1020 mm?) 


< 


= 6.887P X 10 ? mm (P = newtons) (b) 
(c) 


Note that the shortening dgp is expressed in millimeters provided the load P is 
FIG. 2-8c (Repeated) expressed in newtons. 
similarly, the lengthening of member CE is 


5. = Feelce 
CE = 


(2P)(600 mm) 6 
= B05 GPaG20 mm’ ^ 1L26P X 10 5mm. (P.— newtons) (c) 


Again, the displacement is expressed in millimeters provided the load P is 
expressed in newtons. Knowing the changes in lengths of the two bars, we can 
now find the displacement of point A. 

Displacement diagram. A displacement diagram showing the relative posi- 
tions of points A, B, and C is sketched in Fig. 2-8c. Line ABC represents the 
original alignment of the three points. After the load P is applied, member BD 
shortens by the amount ôgp and point B moves to B’. Also, member CE elon- 
gates by the amount ôcg and point C moves to C’. Because the beam ABC is 
assumed to be rigid, points A’, B', and C’ lie on a straight line. 

For clarity, the displacements are highly exaggerated in the diagram. In 
reality, line ABC rotates through a very small angle to its new position A'B'C" 
(see Note 2 at the end of this example). 





Using similar triangles, we can now find the relationships between the 
displacements at points A, B, and C. From triangles A'A"C' and B'B"C' we get 


ASAK B'B" ÓA IF ÔCE _ Opp aE OCE 


co cane k k S d 
AC BC " 450 + 225 225 (d) 


in which all terms are expressed in millimeters. 
Substituting for ópj and dc, from Eqs. (f) and (g) gives 


5, + 1126P X 10^ — 6.887P X 10 ^ + 11.26P X 10 ^ 
450 + 225 - 225 


Finally, we substitute for 6, its limiting value of 1.0 mm and solve the equation 
for the load P. The result is 


P = Pax 23200 N (or 23.2 kN) 





450 mm 225 mm 


When the load reaches this value, the downward displacement at point A is 
1.0 mm. 

Note 1: Since the structure behaves in a linearly elastic manner, the displace- 
ments are proportional to the magnitude of the load. For instance, if the load 
is one-half of Pmax, that is, if P = 11.6 kN, the downward displacement of point A 
is 0.5 mm. 

Note 2: To verify our premise that line ABC rotates through a very small angle, 
we can calculate the angle of rotation o from the displacement diagram (Fig. 2-8c), 
as follows: 


(c) 


FIG. 2-8c (Repeated) 


A'A" — 84 bce 


no (e) 
AC 675 mm 


tan a = 
The displacement 6, of point A is 1.0 mm, and the elongation dc, of bar CE is 


found from Eq. (g) by substituting P = 23,200 N; the result is ôcg = 0.261 mm. 
Therefore, from Eq. (1) we get 


SUN See Orn) 26) an 


675 mm = E UE — 0.001868 


tan a = 


from which œ = 0.11°. This angle is so small that if we tried to draw the 
displacement diagram to scale, we would not be able to distinguish between the 
original line ABC and the rotated line A'B'C'. 

Thus, when working with displacement diagrams, we usually can consider 
the displacements to be very small quantities, thereby simplifying the geometry. 
In this example we were able to assume that points A, B, and C moved only 
vertically, whereas if the displacements were large, we would have to consider 
that they moved along curved paths. 
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2.3 CHANGES IN LENGTHS UNDER NONUNIFORM CONDITIONS 


FIG. 2-9 (a) Bar with external loads acting 
at intermediate points; (b), (c), and (d) 
free-body diagrams showing the internal 
axial forces N,, N2, and N3 


When a prismatic bar of linearly elastic material is loaded only at the 
ends, we can obtain its change in length from the equation ó — PL/EA, 
as described in the preceding section. In this section we will see how this 
same equation can be used in more general situations. 


Bars with Intermediate Axial Loads 


Suppose, for instance, that a prismatic bar is loaded by one or more axial 
loads acting at intermediate points along the axis (Fig. 2-9a). We can deter- 
mine the change in length of this bar by adding algebraically the elongations 
and shortenings of the individual segments. The procedure is as follows. 


1. Identify the segments of the bar (segments AB, BC, and CD) as 
segments 1, 2, and 3, respectively. 

2. Determine the internal axial forces N,, N2, and N3 in segments 1, 2, 
and 3, respectively, from the free-body diagrams of Figs. 2-9b, c, 
and d. Note that the internal axial forces are denoted by the letter N 
to distinguish them from the external loads P. By summing forces in 
the vertical direction, we obtain the following expressions for the 
axial forces: 


N, = —Pg + Pct Pp No = Pet Pp N3 = Pp 


In writing these equations we used the sign convention given in the 
preceding section (internal axial forces are positive when in tension 
and negative when in compression). 


| 
B N> 











(a) (b) (c) (d) 


FIG. 2-10 Bar consisting of prismatic 
segments having different axial forces, 
different dimensions, and different 
materials 
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3. Determine the changes in the lengths of the segments from Eq. (2-3): 


SM. Mb —. NL 
E = 222 yaa 


5 
! EA EA EA 


in which L,, L2, and L4 are the lengths of the segments and EA is the 
axial rigidity of the bar. 
4. Add ô, 65, and 63 to obtain 6, the change in length of the entire bar: 


2 
ô=> 0; = 0, + ô + 63 
i= l1 
As already explained, the changes in lengths must be added algebraically, 
with elongations being positive and shortenings negative. 


Bars Consisting of Prismatic Segments 


This same general approach can be used when the bar consists of several 
prismatic segments, each having different axial forces, different dimen- 
sions, and different materials (Fig. 2-10). The change in length may be 
obtained from the equation 





8- NiLj (2-5) 
>, E;Aj 


in which the subscript i is a numbering index for the various segments of 
the bar and n is the total number of segments. Note especially that N; is 
not an external load but is the internal axial force in segment i. 


Bars with Continuously Varying Loads or Dimensions 


Sometimes the axial force N and the cross-sectional area A vary con- 
tinuously along the axis of a bar, as illustrated by the tapered bar of 
Fig. 2-11a. This bar not only has a continuously varying cross-sectional 
area but also a continuously varying axial force. In this illustration, the load 
consists of two parts, a single force Pg acting at end B of the bar and 
distributed forces p(x) acting along the axis. (A distributed force has units 
of force per unit distance, such as pounds per inch or newtons per meter.) 
A distributed axial load may be produced by such factors as centrifugal 
forces, friction forces, or the weight of a bar hanging in a vertical position. 

Under these conditions we can no longer use Eq. (2-5) to obtain the 
change in length. Instead, we must determine the change in length of a 
differential element of the bar and then integrate over the length of the bar. 

We select a differential element at distance x from the left-hand end 
of the bar (Fig. 2-11a). The internal axial force N(x) acting at this cross 
section (Fig. 2-11b) may be determined from equilibrium using either 
segment AC or segment CB as a free body. In general, this force is a 
function of x. Also, knowing the dimensions of the bar, we can express 
the cross-sectional area A(x) as a function of x. 
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FlG. 2-11 Bar with varying ge ~ ~ o — — 


cross-sectional area and 


C 
N(x) N(x) 


X————— — a 








varying axial force (a) (b) (c) 


The elongation dô of the differential element (Fig. 2-11c) may be 
obtained from the equation 6 = PL/EA by substituting M(x) for P, dx for L, 
and A(x) for A, as follows: 

_ N(x) dx 


dô = EA(x) (2-6) 


The elongation of the entire bar is obtained by integrating over the length: 





JE L 
s= | a= | N(x)dx (2-7) 
0 0 EA(x) 


If the expressions for N(x) and A(x) are not too complicated, the integral 
can be evaluated analytically and a formula for 6 can be obtained, as 
illustrated later in Example 2-4. However, if formal integration is either 
difficult or impossible, a numerical method for evaluating the integral 
should be used. 


Limitations 


Equations (2-5) and (2-7) apply only to bars made of linearly elastic 
materials, as shown by the presence of the modulus of elasticity E in the 
formulas. Also, the formula 6 = PL/EA was derived using the assumption 
that the stress distribution is uniform over every cross section (because it is 
based on the formula o = P/A). This assumption is valid for prismatic bars 
but not for tapered bars, and therefore Eq. (2-7) gives satisfactory results for 
a tapered bar only if the angle between the sides of the bar is small. 

As an illustration, if the angle between the sides of a bar is 20°, the 
stress calculated from the expression 0 = P/A (at an arbitrarily selected 
cross section) is 346 less than the exact stress for that same cross section 
(calculated by more advanced methods). For smaller angles, the error is 
even less. Consequently, we can say that Eq. (2-7) is satisfactory if the 
angle of taper is small. If the taper is large, more accurate methods of 
analysis are needed (Ref. 2-1). 

The following examples illustrate the determination of changes in 
lengths of nonuniform bars. 





FIG. 2-12 Example 2-3. Change in length 
of a nonuniform bar (bar ABC) 





A vertical steel bar ABC is pin-supported at its upper end and loaded by a force P, 
at its lower end (Fig. 2-12a). A horizontal beam BDE is pinned to the vertical bar 
at joint B and supported at point D. The beam carries a load P, at end E. 

The upper part of the vertical bar (segment AB) has length L, = 20.0 in. and 
cross-sectional area A, = 0.25 in.*; the lower part (segment BC) has length 
Ly = 34.8 in. and area A> = 0.15 in.” The modulus of elasticity E of the steel is 
29.0 X 10? psi. The left- and right-hand parts of beam BDE have lengths 
a = 28 in. and b = 25 in., respectively. 

Calculate the vertical displacement óc at point C if the load P, = 2100 Ib 
and the load P; = 5600 Ib. (Disregard the weights of the bar and the beam.) 





RA 





(b) C 


continued 





104 


CHAPTER 2  Axially Loaded Members 


Solution 

Axial forces in bar ABC. From Fig. 2-12a, we see that the vertical displace- 
ment of point C is equal to the change in length of bar ABC. Therefore, we must 
find the axial forces in both segments of this bar. 

The axial force M, in the lower segment is equal to the load P,. The axial 
force N, in the upper segment can be found if we know either the vertical reaction 
at A or the force applied to the bar by the beam. The latter force can be obtained 
from a free-body diagram of the beam (Fig. 2-12b), in which the force acting on 
the beam (from the vertical bar) is denoted P, and the vertical reaction at support D 
is denoted Rp. No horizontal force acts between the bar and the beam, as can be 
seen from a free-body diagram of the vertical bar itself (Fig. 2-12c). Therefore, 
there is no horizontal reaction at support D of the beam. 

Taking moments about point D for the free-body diagram of the beam 
(Fig. 2-12b) gives 


_ P»b _ (5600 1b)(25.0 in.) 


" = l 
AE 28.0 in. UU (a) 


This force acts downward on the beam (Fig. 2-12b) and upward on the vertical 
bar (Fig. 2-12c). 
Now we can determine the downward reaction at support A (Fig. 2-12c): 


R4 = P3 — P, = 5000 Ib — 2100 Ib = 2900 Ib (b) 


The upper part of the vertical bar (segment AB) is subjected to an axial compres- 
sive force N, equal to R4, or 2900 Ib. The lower part (segment BC) carries an 
axial tensile force N, equal to Pj, or 2100 Ib. 

Note: As an alternative to the preceding calculations, we can obtain the 
reaction A4 from a free-body diagram of the entire structure (instead of from the 
free-body diagram of beam BDE). 

Changes in length. With tension considered positive, Eq. (2-5) yields 





at 7 (c) 


o NL Nl, Nolo 
Ó — — 
2 EA; EA, EA, 


_ __(— 2900 1b)20.0in)  , (2100 1b)(34.8 in.) —- 
(29.0 X 10° psi)(0.25 in?) — (29.0 x 10° psi)(0.15 in.?) 


= —0.0080 in. + 0.0168 in. = 0.0088 in. 


in which 6 is the change in length of bar ABC. Since 6 is positive, the bar 
elongates. The displacement of point C is equal to the change in length of the 
bar: 


Sc = 0.0088 in. a 


This displacement is downward. 











(a) 
FIG. 2-13 Example 2-4. Change in length 


of a tapered bar of solid circular cross 
section 





A tapered bar AB of solid circular cross section and length L (Fig. 2-13a) is 
supported at end B and subjected to a tensile load P at the free end A. The diame- 
ters of the bar at ends A and B are d, and dp, respectively. 

Determine the elongation of the bar due to the load P, assuming that the 
angle of taper is small. 





Solution 

The bar being analyzed in this example has a constant axial force (equal to 
the load P) throughout its length. However, the cross-sectional area varies 
continuously from one end to the other. Therefore, we must use integration (see 
Eq. 2-7) to determine the change in length. 

Cross-sectional area. The first step in the solution is to obtain an expres- 
sion for the cross-sectional area A(x) at any cross section of the bar. For this 
purpose, we must establish an origin for the coordinate x. One possibility is to 
place the origin of coordinates at the free end A of the bar. However, the inte- 
grations to be performed will be slightly simplified if we locate the origin of 
coordinates by extending the sides of the tapered bar until they meet at point O, 
as shown in Fig. 2-13b. 

The distances L4 and Lz from the origin O to ends A and B, respectively, are 
in the ratio 


aA = (a) 
Lg dg 


as obtained from similar triangles in Fig. 2-13b. From similar triangles we also 


get the ratio of the diameter d(x) at distance x from the origin to the diameter d4 
at the small end of the bar: 


do). x m uu 
ds m or d(x) " (b) 


Therefore, the cross-sectional area at distance x from the origin is 


2 dA p 
i= = (c) 
(A 


continued 
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Change in length. We now substitute the expression for A(x) into Eq. (2-7) 
and obtain the elongation 6: 





LB 2 s pum 
ma | Ndx _ | Pdx(4L2) —APLÀ | E 
L 


= — d 
EA(x) E(mdA4x? — mEd. x^ (d) 


A LA 


By performing the integration (see Appendix C for integration formulas) and 
substituting the limits, we get 


5 ARE 1f» APLA (1 1l (e) 
mEdi| x lj TEd4 \La Le 








This expression for 6 can be simplified by noting that 








"Uu Es Ga Te s 
Thus, the equation for 6 becomes 
APL [L 
j= pL (g) 
TEdA4 Lp 
Finally, we substitute L4/Lg— d4/dg (see Eq. a) and obtain 
NE. i (2-8) << 
TT. EdAdp 


This formula gives the elongation of a tapered bar of solid circular cross section. 
By substituting numerical values, we can determine the change in length for any 
particular bar. 

Note 1: A common mistake is to assume that the elongation of a tapered bar 
can be determined by calculating the elongation of a prismatic bar that has the 
same cross-sectional area as the midsection of the tapered bar. Examination of 
Eq. (2-8) shows that this idea is not valid. 

Note 2: The preceding formula for a tapered bar (Eq. 2-8) can be 
reduced to the special case of a prismatic bar by substituting d4 = dg = d. 
The result is 


_ 4PL _ PL 
qEd? EA 





which we know to be correct. 

A general formula such as Eq. (2-8) should be checked whenever possible 
by verifying that it reduces to known results for special cases. If the reduction 
does not produce a correct result, the original formula is in error. If a correct 
result is obtained, the original formula may still be incorrect but our confidence 
in it increases. In other words, this type of check is a necessary but not sufficient 
condition for the correctness of the original formula. 
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2.4 STATICALLY INDETERMINATE STRUCTURES 


P3 


— 


FIG. 2-14 Statically determinate bar 


h 


frs 


FIG. 2-15 Statically indeterminate bar 


The springs, bars, and cables that we discussed in the preceding sections 
have one important feature in common—their reactions and internal 
forces can be determined solely from free-body diagrams and equations 
of equilibrium. Structures of this type are classified as statically 
determinate. We should note especially that the forces in a statically 
determinate structure can be found without knowing the properties of the 
materials. Consider, for instance, the bar AB shown in Fig. 2-14. The 
calculations for the internal axial forces in both parts of the bar, as well 
as for the reaction R at the base, are independent of the material of which 
the bar is made. 

Most structures are more complex than the bar of Fig. 2-14, and their 
reactions and internal forces cannot be found by statics alone. This situa- 
tion is illustrated in Fig. 2-15, which shows a bar AB fixed at both ends. 
There are now two vertical reactions (R4 and Rp) but only one useful 
equation of equilibrium—the equation for summing forces in the vertical 
direction. Since this equation contains two unknowns, it is not sufficient 
for finding the reactions. Structures of this kind are classified as stati- 
cally indeterminate. To analyze such structures we must supplement the 
equilibrium equations with additional equations pertaining to the 
displacements of the structure. 

To see how a statically indeterminate structure is analyzed, consider 
the example of Fig. 2-16a. The prismatic bar AB is attached to rigid sup- 
ports at both ends and is axially loaded by a force P at an intermediate 
point C. As already discussed, the reactions R4 and Rg cannot be found 
by statics alone, because only one equation of equilibrium is available: 


YFa-0 Ry-P+R,=0 (a) 


An additional equation is needed in order to solve for the two unknown 
reactions. 

The additional equation is based upon the observation that a bar with 
both ends fixed does not change in length. If we separate the bar from its 
supports (Fig. 2-16b), we obtain a bar that is free at both ends and loaded 
by the three forces, R4, Rg, and P. These forces cause the bar to change 
in length by an amount 045, which must be equal to zero: 


ôag = O (b) 


This equation, called an equation of compatibility, expresses the fact 
that the change in length of the bar must be compatible with the condi- 
tions at the supports. 

In order to solve Eqs. (a) and (b), we must now express the compati- 
bility equation in terms of the unknown forces R4 and Rg. The 
relationships between the forces acting on a bar and its changes in length 
are known as force-displacement relations. These relations have various 
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(b) 


FIG. 2-16 Analysis of a statically 
indeterminate bar 


forms depending upon the properties of the material. If the material is 
linearly elastic, the equation 6 = PL/EA can be used to obtain the force- 
displacement relations. 

Let us assume that the bar of Fig. 2-16 has cross-sectional area A and 
is made of a material with modulus E. Then the changes in lengths of the 
upper and lower segments of the bar are, respectively, 


Ria Reb 
c= CB — - -= (c,d) 


where the minus sign indicates a shortening of the bar. Equations (c) and 
(d) are the force-displacement relations. 

We are now ready to solve simultaneously the three sets of equations 
(the equation of equilibrium, the equation of compatibility, and the force- 
displacement relations). In this illustration, we begin by combining the 
force-displacement relations with the equation of compatibility: 


Raa Rgb 
Ó4An = Oac + Ope = — - — = 
AB AC CB EA EA (e) 


Note that this equation contains the two reactions as unknowns. 
The next step is to solve simultaneously the equation of equilibrium 
(Eq. a) and the preceding equation (Eq. e). The results are 


Pb Pa 
GG, 


L (2-9a,b) 


With the reactions known, all other force and displacement quantities 
can be determined. Suppose, for instance, that we wish to find the down- 
ward displacement óc of point C. This displacement is equal to the 
elongation of segment AC: 


Raa - Pab 
EA | LEA 





Óc T OAC = (2-10) 


Also, we can find the stresses in the two segments of the bar directly 
from the internal axial forces (e.g., oac = RA/A = Pb/AL). 


General Comments 


From the preceding discussion we see that the analysis of a statically 
indeterminate structure involves setting up and solving equations of 
equilibrium, equations of compatibility, and force-displacement 
relations. The equilibrium equations relate the loads acting on the 
structure to the unknown forces (which may be reactions or internal 
forces), and the compatibility equations express conditions on the 
displacements of the structure. The force-displacement relations are 
expressions that use the dimensions and properties of the structural 
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members to relate the forces and displacements of those members. In 
the case of axially loaded bars that behave in a linearly elastic manner, 
the relations are based upon the equation 6 = PL/EA. Finally, all three 
sets of equations may be solved simultaneously for the unknown 
forces and displacements. 

In the engineering literature, various terms are used for the conditions 
expressed by the equilibrium, compatibility, and force- displacement equa- 
tions. The equilibrium equations are also known as static or kinetic 
equations; the compatibility equations are sometimes called geometric equa- 
tions, kinematic equations, or equations of consistent deformations; and the 
force-displacement relations are often referred to as constitutive relations 
(because they deal with the constitution, or physical properties, of the 
materials). 

For the relatively simple structures discussed in this chapter, the 
preceding method of analysis is adequate. However, more formalized 
approaches are needed for complicated structures. Two commonly used 
methods, the flexibility method (also called the force method) and the 
stiffness method (also called the displacement method), are described in 
detail in textbooks on structural analysis. Even though these methods 
are normally used for large and complex structures requiring the solu- 
tion of hundreds and sometimes thousands of simultaneous equations, 
they still are based upon the concepts described previously, that is, 
equilibrium equations, compatibility equations, and force-displacement 
relations. 

The following two examples illustrate the methodology for analyz- 
ing statically indeterminate structures consisting of axially loaded 
members. 


"From a historical viewpoint, it appears that Euler in 1774 was the first to analyze a 
statically indeterminate system; he considered the problem of a rigid table with four legs 
supported on an elastic foundation (Refs. 2-2 and 2-3). The next work was done by the 
French mathematician and engineer L. M. H. Navier, who in 1825 pointed out that 
statically indeterminate reactions could be found only by taking into account the elasticity 
of the structure (Ref. 2-4). Navier solved statically indeterminate trusses and beams. 
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(a) 


FIG. 2-17 Example 2-5. Analysis of a 
statically indeterminate structure 


A solid circular steel cylinder S is encased in a hollow circular copper tube C 
(Figs. 2-17a and b). The cylinder and tube are compressed between the rigid 
plates of a testing machine by compressive forces P. The steel cylinder has cross- 
sectional area A, and modulus of elasticity E,, the copper tube has area A, and 
modulus £., and both parts have length L. 

Determine the following quantities: (a) the compressive forces P, in the 
steel cylinder and P, in the copper tube; (b) the corresponding compressive 
stresses o, and o.; and (c) the shortening 6 of the assembly. 


(b) 





(c) 


Solution 

(a) Compressive forces in the steel cylinder and copper tube. We begin by 
removing the upper plate of the assembly in order to expose the compressive 
forces P, and P, acting on the steel cylinder and copper tube, respectively 
(Fig. 2-17c). The force P, is the resultant of the uniformly distributed stresses 
acting over the cross section of the steel cylinder, and the force P. is the 
resultant of the stresses acting over the cross section of the copper tube. 

Equation of equilibrium. A free-body diagram of the upper plate is shown in 
Fig. 2-17d. This plate is subjected to the force P and to the unknown compres- 
sive forces P, and P, ; thus, the equation of equilibrium is 


2 Een = 0 ETTEREN (f) 
This equation, which is the only nontrivial equilibrium equation available, 


contains two unknowns. Therefore, we conclude that the structure is statically 
indeterminate. 











(b) 





(c) 


FIG. 2-17 (Repeated) 

Equation of compatibility. Because the end plates are rigid, the steel 
cylinder and copper tube must shorten by the same amount. Denoting the short- 
enings of the steel and copper parts by ô, and ô., respectively, we obtain the 
following equation of compatibility: 


6 = O (g) 


Force-displacement relations. The changes in lengths of the cylinder and tube 
can be obtained from the general equation 6 = PL/EA. Therefore, in this example 
the force-displacement relations are 








Ô, = Ôc = (h.i) 


Solution of equations. We now solve simultaneously the three sets of equa- 
tions. First, we substitute the force-displacement relations in the equation of 
compatibility, which gives 








= Q) 


This equation expresses the compatibility condition in terms of the unknown 
forces. 

Next, we solve simultaneously the equation of equilibrium (Eq. f) and the 
preceding equation of compatibility (Eq. j) and obtain the axial forces in the steel 
cylinder and copper tube: 


LA EA 
P, = P — P,—-p|——————| (2-1la,b) 
E.A, + E.A, E.A, + E.A, 


continued 
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These equations show that the compressive forces in the steel and copper parts 
are directly proportional to their respective axial rigidities and inversely propor- 
tional to the sum of their rigidities. 

(b) Compressive stresses in the steel cylinder and copper tube. Knowing the 
axial forces, we can now obtain the compressive stresses in the two materials: 


P, PE, P, PE, 


DEED ILS ME ELE LS 
KL, Deen. “94, Gyn, oo 


Note that the ratio o,/o, of the stresses is equal to the ratio E/E, of the moduli 
of elasticity, showing that in general the “stiffer” material always has the larger 
stress. 

(c) Shortening of the assembly. The shortening 6 of the entire assembly can 
be obtained from either Eq. (h) or Eq. (i). Thus, upon substituting the forces 
(from Eqs. 2-11a and b), we get 


p para PL 
E.A, E.A. E,A,* E.A, 








(2-13) «mm 


This result shows that the shortening of the assembly is equal to the total load 
divided by the sum of the stiffnesses of the two parts (recall from Eq. 2-4a that 
the stiffness of an axially loaded bar is k = EA/L). 

Alternative solution of the equations. Instead of substituting the force- 
displacement relations (Eqs. h and 1) into the equation of compatibility, we could 
rewrite those relations in the form 


P; 





E.A 
a -= Ô; E: Es Ô, (k, I) 
L iL 


and substitute them into the equation of equilibrium (Eq. f): 


E,A E.A 
Iu ccce E (m) 
iL L 


This equation expresses the equilibrium condition in terms of the unknown 
displacements. Then we solve simultaneously the equation of compatibility 
(Eq. g) and the preceding equation, thus obtaining the displacements: 


gg — i (n) 

E.A, + E.A, 
which agrees with Eq. (2-13). Finally, we substitute expression (n) into Eqs. (k) 
and (1) and obtain the compressive forces P, and P, (see Eqs. 2-11a and b). 

Note: The alternative method of solving the equations is a simplified 
version of the stiffness (or displacement) method of analysis, and the first 
method of solving the equations is a simplified version of the flexibility (or 
force) method. The names of these two methods arise from the fact that Eq. (m) 
has displacements as unknowns and stiffnesses as coefficients (see Eq. 2-4a), 
whereas Eq. (j) has forces as unknowns and flexibilities as coefficients (see 
Eq. 2-4b). 














A horizontal rigid bar AB is pinned at end A and supported by two wires (CD and 
EF) at points D and F (Fig. 2-182). A vertical load P acts at end B of the bar. The 
bar has length 3b and wires CD and EF have lengths Lı and L3, respectively. 
Also, wire CD has diameter d, and modulus of elasticity E;; wire EF has 
diameter də and modulus E>. 

(a) Obtain formulas for the allowable load P if the allowable stresses in wires 
CD and EF, respectively, are o and o>. (Disregard the weight of the bar itself.) 

(b) Calculate the allowable load P for the following conditions: Wire CD is 
made of aluminum with modulus £, = 72 GPa, diameter d; = 4.0 mm, and length 
L, = 0.40 m. Wire EF is made of magnesium with modulus E» = 45 GPa, diam- 
eter d; = 3.0 mm, and length L5, = 0.30 m. The allowable stresses in 
the aluminum and magnesium wires are o = 200 MPa and o» = 175 MPa, 
respectively. 


| (b) 


(a) 


FIG. 2-18 Example 2-6. Analysis of a stat- 
ically indeterminate structure 


(c) 


Solution 

Equation of equilibrium. We begin the analysis by drawing a free-body 
diagram of bar AB (Fig. 2-18b). In this diagram 7, and T, are the unknown 
tensile forces in the wires and Ry and Ry are the horizontal and vertical com- 
ponents of the reaction at the support. We see immediately that the structure is 
statically indeterminate because there are four unknown forces (7), T5, Ry, and 
Ry) but only three independent equations of equilibrium. 

Taking moments about point A (with counterclockwise moments being posi- 
tive) yields 


2M. 30 Tib + T> (2b) — P(3b) = 0 Or Ti + 2T = 3P (0) 


The other two equations, obtained by summing forces in the horizontal direction 
and summing forces in the vertical direction, are of no benefit in finding T; 
and T». 
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Equation of compatibility. To obtain an equation pertaining to the displace- 
ments, we observe that the load P causes bar AB to rotate about the pin support 
at A, thereby stretching the wires. The resulting displacements are shown in the 
displacement diagram of Fig. 2-18c, where line AB represents the original 
position of the rigid bar and line AB’ represents the rotated position. The 
displacements 6, and ô are the elongations of the wires. Because these 
displacements are very small, the bar rotates through a very small angle (shown 
highly exaggerated in the figure) and we can make calculations on the assumption 
that points D, F, and B move vertically downward (instead of moving along the 
arcs of circles). 

Because the horizontal distances AD and DF are equal, we obtain the 
following geometric relationship between the elongations: 


05 = 20; (p) 


Equation (p) is the equation of compatibility. 

Force-displacement relations. Since the wires behave in a linearly elastic 
manner, their elongations can be expressed in terms of the unknown forces Tı 
and T> by means of the following expressions: 


_fh Y. 5L 
d i 
E\A, E» A» 


1 


in which A, and A, are the cross-sectional areas of wires CD and EF, respec- 
tively; that is, 


2 2 
ms Tay ne Td 
4 4 


For convenience in writing equations, let us introduce the following notation 
for the flexibilities of the wires (see Eq. 2-4b): 


Ll E 


^ EA f2— E A: 


(q.r) 


Then the force-displacement relations become 


ôi EIE 05 = hT (s.t) 


Solution of equations. We now solve simultaneously the three sets of 
equations (equilibrium, compatibility, and force-displacement equations). Substi- 
tuting the expressions from Eqs. (s) and (t) into the equation of compatibility 


(Eq. p) gives 
(ply T (u) 


The equation of equilibrium (Eq. 0) and the preceding equation (Eq. u) each 
contain the forces 7, and T, as unknown quantities. Solving those two equations 
simultaneously yields 


_ 8fP | 6fP 
Af, + fr ^ Af +h 


Knowing the forces T, and 75, we can easily find the elongations of the wires 
from the force-displacement relations. 


Ti (V,W) 





(a) Allowable load P. Now that the statically indeterminate analysis is 
completed and the forces in the wires are known, we can determine the permis- 
sible value of the load P. The stress o; in wire CD and the stress o» in wire EF 
are readily obtained from the forces (Eqs. v and w): 


01 


PIA) 2 =E fi | 
A, ALMA T ^ A Aa AR th 


From the first of these equations we solve for the permissible force P, based 
upon the allowable stress o; in wire CD: 


OA (fi + fo) 
3f 


Similarly, from the second equation we get the permissible force P5 based 
upon the allowable stress o» in wire EF: 


05 AÀX(Afi + fh) 
6fi 
The smaller of these two loads is the maximum allowable load Pj. 


(b) Numerical calculations for the allowable load. Using the given data and 
the preceding equations, we obtain the following numerical values: 


P, = (2-14a) 


P> = 


(2-14b) 


ad; m (4.0 mm)? 








A = e 12.57 mm? 
2 2 
= 7 d5 i 71 (3.0 mm) S acon 
4 4 
m ee ;- = 0.4420 X 10°° m/N 
EA, (72 GPa)(12.57 mm?) 
f= M oe oN 


= EyAy (45 GPa)(7.069 mm?) 
Also, the allowable stresses are 
g, — 200 MPa T = 175 MPa 
Therefore, substituting into Eqs. (2-14a and b) gives 
P,=2.41 kN P, = 1.26 kN 
The first result is based upon the allowable stress a, in the aluminum wire and 
the second is based upon the allowable stress o> in the magnesium wire. The 


allowable load is the smaller of the two values: 


ES = 1.26 kN 


At this load the stress in the magnesium is 175 MPa (the allowable stress) and 
the stress in the aluminum is (1.26/2.41)(200 MPa) = 105 MPa. As expected, 
this stress 1s less than the allowable stress of 200 MPa. 
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2.5 THERMAL EFFECTS, MISFITS, AND PRESTRAINS 





A Bc 


FIG. 2-19 Block of material subjected to 
an increase in temperature 


External loads are not the only sources of stresses and strains in a structure. 
Other sources include thermal effects arising from temperature changes, 
misfits resulting from imperfections in construction, and prestrains that 
are produced by initial deformations. Still other causes are settlements (or 
movements) of supports, inertial loads resulting from accelerating 
motion, and natural phenomenon such as earthquakes. 

Thermal effects, misfits, and prestrains are commonly found in both 
mechanical and structural systems and are described in this section. As a 
general rule, they are much more important in the design of statically 
indeterminate structures that in statically determinate ones. 


Thermal Effects 


Changes in temperature produce expansion or contraction of structural 
materials, resulting in thermal strains and thermal stresses. A simple 
illustration of thermal expansion is shown in Fig. 2-19, where the block 
of material is unrestrained and therefore free to expand. When the 
block is heated, every element of the material undergoes thermal strains 
in all directions, and consequently the dimensions of the block increase. 
If we take corner A as a fixed reference point and let side AB maintain 
its original alignment, the block will have the shape shown by the 
dashed lines. 

For most structural materials, thermal strain er is proportional to the 
temperature change AT; that is, 


exco Aq) (2-15) 


in which « is a property of the material called the coefficient of 
thermal expansion. Since strain is a dimensionless quantity, the coef- 
ficient of thermal expansion has units equal to the reciprocal of 
temperature change. In SI units the dimensions of o can be expressed 
as either 1/K (the reciprocal of kelvins) or 1/°C (the reciprocal of 
degrees Celsius). The value of a is the same in both cases because a 
change in temperature is numerically the same in both kelvins and 
degrees Celsius. In USCS units, the dimensions of œ are 1/°F (the 
reciprocal of degrees Fahrenheit). Typical values of « are listed in 
Table H-4 of Appendix H. 

When a sign convention is needed for thermal strains, we usually 
assume that expansion is positive and contraction is negative. 

To demonstrate the relative importance of thermal strains, we will 
compare thermal strains with load-induced strains in the following 
manner. Suppose we have an axially loaded bar with longitudinal strains 
given by the equation € = o/E, where c is the stress and E is the 


"For a discussion of temperature units and scales, see Section A.4 of Appendix A. 








FIG. 2-20 Increase in length of a prismatic 
bar due to a uniform increase in temper- 
ature (Eq. 2-16) 
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modulus of elasticity. Then suppose we have an identical bar subjected to 
a temperature change AT, which means that the bar has thermal strains 
given by Eq. (2-15). Equating the two strains gives the equation 


o = Ea(AT) 


From this equation we can calculate the axial stress ø that produces the 
same strain as does the temperature change AT. For instance, consider a 
stainless steel bar with E = 30 X 10° psi and a = 9.6 X 10 °/°F. A 
quick calculation from the preceding equation for ø shows that a change 
in temperature of 100°F produces the same strain as a stress of 29,000 
psi. This stress is in the range of typical allowable stresses for stainless 
steel. Thus, a relatively modest change in temperature produces strains of 
the same magnitude as the strains caused by ordinary loads, which shows 
that temperature effects can be important in engineering design. 

Ordinary structural materials expand when heated and contract when 
cooled, and therefore an increase in temperature produces a positive 
thermal strain. Thermal strains usually are reversible, in the sense that the 
member returns to its original shape when its temperature returns to the 
original value. However, a few special metallic alloys have recently been 
developed that do not behave in the customary manner. Instead, over 
certain temperature ranges their dimensions decrease when heated and 
increase when cooled. 

Water is also an unusual material from a thermal standpoint—it 
expands when heated at temperatures above 4°C and also expands when 
cooled below 4°C. Thus, water has its maximum density at 4°C. 

Now let us return to the block of material shown in Fig. 2-19. We 
assume that the material is homogeneous and isotropic and that the 
temperature increase AT is uniform throughout the block. We can calculate 
the increase in any dimension of the block by multiplying the original 
dimension by the thermal strain. For instance, if one of the dimensions 
is L, then that dimension will increase by the amount 


Or = er L = a(AT)L (2-16) 


Equation (2-16) is a temperature-displacement relation, analogous to 
the force-displacement relations described in the preceding section. It can 
be used to calculate changes in lengths of structural members subjected 
to uniform temperature changes, such as the elongation ôr of the pris- 
matic bar shown in Fig. 2-20. (The transverse dimensions of the bar also 
change, but these changes are not shown in the figure since they usually 
have no effect on the axial forces being transmitted by the bar.) 

In the preceding discussions of thermal strains, we assumed that the 
structure had no restraints and was able to expand or contract freely. 
These conditions exist when an object rests on a frictionless surface or 
hangs in open space. In such cases no stresses are produced by a 
uniform temperature change throughout the object, although nonuniform 
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FIG. 2-21 Statically determinate truss with 
a uniform temperature change in each 
member 





Forces can develop in statically 
indeterminate trusses due to temperature 
and prestrain 


temperature changes may produce internal stresses. However, many 
structures have supports that prevent free expansion and contraction, in 
which case thermal stresses will develop even when the temperature 
change is uniform throughout the structure. 

To illustrate some of these ideas about thermal effects, consider the 
two-bar truss ABC of Fig. 2-21 and assume that the temperature of bar 
AB is changed by AT, and the temperature of bar BC is changed by AT». 
Because the truss is statically determinate, both bars are free to lengthen 
or shorten, resulting in a displacement of joint B. However, there are no 
stresses in either bar and no reactions at the supports. This conclusion 
applies generally to statically determinate structures; that is, uniform 
temperature changes in the members produce thermal strains (and the 
corresponding changes in lengths) without producing any corresponding 
stresses. 





FIG. 2-22 Statically indeterminate truss 
subjected to temperature changes 


A statically indeterminate structure may or may not develop 
temperature stresses, depending upon the character of the structure and 
the nature of the temperature changes. To illustrate some of the possibilities, 
consider the statically indeterminate truss shown in Fig. 2-22. Because 
the supports of this structure permit joint D to move horizontally, no 
stresses are developed when the entire truss is heated uniformly. All 
members increase in length in proportion to their original lengths, and 
the truss becomes slightly larger in size. 

However, if some bars are heated and others are not, thermal stresses 
will develop because the statically indeterminate arrangement of the bars 
prevents free expansion. To visualize this condition, imagine that just 
one bar is heated. As this bar becomes longer, it meets resistance from 
the other bars, and therefore stresses develop in all members. 

The analysis of a statically indeterminate structure with temperature 
changes is based upon the concepts discussed in the preceding section, 
namely equilibrium equations, compatibility equations, and displacement 
relations. The principal difference is that we now use temperature- 
displacement relations (Eq. 2-16) in addition to force-displacement 
relations (such as 6 = PL/EA) when performing the analysis. The 
following two examples illustrate the procedures in detail. 








FIG. 2-23 Example 2-7. Statically 
indeterminate bar with uniform 
temperature increase AT 


A prismatic bar AB of length L is held between immovable supports (Fig. 2-23a). If 
the temperature of the bar is raised uniformly by an amount AT, what thermal stress 
Or is developed in the bar? (Assume that the bar is made of linearly elastic material.) 











RA | R, 
i | Or E 
A Y A m 
AT IL AT 
B B 
Rg 
(a) (b) (c) 


Solution 

Because the temperature increases, the bar tends to elongate but is restrained 
by the rigid supports at A and B. Therefore, reactions R4 and Rpg are developed at 
the supports, and the bar is subjected to uniform compressive stresses. 

Equation of equilibrium. The only forces acting on the bar are the reactions 
shown in Fig. 2-23a. Therefore, equilibrium of forces in the vertical direction gives 


> Fyen = 0 ke R O0 (a) 


Since this is the only nontrivial equation of equilibrium, and since it contains 
two unknowns, we see that the structure is statically indeterminate and an addi- 
tional equation is needed. 

Equation of compatibility. The equation of compatibility expresses the fact 
that the change in length of the bar is zero (because the supports do not move): 


ÓA Bue 0 (b) 
To determine this change in length, we remove the upper support of the bar and 


obtain a bar that is fixed at the base and free to displace at the upper end 
(Figs. 2-23b and c). When only the temperature change is acting (Fig. 2-23b), 
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the bar elongates by an amount ôr, and when only the reaction R4 is acting, 
the bar shortens by an amount 6p (Fig. 2-23c). Thus, the net change in length is 
OAp = Ôr — Og, and the equation of compatibility becomes 


ÓAg = Óp— Op = O (c) 


Displacement relations. The increase in length of the bar due to the temper- 
ature change is given by the temperature-displacement relation (Eq. 2-16): 


ôr = o(AT)L (d) 


in which a is the coefficient of thermal expansion. The decrease in length due to 
the force R4 is given by the force-displacement relation: 


IUE 
fee E 
mm © 


in which E is the modulus of elasticity and A is the cross-sectional area. 
Solution of equations. Substituting the displacement relations (d) and (e) 
into the equation of compatibility (Eq. c) gives the following equation: 


RAL 
8; — ôr = a(AT)L — 4+ — 0 
ini R a( ) A (f) 


We now solve simultaneously the preceding equation and the equation of equi- 
librium (Eq. a) for the reactions R4 and Rg: 


R4 = Rg = EAa(AT) (2-17) 
From these results we obtain the thermal stress o in the bar: 


TEE = = Ea(AT) (2-18) « 


This stress is compressive when the temperature of the bar increases. 

Note l: In this example the reactions are independent of the length of the 
bar and the stress is independent of both the length and the cross-sectional area 
(see Eqs. 2-17 and 2-18). Thus, once again we see the usefulness of a symbolic 
solution, because these important features of the bar’s behavior might not be 
noticed in a purely numerical solution. 

Note 2: When determining the thermal elongation of the bar (Eq. d), we 
assumed that the material was homogeneous and that the increase in temperature 
was uniform throughout the volume of the bar. Also, when determining the 
decrease in length due to the reactive force (Eq. e), we assumed linearly elastic 
behavior of the material. These limitations should always be kept in mind when 
writing equations such as Eqs. (d) and (e). 

Note 3: The bar in this example has zero longitudinal displacements, not only 
at the fixed ends but also at every cross section. Thus, there are no axial strains in 
this bar, and we have the special situation of longitudinal stresses without longitu- 
dinal strains. Of course, there are transverse strains in the bar, from both the 
temperature change and the axial compression. 








FIG. 2-24 Example 2-8. Sleeve and bolt 
assembly with uniform temperature 
increase AT 


A sleeve in the form of a circular tube of length L is placed around a bolt and 
fitted between washers at each end (Fig. 2-24a). The nut is then turned until it is 
just snug. The sleeve and bolt are made of different materials and have different 
cross-sectional areas. (Assume that the coefficient of thermal expansion ay of the 
sleeve is greater than the coefficient œg of the bolt.) 

(a) If the temperature of the entire assembly is raised by an amount AT, 
what stresses o; and og are developed in the sleeve and bolt, respectively? 

(b) What is the increase ó in the length L of the sleeve and bolt? 


Nut Washer Sleeve Bolt head 





(b) 





(c) 


Solution 

Because the sleeve and bolt are of different materials, they will elongate by 
different amounts when heated and allowed to expand freely. However, when 
they are held together by the assembly, free expansion cannot occur and thermal 
stresses are developed in both materials. To find these stresses, we use the same 
concepts as in any statically indeterminate analysis—equilibrium equations, 
compatibility equations, and displacement relations. However, we cannot formu- 
late these equations until we disassemble the structure. 

A simple way to cut the structure is to remove the head of the bolt, thereby 
allowing the sleeve and bolt to expand freely under the temperature change AT 
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(Fig. 2-24b). The resulting elongations of the sleeve and bolt are denoted ô 
and ô, respectively, and the corresponding temperature-displacement relations are 


ô = as(AT)L 62 = ag( AT)L (g,h) 


Since o is greater than op, the elongation ô; is greater than ô, as shown in 
Fig. 2-24b. 

The axial forces in the sleeve and bolt must be such that they shorten the 
sleeve and stretch the bolt until the final lengths of the sleeve and bolt are the 
same. These forces are shown in Fig. 2-24c, where Ps denotes the compressive 
force in the sleeve and Pg denotes the tensile force in the bolt. The corresponding 
shortening 63 of the sleeve and elongation 6, of the bolt are 


MESS Dall 


A ae Ü 
EA; 4 E; As (i,j) 








Ô3 


in which EgA;s and EgAp are the respective axial rigidities. Equations (i) and (J) 
are the /oad-displacement relations. 

Now we can write an equation of compatibility expressing the fact that the 
final elongation ó is the same for both the sleeve and bolt. The elongation of the 
sleeve is 0, — 63 and of the bolt is 65 + Ó4; therefore, 


ô = ô; — 04— ô + ô, (k) 


Substituting the temperature-displacement and load-displacement relations 
(Eqs. g to j) into this equation gives 


BPI BL 
8 = a(AT)L — —— = ag( AT)L + —À 
Es As Eg Ap 








(I) 
from which we get 


pap 
EsAs | EpAg 








= ax AT)L — og( AT)L (m) 


which is a modified form of the compatibility equation. Note that it contains the 
forces P; and Pg as unknowns. 

An equation of equilibrium is obtained from Fig. 2-24c, which is a free- 
body diagram of the part of the assembly remaining after the head of the bolt is 
removed. Summing forces in the horizontal direction gives 


Ps = Pr (n) 


which expresses the obvious fact that the compressive force in the sleeve is equal 
to the tensile force in the bolt. 

We now solve simultaneously Eqs. (m) and (n) and obtain the axial forces in 
the sleeve and bolt: 


(as — Og)( AT)EsAsEgpAg 
PoP) a =a eoe o (2-19) 
LS EA + EpAg 


When deriving this equation, we assumed that the temperature increased and that 
the coefficient a; was greater than the coefficient og. Under these conditions, Ps is 
the compressive force in the sleeve and Pg is the tensile force in the bolt. 








The results will be quite different if the temperature increases but the 
coefficient as is less than the coefficient ag. Under these conditions, a gap will 
open between the bolt head and the sleeve and there will be no stresses in either 
part of the assembly. 

(a) Stresses in the sleeve and bolt. Expressions for the stresses o3 and op in 
the sleeve and bolt, respectively, are obtained by dividing the corresponding 
forces by the appropriate areas: 


Ps (as — ap)(AT)Es Ep Ap 


mu e eee 2.2 
ZU ieee ae 
= AT)EsAsE 
O Pp = (as — ag) AT)EsAsEg (2-20b) 


Under the assumed conditions, the stress os in the sleeve is compressive and the 
stress gg in the bolt is tensile. It is interesting to note that these stresses are inde- 
pendent of the length of the assembly and their magnitudes are inversely 
proportional to their respective areas (that is, 95/05 = Ag/As). 

(b) Increase in length of the sleeve and bolt. The elongation 6 of the assembly 
can be found by substituting either Ps or Pg from Eq. (2-19) into Eq. (1), yielding 


m (agEsg As Sj Og Eg Ag) AT)L 


Ó 


(0:21) 


With the preceding formulas available, we can readily calculate the forces, 
stresses, and displacements of the assembly for any given set of numerical data. 

Note: As a partial check on the results, we can see if Eqs. (2-19), (2-20), and 
(2-21) reduce to known values in simplified cases. For instance, suppose that the 
bolt is rigid and therefore unaffected by temperature changes. We can represent 
this situation by setting ag = O and letting Eg become infinitely large, thereby 
creating an assembly in which the sleeve is held between rigid supports. Substi- 
tuting these values into Eqs. (2-19), (2-20), and (2-21), we find 


Ps = E ;Asas(AT ) On Esas(AT) Ó 


0 


These results agree with those of Example 2-7 for a bar held between rigid 
supports (compare with Eqs. 2-17 and 2-18, and with Eq. b). 

As a second special case, suppose that the sleeve and bolt are made of the 
same material. Then both parts will expand freely and will lengthen the same 
amount when the temperature changes. No forces or stresses will be developed. 
To see if the derived equations predict this behavior, we substitute a; = ag = a 
into Eqs. (2-19), (2-20), and (2-21) and obtain 


P;=P,=0 Os = 0p = 0 ô = a(AT)L 


which are the expected results. 
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FIG. 2-25 Statically determinate structure 
with a small misfit 





FIG. 2-26 Statically indeterminate 
structure with a small misfit 


Misfits and Prestrains 


Suppose that a member of a structure is manufactured with its length 
slightly different from its prescribed length. Then the member will not fit 
into the structure in its intended manner, and the geometry of the struc- 
ture will be different from what was planned. We refer to situations of 
this kind as misfits. Sometimes misfits are intentionally created in order 
to introduce strains into the structure at the time it is built. Because these 
strains exist before any loads are applied to the structure, they are called 
prestrains. Accompanying the prestrains are prestresses, and the struc- 
ture is said to be prestressed. Common examples of prestressing are 
spokes in bicycle wheels (which would collapse if not prestressed), the 
pretensioned faces of tennis racquets, shrink-fitted machine parts, and 
prestressed concrete beams. 

If a structure is statically determinate, small misfits in one or 
more members will not produce strains or stresses, although there will 
be departures from the theoretical configuration of the structure. To 
illustrate this statement, consider a simple structure consisting of a 
horizontal beam AB supported by a vertical bar CD (Fig. 2-25a). If 
bar CD has exactly the correct length L, the beam will be horizontal 
at the time the structure is built. However, if the bar is slightly longer 
than intended, the beam will make a small angle with the horizontal. 
Nevertheless, there will be no strains or stresses in either the bar or 
the beam attributable to the incorrect length of the bar. Furthermore, 
if a load P acts at the end of the beam (Fig. 2-25b), the stresses in the 
structure due to that load will be unaffected by the incorrect length of 
bar CD. 

In general, if a structure is statically determinate, the presence of 
small misfits will produce small changes in geometry but no strains or 
stresses. Thus, the effects of a misfit are similar to those of a temperature 
change. 

The situation is quite different if the structure is statically indeter- 
minate, because then the structure is not free to adjust to misfits (just as 
it is not free to adjust to certain kinds of temperature changes). To show 
this, consider a beam supported by two vertical bars (Fig. 2-26a). If both 
bars have exactly the correct length L, the structure can be assembled 
with no strains or stresses and the beam will be horizontal. 

Suppose, however, that bar CD is slightly longer than the prescribed 
length. Then, in order to assemble the structure, bar CD must be 
compressed by external forces (or bar EF stretched by external forces), 
the bars must be fitted into place, and then the external forces must be 
released. As a result, the beam will deform and rotate, bar CD will be in 
compression, and bar EF will be in tension. In other words, prestrains 
will exist in all members and the structure will be prestressed, even 
though no external loads are acting. If a load P is now added (Fig. 2-26b), 
additional strains and stresses will be produced. 

The analysis of a statically indeterminate structure with misfits and 
prestrains proceeds in the same general manner as described previously 
for loads and temperature changes. The basic ingredients of the analysis 


FIG. 2-27 The pitch of the threads is the 
distance from one thread to the next 


FIG. 2-28 Double-acting turnbuckle. 
(Each full turn of the turnbuckle 
shortens or lengthens the cable by 2p, 
where p is the pitch of the screw 
threads.) 
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are equations of equilibrium, equations of compatibility, force-displacement 
relations, and (if appropriate) temperature-displacement relations. The 
methodology is illustrated in Example 2-9. 


Bolts and Turnbuckles 


Prestressing a structure requires that one or more parts of the structure be 
stretched or compressed from their theoretical lengths. A simple way to 
produce a change in length is to tighten a bolt or a turnbuckle. In the case 
of a bolt (Fig. 2-27) each turn of the nut will cause the nut to travel along 
the bolt a distance equal to the spacing p of the threads (called the pitch 
of the threads). Thus, the distance 6 traveled by the nut is 


Ó = np (2-22) 


in which n is the number of revolutions of the nut (not necessarily an 
integer). Depending upon how the structure is arranged, turning the nut 
can stretch or compress a member. 





In the case of a double-acting turnbuckle (Fig. 2-28), there are two 
end screws. Because a right-hand thread is used at one end and a left-hand 
thread at the other, the device either lengthens or shortens when the buckle 
is rotated. Each full turn of the buckle causes it to travel a distance p 
along each screw, where again p is the pitch of the threads. Therefore, if 
the turnbuckle is tightened by one turn, the screws are drawn closer 
together by a distance 2p and the effect is to shorten the device by 2p. 
For n turns, we have 


5 = 2np (2-23) 


Turnbuckles are often inserted in cables and then tightened, thus 
creating initial tension in the cables, as illustrated in the following 
example. 


INIT) (fifty 
AURA MALA AAA 
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Example 2-9 


FIG. 2-29 Example 2-9. Statically 
indeterminate assembly with a copper 
tube in compression and two steel 
cables in tension 





The mechanical assembly shown in Fig. 2-29a consists of a copper tube, a rigid 
end plate, and two steel cables with turnbuckles. The slack is removed from the 
cables by rotating the turnbuckles until the assembly is snug but with no initial 
stresses. (Further tightening of the turnbuckles will produce a prestressed 
condition in which the cables are in tension and the tube is in compression.) 

(a) Determine the forces in the tube and cables (Fig. 2-29a) when the turn- 
buckles are tightened by n turns. 

(b) Determine the shortening of the tube. 


Copper tube Steel cable QE / plate 


SSS 





Solution 

We begin the analysis by removing the plate at the right-hand end of the 
assembly so that the tube and cables are free to change in length (Fig. 2-29b). 
Rotating the turnbuckles through n turns will shorten the cables by a distance 


| = 2np (0) 


as shown in Fig. 2-29b. 

The tensile forces in the cables and the compressive force in the tube must 
be such that they elongate the cables and shorten the tube until their final lengths 
are the same. These forces are shown in Fig. 2-29c, where P, denotes the tensile 
force in one of the steel cables and P. denotes the compressive force in the 
copper tube. The elongation of a cable due to the force P, is 


PL 
EA 





y= (p) 





in which E,A, is the axial rigidity and L is the length of a cable. Also, the 
compressive force P. in the copper tube causes it to shorten by 


PL 
03 E.A. (q) 
in which E.A, is the axial rigidity of the tube. Equations (p) and (q) are the load- 
displacement relations. 
The final shortening of one of the cables is equal to the shortening 6, caused 
by rotating the turnbuckle minus the elongation 6, caused by the force B. This 
final shortening of the cable must equal the shortening ô, of the tube: 


Oj 07 =O (r) 
which is the equation of compatibility. 


Substituting the turnbuckle relation (Eq. o) and the load-displacement 
relations (Eqs. p and q) into the preceding equation yields 


RE PD 
9 IX S Sy Oe 
POETE ©) 
or 
lee ese 
—— = 2 t 
EA, EA ^ © 


which is a modified form of the compatibility equation. Note that it contains P, 
and P. as unknowns. 

From Fig. 2-29c, which is a free-body diagram of the assembly with the end 
plate removed, we obtain the following equation of equilibrium: 


2B = R (u) 


(a) Forces in the cables and tube. Now we solve simultaneously Eqs. (t) 
and (u) and obtain the axial forces in the steel cables and copper tube, 
respectively: 


e DHDECAOE A: P- 4npE. Ac E, A, (2-24a,b) 
L(E.A,. + 2E,As) LEA: + 2E, As) 
Recall that the forces P, are tensile forces and the force P. is compressive. 
If desired, the stresses o; and g, in the steel and copper can now be obtained 
by dividing the forces P, and P. by the cross-sectional areas A, and A,, 
respectively. 
(b) Shortening of the tube. The decrease in length of the tube is the quantity 63 
(see Fig. 2-29 and Eq. q): 


4npE A, 
a PL = A E (225) 
LA ER qc. 


With the preceding formulas available, we can readily calculate the forces, 
stresses, and displacements of the assembly for any given set of numerical data. 
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2.6 STRESSES ON INCLINED SECTIONS 


In our previous discussions of tension and compression in axially loaded 
members, the only stresses we considered were the normal stresses acting 
on cross sections. These stresses are pictured in Fig. 2-30, where we 
consider a bar AB subjected to axial loads P. 

When the bar is cut at an intermediate cross section by a plane mn 
(perpendicular to the x axis), we obtain the free-body diagram shown in 
Fig. 2-30b. The normal stresses acting over the cut section may be calcu- 
lated from the formula o, = P/A provided that the stress distribution is 
uniform over the entire cross-sectional area A. As explained in Chapter 1, 
this condition exists if the bar is prismatic, the material is homogeneous, 
the axial force P acts at the centroid of the cross-sectional area, and the 
cross section is away from any localized stress concentrations. Of course, 
there are no shear stresses acting on the cut section, because it is perpen- 
dicular to the longitudinal axis of the bar. 

For convenience, we usually show the stresses in a two-dimensional 
view of the bar (Fig. 2-30c) rather than the more complex three- 
dimensional view (Fig. 2-30b). However, when working with 
two-dimensional figures we must not forget that the bar has a thickness 





FIG. 2-30 Prismatic bar in tension 


showing the stresses acting on cross P 


section mn: (a) bar with axial forces P, 
(b) three-dimensional view of the cut 
bar showing the normal stresses, and 
(c) two-dimensional view 


m 
O P 
n 


FIG. 2-31 Stress element at point C of the 
axially loaded bar shown in Fig. 2-30c: 
(a) three-dimensional view of the 
element, and (b) two-dimensional view 
of the element 
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perpendicular to the plane of the figure. This third dimension must be 
considered when making derivations and calculations. 


Stress Elements 


The most useful way of representing the stresses in the bar of Fig. 2-30 is 
to isolate a small element of material, such as the element labeled C in 
Fig. 2-30c, and then show the stresses acting on all faces of this element. 
An element of this kind is called a stress element. The stress element at 
point C is a small rectangular block (it doesn’t matter whether it is a cube 
or a rectangular parallelepiped) with its right-hand face lying in cross 
section mn. 

The dimensions of a stress element are assumed to be infinitesimally 
small, but for clarity we draw the element to a large scale, as in Fig. 2-3 1a. 
In this case, the edges of the element are parallel to the x, y, and z axes, 
and the only stresses are the normal stresses o, acting on the x faces 
(recall that the x faces have their normals parallel to the x axis). Because it 
is more convenient, we usually draw a two-dimensional view of the 
element (Fig. 2-31b) instead of a three-dimensional view. 


Stresses on Inclined Sections 


The stress element of Fig. 2-31 provides only a limited view of the 
stresses in an axially loaded bar. To obtain a more complete picture, we 
need to investigate the stresses acting on inclined sections, such as the 
section cut by the inclined plane pg in Fig. 2-32a. Because the stresses 
are the same throughout the entire bar, the stresses acting over the 
inclined section must be uniformly distributed, as pictured in the free- 
body diagrams of Fig. 2-32b (three-dimensional view) and Fig. 2-32c 
(two-dimensional view). From the equilibrium of the free body we know 
that the resultant of the stresses must be a horizontal force P. (The resul- 
tant is drawn with a dashed line in Figs. 2-32b and 2-32c.) 





(a) (b) 
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FIG. 2-32 Prismatic bar in tension 


showing the stresses acting on an Poo "0 DLL 4 
inclined section pq: (a) bar with axial AN 
ae AN 


forces P, (b) three-dimensional view of 
the cut bar showing the stresses, and 
(c) two-dimensional view 


As a preliminary matter, we need a scheme for specifying the orien- 
tation of the inclined section pg. A standard method is to specify the 
angle 0 between the x axis and the normal n to the section (see Fig. 2-33a 
on the next page). Thus, the angle 0 for the inclined section shown in the 
figure is approximately 30°. By contrast, cross section mn (Fig. 2-30a) 
has an angle 0 equal to zero (because the normal to the section is the x 
axis). For additional examples, consider the stress element of Fig. 2-31. 
The angle 0 for the right-hand face is O, for the top face is 90? 
(a longitudinal section of the bar), for the left-hand face is 180°, and for 
the bottom face 1s 270? (or —90?). 

Let us now return to the task of finding the stresses acting on 
section pq (Fig. 2-33b). As already mentioned, the resultant of these 
stresses is a force P acting in the x direction. This resultant may be 
resolved into two components, a normal force N that is perpendicular to 
the inclined plane pq and a shear force V that is tangential to it. These 
force components are 


N — Pcos 0 V—Psin80 (2-26a,b) 


Associated with the forces N and V are normal and shear stresses that are 
uniformly distributed over the inclined section (Figs. 2-33c and d). The 
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V 
To = — — 
N 077A 
\ 
A 
FIG. 2-33 Prismatic bar in tension A= A ie 
cos 0 
showing the stresses acting on an 
inclined section pq (d) 


normal stress is equal to the normal force N divided by the area of the sec- 
tion, and the shear stress is equal to the shear force V divided by the area 
of the section. Thus, the stresses are 


g = nd T= RA (2-27a,b) 
Ay A1 
in which A, is the area of the inclined section, as follows: 
a (2-28) 





cos 0 
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FIG. 2-34 Sign convention for stresses 
acting on an inclined section. (Normal 
stresses are positive when in tension and 
shear stresses are positive when they 
tend to produce counterclockwise 
rotation.) 


As usual, A represents the cross-sectional area of the bar. The stresses o 
and 7 act in the directions shown in Figs. 2-33c and d, that is, in the same 
directions as the normal force N and shear force V, respectively. 

At this point we need to establish a standardized notation and sign 
convention for stresses acting on inclined sections. We will use a 
subscript 0 to indicate that the stresses act on a section inclined at an 
angle 0 (Fig. 2-34), just as we use a subscript x to indicate that the 
stresses act on a section perpendicular to the x axis (see Fig. 2-30). 
Normal stresses og are positive in tension and shear stresses Tg are 
positive when they tend to produce counterclockwise rotation of the 
material, as shown in Fig. 2-34. 


y 


For a bar in tension, the normal force N produces positive normal 
stresses os (see Fig. 2-33c) and the shear force V produces negative shear 
stresses Tg (see Fig. 2-33d). These stresses are given by the following 
equations (see Eqs. 2-26, 2-27, and 2-28): 








Ld 
Ay 


= E ee Tg = E E uncos 0 


Og EIS 
A, 


Introducing the notation o, = P/A, in which c; is the normal stress on a 
Cross section, and also using the trigonometric relations 


cos^ = = + cos 20) sinÓ cos 0 = 5 in 20) 


we get the following expressions for the normal and shear stresses: 


Op = o, cos?0 = = (1 + cos 26) (2-29a) 
Tọ = — o, sinf cos0 = —— (sin 20) (2-29b) 


These equations give the stresses acting on an inclined section oriented at 
an angle 6 to the x axis (Fig. 2-34). 

It is important to recognize that Eqs. (2-29a) and (2-29b) were 
derived only from statics, and therefore they are independent of the mate- 
rial. Thus, these equations are valid for any material, whether it behaves 
linearly or nonlinearly, elastically or inelastically. 


FIG. 2-35 Graph of normal stress og and 
shear stress Tg versus angle 0 of the 
inclined section (see Fig. 2-34 and 
Eqs. 2-29a and b) 
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Maximum Normal and Shear Stresses 


The manner in which the stresses vary as the inclined section is cut at 
various angles is shown in Fig. 2-35. The horizontal axis gives the angle 0 
as it varies from —90° to +90°, and the vertical axis gives the stresses og 
and 7g. Note that a positive angle 0 is measured counterclockwise from 
the x axis (Fig. 2-34) and a negative angle is measured clockwise. 

As shown on the graph, the normal stress o; equals o; when 0 = Q. 
Then, as 0 increases or decreases, the normal stress diminishes until at 
0 = +90° it becomes zero, because there are no normal stresses on 
sections cut parallel to the longitudinal axis. The maximum normal 
stress occurs at 0 = 0 and is 


Omax — Ox (2-50) 


Also, we note that when 0 = +45°, the normal stress is one-half the 
maximum value. 

The shear stress Tg is zero on cross sections of the bar (0 = 0) as well 
as on longitudinal sections (0 = +90°). Between these extremes, the 
stress varies as shown on the graph, reaching the largest positive value 
when 0 = —45? and the largest negative value when 0 = +45°. These 
maximum shear stresses have the same magnitude: 


O, 
max — — 2-31 
n 5 (2-31) 


but they tend to rotate the element in opposite directions. 

The maximum stresses in a bar in tension are shown in Fig. 2-36. 
Two stress elements are selected—element A is oriented at 6 = O° and 
element B is oriented at 0 = 45°. Element A has the maximum normal 
stresses (Eq. 2-30) and element B has the maximum shear stresses 
(Eq. 2-31). In the case of element A (Fig. 2-36b), the only stresses are the 
maximum normal stresses (no shear stresses exist on any of the faces). 
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FIG. 2-36 Normal and shear stresses 
acting on stress elements oriented at 
0 = 0? and 0 = 45? for a bar in tension 





(b) (c) 


In the case of element B (Fig. 2-36c), both normal and shear 
stresses act on all faces (except, of course, the front and rear faces of 
the element). Consider, for instance, the face at 45? (the upper right- 
hand face). On this face the normal and shear stresses (from 
Eqs. 2-29a and b) are o,/2 and — 0/2, respectively. Hence, the normal 
stress is tension (positive) and the shear stress acts clockwise (nega- 
tive) against the element. The stresses on the remaining faces are 
obtained in a similar manner by substituting 0 = 135°, —45°, and 
— 135° into Eqs. (2-29a and b). 

Thus, in this special case of an element oriented at 0 = 45°, the 
normal stresses on all four faces are the same (equal to o,,/2) and all four 
shear stresses have the maximum magnitude (equal to o,/2). Also, note 
that the shear stresses acting on perpendicular planes are equal in magni- 
tude and have directions either toward, or away from, the line of 
intersection of the planes, as discussed in detail in Section 1.6. 

If a bar is loaded in compression instead of tension, the stress o; will 
be compression and will have a negative value. Consequently, all stresses 
acting on stress elements will have directions opposite to those for a bar 
in tension. Of course, Eqs. (2-29a and b) can still be used for the calcula- 
tions simply by substituting c as a negative quantity. 





Load 


FIG. 2-37 Shear failure along a 45? plane 
of a wood block loaded in compression 


FIG. 2-38 Slip bands (or Lüders' bands) in a 
polished steel specimen loaded in tension 
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Even though the maximum shear stress in an axially loaded bar is only 
one-half the maximum normal stress, the shear stress may cause failure if 
the material is much weaker in shear than in tension. An example of a 
shear failure is pictured in Fig. 2-37, which shows a block of wood that 
was loaded in compression and failed by shearing along a 45° plane. 

A similar type of behavior occurs in mild steel loaded in tension. 
During a tensile test of a flat bar of low-carbon steel with polished 
surfaces, visible slip bands appear on the sides of the bar at approxi- 
mately 45° to the axis (Fig. 2-38). These bands indicate that the material 
is failing in shear along the planes on which the shear stress is maximum. 
Such bands were first observed by G. Piobert in 1842 and W. Liiders in 
1860 (see Refs. 2-5 and 2-6), and today they are called either Liiders’ 
bands or Piobert’s bands. They begin to appear when the yield stress 1s 
reached in the bar (point B in Fig. 1-10 of Section 1.3). 


Uniaxial Stress 


The state of stress described throughout this section is called uniaxial 
stress, for the obvious reason that the bar is subjected to simple tension 
or compression in just one direction. The most important orientations 
of stress elements for uniaxial stress are 0 = 0 and 0 = 45° (Fig. 2-36b 
and c); the former has the maximum normal stress and the latter has the 
maximum shear stress. If sections are cut through the bar at other 
angles, the stresses acting on the faces of the corresponding stress ele- 
ments can be determined from Eqs. (2-29a and b), as illustrated in 
Examples 2-10 and 2-11 that follow. 

Uniaxial stress is a special case of a more general stress state known 
as plane stress, which is described in detail in Chapter 7. 


Load 


| 





Load 
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Example 2-10 





A prismatic bar having cross-sectional area A = 1200 mm? is compressed by an 
axial load P — 90 kN (Fig. 2-39a). 


(a) Determine the stresses acting on an inclined section pq cut through the 
bar at an angle 0 = 25°. 


(b) Determine the complete state of stress for 0 — 25? and show the stresses 
on a properly oriented stress element. 





13.4 MPa 
x 28.7 MPa 
28.7 MPa 


295 
€ .6 MPa 


fim 28.7 MPa 


61.6 MPa 
13.4 MPa 


(c) 






(a) 


28.7 MPa 
28.7 MPa ee 


FIG. 2-39 Example 2-10. Stresses on an 
inclined section 


Solution 


(a) Stresses on the inclined section. To find the stresses acting on a section 
at 0 = 25°, we first calculate the normal stress g, acting on a cross section: 


JH 
Cae ee S MPa 
A mm 





where the minus sign indicates that the stress is compressive. Next, we calcu- 
late the normal and shear stresses from Eqs. (2-29a and b) with 0 = 25°, as 
follows: 


To = 0, cos? 0 = (—75 MPa)(cos 259)? = —61.6 MPa 


Tg = — 0, sin cos 0 = (75 MPa)(sin 25°)(cos 25?) = 28.7 MPa 


These stresses are shown acting on the inclined section in Fig. 2-39b. Note that 
the normal stress a» is negative (compressive) and the shear stress Tg is positive 
(counterclockwise). 

(b) Complete state of stress. To determine the complete state of stress, we 
need to find the stresses acting on all faces of a stress element oriented at 25° 
(Fig. 2-39c). Face ab, for which 0 = 25°, has the same orientation as the inclined 
plane shown in Fig. 2-39b. Therefore, the stresses are the same as those given 
previously. 

The stresses on the opposite face cd are the same as those on face 
ab, which can be verified by substituting 0 = 25? + 180? = 205? into Eqs. (2- 
29a and b). 

For face ad we substitute 0 — 25? — 90? — —65? into Eqs. (2-29a and b) and 
obtain 


gg = —13.4MPa  7,— —28.7 MPa 


These same stresses apply to the opposite face bc, as can be verified by substi- 
tuting 0 = 25° + 90° = 115? into Eqs. (2-29a and b). Note that the normal stress 
is compressive and the shear stress acts clockwise. 

The complete state of stress is shown by the stress element of Fig. 2-39c. 
A sketch of this kind is an excellent way to show the directions of the stresses 
and the orientations of the planes on which they act. 
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A compression bar having a square cross section of width b must support a load 
P = 8000 Ib (Fig. 2-40a). The bar is constructed from two pieces of material that 
are connected by a glued joint (known as a scarf joint) along plane pq, which is 
at an angle a = 40° to the vertical. The material is a structural plastic for which 
the allowable stresses in compression and shear are 1100 psi and 600 psi, respec- 
tively. Also, the allowable stresses in the glued joint are 750 psi in compression 
and 500 psi in shear. 
Determine the minimum width b of the bar. 





Solution 

For convenience, let us rotate a segment of the bar to a horizontal position 
(Fig. 2-40b) that matches the figures used in deriving the equations for the stresses 
on an inclined section (see Figs. 2-33 and 2-34). With the bar in this position, we 
see that the normal n to the plane of the glued joint (plane pq) makes an angle 
p = 90? — a, or 50°, with the axis of the bar. Since the angle 0 is defined as posi- 
tive when counterclockwise (Fig. 2-34), we conclude that 0 — —50? for the glued 
joint. 

The cross-sectional area of the bar is related to the load P and the stress o, 
acting on the cross sections by the equation 


A=— (a) 


Therefore, to find the required area, we must determine the value of o, cor- 
responding to each of the four allowable stresses. Then the smallest value of o; 
will determine the required area. The values of o, are obtained by rearranging 
Eqs. (2-29a and b) as follows: 


LO E LL (2-32a,b) 
cos’ @ sin cos 0 





We will now apply these equations to the glued joint and to the plastic. 

(a) Values of o, based upon the allowable stresses in the glued joint. For 
compression in the glued joint we have og = —750 psi and 0 = —50°. Substi- 
tuting into Eq. (2-32a), we get 


—750 psi 


oS e = 1815 psi (b) 


For shear in the glued joint we have an allowable stress of 500 psi. 
However, it is not immediately evident whether 75 is +500 psi or — 500 psi. One 








ape 

D 508 

0 =-—B=-50° 
(b) 


FIG. 2-40 Example 2-11. Stresses on an 
inclined section 





approach is to substitute both +500 psi and —500 psi into Eq. (2-32b) and then 
select the value of co, that is negative. The other value of o; will be positive 
(tension) and does not apply to this bar. Another approach is to inspect the bar 
itself (Fig. 2-40b) and observe from the directions of the loads that the shear 
stress will act clockwise against plane pq, which means that the shear stress is 
negative. Therefore, we substitute 7; = —500 psi and 0 = —50? into Eq. (2-32b) 
and obtain 


TESTO 15 PNE C 
7* ~~ (sin —50°)(cos —50°) - hi ©) 


(b) Values of o, based upon the allowable stresses in the plastic. The 
maximum compressive stress in the plastic occurs on a cross section. Therefore, 
since the allowable stress in compression is 1100 psi, we know immediately that 


o, = —1100 psi (d) 


The maximum shear stress occurs on a plane at 45° and is numerically equal to 
o,./2 (see Eq. 2-31). Since the allowable stress in shear is 600 psi, we obtain 


o, = —1200 psi (e) 


This same result can be obtained from Eq. (2-32b) by substituting Tọ = 600 psi 
and 0 = 45°. 

(c) Minimum width of the bar. Comparing the four values of co (Eqs. b, c, d, 
and e), we see that the smallest is op = — 1015 psi. Therefore, this value governs 
the design. Substituting into Eq. (a), and using only numerical values, we obtain 
the required area: 


4 — 80001 


= = 7.88 in.” 
1015 psi = 


Since the bar has a square cross section (A = D^), the minimum width is 
Vee = ES US Ti 


Any width larger than b,j, will ensure that the allowable stresses are not 
exceeded. 
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2.7 STRAIN ENERGY 





2 


FIG. 2-41 Prismatic bar subjected to a 
statically applied load 





av 








FIG. 2-42 Load-displacement diagram 


P 





Strain energy is a fundamental concept in applied mechanics, and strain- 
energy principles are widely used for determining the response of 
machines and structures to both static and dynamic loads. In this section 
we introduce the subject of strain energy in its simplest form by considering 
only axially loaded members subjected to static loads. More complicated 
structural elements are discussed in later chapters— bars in torsion in 
Section 3.9 and beams in bending in Section 9.8. In addition, the use 
of strain energy in connection with dynamic loads is described in 
Sections 2.8 and 9.10. 

To illustrate the basic ideas, let us again consider a prismatic bar of 
length L subjected to a tensile force P (Fig. 2-41). We assume that the 
load is applied slowly, so that it gradually increases from zero to its 
maximum value P. Such a load is called a static load because there are 
no dynamic or inertial effects due to motion. The bar gradually elongates 
as the load is applied, eventually reaching its maximum elongation 6 at 
the same time that the load reaches its full value P. Thereafter, the load 
and elongation remain unchanged. 

During the loading process, the load P moves slowly through the 
distance 6 and does a certain amount of work. To evaluate this work, we 
recall from elementary mechanics that a constant force does work equal 
to the product of the force and the distance through which it moves. 
However, in our case the force varies in magnitude from zero to its 
maximum value P. To find the work done by the load under these 
conditions, we need to know the manner in which the force varies. This 
information is supplied by a load-displacement diagram, such as the 
one plotted in Fig. 2-42. On this diagram the vertical axis represents 
the axial load and the horizontal axis represents the corresponding 
elongation of the bar. The shape of the curve depends upon the properties 
of the material. 

Let us denote by P, any value of the load between zero and the 
maximum value P, and let us denote the corresponding elongation of the 
bar by ô. Then an increment dP, in the load will produce an increment 
dé, in the elongation. The work done by the load during this incremental 
elongation is the product of the load and the distance through which it 
moves, that is, the work equals P,d0ój;. This work is represented in the 
figure by the area of the shaded strip below the load-displacement curve. 
The total work done by the load as it increases from zero to the 
maximum value P is the summation of all such elemental strips: 


5 
W = | P dô; (2-33) 
0 


In geometric terms, the work done by the load is equal to the area below 
the load-displacement curve. 

When the load stretches the bar, strains are produced. The presence 
of these strains increases the energy level of the bar itself. Therefore, a 










Inelastic 
strain 
energy 


Elastic 
strain 
energy 
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FIG. 2-43 Elastic and inelastic strain 
energy 
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new quantity, called strain energy, is defined as the energy absorbed by 
the bar during the loading process. From the principle of conservation of 
energy, we know that this strain energy is equal to the work done by the 
load provided no energy is added or subtracted in the form of heat. 
Therefore, 


Ô 
U= = | P,do, (2-34) 


(0) 


in which U is the symbol for strain energy. Sometimes strain energy is 
referred to as internal work to distinguish it from the external work done 
by the load. 

Work and energy are expressed in the same units. In SI, the unit of 
work and energy is the joule (J), which is equal to one newton meter 
(1 J = 1 N-m). In USCS units, work and energy are expressed in foot- 
pounds (ft-lb), foot-kips (ft-k), inch-pounds (in.-]b), and inch-kips 
(in.-k)." 


Elastic and Inelastic Strain Energy 


If the force P (Fig. 2-41) is slowly removed from the bar, the bar 
will shorten. If the elastic limit of the material 1s not exceeded, the 
bar will return to its original length. If the limit is exceeded, a perma- 
nent set will remain (see Section 1.4). Thus, either all or part of the 
strain energy will be recovered in the form of work. This behavior is 
shown on the load-displacement diagram of Fig. 2-43. During loading, 
the work done by the load is equal to the area below the curve 
(area OABCDO). When the load is removed, the load-displacement 
diagram follows line BD if point B is beyond the elastic limit, and a 
permanent elongation OD remains. Thus, the strain energy recovered 
during unloading, called the elastic strain energy, is represented by the 
shaded triangle BCD. Area OABDO represents energy that is lost in 
the process of permanently deforming the bar. This energy is known as 
the inelastic strain energy. 

Most structures are designed with the expectation that the material 
will remain within the elastic range under ordinary conditions of service. 
Let us assume that the load at which the stress in the material reaches the 
elastic limit is represented by point A on the load-displacement curve 
(Fig. 2-43). As long as the load is below this value, all of the strain 
energy is recovered during unloading and no permanent elongation 
remains. Thus, the bar acts as an elastic spring, storing and releasing 
energy as the load is applied and removed. 


"Conversion factors for work and energy are given in Appendix A, Table A-5. 
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FIG. 2-44 Load-displacement diagram for 
a bar of linearly elastic material 


Linearly Elastic Behavior 


Let us now assume that the material of the bar follows Hooke's law, so 
that the load-displacement curve is a straight line (Fig. 2-44). Then 
the strain energy U stored in the bar (equal to the work W done by the 
load) is 


o ap c (2-35) 


which is the area of the shaded triangle OAB in the figure." 
The relationship between the load P and the elongation ó for a bar of 
linearly elastic material is given by the equation 


BE 


ô= 
EA 


(2-36) 


Combining this equation with Eq. (2-35) enables us to express the strain 
energy of a linearly elastic bar in either of the following forms: 


ee PI Tm EAó* 
2EA 2i 








(2-37a,b) 


The first equation expresses the strain energy as a function of the load 
and the second expresses it as a function of the elongation. 

From the first equation we see that increasing the length of a bar 
increases the amount of strain energy even though the load is unchanged 
(because more material is being strained by the load). On the other hand, 
increasing either the modulus of elasticity or the cross-sectional area 
decreases the strain energy because the strains in the bar are reduced. 
These ideas are illustrated in Examples 2-12 and 2-15. 

Strain-energy equations analogous to Eqs. (2-37a) and (2-37b) can 
be written for a linearly elastic spring by replacing the stiffness EA/L of 
the prismatic bar by the stiffness k of the spring. Thus, 


2 2 
m: o = L (2-38a,b) 


UT 2 


Other forms of these equations can be obtained by replacing k by 1/f, 
where fis the flexibility. 


"The principle that the work of the external loads is equal to the strain energy (for the 
case of linearly elastic behavior) was first stated by the French engineer B. P. E. 
Clapeyron (1799—1864) and is known as Clapeyron's theorem (Ref. 2-7). 





P, 
FIG. 2-45 Bar consisting of prismatic 


segments having different cross- 
sectional areas and different axial forces 
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FIG. 2-46 Nonprismatic bar with varying 
axial force 
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Nonuniform Bars 


The total strain energy U of a bar consisting of several segments is equal 
to the sum of the strain energies of the individual segments. For instance, 
the strain energy of the bar pictured in Fig. 2-45 equals the strain energy 
of segment AB plus the strain energy of segment BC. This concept is 
expressed in general terms by the following equation: 


U = 5 U; (2-39) 
i=1 


in which U; is the strain energy of segment i of the bar and n is the 
number of segments. (This relation holds whether the material behaves in 
a linear or nonlinear manner.) 

Now assume that the material of the bar is linearly elastic and that 
the internal axial force is constant within each segment. We can then use 
Eq. (2-37a) to obtain the strain energies of the segments, and Eq. (2-39) 
becomes 





^ NiL; 
M 2. 2E;Aj Cid 
in which N; is the axial force acting in segment i and Lj, Ej, and A; are 
properties of segment i. (The use of this equation is illustrated in Examples 
2-12 and 2-15 at the end of the section.) 

We can obtain the strain energy of a nonprismatic bar with 
continuously varying axial force (Fig. 2-46) by applying Eq. (2-37a) to a 
differential element (shown shaded in the figure) and then integrating 
along the length of the bar: 


L 2 
7 | [NGO dx (2-41) 


o 2EA(x) 


In this equation, N(x) and A(x) are the axial force and cross-sectional area 
at distance x from the end of the bar. (Example 2-13 illustrates the use of 
this equation.) 


Comments 


The preceding expressions for strain energy (Eqs. 2-37 through 2-41) 
show that strain energy is not a linear function of the loads, not even when 
the material is linearly elastic. Thus, it is important to realize that we 
cannot obtain the strain energy of a structure supporting more than one 
load by combining the strain energies obtained from the individual loads 
acting separately. 

In the case of the nonprismatic bar shown in Fig. 2-45, the total 
strain energy is not the sum of the strain energy due to load P, acting 
alone and the strain energy due to load P, acting alone. Instead, we must 
evaluate the strain energy with all of the loads acting simultaneously, as 
demonstrated later in Example 2-13. 


144 CHAPTER 2  Axially Loaded Members 


FIG. 2-47 Structure supporting a single 
load P 


Although we considered only tension members in the preceding 
discussions of strain energy, all of the concepts and equations apply 
equally well to members in compression. Since the work done by an 
axial load is positive regardless of whether the load causes tension or 
compression, it follows that strain energy is always a positive quan- 
tity. This fact is also evident in the expressions for strain energy of 
linearly elastic bars (such as Eqs. 2-37a and 2-37b). These expres- 
sions are always positive because the load and elongation terms are 
squared. 

Strain energy is a form of potential energy (or “energy of posi- 
tion") because it depends upon the relative locations of the particles or 
elements that make up the member. When a bar or a spring is 
compressed, its particles are crowded more closely together; when it is 
stretched, the distances between particles increase. In both cases the 
strain energy of the member increases as compared to its strain energy 
in the unloaded position. 


Displacements Caused by a Single Load 


The displacement of a linearly elastic structure supporting only one load 
can be determined from its strain energy. To illustrate the method, 
consider a two-bar truss (Fig. 2-47) loaded by a vertical force P. Our 
objective is to determine the vertical displacement 6 at joint B where the 
load is applied. 

When applied slowly to the truss, the load P does work as it moves 
through the vertical displacement ó. However, it does no work as it 
moves laterally, that is, sideways. Therefore, since the load-displacement 
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diagram is linear (see Fig. 2-44 and Eq. 2-35), the strain energy U stored 
in the structure, equal to the work done by the load, is 


Pô 
U = W= —— 
2 
from which we get 
2U 
ô = — (2-42) 
P 


This equation shows that under certain special conditions, as outlined in 
the following paragraph, the displacement of a structure can be deter- 
mined directly from the strain energy. 

The conditions that must be met in order to use Eq. (2-42) are as 
follows: (1) the structure must behave in a linearly elastic manner, and 
(2) only one load may act on the structure. Furthermore, the only displace- 
ment that can be determined is the displacement corresponding to the load 
itself (that is, the displacement must be in the direction of the load and 
must be at the point where the load is applied). Therefore, this method for 
finding displacements is extremely limited in its application and is not a 
good indicator of the great importance of strain-energy principles in struc- 
tural mechanics. However, the method does provide an introduction to the 
use of strain energy. (The method is illustrated later in Example 2-14.) 


Strain-Energy Density 


In many situations it is convenient to use a quantity called strain-energy 
density, defined as the strain energy per unit volume of material. Expres- 
sions for strain-energy density in the case of linearly elastic materials can 
be obtained from the formulas for strain energy of a prismatic bar 
(Eqs. 2-37a and b). Since the strain energy of the bar is distributed 
uniformly throughout its volume, we can determine the strain-energy 
density by dividing the total strain energy U by the volume AL of the bar. 
Thus, the strain-energy density, denoted by the symbol u, can be 
expressed in either of these forms: 











P? ES? 
u= EAR iS 2 (2-43a,b) 
If we replace P/A by the stress ø and 6/L by the strain e, we get 
2 2 
o Ee 
= — — 2-44 
u E u 5 ( a,b) 


These equations give the strain-energy density in a linearly elastic 
material in terms of either the normal stress ø or the normal strain e. 
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The expressions in Eqs. (2-44a and b) have a simple geometric inter- 
pretation. They are equal to the area oe/2 of the triangle below the 
stress-strain diagram for a material that follows Hooke's law (o = Ee). 
In more general situations where the material does not follow Hooke's 
law, the strain-energy density is still equal to the area below the stress- 
strain curve, but the area must be evaluated for each particular material. 

Strain-energy density has units of energy divided by volume. The SI 
units are joules per cubic meter (J/m^) and the USCS units are foot-pounds 
per cubic foot, inch-pounds per cubic inch, and other similar units. Since 
all of these units reduce to units of stress (recall that 1 J = 1 N-m), we can 
also use units such as pascals (Pa) and pounds per square inch (psi) for 
strain-energy density. 

The strain-energy density of the material when it is stressed to the 
proportional limit is called the modulus of resilience u,. It is found by 
substituting the proportional limit op into Eq. (2-44a): 


2 
u, = B (2-45) 
2E 


For example, a mild steel having op, = 36,000 psi and E = 30 X 10? psi 
has a modulus of resilience u, — 21.6 psi (or 149 kPa). Note that the 
modulus of resilience is equal to the area below the stress-strain curve up 
to the proportional limit. Resilience represents the ability of a material to 
absorb and release energy within the elastic range. 

Another quantity, called toughness, refers to the ability of a material 
to absorb energy without fracturing. The corresponding modulus, called 
the modulus of toughness u, is the strain-energy density when the mate- 
rial is stressed to the point of failure. It is equal to the area below the 
entire stress-strain curve. The higher the modulus of toughness, the greater 
the ability of the material to absorb energy without failing. A high 
modulus of toughness is therefore important when the material is subject 
to impact loads (see Section 2.8). 

The preceding expressions for strain-energy density (Eqs. 2-43 to 
2-45) were derived for uniaxial stress, that 1s, for materials subjected 
only to tension or compression. Formulas for strain-energy density in 
other stress states are presented in Chapters 3 and 7. 








Three round bars having the same length L but different shapes are shown in 
Fig. 2-48. The first bar has diameter d over its entire length, the second has diam- 
eter d over one-fifth of its length, and the third has diameter d over one-fifteenth 
of its length. Elsewhere, the second and third bars have diameter 2d. All three 
bars are subjected to the same axial load P. 

Compare the amounts of strain energy stored in the bars, assuming linearly 
elastic behavior. (Disregard the effects of stress concentrations and the weights 





of the bars.) 
4, = 
iy) ee L 
| : 
P P P 

FIG. 2-48 Example 2-12. Calculation of (a) (b) (c) 
strain energy 

Solution 


(a) Strain energy U; of the first bar. The strain energy of the first bar is found 
directly from Eq. (2-37a): 





(a) 


in which A = zd"^/A. 


continued 
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(b) Strain energy U> of the second bar. The strain energy is found by 
summing the strain energies in the three segments of the bar (see Eq. 2-40). 
Thus, 


iL _ P*(L/5) | P(AL5) PL 2U, 


Ur et NE ] - 
FA,  2EA 2E(4A)  5EA 5 











(D «mm 


which is only 40% of the strain energy of the first bar. Thus, increasing the cross- 
sectional area over part of the length has greatly reduced the amount of strain 
energy that can be stored in the bar. 

(c) Strain energy U5 of the third bar. Again using Eq. (2-40), we get 


Du Y Ney PS PIOS) 3PAE 303 
"en MEM CESAR 2E(4A) | 20EA 10 








(c) «mm 


The strain energy has now decreased to 30% of the strain energy of the first 
bar. 

Note: Comparing these results, we see that the strain energy decreases as 
the part of the bar with the larger area increases. If the same amount of work 
is applied to all three bars, the highest stress will be in the third bar, because 
the third bar has the least energy-absorbing capacity. If the region having 
diameter d is made even smaller, the energy-absorbing capacity will decrease 
further. 

We therefore conclude that it takes only a small amount of work to bring 
the tensile stress to a high value in a bar with a groove, and the narrower 
the groove, the more severe the condition. When the loads are dynamic and 
the ability to absorb energy is important, the presence of grooves is very 
damaging. 

In the case of static loads, the maximum stresses are more important than 
the ability to absorb energy. In this example, all three bars have the same max- 
imum stress P/A (provided stress concentrations are alleviated), and therefore 
all three bars have the same load-carrying capacity when the load is applied 
statically. 











m 
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X 
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FIG. 2-49 Example 2-13. (a) Bar hanging 
under its own weight, and (b) bar 
hanging under its own weight and also 
supporting a load P 


Determine the strain energy of a prismatic bar suspended from its upper end 
(Fig. 2-49). Consider the following loads: (a) the weight of the bar itself, and 
(b) the weight of the bar plus a load P at the lower end. (Assume linearly elastic 
behavior.) 


Solution 

(a) Strain energy due to the weight of the bar itself (Fig. 2-49a). The bar is 
subjected to a varying axial force, the internal force being zero at the lower end 
and maximum at the upper end. To determine the axial force, we consider an 
element of length dx (shown shaded in the figure) at distance x from the upper 
end. The internal axial force N(x) acting on this element is equal to the weight of 
the bar below the element: 


N(x) = YA(L — x) (d) 
in which y is the weight density of the material and A is the cross-sectional area 


of the bar. Substituting into Eq. (2-41) and integrating gives the total strain 
energy: 


oe D di pu 


-— (2-46) 
o 2EA(x) 0 2EA 6E 


(b) Strain energy due to the weight of the bar plus the load P (Fig. 2-49b). 
In this case the axial force N(x) acting on the element is 


N(x) = yA(L — x) + P (e) 


(compare with Eq. d). From Eq. (2-41) we now obtain 








i 
B 2 2473 D 2 
=| [ya GE aA ye i yPL 2 PE (2-47) 
0 2EA 6E 2E 2EA 


Note: The first term in this expression is the same as the strain energy of a 
bar hanging under its own weight (Eq. 2-46), and the last term is the same as the 
strain energy of a bar subjected only to an axial force P (Eq. 2-37a). However, 
the middle term contains both y and P, showing that it depends upon both the 
weight of the bar and the magnitude of the applied load. 

Thus, this example illustrates that the strain energy of a bar subjected to two 
loads is not equal to the sum of the strain energies produced by the individual 
loads acting separately. 
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Example 2-14 


Determine the vertical displacement 0g of joint B of the truss shown in Fig. 2-50. 
Note that the only load acting on the truss is a vertical load P at joint B. Assume 
that both members of the truss have the same axial rigidity EA. 





FIG. 2-50 Example 2-14. Displacement of 
a truss supporting a single load P 





Solution 

Since there is only one load acting on the truss, we can find the displace- 
ment corresponding to that load by equating the work of the load to the strain 
energy of the members. However, to find the strain energy we must know the 
forces in the members (see Eq. 2-37a). 

From the equilibrium of forces acting at joint B we see that the axial force F 
in either bar is 











n 
F- 
2 cos B D 
in which £ is the angle shown in the figure. 
Also, from the geometry of the truss we see that the length of each bar is 
H 
L= 
ie eee B (g) 
in which H is the height of the truss. 
We can now obtain the strain energy of the two bars from Eq. (2-37a): 
F^L P^H 
UE PITT (h) 
2EA 4EAcos B 
Also, the work of the load P (from Eq. 2-35) is 
Pop ; 
W=— 
5 (1) 


where ôg is the downward displacement of joint B. Equating U and W and 
solving for 6g, we obtain 


PH 


= a 
7  2EA cos? p 


(2-48) «mm 


Note that we found this displacement using only equilibrium and strain energy—we 
did not need to draw a displacement diagram at joint B. 








FIG. 2-51 Example 2-15. (a) Cylinder 
with piston and clamping bolts, and 
(b) detail of one bolt 





The cylinder for a compressed air machine is clamped by bolts that pass through 
the flanges of the cylinder (Fig. 2-51a). A detail of one of the bolts is shown in part 
(b) of the figure. The diameter d of the shank is 0.500 in. and the root diameter d, 
of the threaded portion is 0.406 in. The grip g of the bolts is 1.50 in. and the threads 
extend a distance t = 0.25 in. into the grip. Under the action of repeated cycles of 
high and low pressure in the chamber, the bolts may eventually break. 

To reduce the likelihood of the bolts failing, the designers suggest two 
possible modifications: (1) Machine down the shanks of the bolts so that the 
shank diameter is the same as the thread diameter d,, as shown in Fig. 2-52a. 
(2) Replace each pair of bolts by a single long bolt, as shown in Fig. 2-52b. The 
long bolts are similar to the original bolts (Fig. 2-51b) except that the grip is 
increased to the distance L — 13.5 in. 

Compare the energy-absorbing capacity of the three bolt configurations: 
(a) original bolts, (b) bolts with reduced shank diameter, and (c) long bolts. (Assume 
linearly elastic behavior and disregard the effects of stress concentrations.) 


Cylinder 


Piston 





Chamber 
(a) (b) 


Solution 

(a) Original bolts. The original bolts can be idealized as bars consisting of two 
segments (Fig. 2-51b). The left-hand segment has length g — t and diameter d, 
and the right-hand segment has length t and diameter d,. The strain energy of one 
bolt under a tensile load P can be obtained by adding the strain energies of the two 
segments (Eq. 2-40): 


UNI EDO P?t 
U,— » Aol P (g 1m 


QE,A,  2EA,  2EA, D 


i—1 
in which A, is the cross-sectional area of the shank and A, is the cross-sectional 
area at the root of the threads; thus, 

ad ad? 


A, = pcc k 
E 1 1 (k) 





continued 
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FIG. 2-52 Example 2-15. Proposed 
modifications to the bolts: (a) Bolts with 
reduced shank diameter, and (b) bolts 
with increased length 


Substituting these expressions into Eq. (j), we get the following formula for the 
strain energy of one of the original bolts: 


ecce 


U, = 
i m Ed? qEd? 





(I) 


(b) Bolts with reduced shank diameter. These bolts can be idealized as pris- 
matic bars having length g and diameter d, (Fig. 2-52a). Therefore, the strain 
energy of one bolt (see Eq. 2-37a) is 








2 2 
oe i E “Edt es 
The ratio of the strain energies for cases (1) and (2) is 
U» ed 
U, Qora? S 
or, upon substituting numerical values, 
Us _ (1.50 in.)(0.500 in.)* "m 


U, (1.50 in. — 0.25 in.)(0.406 in.)? + (0.25 in.)(0.500 in.? 


Thus, using bolts with reduced shank diameters results in a 40% increase in the 
amount of strain energy that can be absorbed by the bolts. If implemented, this 
scheme should reduce the number of failures caused by the impact loads. 

(c) Long bolts. The calculations for the long bolts (Fig. 2-52b) are the same 
as for the original bolts except the grip g is changed to the grip L. Therefore, the 
strain energy of one long bolt (compare with Eq. 1) is 


2P^L-—1) . 2P^t 


U = 
2 qEd” Ed? 





(0) 


Since one long bolt replaces two of the original bolts, we must compare the 
strain energies by taking the ratio of U3 to 2Uj, as follows: 


UE (L— dd? + td? 


2U, Xe- Hd? + 21d? (p) 
Substituting numerical values gives 
DES so ine 025m (O06 in.)* + (0.25 in.)(0.500 in.)* LE 
2U,  2(1.50 in. — 0.25 in.)(0.406 in.? + 2(0.25 in.(0.500 in)? ^ — 


Thus, using long bolts increases the energy-absorbing capacity by 318% and 
achieves the greatest safety from the standpoint of strain energy. 

Note: When designing bolts, designers must also consider the maximum 
tensile stresses, maximum bearing stresses, stress concentrations, and many other 
matters. 
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Sliding collar 
of mass M 


FIG. 2-53 Impact load on a prismatic bar 
AB due to a falling object of mass M 
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Loads can be classified as static or dynamic depending upon whether 
they remain constant or vary with time. A static load is applied slowly, 
so that it causes no vibrational or dynamic effects in the structure. The 
load increases gradually from zero to its maximum value, and thereafter 
it remains constant. 

A dynamic load may take many forms—some loads are applied 
and removed suddenly (impact loads), others persist for long periods of 
time and continuously vary in intensity (fluctuating loads). Impact loads 
are produced when two objects collide or when a falling object strikes a 
structure. Fluctuating loads are produced by rotating machinery, traffic, 
wind gusts, water waves, earthquakes, and manufacturing processes. 

As an example of how structures respond to dynamic loads, we 
will discuss the impact of an object falling onto the lower end of a 
prismatic bar (Fig. 2-53). A collar of mass M, initially at rest, falls 
from a height h onto a flange at the end of bar AB. When the collar 
strikes the flange, the bar begins to elongate, creating axial stresses 
within the bar. In a very short interval of time, such as a few millisec- 
onds, the flange will move downward and reach its position of 
maximum displacement. Thereafter, the bar shortens, then lengthens, 
then shortens again as the bar vibrates longitudinally and the end of 
the bar moves up and down. The vibrations are analogous to those that 
occur when a spring is stretched and then released, or when a person 
makes a bungee jump. The vibrations of the bar soon cease because of 
various damping effects, and then the bar comes to rest with the 
mass M supported on the flange. 

The response of the bar to the falling collar is obviously very compli- 
cated, and a complete and accurate analysis requires the use of advanced 
mathematical techniques. However, we can make an approximate 
analysis by using the concept of strain energy (Section 2.7) and making 
several simplifying assumptions. 

Let us begin by considering the energy of the system just before the 
collar is released (Fig. 2-53a). The potential energy of the collar with 
respect to the elevation of the flange is Mgh, where g is the acceleration 
of gravity. This potential energy is converted into kinetic energy as the 
collar falls. At the instant the collar strikes the flange, its potential energy 
with respect to the elevation of the flange is zero and its kinetic energy is 
Mv?/2, where v = V 2gh is its velocity. 


"In SI units, the acceleration of gravity g = 9.81 m/s”; in USCS units, g = 32.2 ft/s”. 
For more precise values of g, or for a discussion of mass and weight, see 
Appendix A. 


""In engineering work, velocity is usually treated as a vector quantity. However, since 
kinetic energy is a scalar, we will use the word “velocity” to mean the magnitude of the 
velocity, or the speed. 
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During the ensuing impact, the kinetic energy of the collar is transformed 
into other forms of energy. Part of the kinetic energy is transformed into 
the strain energy of the stretched bar. Some of the energy is dissipated in 
the production of heat and in causing localized plastic deformations 
of the collar and flange. A small part remains as the kinetic energy of the 
collar, which either moves further downward (while in contact with the 
flange) or else bounces upward. 

To make a simplified analysis of this very complex situation, we will 
idealize the behavior by making the following assumptions. (1) We 
assume that the collar and flange are so constructed that the collar 
"sticks" to the flange and moves downward with it (that 1s, the collar 
does not rebound). This behavior is more likely to prevail when the mass 
of the collar is large compared to the mass of the bar. (2) We disregard 
all energy losses and assume that the kinetic energy of the falling mass is 
transformed entirely into strain energy of the bar. This assumption 
predicts larger stresses in the bar than would be predicted if we took 
energy losses into account. (3) We disregard any change in the potential 
energy of the bar itself (due to the vertical movement of elements of the 
bar), and we ignore the existence of strain energy in the bar due to its 
own weight. Both of these effects are extremely small. (4) We assume 
that the stresses in the bar remain within the linearly elastic range. (5) We 
assume that the stress distribution throughout the bar is the same as when 
the bar is loaded statically by a force at the lower end, that is, we assume 
the stresses are uniform throughout the volume of the bar. (In reality 
longitudinal stress waves will travel through the bar, thereby causing 
variations in the stress distribution.) 

On the basis of the preceding assumptions, we can calculate the 
maximum elongation and the maximum tensile stresses produced by the 
impact load. (Recall that we are disregarding the weight of the bar itself 
and finding the stresses due solely to the falling collar.) 


Maximum Elongation of the Bar 


The maximum elongation ó44, (Fig. 2-53b) can be obtained from the 
principle of conservation of energy by equating the potential energy lost 
by the falling mass to the maximum strain energy acquired by the bar. 
The potential energy lost is Wh + 64,4,), where W = Mg is the weight 
of the collar and A + ômax is the distance through which it moves. The 
strain energy of the bar is EA ,,,/2L, where EA is the axial rigidity 
and L is the length of the bar (see Eq. 2-37b). Thus, we obtain the 
following equation: 


EA ô” ax 


(2-49) 


This equation is quadratic in 64,4, and can be solved for the positive root; 


the result is 
2 1/2 
Nun (Z) 2 an E) (2-50) 
EA EA EA 
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Note that the maximum elongation of the bar increases if either the 
weight of the collar or the height of fall is increased. The elongation 
diminishes if the stiffness EA/L is increased. 

The preceding equation can be written in simpler form by introducing 
the notation 


_ WL _ MgL 
~“ EA EA 
in which 6, is the elongation of the bar due to the weight of the collar 
under static loading conditions. Equation (2-50) now becomes 


(2-51) 


Omax — Ost + Gx T 2hôs) (2-52) 
or 
1/2 
Bae = Auf + (1+ 22) | (2-53) 
st 


From this equation we see that the elongation of the bar under the impact 
load is much larger than it would be if the same load were applied statically. 
Suppose, for instance, that the height A is 40 times the static displacement ôs; 
the maximum elongation would then be 10 times the static elongation. 
When the height A is large compared to the static elongation, we can 
disregard the “ones” on the right-hand side of Eq. (2-53) and obtain 


2 

Omax ^ V 2héy = a (2-54) 
EA 

in which M = W/g and v = V2gh is the velocity of the falling mass when 

it strikes the flange. This equation can also be obtained directly from 

Eq. (2-49) by omitting Ó,,4; on the left-hand side of the equation and then 

solving for Omax. Because of the omitted terms, values of 04,4, calculated 

from Eq. (2-54) are always less than those obtained from Eq. (2-53). 


Maximum Stress in the Bar 


The maximum stress can be calculated easily from the maximum elongation 
because we are assuming that the stress distribution is uniform throughout 
the length of the bar. From the general equation 6 = PL/EA = oL/E, we 
know that 
Eô 
max — -— 2-99 

o; T (2-55) 
Substituting from Eq. (2-50), we obtain the following equation for the 
maximum tensile stress: 








2 1/2 
2WhE 
Omax — u T (=) a r | (2-56) 
A A AL 
Introducing the notation 
M Eô 
= = SII (2-57) 


A A L 
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in which o, is the stress when the load acts statically, we can write 
Eq. (2-56) in the form 





2hE | VP 
Omax — Ost T [o + —— a. (2-58) 
Or 
ang we 
Tmax = 2 + ( + i | | (2-59) 
Lox 


This equation is analogous to Eq. (2-53) and again shows that an impact 
load produces much larger effects than when the same load is applied 
statically. 

Again considering the case where the height h is large compared to 
the elongation of the bar (compare with Eq. 2-54), we obtain 


| 2E 
Coax = 2hEo« — Mv (2-60) 
L AL 


From this result we see that an increase in the kinetic energy Mv^/2 of 
the falling mass will increase the stress, whereas an increase in the 
volume AL of the bar will reduce the stress. This situation is quite 
different from static tension of the bar, where the stress is independent of 
the length L and the modulus of elasticity E. 

The preceding equations for the maximum elongation and maximum 
stress apply only at the instant when the flange of the bar is at its lowest 
position. After the maximum elongation is reached in the bar, the bar will 
vibrate axially until it comes to rest at the static elongation. From then on, 
the elongation and stress have the values given by Eqs. (2-51) and (2-57). 

Although the preceding equations were derived for the case of a pris- 
matic bar, they can be used for any linearly elastic structure subjected to 
a falling load, provided we know the appropriate stiffness of the struc- 
ture. In particular, the equations can be used for a spring by substituting 
the stiffness k of the spring (see Section 2.2) for the stiffness EA/L of the 
prismatic bar. 


Impact Factor 


The ratio of the dynamic response of a structure to the static response (for 
the same load) is known as an impact factor. For instance, the impact 
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factor for the elongation of the bar of Fig. 2-53 is the ratio of the 
maximum elongation to the static elongation: 





Impact factor — 


Omax 
: (2-61) 


st 


This factor represents the amount by which the static elongation is ampli- 
fied due to the dynamic effects of the impact. 

Equations analogous to Eq. (2-61) can be written for other impact 
factors, such as the impact factor for the stress in the bar (the ratio of 
Omax tO Ox). When the collar falls through a considerable height, the 
impact factor can be very large, such as 100 or more. 


Suddenly Applied Load 


A special case of impact occurs when a load is applied suddenly with no 
initial velocity. To explain this kind of loading, consider again the prismatic 
bar shown in Fig. 2-53 and assume that the sliding collar is lowered 
gently until it just touches the flange. Then the collar is suddenly 
released. Although in this instance no kinetic energy exists at the beginning 
of extension of the bar, the behavior is quite different from that of static 
loading of the bar. Under static loading conditions, the load is released 
gradually and equilibrium always exists between the applied load and the 
resisting force of the bar. 

However, consider what happens when the collar is released 
suddenly from its point of contact with the flange. Initially the elonga- 
tion of the bar and the stress in the bar are zero, but then the collar 
moves downward under the action of its own weight. During this 
motion the bar elongates and its resisting force gradually increases. 
The motion continues until at some instant the resisting force just 
equals W, the weight of the collar. At this particular instant the elonga- 
tion of the bar is 94. However, the collar now has a certain kinetic 
energy, which it acquired during the downward displacement ôt. 
Therefore, the collar continues to move downward until its velocity is 
brought to zero by the resisting force in the bar. The maximum elonga- 
tion for this condition is obtained from Eq. (2-53) by setting h equal to 
Zero; thus, 


Ômax = Ost (2-62) 


From this equation we see that a suddenly applied load produces an elon- 
gation twice as large as the elongation caused by the same load applied 
statically. Thus, the impact factor is 2. 
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After the maximum elongation 2ô has been reached, the end of the 
bar will move upward and begin a series of up and down vibrations, 
eventually coming to rest at the static elongation produced by the weight 
of the collar.” 


Limitations 


The preceding analyses were based upon the assumption that no energy 
losses occur during impact. In reality, energy losses always occur, with 
most of the lost energy being dissipated in the form of heat and localized 
deformation of the materials. Because of these losses, the kinetic energy 
of a system immediately after an impact is less than it was before the 
impact. Consequently, less energy is converted into strain energy of the 
bar than we previously assumed. As a result, the actual displacement of 
the end of the bar of Fig. 2-53 is less than that predicted by our simplified 
analysis. 

We also assumed that the stresses in the bar remain within the 
proportional limit. If the maximum stress exceeds this limit, the analysis 
becomes more complicated because the elongation of the bar is no 
longer proportional to the axial force. Other factors to consider are the 
effects of stress waves, damping, and imperfections at the contact 
surfaces. Therefore, we must remember that all of the formulas in this 
section are based upon highly idealized conditions and give only a rough 
approximation of the true conditions (usually overestimating the 
elongation). 

Materials that exhibit considerable ductility beyond the proportional 
limit generally offer much greater resistance to impact loads than do 
brittle materials. Also, bars with grooves, holes, and other forms of stress 
concentrations (see Sections 2.9 and 2.10) are very weak against 
impact—a slight shock may produce fracture, even when the material 
itself is ductile under static loading. 


“Equation (2-62) was first obtained by the French mathematician and scientist J. V. Poncelet 
(1788-1867); see Ref. 2-8. 














ad= 15 mm 


M =20kg 


FIG. 2-54 Example 2-16. Impact load on a 
vertical bar 


A round, prismatic steel bar (E = 210 GPa) of length L = 2.0 m and diameter 
d = 15 mm hangs vertically from a support at its upper end (Fig. 2-54). A sliding 
collar of mass M = 20 kg drops from a height h=150 mm onto the flange at the 
lower end of the bar without rebounding. 

(a) Calculate the maximum elongation of the bar due to the impact and 
determine the corresponding impact factor. 

(b) Calculate the maximum tensile stress in the bar and determine the corre- 
sponding impact factor. 


Solution 

Because the arrangement of the bar and collar in this example matches the 
arrangement shown in Fig. 2-53, we can use the equations derived previously 
(Eqs. 2-49 to 2-60). 

(a) Maximum elongation. The elongation of the bar produced by the falling 
collar can be determined from Eq. (2-53). The first step is to determine the static 
elongation of the bar due to the weight of the collar. Since the weight of the 
collar is Mg, we calculate as follows: 


MgL _ (20.0 kg)(9.81 m/s”)(2.0 m) 


ôs = EA (210 GPa)(7/4)(15 mm)? 


= 0.0106 mm 
From this result we see that 


A _ 150mm 14,150 
ô 0.0106 mm 


The preceding numerical values may now be substituted into Eq. (2-53) to obtain 
the maximum elongation: 


1,22 
DS 2L + ( ee 2 | 


st 


= (0.0106 mm)[1 + V1 + 2(14,150)] 
= 1.79 mm 


continued 





160 CHAPTER 2  Axially Loaded Members 


Since the height of fall is very large compared to the static elongation, we obtain 
nearly the same result by calculating the maximum elongation from Eq. (2-54): 


nax = V2hà, = [2(150 mm)(0.0106 mm)]'7 = 1.78 mm 


The impact factor is equal to the ratio of the maximum elongation to the static 
elongation: 


Dun . mm 
Impact factor — gor nue 169 «mm 
Ost 0.0106 mm 





This result shows that the effects of a dynamically applied load can be very large 
as compared to the effects of the same load acting statically. 

(b) Maximum tensile stress. The maximum stress produced by the falling 
collar is obtained from Eq. (2-55), as follows: 


— Eônax _ (210 GPa)(1.79 mm) _ 188 MPa ea 


D ME 20 m 


This stress may be compared with the static stress (see Eq. 2-57), which is 


"eq umm WS 


s 2 W Mg _ 20kg)9.81 m/s?) 
st 
A 


The ratio of Cmax to Gy is 188/1.11—169, which is the same impact factor as for 
the elongations. This result is expected, because the stresses are directly propor- 
tional to the corresponding elongations (see Eqs. 2-55 and 2-57). 





4FT 


A 


EPA. 


FIG. 2-55 Example 2-17. Impact load on a 
horizontal bar 


y 
IS 





A horizontal bar AB of length L is struck at its free end by a heavy block of 
mass M moving horizontally with velocity v (Fig. 2-55). 

(a) Determine the maximum shortening max of the bar due to the impact 
and determine the corresponding impact factor. 

(b) Determine the maximum compressive stress Cmax and the corresponding 
impact factor. (Let EA represent the axial rigidity of the bar.) 


Solution 

The loading on the bar in this example is quite different from the loads on 
the bars pictured in Figs. 2-53 and 2-54. Therefore, we must make a new analysis 
based upon conservation of energy. 

(a) Maximum shortening of the bar. For this analysis we adopt the same 
assumptions as those described previously. Thus, we disregard all energy losses 
and assume that the kinetic energy of the moving block is transformed entirely 
into strain energy of the bar. 

The kinetic energy of the block at the instant of impact is Mv?/2. The strain 
energy of the bar when the block comes to rest at the instant of maximum short- 
ening is EAó2,,,/2L, as given by Eq. (2-37b). Therefore, we can write the 
following equation of conservation of energy: 





My? _ EA Dre 





2-63 
2 2L ) 
Solving for Ômax, we get 
2 
Snax = J (2-64) 
EA 


This equation is the same as Eq. (2-54), which we might have anticipated. 

To find the impact factor, we need to know the static displacement of the 
end of the bar. In this case the static displacement is the shortening of the bar 
due to the weight of the block applied as a compressive load on the bar (see 
Eq. 2-51): 


_ WL _ MgL 
* EA EA 
Thus, the impact factor is 
Dn EAy? 








Impact factor — — (2-65) 


Ost MeL 


The value determined from this equation may be much larger than 1. 
(b) Maximum compressive stress in the bar. The maximum stress in the bar 
is found from the maximum shortening by means of Eq. (2-55): 


qo = E) | E |MvL | |MvE 
NE: EA AL 


This equation is the same as Eq. (2-60). 











(2-66) 


The static stress o; in the bar is equal to W/A or Mg/A, which (in combina- 
tion with Eq. 2-66) leads to the same impact factor as before (Eq. 2-65). 
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*2.9 REPEATED LOADING AND FATIGUE 


Load 
O Time 
(a) 
Load 
O Time 
(b) 
Load 


FIG. 2-56 Types of repeated loads: 

(a) load acting in one direction only, 
(b) alternating or reversed load, and 

(c) fluctuating load that varies about an 
average value 





The behavior of a structure depends not only upon the nature of the mate- 
rial but also upon the character of the loads. In some situations the loads 
are static—they are applied gradually, act for long periods of time, and 
change slowly. Other loads are dynamic in character—examples are 
impact loads acting suddenly (Section 2.8) and repeated loads recurring 
for large numbers of cycles. 

Some typical patterns for repeated loads are sketched in Fig. 2-56. 
The first graph (a) shows a load that is applied, removed, and applied 
again, always acting in the same direction. The second graph (b) shows 
an alternating load that reverses direction during every cycle of load- 
ing, and the third graph (c) illustrates a fluctuating load that varies 
about an average value. Repeated loads are commonly associated with 
machinery, engines, turbines, generators, shafts, propellers, airplane 
parts, automobile parts, and the like. Some of these structures are sub- 
jected to millions (and even billions) of loading cycles during their 
useful life. 

A structure subjected to dynamic loads is likely to fail at a lower 
stress than when the same loads are applied statically, especially when 
the loads are repeated for a large number of cycles. In such cases 
failure is usually caused by fatigue, or progressive fracture. A familiar 
example of a fatigue failure is stressing a metal paper clip to the 
breaking point by repeatedly bending it back and forth. If the clip is 
bent only once, it does not break. But if the load is reversed by bending 
the clip in the opposite direction, and if the entire loading cycle is 
repeated several times, the clip will finally break. Fatigue may be 
defined as the deterioration of a material under repeated cycles of stress 
and strain, resulting in progressive cracking that eventually produces 
fracture. 

In a typical fatigue failure, a microscopic crack forms at a point of 
high stress (usually at a stress concentration, discussed in the next 
section) and gradually enlarges as the loads are applied repeatedly. 
When the crack becomes so large that the remaining material cannot 
resist the loads, a sudden fracture of the material occurs (Fig. 2-57). 
Depending upon the nature of the material, it may take anywhere from 
a few cycles of loading to hundreds of millions of cycles to produce a 
fatigue failure. 

The magnitude of the load causing a fatigue failure is less than the 
load that can be sustained statically, as already pointed out. To deter- 
mine the failure load, tests of the material must be performed. In the 
case of repeated loading, the material is tested at various stress levels 
and the number of cycles to failure is counted. For instance, a specimen 
of material is placed in a fatigue-testing machine and loaded repeatedly 
to a certain stress, say a). The loading cycles are continued until failure 
occurs, and the number n of loading cycles to failure is noted. The test 
is then repeated for a different stress, say o». If o> is greater than oj, 
the number of cycles to failure will be smaller. If o» is less than g, the 


FIG. 2-57 Fatigue failure of a bar loaded 
repeatedly in tension; the crack spread 
gradually over the cross section until 
fracture occurred suddenly. (Courtesy of 
MTS Systems Corporation) 


Failure 


stress 
Oo 


Fatigue limit 





Number n of cycles to failure 


FIG. 2-58 Endurance curve, or S-N 
diagram, showing fatigue limit 


FIG. 2-59 Typical endurance curves for 
steel and aluminum in alternating 
(reversed) loading 
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number will be larger. Eventually, enough data are accumulated to plot 
an endurance curve, or S-N diagram, in which failure stress (S) is 
plotted versus the number (N) of cycles to failure (Fig. 2-58). The 
vertical axis is usually a linear scale and the horizontal axis is usually a 
logarithmic scale. 

The endurance curve of Fig. 2-58 shows that the smaller the stress, 
the larger the number of cycles to produce failure. For some materials 
the curve has a horizontal asymptote known as the fatigue limit or 
endurance limit. When it exists, this limit is the stress below which a 
fatigue failure will not occur regardless of how many times the load is 
repeated. The precise shape of an endurance curve depends upon many 
factors, including properties of the material, geometry of the test 
specimen, speed of testing, pattern of loading, and surface condition of 
the specimen. The results of numerous fatigue tests, made on a great 
variety of materials and structural components, have been reported in 
the engineering literature. 

Typical S-N diagrams for steel and aluminum are shown in Fig. 2-59. 
The ordinate is the failure stress, expressed as a percentage of the 
ultimate stress for the material, and the abscissa is the number of cycles 
at which failure occurred. Note that the number of cycles is plotted on a 
logarithmic scale. The curve for steel becomes horizontal at about 
10’ cycles, and the fatigue limit is about 50% of the ultimate tensile 
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*2.10 STRESS CONCENTRATIONS 














FIG. 2-60 Stress distributions near the end 
of a bar of rectangular cross section 
(width b, thickness 7) subjected to a 
concentrated load P acting over a 

small area 


stress for ordinary static loading. The fatigue limit for aluminum is not as 
clearly defined as that for steel, but a typical value of the fatigue limit is 
the stress at 5X 10? cycles, or about 2596 of the ultimate stress. 

Since fatigue failures usually begin with a microscopic crack at a point 
of high localized stress (that is, at a stress concentration), the condition 
of the surface of the material is extremely important. Highly polished 
specimens have higher endurance limits. Rough surfaces, especially those 
at stress concentrations around holes or grooves, greatly lower the 
endurance limit. Corrosion, which creates tiny surface irregularities, has a 
similar effect. For steel, ordinary corrosion may reduce the fatigue limit by 
more than 50%. 


When determining the stresses in axially loaded bars, we customarily use 
the basic formula o = P/A, in which P is the axial force in the bar and A 
is its cross-sectional area. This formula is based upon the assumption that 
the stress distribution is uniform throughout the cross section. In reality, 
bars often have holes, grooves, notches, keyways, shoulders, threads, or 
other abrupt changes in geometry that create a disruption in the otherwise 
uniform stress pattern. These discontinuities in geometry cause high 
stresses in very small regions of the bar, and these high stresses are 
known as stress concentrations. The discontinuities themselves are 
known as stress raisers. 

Stress concentrations also appear at points of loading. For instance, a 
load may act over a very small area and produce high stresses in the 
region around its point of application. An example is a load applied 
through a pin connection, in which case the load is applied over the 
bearing area of the pin. 

The stresses existing at stress concentrations can be determined 
either by experimental methods or by advanced methods of analysis, 
including the finite-element method. The results of such research for 
many cases of practical interest are readily available in the engineering 
literature (for example, Ref. 2-9). Some typical stress-concentration data 
are given later in this section and also in Chapters 3 and 5. 


Saint-Venant's Principle 


To illustrate the nature of stress concentrations, consider the stresses in a 
bar of rectangular cross section (width b, thickness f) subjected to a 
concentrated load P at the end (Fig. 2-60). The peak stress directly under 
the load may be several times the average stress P/bt, depending upon the 
area over which the load is applied. However, the maximum stress 
diminishes rapidly as we move away from the point of load application, 
as shown by the stress diagrams in the figure. At a distance from the end 


FIG. 2-61 Illustration of Saint- Venant's 
principle: (a) system of concentrated 
loads acting over a small region of a bar, 
and (b) statically equivalent system 
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of the bar equal to the width b of the bar, the stress distribution is nearly 
uniform, and the maximum stress is only a few percent larger than the 
average stress. This observation is true for most stress concentrations, 
such as holes and grooves. 

Thus, we can make a general statement that the equation o = P/A 
gives the axial stresses on a cross section only when the cross section is 
at least a distance b away from any concentrated load or discontinuity in 
shape, where b is the largest lateral dimension of the bar (such as the 
width or diameter). 

The preceding statement about the stresses in a prismatic bar is part 
of a more general observation known as Saint-Venant's principle. With 
rare exceptions, this principle applies to linearly elastic bodies of all 
types. To understand Saint-Venant's principle, imagine that we have a 
body with a system of loads acting over a small part of its surface. For 
instance, suppose we have a prismatic bar of width b subjected to a 
system of several concentrated loads acting at the end (Fig. 2-61a). For 
simplicity, assume that the loads are symmetrical and have only a 
vertical resultant. 

Next, consider a different but statically equivalent load system acting 
over the same small region of the bar. (“Statically equivalent" means the 
two load systems have the same force resultant and same moment resul- 
tant.) For instance, the uniformly distributed load shown in Fig. 2-61b 
is statically equivalent to the system of concentrated loads shown in 
Fig. 2-61a. Saint- Venant's principle states that the stresses in the body 
caused by either of the two systems of loading are the same, provided we 
move away from the loaded region a distance at least equal to the largest 





(a) (b) 
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FIG. 2-60 Repeated 


FIG. 2-62 Stress distribution in a flat bar 
with a circular hole 


dimension of the loaded region (distance b in our example). Thus, the 
stress distributions shown in Fig. 2-60 are an illustration of Saint- 
Venant’s principle. Of course, this “principle” is not a rigorous law of 
mechanics but is a common-sense observation based upon theoretical and 
practical experience. 

Saint-Venant’s principle has great practical significance in the design 
and analysis of bars, beams, shafts, and other structures encountered in 
mechanics of materials. Because the effects of stress concentrations are 
localized, we can use all of the standard stress formulas (such as e = P/A) 
at cross sections a sufficient distance away from the source of the concen- 
tration. Close to the source, the stresses depend upon the details of the 
loading and the shape of the member. Furthermore, formulas that are 
applicable to entire members, such as formulas for elongations, displace- 
ments, and strain energy, give satisfactory results even when stress 
concentrations are present. The explanation lies in the fact that stress 
concentrations are localized and have little effect on the overall behavior 
of a member." 


Stress-Concentration Factors 


Now let us consider some particular cases of stress concentrations caused 
by discontinuities in the shape of a bar. We begin with a bar of rectangular 
cross section having a circular hole and subjected to a tensile force P 
(Fig. 2-62a). The bar is relatively thin, with its width b being much larger 
than its thickness f. Also, the hole has diameter d. 





(a 


P < 





) 
Omax 
) 


(b 


"Saint-Venant's principle is named for Barré de Saint-Venant (1797—1886), a famous 
French mathematician and elastician (Ref. 2-10). It appears that the principle applies 
generally to solid bars and beams but not to all thin-walled open sections. For a discus- 
sion of the limitations of Saint- Venant's principle, see Ref. 2-11. 


FIG. 2-63 Stress-concentration factor K 
for flat bars with circular holes 
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The normal stress acting on the cross section through the center 
of the hole has the distribution shown in Fig. 2-62b. The maximum 
stress Omax occurs at the edges of the hole and may be significantly 
larger than the nominal stress a: = P/ct at the same cross section. (Note 
that ct is the net area at the cross section through the hole.) The intensity 
of a stress concentration is usually expressed by the ratio of the 
maximum stress to the nominal stress, called the stress-concentration 
factor K: 


ERE (2-67) 


For a bar in tension, the nominal stress is the average stress based upon 
the net cross-sectional area. In other cases, a variety of stresses may be 
used. Thus, whenever a stress concentration factor is used, it is important 
to note carefully how the nominal stress is defined. 

A graph of the stress-concentration factor K for a bar with a hole is 
given in Fig. 2-63. If the hole is tiny, the factor K equals 3, which means 
that the maximum stress is three times the nominal stress. As the hole 
becomes larger in proportion to the width of the bar, K becomes smaller 
and the effect of the concentration is not as severe. 

From Saint-Venant's principle we know that, at distances equal to 
the width 5 of the bar away from the hole in either axial direction, the 
stress distribution is practically uniform and equal to P divided by the 
gross cross-sectional area (o = P/bt). 
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Stress-concentration factors for two other cases of practical interest are 
given in Figs. 2-64 and 2-65. These graphs are for flat bars and circular 
bars, respectively, that are stepped down in size, forming a shoulder. To 
reduce the stress-concentration effects, fillets are used to round off the re- 
entrant corners. Without the fillets, the stress-concentration factors would 
be extremely large, as indicated at the left-hand side of each graph where K 
approaches infinity as the fillet radius R approaches zero. In both cases the 
maximum stress occurs in the smaller part of the bar in the region of the 
fillet.” 


Onom ^ ct 


t = thickness 





FIG. 2-64 Stress-concentration factor K 
for flat bars with shoulder fillets. The 
dashed line is for a full quarter-circular 
fillet. 





FIG. 2-65 Stress-concentration factor K 
for round bars with shoulder fillets. The 
dashed line is for a full quarter-circular 
fillet. 





"A fillet is a curved concave surface formed where two other surfaces meet. Its purpose 
is to round off what would otherwise be a sharp re-entrant corner. 


""The stress-concentration factors given in the graphs are theoretical factors for bars of 
linearly elastic material. The graphs are plotted from the formulas given in Ref. 2-9. 
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Designing for Stress Concentrations 


Because of the possibility of fatigue failures, stress concentrations are 
especially important when the member is subjected to repeated 
loading. As explained in the preceding section, cracks begin at the 
point of highest stress and then spread gradually through the material 
as the load is repeated. In practical design, the fatigue limit (Fig. 2-58) 
is considered to be the ultimate stress for the material when the 
number of cycles is extremely large. The allowable stress is obtained 
by applying a factor of safety with respect to this ultimate stress. 
Then the peak stress at the stress concentration is compared with the 
allowable stress. 

In many situations the use of the full theoretical value of the 
stress-concentration factor is too severe. Fatigue tests usually produce 
failure at higher levels of the nominal stress than those obtained by 
dividing the fatigue limit by K. In other words, a structural member 
under repeated loading is not as sensitive to a stress concentration as 
the value of K indicates, and a reduced stress-concentration factor 1s 
often used. 

Other kinds of dynamic loads, such as impact loads, also require 
that stress-concentration effects be taken into account. Unless better infor- 
mation is available, the full stress-concentration factor should be used. 
Members subjected to low temperatures also are highly susceptible to fail- 
ures at stress concentrations, and therefore special precautions should be 
taken in such cases. 

The significance of stress concentrations when a member is 
subjected to static loading depends upon the kind of material. With 
ductile materials, such as structural steel, a stress concentration can 
often be ignored. The reason is that the material at the point of 
maximum stress (such as around a hole) will yield and plastic flow 
will occur, thus reducing the intensity of the stress concentration and 
making the stress distribution more nearly uniform. On the other 
hand, with brittle materials (such as glass) a stress concentration will 
remain up to the point of fracture. Therefore, we can make the general 
observation that with static loads and a ductile material the stress- 
concentration effect is not likely to be important, but with static loads 
and a brittle material the full stress-concentration factor should be 
considered. 

Stress concentrations can be reduced in intensity by properly propor- 
tioning the parts. Generous fillets reduce stress concentrations at 
re-entrant corners. Smooth surfaces at points of high stress, such as on 
the inside of a hole, inhibit the formation of cracks. Proper reinforcing 
around holes can also be beneficial. There are many other techniques for 
smoothing out the stress distribution in a structural member and thereby 
reducing the stress-concentration factor. These techniques, which are 
usually studied in engineering design courses, are extremely important in 
the design of aircraft, ships, and machines. Many unnecessary structural 
failures have occurred because designers failed to recognize the effects of 
stress concentrations and fatigue. 
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*2.11 NONLINEAR BEHAVIOR 










"7 Nonlinear 


(b) 


FIG. 2-66 Types of idealized material 
behavior: (a) elastic-nonlinear 
stress-strain curve, (b) general 
nonlinear stress-strain curve, 

(c) elastoplastic stress-strain curve, 
and (d) bilinear stress-strain curve 


Up to this point, our discussions have dealt primarily with members and 
structures composed of materials that follow Hooke's law. Now we will 
consider the behavior of axially loaded members when the stresses exceed 
the proportional limit. In such cases the stresses, strains, and displacements 
depend upon the shape of the stress-strain curve in the region beyond the 
proportional limit (see Section 1.3 for some typical stress-strain diagrams). 


Nonlinear Stress-Strain Curves 


For purposes of analysis and design, we often represent the actual 
stress-strain curve of a material by an idealized stress-strain curve that 
can be expressed as a mathematical function. Some examples are shown 
in Fig. 2-66. The first diagram (Fig. 2-66a) consists of two parts, an ini- 
tial linearly elastic region followed by a nonlinear region defined by an 
appropriate mathematical expression. The behavior of aluminum alloys 
can sometimes be represented quite accurately by a curve of this type, at 
least in the region before the strains become excessively large (compare 
Fig. 2-66a with Fig. 1-13). 

In the second example (Fig. 2-66b), a single mathematical expres- 
sion is used for the entire stress-strain curve. The best known expression 
of this kind is the Ramberg-Osgood stress-strain law, which is described 
later in more detail (see Eqs. 2-70 and 2-71). 







Perfectly plastic 


Linearly elastic 


Linearly elastic 





(c) (d) 


The stress-strain diagram frequently used for structural steel is 
shown in Fig. 2-66c. Because steel has a linearly elastic region followed 
by a region of considerable yielding (see the stress-strain diagrams of 
Figs. 1-10 and 1-12), its behavior can be represented by two straight 
lines. The material is assumed to follow Hooke's law up to the yield 
stress ay, after which it yields under constant stress, the latter behavior 
being known as perfect plasticity. The perfectly plastic region continues 
until the strains are 10 or 20 times larger than the yield strain. A material 
having a stress-strain diagram of this kind is called an elastoplastic 
material (or elastic-plastic material). 


FIG. 2-67 Change in length of a tapered 
bar consisting of a material having a 
nonlinear stress-strain curve 
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Eventually, as the strain becomes extremely large, the stress-strain 
curve for steel rises above the yield stress due to strain hardening, as 
explained in Section 1.3. However, by the time strain hardening begins, 
the displacements are so large that the structure will have lost its useful- 
ness. Consequently, it is common practice to analyze steel structures on 
the basis of the elastoplastic diagram shown in Fig. 2-66c, with the same 
diagram being used for both tension and compression. An analysis made 
with these assumptions is called an elastoplastic analysis, or simply, 
plastic analysis, and is described in the next section. 

Figure 2-66d shows a stress-strain diagram consisting of two 
lines having different slopes, called a bilinear stress-strain diagram. 
Note that in both parts of the diagram the relationship between stress 
and strain is linear, but only in the first part is the stress proportional 
to the strain (Hooke's law). This idealized diagram may be used to 
represent materials with strain hardening or it may be used as an 
approximation to diagrams of the general nonlinear shapes shown in 
Figs. 2-66a and b. 


Changes in Lengths of Bars 


The elongation or shortening of a bar can be determined if the stress-strain 
curve of the material is known. To illustrate the general procedure, we will 
consider the tapered bar AB shown in Fig. 2-67a. Both the cross-sectional 
area and the axial force vary along the length of the bar, and the material 
has a general nonlinear stress-strain curve (Fig. 2-67b). Because the bar is 
statically determinate, we can determine the internal axial forces at all 
cross sections from static equilibrium alone. Then we can find the stresses 
by dividing the forces by the cross-sectional areas, and we can find the 





(b) 
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strains from the stress-strain curve. Lastly, we can determine the change in 
length from the strains, as described in the following paragraph. 

The change in length of an element dx of the bar (Fig. 2-67a) is 
€ dx, where e is the strain at distance x from the end. By integrating this 
expression from one end of the bar to the other, we obtain the change in 
length of the entire bar: 


L 
Ô =| € dx (2-68) 
0 


where L is the length of the bar. If the strains are expressed analyti- 
cally, that is, by algebraic formulas, it may be possible to integrate 
Eq. (2-68) by formal mathematical means and thus obtain an expres- 
sion for the change in length. If the stresses and strains are expressed 
numerically, that is, by a series of numerical values, we can proceed 
as follows. We can divide the bar into small segments of length Ax, 
determine the average stress and strain for each segment, and then 
calculate the elongation of the entire bar by summing the elongations 
for the individual segments. This process is equivalent to evaluating 
the integral in Eq. (2-68) by numerical methods instead of by formal 
integration. 

If the strains are uniform throughout the length of the bar, as in the 
case of a prismatic bar with constant axial force, the integration of 
Eq. (2-68) is trivial and the change in length is 


8— eL (2-69) 


as expected (compare with Eq. 1-2 in Section 1.2). 


Ramberg-Osgood Stress-Strain Law 


Stress-strain curves for several metals, including aluminum and magnesium, 
can be accurately represented by the Ramberg-Osgood equation: 


n 

€ Co Co 
at a ee ps (2-70) 
& 00 O0 

In this equation, o and e are the stress and strain, respectively, and eo, do, o, 

and m are constants of the material (obtained from tension tests). An alterna- 

tive form of the equation is 


ERU d (=) (2-71) 
E E OQ 


in which E—909/eo is the modulus of elasticity in the initial part of the 
stress-strain curve. 

A graph of Eq. (2-71) is given in Fig. 2-68 for an aluminum alloy for 
which the constants are as follows: E = 10 X 10° psi, oo = 38,000 psi, 





"The Ramberg-Osgood stress-strain law was presented in Ref. 2-12. 


FIG. 2-68 Stress-strain curve for an 
aluminum alloy using the Ramberg- 


Osgood equation (Eq. 2-72) 
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a = 3/7, and m = 10. The equation of this particular stress-strain 

curve is 
1 10 

EE ae t Gaal 2 | VID) 
10 x 10 614.0 4 38,000 


where ø has units of pounds per square inch (psi). 
A similar equation for an aluminum alloy, but in SI units (E = 
70 GPa, oo = 260 MPa, a = 3/7, and m = 10), is as follows: 


E a (a 2-73 
^ 70,000 | 6282 \ 260 Sen) 


where c has units of megapascals (MPa). The calculation of the change 
in length of a bar, using Eq. (2-73) for the stress-strain relationship, is 
illustrated in Example 2-18. 





Statically Indeterminate Structures 


If a structure is statically indeterminate and the material behaves 
nonlinearly, the stresses, strains, and displacements can be found by solv- 
ing the same general equations as those described in Section 2.4 for 
linearly elastic structures, namely, equations of equilibrium, equations of 
compatibility, and force-displacement relations (or equivalent stress-strain 
relations). The principal difference is that the force-displacement relations 
are now nonlinear, which means that analytical solutions cannot be 
obtained except in very simple situations. Instead, the equations must be 
solved numerically, using a suitable computer program. 
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Example 2-18 


A prismatic bar AB of length L = 2.2 m and cross-sectional area A = 480 mm 
supports two concentrated loads P, = 108 kN and P = 27 kN, as shown in 
Fig. 2-69. The material of the bar is an aluminum alloy having a nonlinear 
stress-strain curve described by the following Ramberg-Osgood equation 
(Eq. 2-73): 








ECCLE UT m) 
70,000 628.2 \260 
— in which ø has units of MPa. (The general shape of this stress-strain curve is 
shown in Fig. 2-68.) 

Determine the displacement 0g of the lower end of the bar under each of the 
following conditions: (a) the load P, acts alone, (b) the load P» acts alone, and 
(c) the loads P, and P, act simultaneously. 

Solution 

(a) Displacement due to the load P, acting alone. The load P, produces a 
uniform tensile stress throughout the length of the bar equal to P,/A, or 225 
MPa. Substituting this value into the stress-strain relation gives € = 0.003589. 
Therefore, the elongation of the bar, equal to the displacement at point B, is (see 
Eq. 2-69) 


—À Es len » 


Op = eL = (0.003589)(2.2 m) = 7.90 mm = 


FIG. 2-69 Example 2-18. Elongation of a 
bar of nonlinear material using the 
Ramberg-Osgood equation 


(b) Displacement due to the load P». acting alone. The stress in the upper 
half of the bar is P;/A or 56.25 MPa, and there is no stress in the lower half. 
Proceeding as in part (a), we obtain the following elongation: 


Op = €L/2 = (0.0008036)(1.1 m) = 0.884 mm dum 


(c) Displacement due to both loads acting simultaneously. 'The stress in the 
lower half of the bar is P,/A and in the upper half is (P, + P5)/A. The corresponding 
stresses are 225 MPa and 281.25 MPa, and the corresponding strains are 0.003589 
and 0.007510 (from the Ramberg-Osgood equation). Therefore, the elongation of 
the bar is 


ôg = (0.003589)(1.1 m) + (0.007510)(1.1 m) 
= 3.95 mm + 8.26 mm = 12.2 mm ea 


The three calculated values of 0g illustrate an important principle pertaining to a 
structure made of a material that behaves nonlinearly: 

In a nonlinear structure, the displacement produced by two (or more) loads 
acting simultaneously is not equal to the sum of the displacements produced by 
the loads acting separately. 


*2.12 ELASTOPLASTIC ANALYSIS 
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FIG. 2-70 Idealized stress-strain diagram 
for an elastoplastic material, such as 
structural steel 





Py 
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FIG. 2-71 Load-displacement diagram for 
a prismatic bar of elastoplastic material 





FIG. 2-72 Statically determinate structure 
consisting of axially loaded members 
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In the preceding section we discussed the behavior of structures when the 
stresses in the material exceed the proportional limit. Now we will 
consider a material of considerable importance in engineering design— 
steel, the most widely used structural metal. Mild steel (or structural 
steel) can be modeled as an elastoplastic material with a stress-strain 
diagram as shown in Fig. 2-70. An elastoplastic material initially behaves 
in a linearly elastic manner with a modulus of elasticity E. After plastic 
yielding begins, the strains increase at a more-or-less constant stress, 
called the yield stress oy. The strain at the onset of yielding is known as 
the yield strain ey. 

The load-displacement diagram for a prismatic bar of elastoplastic 
material subjected to a tensile load (Fig. 2-71) has the same shape as the 
stress-strain diagram. Initially, the bar elongates in a linearly elastic 
manner and Hooke's law is valid. Therefore, in this region of loading 
we can find the change in length from the familiar formula ó — PL/EA. 
Once the yield stress is reached, the bar may elongate without an 
increase in load, and the elongation has no specific magnitude. 
The load at which yielding begins is called the yield load Py and the 
corresponding elongation of the bar is called the yield displace- 
ment dy. Note that for a single prismatic bar, the yield load Py equals 
oyA and the yield displacement ôy equals PyL/EA, or ey L/E. (Similar 
comments apply to a bar in compression, provided buckling does 
not occur.) 

If a structure consisting only of axially loaded members is statically 
determinate (Fig. 2-72), its overall behavior follows the same pattern. 
The structure behaves in a linearly elastic manner until one of its 
members reaches the yield stress. Then that member will begin to elon- 
gate (or shorten) with no further change in the axial load in that member. 
Thus, the entire structure will yield, and its load-displacement diagram 
has the same shape as that for a single bar (Fig. 2-71). 


Statically Indeterminate Structures 


The situation is more complex if an elastoplastic structure is statically 
indeterminate. If one member yields, other members will continue to 
resist any increase in the load. However, eventually enough members 
will yield to cause the entire structure to yield. 

To illustrate the behavior of a statically indeterminate structure, 
we will use the simple arrangement shown in Fig. 2-73 on the next 
page. This structure consists of three steel bars supporting a load P 
applied through a rigid plate. The two outer bars have length L,, the 
inner bar has length L5, and all three bars have the same cross- 
sectional area A. The stress-strain diagram for the steel is idealized as 
shown in Fig. 2-70, and the modulus of elasticity in the linearly elastic 
region is E = ay /€y. 
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As is normally the case with a statically indeterminate structure, 
we begin the analysis with the equations of equilibrium and compati- 
bility. From equilibrium of the rigid plate in the vertical direction we 
obtain 


2F, + F, =P (a) 


where F; and F are the axial forces in the outer and inner bars, respectively. 
Because the plate moves downward as a rigid body when the load is 
applied, the compatibility equation is 


on = Ô> (b) 


where ô; and ô, are the elongations of the outer and inner bars, respectively. 
Because they depend only upon equilibrium and geometry, the two 
preceding equations are valid at all levels of the load P; it does not matter 
whether the strains fall in the linearly elastic region or in the plastic 
region. 

When the load P 1s small, the stresses 1n the bars are less than the 
yield stress oy and the material is stressed within the linearly elastic 
region. Therefore, the force-displacement relations between the bar 
forces and their elongations are 

_ Fol» 


Fil, 
= — Ô = C 
EA ^ — EA © 


Substituting in the compatibility equation (Eq. b), we get 


Ói 





FL, = Fə L> (d) 


Solving simultaneously Eqs. (a) and (d), we obtain 


P PL 
F; = a F, = ——— (2-74a,b) 
L, + 2L5 Li + 2L5 
Thus, we have now found the forces in the bars in the linearly elastic 
f Fi t F, region. The corresponding stresses are 
= Pt PL, F PL, 


= = ———À —  (Q.7Sab 
i^ 7174 AL 2L) 72 A Ad +2L) “>” 


These equations for the forces and stresses are valid provided the stresses 
in all three bars remain below the yield stress oy. 

As the load P gradually increases, the stresses in the bars increase 
until the yield stress is reached in either the inner bar or the outer bars. 
Let us assume that the outer bars are longer than the inner bar, as 
sketched in Fig. 2-73: 





Li Lz (e) 
Rigid l . 
plate Then the inner bar is more highly stressed than the outer bars (see 
Eqs. 2-75a and b) and will reach the yield stress first. When that 
FIG. 2-73 Elastoplastic analysis of a happens, the force in the inner bar is Fa = oy A. The magnitude of the 


statically indeterminate structure load P when the yield stress is first reached in any one of the bars is 


Pp 
Py 





O 


Óy Óp Ó 


FIG. 2-74 Load-displacement diagram for 
the statically indeterminate structure 
shown in Fig. 2-73 


SECTION 2.12  Elastoplastic Analysis 177 


called the yield load Py. We can determine Py by setting F» equal to 
oy A in Eq. (2-74b) and solving for the load: 


1 


As long as the load P is less than Py, the structure behaves in a linearly 
elastic manner and the forces in the bars can be determined from 
Eqs. (2-74a and b). 

The downward displacement of the rigid bar at the yield load, called 
the yield displacement dy, is equal to the elongation of the inner bar 
when its stress first reaches the yield stress oy: 


u F- L> u O5L» _ OyL> 


5 
Y EA E E 


(2-77) 


The relationship between the applied load P and the downward displace- 
ment 6 of the rigid bar is portrayed in the load-displacement diagram of 
Fig. 2-74. The behavior of the structure up to the yield load Py is repre- 
sented by line OA. 

With a further increase in the load, the forces F, in the outer bars 
increase but the force F» in the inner bar remains constant at the value 
oy A because this bar is now perfectly plastic (see Fig. 2-71). When 
the forces F reach the value oy A, the outer bars also yield and there- 
fore the structure cannot support any additional load. Instead, all three 
bars will elongate plastically under this constant load, called the 
plastic load Pp. The plastic load is represented by point B on the load- 
displacement diagram (Fig. 2-74), and the horizontal line BC represents 
the region of continuous plastic deformation without any increase in 
the load. 

The plastic load Pp can be calculated from static equilibrium (Eq. a) 
knowing that 


F; = oyA F> = oyA (f) 
Thus, from equilibrium we find 
Pp = 30y Å (2-78) 


The plastic displacement ôp at the instant the load just reaches the 
plastic load Pp is equal to the elongation of the outer bars at the instant 
they reach the yield stress. Therefore, 

= F we Oo Ly Oo yl 


= = (2-79) 


5 
P FA E E 


Comparing 6p with dy, we see that in this example the ratio of the plastic 
displacement to the yield displacement is 
Op Lt 


= 2-80 
5) L (2-80) 
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Also, the ratio of the plastic load to the yield load is 


Pp — ERN (2-81) 
Bo adf. 


For example, if L; = 1.5L>, the ratios are 0p/óy = 1.5 and Pp/Py = 9/7 = 
1.29. In general, the ratio of the displacements is always larger than the 
ratio of the corresponding loads, and the partially plastic region AB on the 
load-displacement diagram (Fig. 2-74) always has a smaller slope than 
does the elastic region OA. Of course, the fully plastic region 5C has the 
smallest slope (zero). 


General Comments 


To understand why the load-displacement graph is linear in the partially 
plastic region (line AB in Fig. 2-74) and has a slope that is less than in 
the linearly elastic region, consider the following. In the partially plastic 
region of the structure, the outer bars still behave in a linearly elastic 
manner. Therefore, their elongation is a linear function of the load. 
Since their elongation is the same as the downward displacement of the 
rigid plate, the displacement of the rigid plate must also be a linear 
function of the load. Consequently, we have a straight line between 
points A and B. However, the slope of the load-displacement diagram in 
this region is less than in the initial linear region because the inner 
bar yields plastically and only the outer bars offer increasing resist- 
ance to the increasing load. In effect, the stiffness of the structure has 
diminished. 

From the discussion associated with Eq. (2-78) we see that the 
calculation of the plastic load Pp requires only the use of statics, 
because all members have yielded and their axial forces are known. In 
contrast, the calculation of the yield load Py requires a statically inde- 
terminate analysis, which means that equilibrium, compatibility, and 
force-displacement equations must be solved. 

After the plastic load Pp is reached, the structure continues to deform 
as shown by line BC on the load-displacement diagram (Fig. 2-74). Strain 
hardening occurs eventually, and then the structure is able to support addi- 
tional loads. However, the presence of very large displacements usually 
means that the structure is no longer of use, and so the plastic load Pp is 
usually considered to be the failure load. 

The preceding discussion has dealt with the behavior of a structure 
when the load is applied for the first time. If the load is removed before 
the yield load is reached, the structure will behave elastically and return to 
its original unstressed condition. However, if the yield load is exceeded, 
some members of the structure will retain a permanent set when the load 
is removed, thus creating a prestressed condition. Consequently, the struc- 
ture will have residual stresses in it even though no external loads are 
acting. If the load is applied a second time, the structure will behave in a 
different manner. 





The structure shown in Fig. 2-75a consists of a horizontal beam AB (assumed to 
be rigid) supported by two identical bars (bars 1 and 2) made of an elastoplastic 
material. The bars have length L and cross-sectional area A, and the material has 
yield stress oy, yield strain ey, and modulus of elasticity E = o y/ey. The beam 
has length 35 and supports a load P at end B. 

(a) Determine the yield load Py and the corresponding yield displacement 
Oy at the end of the bar (point B). 

(b) Determine the plastic load Pp and the corresponding plastic displace- 
ment 6p at point B. 

(c) Construct a load-displacement diagram relating the load P to the 
displacement óg of point B. 


A F5 P 





FIG. 2-75 Example 2-19. Elastoplastic p dy Op=2dy OB 
analysis of a statically indeterminate (a) (b) 
structure 

Solution 


Equation of equilibrium. Because the structure is statically indeterminate, 
we begin with the equilibrium and compatibility equations. Considering the equi- 
librium of beam AB, we take moments about point A and obtain 


> M,=0 F(b) + F (2b) — P(3b) = 0 
in which F; and F^ are the axial forces in bars 1 and 2, respectively. This equa- 
tion simplifies to 
F, + 2F, = 3P (g) 


Equation of compatibility. The compatibility equation is based upon the 
geometry of the structure. Under the action of the load P the rigid beam rotates 
about point A, and therefore the downward displacement at every point along the 
beam is proportional to its distance from point A. Thus, the compatibility equa- 
tion 1S 


Ô> z 20, (h) 


where ô is the elongation of bar 2 and ô is the elongation of bar 1. 


continued 
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(a) Yield load and yield displacement. When the load P is small and the 
stresses in the material are in the linearly elastic region, the force-displacement 
relations for the two bars are 


FAL FL aa 
= —— = LI 1, 
eee ae 
Combining these equations with the compatibility condition (Eq. h) gives 
Ho a TES or Fy = 2F; (k) 
EA EA 
Now substituting into the equilibrium equation (Eq. g), we find 
3P 6P 
F, = — = — l,m 
177g 2: (I,m) 


Bar 2, which has the larger force, will be the first to reach the yield stress. At that 
instant the force in bar 2 will be F5 = oyA. Substituting that value into Eq. (m) 
gives the yield load Py, as follows: 


Py= IM (2-82) «m 


The corresponding elongation of bar 2 (from Eq. j) is 62 = e yL/E, and therefore 
the yield displacement at point B is 





ET 305 _ 30yL 
ó,- = 
D DE 


(2-83) «mm 
Both Py and ôy are indicated on the load-displacement diagram (Fig. 2-75b). 

(b) Plastic load and plastic displacement. When the plastic load Pp is 
reached, both bars will be stretched to the yield stress and both forces F 
and F5 will be equal to ey A. It follows from equilibrium (Eq. g) that the plastic 
load is 


Pp = OyA (2-84) =a 


At this load, the left-hand bar (bar 1) has just reached the yield stress; there- 
fore, its elongation (from Eq. 1) is 0; = oy L/E, and the plastic displacement of 
point B is 


30yL 


Op = 30, = E 


(2-85) «mm 
The ratio of the plastic load Pp to the yield load Py is 6/5, and the ratio of the 
plastic displacement 6p to the yield displacement dy is 2. These values are also 
shown on the load-displacement diagram. 

(c) Load-displacement diagram. The complete load-displacement behavior 
of the structure is pictured in Fig. 2-75b. The behavior is linearly elastic in 
the region from O to A, partially plastic from A to B, and fully plastic from B to C. 





In Chapter 2, we investigated the behavior of axially loaded bars acted on by distrib- 
uted loads, such as self weight, and also temperature changes and prestrains. We 
developed force-displacement relations for use in computing changes in lengths of 
bars under both uniform (i.e., constant force over its entire length) and nonuniform 
conditions (i.e., axial forces, and perhaps also cross-sectional area, vary over the 
length of the bar). Then, equilibrium and compatibility equations were developed for 
statically indeterminate structures in a superposition procedure leading to solution for 
all unknown forces, stresses, etc. We developed equations for normal and shear 
stresses on inclined sections and, from these equations, found maximum normal and 
shear stresses along the bar. A number of advanced topics were presented in the last 
parts of the chapter. The major concepts presented in this chapter are as follows: 


1. The elongation or shortening of prismatic bars subjected to tensile or compres- 
sive centroidal loads is proportional to both the load and the length of the bar, 
and inversely proportional to the axial rigidity (EA) of the bar; this relationship is 
called a force-displacement relation. 


2. Cables are tension-only elements, and an effective modulus of elasticity (E,) 
and effective cross sectional area (A,) should be used to account for the tighten- 
ing effect that occurs when cables are placed under load. 


3. The axial rigidity per unit length of a bar is referred to as its stiffness (k), and 
the inverse relationship is the flexibility (f A/ k) of the bar. 


4. The summation of the displacements of the individual segments of a nonpris- 
matic bar equals the elongation or shortening of the entire bar (6). Free-body 
diagrams are used to find the axial force (Mj in each segment /; if axial forces 
and/or cross sectional areas vary continuously, an integral expression is 
required. 


5. If the bar structure is statically indeterminate, additional equations (beyond 
those available from statics) are required to solve for unknown forces. Compati- 
bility equations are used to relate bar displacements to support conditions and 
thereby generate additional relationships among the unknowns. It is convenient 
to use a Superposition of “released” (or statically determinate) structures to 
represent the actual statically indeterminate bar structure. 


6. Thermal effects result in displacements proportional to the temperature change 
and the length of the bar but not stresses in statically determinate structures. 
The coefficient of thermal expansion (o) of the material also is required to com- 
pute axial displacements due to thermal effects. 


7. Misfits and prestrains induce axial forces only in statically indeterminate bars. 


8. Maximum normal and shear stresses can be obtained by considering an inclined 
stress element for a bar loaded by axial forces. The maximum normal stress 
occurs along the axis of the bar, but the maximum shear stress occurs at an incli- 
nation of 45? to the axis of the bar, and the maximum shear stress is one-half of 
the maximum normal stress. 


182 CHAPTER2  Axially Loaded Members 


PROBLEMS CHAPTER 2 


Changes in Lengths of Axially Loaded Members 


2.2-1 The L-shaped arm ABC shown in the figure lies in a 
vertical plane and pivots about a horizontal pin at A. The 
arm has constant cross-sectional area and total weight W. 
A vertical spring of stiffness k supports the arm at point B. 
Obtain a formula for the elongation of the spring due to the 
weight of the arm. 





PROB. 2.2-1 


2.2-2 ^ steel cable with nominal diameter 25 mm (see 
Table 2-1) is used in a construction yard to lift a bridge 
section weighing 38 kN, as shown in the figure. The cable 
has an effective modulus of elasticity E — 140 GPa. 

(a) If the cable is 14 m long, how much will it stretch 
when the load is picked up? 

(b) If the cable is rated for a maximum load of 70 kN, 
what is the factor of safety with respect to failure of the 
cable? 





PROB. 2.2-2 


2.2-3 A steel wire and a copper wire have equal lengths 
and support equal loads P (see figure). The moduli of 
elasticity for the steel and copper are E, — 30,000 ksi and 
E, = 18,000 ksi, respectively. 

(a) If the wires have the same diameters, what is the 
ratio of the elongation of the copper wire to the elongation 
of the steel wire? 

(b) If the wires stretch the same amount, what is the 
ratio of the diameter of the copper wire to the diameter of 
the steel wire? 








PROB. 2.2-3 


2.2-4 By what distance h does the cage shown in the figure 
move downward when the weight W is placed inside it? 
(See the figure on the next page.) 

Consider only the effects of the stretching of the 
cable, which has axial rigidity EA = 10,700 kN. The 
pulley at A has diameter d4 — 300 mm and the pulley at B 
has diameter dg = 150 mm. Also, the distance L, = 4.6 m, 
the distance L, = 10.5 m, and the weight W = 22 KN. 
(Note: When calculating the length of the cable, include 
the parts of the cable that go around the pulleys at A 
and B.) 





PROB. 2.2-4 


2.2-5 A safety valve on the top of a tank containing steam 
under pressure p has a discharge hole of diameter d (see 
figure). The valve is designed to release the steam when the 
pressure reaches the value pmax- 

If the natural length of the spring is L and its stiffness is k, 
what should be the dimension A of the valve? (Express your 
result as a formula for h.) 





PROB. 2.2-5 


2.2-6 The device shown in the figure consists of a pointer 
ABC supported by a spring of stiffness k = 800 N/m. The 
spring is positioned at distance b — 150 mm from the pinned 
end A of the pointer. The device is adjusted so that when 
there is no load P, the pointer reads zero on the angular scale. 
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If the load P = 8 N, at what distance x should the load 
be placed so that the pointer will read 3? on the scale? 





PROB. 2.2-6 


2.2-7 Two rigid bars, AB and CD, rest on a smooth hori- 
zontal surface (see figure). Bar AB is pivoted end A, and 
bar CD is pivoted at end D. The bars are connected to 
each other by two linearly elastic springs of stiffness k. 
Before the load P is applied, the lengths of the springs are 
such that the bars are parallel and the springs are without 
stress. 

Derive a formula for the displacement óc at point C 
when the load P is acting near point B as shown. (Assume 
that the bars rotate through very small angles under the 
action of the load P.) 





PROB. 2.2-7 
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2.2-8 The three-bar truss ABC shown in the figure has a 
span L — 3 m and is constructed of steel pipes having cross- 
sectional area A = 3900 mm^ and modulus of elasticity E = 
200 GPa. Identical loads P act both vertically and horizon- 
tally at joint C, as shown. 

(a) If P — 650 kN, what is the horizontal displacement 
of joint B? 

(b) What is the maximum permissible load value P nax 
if the displacement of joint B is limited to 1.5 mm? 








PROB. 2.2-8 


2.2-9 An aluminum wire having a diameter d — 1/10 in. 
and length L = 12 ft is subjected to a tensile load P (see 
figure). The aluminum has modulus of elasticity E — 
10,600 ksi 

If the maximum permissible elongation of the wire is 
1/8 in. and the allowable stress in tension is 10 ksi, what is 
the allowable load Pmax? 


PROB. 2.2-9 


2.2-10 A uniform bar AB of weight W — 25 N is supported 
by two springs, as shown in the figure. The spring on the left 
has stiffness kı = 300 N/m and natural length L; = 250 mm. 
The corresponding quantities for the spring on the right are 
kə = 400 N/m and L, = 200 mm. The distance between the 
springs is L = 350 mm, and the spring on the right is 
suspended from a support that is distance h = 80 mm below 
the point of support for the spring on the left. Neglect the 
weight of the springs. 

(a) At what distance x from the left-hand spring (figure 
part a) should a load P — 18 N be placed in order to bring 
the bar to a horizontal position? 


(b) If P is now removed, what new value of kı is 
required so that the bar (figure part a) will hang in a hori- 
zontal position under weight W? 

(c) If P is removed and Kk, = 300 N/m, what distance b 
should spring k, be moved to the right so that the bar (figure 
part a) will hang in a horizontal position under weight W? 

(d) If the spring on the left is now replaced by two 
springs in series (k, = 300N/m, k3) with overall natural 
length L; = 250 mm (see figure part b), what value of &; is 
required so that the bar will hang in a horizontal position 
under weight W? 
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(b) 
PROB. 2.2-10 


2.2-11 A hollow, circular, cast-iron pipe (E, = 12,000 ksi) 
supports a brass rod (E, = 14,000 ksi) and weight W = 2 kips, 
as shown. The outside diameter of the pipe is d. = 6 in. 

(a) If the allowable compressive stress in the pipe is 
5000 psi and the allowable shortening of the pipe is 0.02 in., 
what is the minimum required wall thickness f.,min? (Include 
the weights of the rod and steel cap in your calculations.) 


(b) What is the elongation of the brass rod 0, due to 
both load W and its own weight? 
(c) What is the minimum required clearance A? 


Nut & washer 


lla) Cm 


Steel cap 
(f, = 1 in.) 











Cast iron pipe 


(d. = 6 in., to) L= 3.5 ft 


Le =4ft 


Brass rod 
(4 = E in. 






PROB. 2.2-11 


*2.2-12 The horizontal rigid beam ABCD is supported by 
vertical bars BE and CF and is loaded by vertical forces 
P, = 400 kN and P, = 360 KN acting at points A and D, 
respectively (see figure). Bars BE and CF are made of 
steel (E = 200 GPa) and have cross-sectional areas 
Apr = 11,100 mm? and Acr = 9,280 mm’. The distances 
between various points on the bars are shown in the figure. 

Determine the vertical displacements 6, and 6p of 
points A and D, respectively. 


k— 1.5 m—>— 1.5 m —>}<— 2.1 m —> 





PROB. 2.2-12 
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**2,2-13 A framework ABC consists of two rigid bars AB 
and BC, each having length b (see the first part of the figure 
below). The bars have pin connections at A, B, and C and 
are joined by a spring of stiffness k. The spring is attached at 
the midpoints of the bars. The framework has a pin support 
at A and a roller support at C, and the bars are at an angle a 
to the horizontal. 

When a vertical load P is applied at joint B (see the 
second part of the figure at the top of the next column) the 
roller support C moves to the right, the spring is stretched, 
and the angle of the bars decreases from o to the angle 0. 

Determine the angle 0 and the increase ô in the distance 
between points A and C. (Use the following data; b = 8.0 in., 
k = 16 Ib/in., a = 45°, and P = 10 lb.) 


**9,2-14 Solve the preceding problem for the following 
data: b = 200 mm, k = 3.2 kN/m, a = 45°, and P = 50 N. 








PROBS. 2.2-13 and 2.2-14 
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Changes in Lengths Under Nonuniform Conditions 


2.3-1 Calculate the elongation of a copper bar of solid 
circular cross section with tapered ends when it is stretched 
by axial loads of magnitude 3.0 k (see figure). 

The length of the end segments is 20 in. and the length 
of the prismatic middle segment is 50 in. Also, the diameters 
at cross sections A, B, C, and D are 0.5, 1.0, 1.0, and 0.5 in., 
respectively, and the modulus of elasticity is 18,000 ksi. 
(Hint: Use the result of Example 2-4.) 


A B 
3.0k C D 
50 n Umm 0" 


PROB. 2.3-1 


2.3-2 A long, rectangular copper bar under a tensile load P 
hangs from a pin that is supported by two steel posts (see 
figure). The copper bar has a length of 2.0 m, a cross-sectional 
area of 4800 mm”, and a modulus of elasticity E. = 120 GPa. 
Each steel post has a height of 0.5 m, a cross-sectional area of 
4500 mm”, and a modulus of elasticity E, = 200 GPa. 

(a) Determine the downward displacement 6 of the 
lower end of the copper bar due to a load P — 180 kN. 

(b) What is the maximum permissible load Pmax if the 
displacement 8 is limited to 1.0 mm? 





PROB. 2.3-2 


2.3-3 A steel bar AD (see figure) has a cross-sectional 
area of 0.40 in.” and is loaded by forces P, = 2700 Ib, 
P, = 1800 Ib, and P, = 1300 Ib. The lengths of the 
segments of the bar are a — 60 in., b — 24 in., and c — 36 in. 

(a) Assuming that the modulus of elasticity E = 
30 x 10° psi, calculate the change in length 6 of the bar. 
Does the bar elongate or shorten? 

(b) By what amount P should the load P3 be increased 
so that the bar does not change in length when the three loads 
are applied? 


Pi P, 
|o mI — P} 
A B C D 

VA S P 


PROB. 2.3-3 


2.3-4 A rectangular bar of length L has a slot in the middle 
half of its length (see figure). The bar has width b, thickness f, 
and modulus of elasticity E. The slot has width 5/4. 

(a) Obtain a formula for the elongation ó of the bar due 
to the axial loads P. 

(b) Calculate the elongation of the bar if the material is 
high-strength steel, the axial stress in the middle region is 
160 MPa, the length is 750 mm, and the modulus of elas- 
ticity is 210 GPa. 





PROBS. 2.3-4 and 2.3-5 


2.3-5 Solve the preceding problem if the axial stress in the 
middle region is 24,000 psi, the length is 30 in., and the 
modulus of elasticity is 30 X 10° psi. 


2.3-6 A two-story building has steel columns AB in the first 
floor and BC in the second floor, as shown in the figure. The 
roof load P, equals 400 kN and the second-floor load P; 
equals 720 kN. Each column has length L — 3.75 m. The 
cross-sectional areas of the first- and second-floor columns 
are 11,000 mm? and 3,900 mm, respectively. 

(a) Assuming that E = 206 GPa, determine the total 
shortening 04c of the two columns due to the combined 
action of the loads P, and P;. 


(b) How much additional load Po can be placed at the 
top of the column (point C) if the total shortening O4c is not 
to exceed 4.0 mm? 


P, = 400 kN 








PROB. 2.3-6 


2.3-7 A steel bar 8.0 ft long has a circular cross section of 
diameter d, — 0.75 in. over one-half of its length and diam- 
eter dọ = 0.5 in. over the other half (see figure). The 
modulus of elasticity E = 30 X 10° psi. 

(a) How much will the bar elongate under a tensile load 
P — 5000 Ib? 

(b) If the same volume of material is made into a bar of 
constant diameter d and length 8.0 ft, what will be the elon- 
gation under the same load P? 


d, = 0.75 in. 






| da = 0.50 in. 


uM ft D ft EN 


PROB. 2.3-7 





P = 5000 Ib 


2.3-8 A bar ABC of length L consists of two parts of equal 
lengths but different diameters. Segment AB has diameter 
d, = 100 mm, and segment BC has diameter d; = 60 mm. 
Both segments have length L/2 — 0.6 m. A longitudinal hole 
of diameter d is drilled through segment AB for one-half of 
its length (distance L/4 — 0.3 m). The bar is made of plastic 
having modulus of elasticity E = 4.0 GPa. Compressive 
loads P — 110 kN act at the ends of the bar. 

(a) If the shortening of the bar is limited to 8.0 mm, 
what is the maximum allowable diameter dmax of the hole? 
(See figure part a.) 

(b) Now, if dmax 1s instead set at d>/2, at what distance b 
from end C should load P be applied to limit the bar short- 
ening to 8.0 mm? (See figure part b.) 
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(c) Finally, if loads P are applied at the ends and 
dmax = d5/2, what is the permissible length x of the hole if 
shortening is to be limited to 8.0 mm? (See figure part c.) 





PROB. 2.3-8 
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2.3-9 A wood pile, driven into the earth, supports a 
load P entirely by friction along its sides (see figure). 
The friction force f per unit length of pile is assumed to 
be uniformly distributed over the surface of the pile. The 
pile has length L, cross-sectional area A, and modulus of 
elasticity E. 

(a) Derive a formula for the shortening 6 of the pile in 
terms of P, L, E, and A. 

(b Draw a diagram showing how the compressive 
stress g, varies throughout the length of the pile. 





PROB. 2.3-9 


Sweated 
joint 









2.3-10 Consider the copper tubes joined below using a 
"sweated" joint. Use the properties and dimensions 
given. 

(a) Find the total elongation of segment 2-3-4 (05 4) for 
an applied tensile force of P = 5 kN. Use E, = 120 GPa. 

(b) If the yield strength in shear of the tin-lead 
solder is 7, — 30 MPa and the tensile yield strength of the 
copper is a, = 200 MPa, what is the maximum load Pmax 
that can be applied to the joint if the desired factor of 
safety in shear is FS, = 2 and in tension is FS, = 1.7? 

(c) Find the value of L, at which tube and solder 
capacities are equal. 


2.3-11 The nonprismatic cantilever circular bar shown has 
an internal cylindrical hole of diameter d/2 from 0 to x, so 
the net area of the cross section for Segment 1 is (3/4)A. 
Load P is applied at x, and load P/2 is applied at x = L. 
Assume that E is constant. 


o. Segment number 
Solder joints 


L3 = 40 mm 
L> = L4 = 18 mm 


Tin-lead solder in space 
between copper tubes; 
assume thickness of 
solder equal zero 
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(a) Find reaction force R}. 

(b) Find internal axial forces N; in segments 1 and 2. 

(c) Find x required to obtain axial displacement at 
joint 3 of 04 — PL/EA. 

(d) In (c), what is the displacement at joint 2, ô? 

(e) If P acts at x — 2L/3 and P/2 at joint 3 is replaced 
by BP, find B so that ô = PL/EA. 

(f) Draw the axial force (AFD: M(x), 0 S x x L) and 
axial displacement (ADD: ôx), O-zx-L) diagrams 
using results from (b) through (d) above. 


Segment 1 Segment 2 








AFD 0 0 
ADD 0 0 
PROB. 2.3-11 


2.3-12 A prismatic bar AB of length L, cross-sectional area 
A, modulus of elasticity E, and weight W hangs vertically 
under its own weight (see figure). 

(a) Derive a formula for the downward displacement óc 
of point C, located at distance h from the lower end of 
the bar. 

(b) What is the elongation 0g of the entire bar? 

(c) What is the ratio 6 of the elongation of the upper 
half of the bar to the elongation of the lower half of the 
bar? 
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PROB. 2.3-12 


*2.3-13 A flat bar of rectangular cross section, length L, and 
constant thickness t is subjected to tension by forces P (see 
figure). The width of the bar varies linearly from b, at the 
smaller end to b, at the larger end. Assume that the angle of 
taper is small. 

(a) Derive the following formula for the elongation of 
the bar: 


PL b; 
ô = —————— In— 
Et(by — bı) by 


(b) Calculate the elongation, assuming L = 5 ft, 
t = 10 in, P = 25 k, b, = 4.0 in., b; = 6.0 in., and 
E = 30 X 10° psi. 





PROB. 2.3-13 
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*2,3-14 A post AB supporting equipment in a laboratory is 
tapered uniformly throughout its height H (see figure). The 
cross sections of the post are square, with dimensions b X b 
at the top and 1.55 X 1.5b at the base. 

Derive a formula for the shortening 6 of the post due to 
the compressive load P acting at the top. (Assume that the 
angle of taper is small and disregard the weight of the post 
itself.) 





PROB. 2.3-14 


*2.3-15 A long, slender bar in the shape of a right circular 
cone with length L and base diameter d hangs vertically 
under the action of its own weight (see figure). The weight of 
the cone is W and the modulus of elasticity of the material 
is E. 

Derive a formula for the increase 6 in the length of the 
bar due to its own weight. (Assume that the angle of taper of 
the cone is small.) 








PROB. 2.3-15 


2.3-16 A uniformly tapered tube AB of circular cross 
section and length L is shown in the figure. The average 
diameters at the ends are d4 and dg = 2d4. Assume E is 
constant. Derive a formula for the elongation 6 of the tube 
when it is subjected to loads P acting at the ends for the 
following cases: 

(a) A hole of constant diameter d4 is drilled from B 
toward A to form a hollow section of length x (see figure 
part a). 

(b) A hole of variable diameter d(x) is drilled from B 
toward A to form a hollow section of length x and 
constant thickness f (see figure part b). (Assume that 
t = d4/20.) 





t constant 


(b) 


PROB. 2.3-16 


**2.3-17 The main cables of a suspension bridge [see part (a) 
of the figure] follow a curve that is nearly parabolic because 
the primary load on the cables is the weight of the bridge 
deck, which is uniform in intensity along the horizontal. 
Therefore, let us represent the central region AOB of one of 
the main cables [see part (b) of the figure] as a parabolic 
cable supported at points A and B and carrying a uniform 


load of intensity q along the horizontal. The span of the cable 
is L, the sag is h, the axial rigidity is EA, and the origin of 
coordinates is at midspan. 
(a) Derive the following formula for the elongation of 
cable AOB shown in part (b) of the figure: 
Ur 16h? 


ô = 1+ 
ShEA ( ar? 








) 


(b) Calculate the elongation ó of the central span of 
one of the main cables of the Golden Gate Bridge, 
for which the dimensions and properties are L — 4200 ft, 
h = 470 ft, q = 12,700 lb/ft, and E = 28,800,000 psi. 
The cable consists of 27,572 parallel wires of diameter 
0.196 in. 

Hint: Determine the tensile force T at any point in the 
cable from a free-body diagram of part of the cable; then 
determine the elongation of an element of the cable of length 
ds; finally, integrate along the curve of the cable to obtain an 
equation for the elongation ô. 








PROB. 2.3-17 


**2.3-18 A bar ABC revolves in a horizontal plane about 
a vertical axis at the midpoint C (see figure). The bar, 
which has length 2L and cross-sectional area A, revolves at 
constant angular speed w. Each half of the bar (AC and 
BC) has weight W, and supports a weight W, at its end. 
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Derive the following formula for the elongation of 
one-half of the bar (that is, the elongation of either AC 
or BC): 


2 2 
L^o 


———- (Wi + 3W 
3gEA | 1 2) 


in which £ is the modulus of elasticity of the material of the 
bar and g is the acceleration of gravity. 





PROB. 2.3-18 


Statically Indeterminate Structures 


2.4-1 The assembly shown in the figure consists of a brass 
core (diameter d; — 0.25 in.) surrounded by a steel shell 
(inner diameter dp = 0.28 in., outer diameter d4 = 0.35 in.). 
A load P compresses the core and shell, which have length 
L — 4.0 in. The moduli of elasticity of the brass and steel are 
E, = 15 X 10° psi and E, = 30 X 10° psi, respectively. 

(a What load P will compress the assembly by 
0.003 in.? 

(b) If the allowable stress in the steel is 22 ksi and the 
allowable stress in the brass is 16 ksi, what is the allowable 
compressive load Panow? (Suggestion: Use the equations 
derived in Example 2-5.) 


Steel shell 
Brass core 








PROB. 2.4-1 
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2.4-2 A cylindrical assembly consisting of a brass core and 
an aluminum collar is compressed by a load P (see figure). 
The length of the aluminum collar and brass core is 350 mm, 
the diameter of the core is 25 mm, and the outside diameter 
of the collar is 40 mm. Also, the moduli of elasticity of the 
aluminum and brass are 72 GPa and 100 GPa, respectively. 

(a) If the length of the assembly decreases by 0.1% when 
the load P is applied, what is the magnitude of the load? 

(b) What is the maximum permissible load Pmax if the 
allowable stresses in the aluminum and brass are 80 MPa and 
120 MPa, respectively? (Suggestion: Use the equations 
derived in Example 2-5.) 


Aluminum collar 


Brass core 





PROB. 2.4-2 


2.4-3 Three prismatic bars, two of material A and one of 
material B, transmit a tensile load P (see figure). The two outer 
bars (material A) are identical. The cross-sectional area of the 
middle bar (material B) is 5096 larger than the cross-sectional 
area of one of the outer bars. Also, the modulus of elasticity of 
material A is twice that of material B. 

(a) What fraction of the load P is transmitted by the 
middle bar? 

(b) What is the ratio of the stress in the middle bar to the 
stress in the outer bars? 


(c) What is the ratio of the strain in the middle bar to the 
strain in the outer bars? 





PROB. 2.4-3 


2.4-4 A circular bar ACB of diameter d having a cylindrical 
hole of length x and diameter d/2 from A to C is held 
between rigid supports at A and B. A load P acts at L/2 from 
ends A and B. Assume E is constant. 

(a) Obtain formulas for the reactions R4 and Rpg at 
supports A and B, respectively, due to the load P (see figure 
part a). 

(b) Obtain a formula for the displacement ó at the 
point of load application (see figure part a). 

(c) For what value of x is Rg = (6/5) R4? (See figure part a.) 

(d) Repeat (a) if the bar is now tapered linearly from A to 
B as shown in figure part b and x = L/2. 

(e) Repeat (a) if the bar is now rotated to a vertical posi- 
tion, load P is removed, and the bar is hanging under its own 
weight (assume mass density — p). (See figure part c.) Assume 
that x = L/2 








NEED E 
BAM 
RA | a d Kp 
—— ! —— 
r | C B 
a NA 
(a) 





L-x 
C 
d 
2 x 
d 
A 





(c) 
PROB. 2.4-4 


2.4-5 Three steel cables jointly support a load of 12 k (see 
figure). The diameter of the middle cable is 3/4 in. and 
the diameter of each outer cable is 1/2 in. The tensions in 
the cables are adjusted so that each cable carries one-third of 
the load (1.e., 4 k). Later, the load is increased by 9 k to a 
total load of 21 k. 

(a) What percent of the total load is now carried by the 
middle cable? 

(b) What are the stresses oy, and oo in the middle and 
outer cables, respectively? (Note: See Table 2-1 in Section 2.2 
for properties of cables.) 
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PROB. 2.4-5 


2.4-6 A plastic rod AB of length L = 0.5 m has a diam- 
eter d; = 30 mm (see figure). A plastic sleeve CD of 
length c — 0.3 m and outer diameter d; — 45 mm is 
securely bonded to the rod so that no slippage can occur 
between the rod and the sleeve. The rod is made of an 
acrylic with modulus of elasticity E, — 3.1 GPa and the 
sleeve is made of a polyamide with E; = 2.5 GPa. 

(a) Calculate the elongation 6 of the rod when it is 
pulled by axial forces P — 12 kN. 

(b) If the sleeve is extended for the full length of the 
rod, what is the elongation? 

(c) If the sleeve is removed, what is the elongation? 












< L > 








PROB. 2.4-6 
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2.4-7 The axially loaded bar ABCD shown in the figure is 
held between rigid supports. The bar has cross-sectional 
area A, from A to C and 2A, from C to D. 

(a) Derive formulas for the reactions R4 and Rp at the 
ends of the bar. 

(b) Determine the displacements ôg and 6¢ at points B 
and C, respectively. 

(c) Draw an axial-displacement diagram (ADD) in 
which the abscissa is the distance from the left-hand support 
to any point in the bar and the ordinate is the horizontal 
displacement ó at that point. 


Ai 2A, 
lA 


a 
A B C D 
LL Lo. 


PROB. 2.4-7 


2.4-8 The fixed-end bar ABCD consists of three prismatic 
segments, as shown in the figure. The end segments have 
cross-sectional area A, = 840 mm? and length L; = 200 mm. 
The middle segment has cross-sectional area A; = 1260 mm? 
and length La = 250 mm. Loads Pg and Pc are equal to 
25.5 kN and 17.0 kN, respectively. 

(a) Determine the reactions R4 and Rp at the fixed 
supports. 

(b) Determine the compressive axial force Fac in the 
middle segment of the bar. 








| Li m 


PROB. 2.4-8 


2.4-9 The aluminum and steel pipes shown in the figure are 
fastened to rigid supports at ends A and B and to a rigid plate 
C at their junction. The aluminum pipe is twice as long as the 
steel pipe. Two equal and symmetrically placed loads P act 
on the plate at C. 

(a) Obtain formulas for the axial stresses o, and o; in 
the aluminum and steel pipes, respectively. 

(b) Calculate the stresses for the following data: P = 12 k, 
cross-sectional area of aluminum pipe A, = 8.92 in, cross- 
sectional area of steel pipe A, = 1.03 in.*, modulus of elasticity 
of aluminum E, = 10 X 10° psi, and modulus of elasticity of 
steel E, = 29 X 10° psi. 





L 


| 
| 


T Aluminum 


Cc 
pipe 
B 


PROB. 2.4-9 


2.4-10 A nonprismatic bar ABC is composed of two 
segments: AB of length Lı and cross-sectional area Aj; 
and BC of length L5 and cross-sectional area A». 
The modulus of elasticity E, mass density p, and accelera- 
tion of gravity g are constants. Initially, bar ABC is 
horizontal and then is restrained at A and C and rotated to 
a vertical position. The bar then hangs vertically under its 
own weight (see figure). Let A; = 2A, = A and £L, = 3 Li 

2 5 
L> = 2L, 

(a) Obtain formulas for the reactions R4 and Rc at 
supports A and C, respectively, due to gravity. 

(b) Derive a formula for the downward displacement 6, 
of point B. 

(c) Find expressions for the axial stresses a small 
distance above points B and C, respectively. 


"ur: 
Ly 
S 
Stress 
elements 


2: an 
ls 


2.4-11 A bimetallic bar (or composite bar) of square 
cross section with dimensions 2b X 2b is constructed of 
two different metals having moduli of elasticity E, and 
E, (see figure). The two parts of the bar have the same 
cross-sectional dimensions. The bar is compressed by 
forces P acting through rigid end plates. The line of 
action of the loads has an eccentricity e of such magni- 
tude that each part of the bar is stressed uniformly in 
compression. 

(a) Determine the axial forces P, and P; in the two parts 
of the bar. 

(b) Determine the eccentricity e of the loads. 

(c) Determine the ratio o/o» of the stresses in the two 
parts of the bar. 


PROB. 2.4-10 








PROB. 2.4-11 
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2.4-12 A rigid bar of weight W = 800 N hangs from three 
equally spaced vertical wires (length L — 150 mm, spacing 
a = 50 mm): two of steel and one of aluminum. The wires 
also support a load P acting on the bar. The diameter of 
the steel wires is d, — 2 mm, and the diameter of the 
aluminum wire is d, = 4 mm. Assume E, = 210 GPa and 
E, = 70 GPa. 

(a) What load Panow can be supported at the midpoint of 
the bar (x = a) if the allowable stress in the steel wires is 
220 MPa and in the aluminum wire is 80 MPa? (See figure 
part a.) 

(b) What is Panow if the load is positioned at x = a/2? 
(See figure part a.) 

(c) Repeat (b) above if the second and third wires are 
switched as shown in figure part b. 


Rigid bar 
of weight W 





Rigid bar 
of weight W 
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*2.4-13 A horizontal rigid bar of weight W — 7200 Ib is 
supported by three slender circular rods that are equally 
spaced (see figure). The two outer rods are made of 
aluminum (E; = 10 X 10° psi) with diameter d, = 0.4 in. and 
length L; = 40 in. The inner rod is magnesium (E, = 6.5 X 
10° psi) with diameter dọ and length L». The allowable 
stresses in the aluminum and magnesium are 24,000 psi and 
13,000 psi, respectively. 

If it is desired to have all three rods loaded to their 
maximum allowable values, what should be the diameter d; 
and length L, of the middle rod? 








W = weight of rigid bar 
PROB. 2.4-13 


2.4-14 A circular steel bar ABC (E = 200 GPa) has cross- 
sectional area A, from A to B and cross-sectional area A> from 
B to C (see figure). The bar is supported rigidly at end A and 
is subjected to a load P equal to 40 KN at end C. A circular 
steel collar BD having cross-sectional area A3 supports the bar 
at B. The collar fits snugly at B and D when there is no load. 

Determine the elongation ac of the bar due to the 
load P. (Assume L, = 2L3 = 250 mm, L, = 225 mm, A, = 
2A; = 960 mm’, and A, = 300 mm.) 





PROB. 2.4-14 


**2.4-15 A rigid bar AB of length L = 66 in. is hinged to a 
support at A and supported by two vertical wires attached at 
points C and D (see figure). Both wires have the same cross- 
sectional area (A = 0.0272 in?) and are made of the same 
material (modulus E = 30 x 10° psi). The wire at C has length 
h = 18 in. and the wire at D has length twice that amount. The 
horizontal distances are c — 20 in. and d — 50 in. 

(a) Determine the tensile stresses oc and op in the 
wires due to the load P — 340 Ib acting at end B of the bar. 

(b) Find the downward displacement ôg at end B of the 
bar. 





PROB. 2.4-15 


*2,4-16 A rigid bar ABCD is pinned at point B and 
supported by springs at A and D (see figure). The springs 
at A and D have stiffnesses kı = 10 kN/m and ky = 
25 kN/m, respectively, and the dimensions a, b, and c are 
250 mm, 500 mm, and 200 mm, respectively. A load P acts 
at point C. 

If the angle of rotation of the bar due to the action of the 
load P is limited to 3?, what is the maximum permissible 
load P. 


b = 500 mm 








a = 250 mm 
A B 








k, = 10 kN/m 
PROB. 2.4-16 
**2.4-17 A trimetallic bar is uniformly compressed by an 


axial force P — 9 kips applied through a rigid end plate (see 
figure). The bar consists of a circular steel core surrounded 


by brass and copper tubes. The steel core has diameter 
1.25 in., the brass tube has outer diameter 1.75 in., and the 
copper tube has outer diameter 2.25 in. The corresponding 
moduli of elasticity are E, = 30,0000 ksi, E; = 16,000 ksi, 
and E, = 18,000 ksi. 

Calculate the compressive stresses os, Op, and o, in the 
steel, brass, and copper, respectively, due to the force P. 


Copper tube  ,Brass tube 


Steel core 





PROB. 2.4-17 


Thermal Effects 


2.5-1 The rails of a railroad track are welded together at 
their ends (to form continuous rails and thus eliminate the 
clacking sound of the wheels) when the temperature is 
60°F. 

What compressive stress ø is produced in the rails when 
they are heated by the sun to 120?F if the coefficient of 
thermal expansion a = 6.5 X 10 °/°F and the modulus of 
elasticity E = 30 X 10° psi? 


2.5-2 An aluminum pipe has a length of 60 m at a 
temperature of 10?C. An adjacent steel pipe at the same 
temperature is 5 mm longer than the aluminum pipe. 

At what temperature (degrees Celsius) will the aluminum 
pipe be 15 mm longer than the steel pipe? (Assume that the 
coefficients of thermal expansion of aluminum and steel are 
a, = 23 X 10 97C and a, = 12 X 10 /C, respectively.) 
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2.5-3 A rigid bar of weight W = 750 Ib hangs from three 
equally spaced wires, two of steel and one of aluminum (see 
figure). The diameter of the wires is 1/8 in. Before they were 
loaded, all three wires had the same length. 

What temperature increase AT in all three wires will 
result in the entire load being carried by the steel wires? 
(Assume E, = 30 x 10° psi, a, = 6.5 X 10° °/°F, and 
a, = 12 X 10 $/^F.) 





W = 750 Ib 


PROB. 2.5-3 


2.9-4 A steel rod of 15-mm diameter is held snugly (but 
without any initial stresses) between rigid walls by the 
arrangement shown in the figure. (For the steel rod, use 
a = 12 X 10 °C and E = 200 GPa.) 

(a) Calculate the temperature drop AT (degrees 
Celsius) at which the average shear stress in the 12-mm 
diameter bolt becomes 45 MPa. 

(b) What are the average bearing stresses in the bolt 
and clevis at A and the washer (d,, = 20 mm) and wall 
(t = 18mm) at B? 





Washer, 
d, = 20 mm 
12-mm diameter bolt V4 
AT | B fe 
1 18 mm 
Clevis, oon 
t= 10mm 


PROB. 2.5-4 
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2.5-5 A bar AB of length L is held between rigid supports 
and heated nonuniformly in such a manner that the temper- 
ature increase AT at distance x from end A is given by the 
expression AT = AT;x°/L°, where AT; is the increase in 
temperature at end B of the bar (see figure part a). 

(a) Derive a formula for the compressive stress o, in the 
bar. (Assume that the material has modulus of elasticity E and 
coefficient of thermal expansion a). 

(b) Now modify the formula in (a) if the rigid support 
at A 1s replaced by an elastic support at A having a spring 
constant k (see figure part b). Assume that only bar AB is 
subject to the temperature increase. 


AT; 


AT 


PROB. 2.5-5 


2.5-6 A plastic bar ACB having two different solid circular 
cross sections is held between rigid supports as shown in the 
figure. The diameters in the left- and right-hand parts are 
50 mm and 75 mm, respectively. The corresponding lengths 
are 225 mm and 300 mm. Also, the modulus of elasticity E 
is 6.0 GPa, and the coefficient of thermal expansion a is 
100 x 10 $/?C. The bar is subjected to a uniform tempera- 
ture increase of 30?C. 


(a) Calculate the following quantities: (1) the compres- 
sive force N in the bar; (2) the maximum compressive stress 
o,; and (3) the displacement óc of point C. 

(b) Repeat (a) if the rigid support at A is replaced by an 
elastic support having spring constant k — 50 MN/m (see 
figure part b; assume that only the bar ACB is subject to the 
temperature increase). 






A {50mm C 





j 
— —X n as 


(a) 





| 
Loa ——— mm —» 


(b) 
PROB. 2.5-6 


2.5-7 A circular steel rod AB (diameter d, — 1.0 in., length 
L,- 3.0 ft) has a bronze sleeve (outer diameter d, = 
1.25 in., length Lo = 1.0 ft) shrunk onto it so that the two 
parts are securely bonded (see figure). 

Calculate the total elongation 6 of the steel bar due to a 
temperature rise AT = 500?F. (Material properties are as 
follows: for steel, E, = 30 x 10° psi and a, = 6.5 X 10 °/°F; 
for bronze, E, = 15 X 10° psi and a, = 11 X 10 $/^F.) 






Ln 


1 ]] 


PROB. 2.5-7 


2.9-8 A brass sleeve S is fitted over a steel bolt B (see figure), 
and the nut is tightened until it is just snug. The bolt has a 
diameter dg — 25 mm, and the sleeve has inside and outside 
diameters d; = 26 mm and d» = 36 mm, respectively. 
Calculate the temperature rise AT that is required to 
produce a compressive stress of 25 MPa in the sleeve. 


(Use material properties as follows: for the sleeve, 
ay = 21 X 10 9/C and E, = 100 GPa; for the bolt, 
ag = 10 X 10 °/°C and Eg = 200 GPa.) (Suggestion: Use 
the results of Example 2-8.) 


Bolt (B) 





PROB. 2.5-8 


2.9-9 Rectangular bars of copper and aluminum are held by 
pins at their ends, as shown in the figure. Thin spacers 
provide a separation between the bars. The copper bars have 
cross-sectional dimensions 0.5 in. X 2.0 in. and the 
aluminum bar has dimensions 1.0 in. X 2.0 in. 

Determine the shear stress in the 7/16 in. diameter 
pins if the temperature is raised by 100°F. (For copper, 
E. = 18,000 ksi and a, = 9.5 x 10 $/?F; for aluminum, 
E, = 10,000 ksi and a, = 13 X 10 °/°F.) Suggestion: Use 
the results of Example 2-8. 





PROB. 2.5-9F 


*2.5-10 A rigid bar ABCD is pinned at end A and supported 
by two cables at points B and C (see figure). The cable at B has 
nominal diameter dg = 12 mm and the cable at C has nominal 
diameter dc = 20 mm. A load P acts at end D of the bar. 

What is the allowable load P if the temperature rises by 
60°C and each cable is required to have a factor of safety of 
at least 5 against its ultimate load? 

(Note: The cables have effective modulus of elasticity 
E = 140 GPa and coefficient of thermal expansion a = 
12 X 10 °/°C. Other properties of the cables can be found in 
Table 2-1, Section 2.2.) 
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PROB. 2.5-10 


*2.5-11 A rigid triangular frame is pivoted at C and held by 
two identical horizontal wires at points A and B (see figure). 
Each wire has axial rigidity EA — 120 k and coefficient of 
thermal expansion a = 12.5 X 10 °/°F. 

(a) If a vertical load P — 500 Ib acts at point D, what are 
the tensile forces T4 and Tz in the wires at A and B, respec- 
tively? 

(b) If, while the load P is acting, both wires have their 
temperatures raised by 180°F, what are the forces T4 and Tg? 

(c) What further increase in temperature will cause the 
wire at B to become slack? 








~ 25 4 


PROB. 2.5-11 


Misfits and Prestrains 


2.5-12 A steel wire AB is stretched between rigid supports 
(see figure). The initial prestress in the wire is 42 MPa when 
the temperature is 20?C. 

(a) What is the stress ø in the wire when the tempera- 
ture drops to 0°C? 

(b) At what temperature 7 will the stress in the wire 
become zero? (Assume a = 14 X 10 °/°C and E = 200 GPa.) 


A B 
Steel wire 


PROB. 2.5-12 
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2.5-13 A copper bar AB of length 25 in. and diameter 2 in. 
is placed in position at room temperature with a gap of 
0.008 in. between end A and a rigid restraint (see figure). 
The bar is supported at end B by an elastic spring with 
spring constant k — 1.2 X 10? Ib/in. 

(a) Calculate the axial compressive stress o. in the bar 
if the temperature of the bar only rises 50?F. (For copper, 
use a = 9.6 X 10 °/°F and E = 16 X 10° psi.) 

(b) What is the force in the spring? (Neglect gravity 
effects.) 


(c) Repeat (a) if k > oo. 
0.008 in. 
| A 
25 in. oom. 
| B 
k 
C 
PROB. 2.5-13 


2.5-14 A bar AB having length L and axial rigidity EA is 
fixed at end A (see figure). At the other end a small gap of 
dimension s exists between the end of the bar and a rigid 
surface. A load P acts on the bar at point C, which is two- 
thirds of the length from the fixed end. 

If the support reactions produced by the load P are to be 
equal in magnitude, what should be the size s of the gap? 








PROB. 2.5-14 


2.5-15 Pipe 1 has been inserted snugly into Pipe 2, but the 
holes for a connecting pin do not line up: there is a gap s. 
The user decides to apply either force P, to Pipe 1 or force 
P» to Pipe 2, whichever is smaller. Determine the following 
using the numerical properties in the box. 

(a) If only P is applied, find P, (kips) required to close 
gap 5; if a pin is then inserted and P, removed, what are reac- 
tion forces R4 and Rg for this load case? 


(b) If only P; is applied, find P» (kips) required to close 
gap s; if a pin is inserted and P, removed, what are reaction 
forces R4 and Rz for this load case? 

(c) What is the maximum shear stress in the pipes, for 
the loads in (a) and (b)? 

(d) If a temperature increase AT is to be applied to the 
entire structure to close gap s (instead of applying forces P 
and P2), find the AT required to close the gap. If a pin is 
inserted after the gap has closed, what are reaction forces R4 
and AR for this case? 

(e) Finally, if the structure (with pin inserted) then 
cools to the original ambient temperature, what are reaction 
forces R4 and Rpg? 


Numerical properties 

E, = 30,000 ksi, E> = 14,000 ksi 

a, = 6.5 X 10 9PF, ay = 11 X 10-°/°F 

Gap s = 0.05 in. 

L, 256in., d, 2 6in., t; 2 0.5 in, Ay = 8.64 in? 
Ly = 36 in., d; = 5in., ty = 0.25 in., A = 3.73 in? 





PROB. 2.5-15 


2.5-16 A nonprismatic bar ABC made up of segments AB 
(length L;, cross-sectional area A,) and BC (length Ly, 
cross-sectional area A5) is fixed at end A and free at end C 
(see figure). The modulus of elasticity of the bar is E. 
A small gap of dimension s exists between the end of the 
bar and an elastic spring of length L, and spring constant k3. 
If bar ABC only (not the spring) is subjected to temperature 
increase AT determine the following. 

(a) Write an expression for reaction forces R4 and Rp 
if the elongation of ABC exceeds gap length s. 

(b) Find expressions for the displacements of points B 
and C if the elongation of ABC exceeds gap length s. 


a 


bin aS, 
B Lz, EA, C La, k3 


LEA 


PROB. 2.5-16 


2.5-17 Wires B and C are attached to a support at the left- 
hand end and to a pin-supported rigid bar at the right-hand 
end (see figure). Each wire has cross-sectional area 
A — 0.03 in? and modulus of elasticity E — 30 X 10? psi. 
When the bar is in a vertical position, the length of each 
wire is L — 80 in. However, before being attached to the 
bar, the length of wire B was 79.98 in. and of wire C was 
79.95 in. 

Find the tensile forces Tg and Tc in the wires under 
the action of a force P — 700 Ib acting at the upper end of the 
bar. 








PROB. 2.5-17 


2.5-18 A rigid steel plate is supported by three posts of high- 
strength concrete each having an effective cross-sectional area 
A = 40,000 mm? and length L = 2 m (see figure). Before the 
load P is applied, the middle post is shorter than the others by 
an amount s = 1.0 mm. 

Determine the maximum allowable load Panow if the 
allowable compressive stress in the concrete is Oalow = 
20 MPa. (Use E = 30 GPa for concrete.) 
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PROB. 2.5-18 


2.5-19 A capped cast-iron pipe is compressed by a brass 
rod, as shown. The nut is turned until it is just snug, then add 
an additional quarter turn to pre-compress the CI pipe. The 
pitch of the threads of the bolt is p = 52 mils (a mil is one- 
thousandth of an inch). Use the numerical properties 
provided. 

(a) What stresses o, and o; will be produced in the 
cast-iron pipe and brass rod, respectively, by the additional 
quarter turn of the nut? 

(b) Find the bearing stress o; beneath the washer and 
the shear stress 7, in the steel cap. 


Nut & washer 


(a, E in) D 


4 













Steel cap 
(t, = lin.) 


Cast iron pipe 
(d= Iib, 
d; = 5.625 in.) 


Lei — 4 ft 


Brass rod 
(4 = > in.) 


Modulus of elasticity, E: 
Steel (30,000 ksi) 


Brass (14,000 ksi) 
Cast iron (12,000 ksi) 





PROB. 2.5-19 
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2.5-20 A plastic cylinder is held snugly between a rigid 
plate and a foundation by two steel bolts (see figure). 


Determine the compressive stress o; in the plastic 
when the nuts on the steel bolts are tightened by one 
complete turn. 

Data for the assembly are as follows: length L — 
200 mm, pitch of the bolt threads p = 1.0 mm, modulus of 
elasticity for steel E, — 200 GPa, modulus of elasticity for 
the plastic E, — 7.5 GPa, cross-sectional area of one bolt 
A, = 36.0 mm^, and cross-sectional area of the plastic 
cylinder A, = 960 mm^. 





PROBS. 2.5-20 and 2.5-21 


2.5-21 Solve the preceding problem if the data for the 
assembly are as follows: length L = 10 in., pitch of the 
bolt threads p = 0.058 in. modulus of elasticity for 
steel E, — 30 X 10? psi, modulus of elasticity for the plastic 
E, = 500 ksi, cross-sectional area of one bolt A, — 
0.06 in.?, and cross-sectional area of the plastic cylinder A, 


1543: 


2.5-22 Consider the sleeve made from two copper tubes 
joined by tin-lead solder over distance s. The sleeve has brass 
caps at both ends, which are held in place by a steel bolt and 
washer with the nut turned just snug at the outset. Then, two 
"loadings" are applied: n — 1/2 turn applied to the nut; at the 
same time the internal temperature is raised by AT = 30°C. 

(a) Find the forces in the sleeve and bolt, P, and Pg, due 
to both the prestress in the bolt and the temperature increase. 
For copper, use E, = 120 GPa and a, = 17 X 10 °/°C; for 
steel, use E, = 200 GPa and a, = 12 X 10 °/°C. The pitch of 
the bolt threads is p = 1.0 mm. Assume s = 26 mm and bolt 
diameter d, = 5 mm. 

(b) Find the required length of the solder joint, s, if 
shear stress in the sweated joint cannot exceed the allowable 
shear stress Ta; = 18.5 MPa. 

(c) What is the final elongation of the entire assem- 
blage due to both temperature change AT and the initial 
prestress in the bolt? 





[es] Brass 
cap 
Egg 
8g 8g 
PUES 
Hog oq 
"cS c 
d d Copper 
EEE sleeve 
org 
N = en 
Io T 
d cS A Steel 
bolt 
PROB. 2.5-22 


2.5-23 A polyethylene tube (length L) has a cap which when 
installed compresses a spring (with undeformed length L4 > L) 
by amount 6 = (L4 — L). Ignore deformations of the cap and 
base. Use the force at the base of the spring as the redundant. 
Use numerical properties in the boxes given. 

(a) What is the resulting force in the spring, F}? 

(b) What is the resulting force in the tube, F? 

(c) What is the final length of the tube, L,? 

(d) What temperature change AT inside the tube will 
result in zero force in the spring? 


ERN Q------4J 
6=L,-L 


Cap (assume rigid) 





Tube 
(do, t, L, Ors E, 


Spring (k, L4 > L) 


Modulus of elasticity 
Polyethylene tube (E, = 100 ksi) 


Coefficients of thermal expansion 
a, = 80 X 10-9/°F, a, = 6.5 X 10-6/°F 


Properties and dimensions 


do = 6 in. t=- in, 


kip 


£,=12.125in.>L=12in, kz 1.5 





PROB. 2.5-23 


2.5-24 Prestressed concrete beams are sometimes manufac- 
tured in the following manner. High-strength steel wires are 
stretched by a jacking mechanism that applies a force Q, as 
represented schematically in part (a) of the figure. Concrete 
is then poured around the wires to form a beam, as shown in 
part (b). 

After the concrete sets properly, the jacks are released 
and the force Q is removed [see part (c) of the figure]. Thus, 
the beam is left in a prestressed condition, with the wires in 
tension and the concrete in compression. 

Let us assume that the prestressing force Q produces in 
the steel wires an initial stress 09 = 620 MPa. If the moduli 
of elasticity of the steel and concrete are in the ratio 12:1 and 
the cross-sectional areas are in the ratio 1:50, what are the 
final stresses o, and o, in the two materials? 


Steel wires 


PROB. 2.5-24 
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2.5-25 A polyethylene tube (length L) has a cap which is 
held in place by a spring (with undeformed length Lı < L). 
After installing the cap, the spring is post-tensioned by 
turning an adjustment screw by amount ò. Ignore deforma- 
tions of the cap and base. Use the force at the base of the 
spring as the redundant. Use numerical properties in the 
boxes below. 

(a) What is the resulting force in the spring, Fg? 

(b) What is the resulting force in the tube, F? 

(c) What is the final length of the tube, Lp? 

(d) What temperature change AT inside the tube will 
result in zero force in the spring? 


Cap (assume rigid) 


Tube 
(do, t, L, Or, E) 


Spring (k, L4 < L) 





ô=L- L; 


Adjustment 
screw 


Screw 


Modulus of elasticity 
Polyethylene tube (E, = 100 ksi) 


Coefficients of thermal expansion 
a, = 80 X 10-6/°F, a, = 6.5 X 10-6/°F 


Properties and dimensions 


dy = 6 in. 2x 


kip 


L=12in. Lj = 11.875 in. k= 1.5— 
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Stresses on Inclined Sections 


2.6-1 A steel bar of rectangular cross section (1.5 in. X 
2.0 in.) carries a tensile load P (see figure). The allowable 
stresses in tension and shear are 14,500 psi and 7,100 psi, 
respectively. Determine the maximum permissible load P nax- 





PROB. 2.6-1 


2.6-2 A circular steel rod of diameter d is subjected to a 
tensile force P — 3.5 kN (see figure). The allowable stresses 
in tension and shear are 118 MPa and 48 MPa, respectively. 
What is the minimum permissible diameter dmin of the rod? 


P=3.5 KN 


PROB. 2.6-2 


2.6-3 A standard brick (dimensions 8 in. X 4 in. X 2.5 in.) 
is compressed lengthwise by a force P, as shown in the 
figure. If the ultimate shear stress for brick 1s 1200 psi and 
the ultimate compressive stress is 3600 psi, what force Pmax 
is required to break the brick? 








PROB. 2.6-3 


2.6-4 A brass wire of diameter d = 2.42 mm is stretched 
tightly between rigid supports so that the tensile force is T — 
98 N (see figure). The coefficient of thermal expansion for 
the wire is 19.5 x 10 9/?C and the modulus of elasticity is 
E — 110 GPa. 

(a What is the maximum permissible temperature 
drop AT if the allowable shear stress in the wire is 60 MPa? 

(b) At what temperature change does the wire go slack? 


PROBS. 2.6-4 and 2.6-5 


2.6-5 A brass wire of diameter d= 1/16 in. is stretched 
between rigid supports with an initial tension T of 37 Ib (see 
figure). Assume that the coefficient of thermal expansion is 
10.6 X 10 °/°F and the modulus of elasticity is 15 X 10° psi.) 

(a) If the temperature is lowered by 60?F, what is the 
maximum shear stress Tmax in the wire? 

(b) If the allowable shear stress is 10,000 psi, what is 
the maximum permissible temperature drop? 

(c) At what temperature change AT does the wire go 
slack? 


2.6-6 A steel bar with diameter d = 12 mm is subjected to a 
tensile load P — 9.5 kN (see figure). 

(a) What is the maximum normal stress Cmax in the bar? 

(b) What is the maximum shear stress Tnax? 

(c) Draw a stress element oriented at 45? to the axis 
of the bar and show all stresses acting on the faces of this 
element. 


PROB. 2.6-6 


2.6-7 During a tension test of a mild-steel specimen (see 
figure), the extensometer shows an elongation of 0.00120 in. 
with a gage length of 2 in. Assume that the steel is stressed 
below the proportional limit and that the modulus of elas- 
ticity E = 30 X 10° psi. 


(a) What is the maximum normal stress Omax in the 
specimen? 

(b) What is the maximum shear stress Tmax? 

(c) Draw a stress element oriented at an angle of 45? to 
the axis of the bar and show all stresses acting on the faces of 
this element. 





PROB. 2.6-7 


2.6-8 A copper bar with a rectangular cross section is held 
without stress between rigid supports (see figure). Subse- 
quently, the temperature of the bar is raised 50°C. 

Determine the stresses on all faces of the elements A 
and B, and show these stresses on sketches of the elements. 
(Assume a = 17.5 X 10 °/°C and E = 120 GPa.) 


A 45° 





PROB. 2.6-8 


2.6-9 The bottom chord AB in a small truss ABC (see figure) 
is fabricated from a W8 X 28 wide-flange steel section. The 
cross-sectional area A — 8.25 in.? (Appendix E, Table E-1 (a)) 
and each of the three applied loads P = 45 k. First, find mem- 
ber force N4g; then, determine the normal and shear stresses 
acting on all faces of stress elements located in the web of 
member AB and oriented at (a) an angle 0 = O°, (b) an angle 0 
= 30°, and (c) an angle 0 = 45°. In each case, show the 
stresses on a sketch of a properly oriented element. 
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PROB. 2.6-9 


2.6-10 A plastic bar of diameter d = 32 mm is com- 
pressed in a testing device by a force P — 190 N applied as 
shown in the figure. 

(a) Determine the normal and shear stresses acting on 
all faces of stress elements oriented at (1) an angle 0 = 0°, 
(2) an angle 0 = 22.5°, and (3) an angle 0 = 45°. In each 
case, show the stresses on a sketch of a properly oriented 
element. What are Omax and Tmax? 

(b) Find Cmax and Tmax in the plastic bar if a re-centering 
spring of stiffness k is inserted into the testing device, as 
shown in the figure. The spring stiffness is 1/6 of the axial 
stiffness of the plastic bar. 


P=190N 
mm 300 mm ——4 
(© -o A AM) aes 


200 mm 








Re-centering 
spring 
(Part (b) only) 


| |, — Plastic bar 


d= 32mm 


PROB. 2.6-10 
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2.6-11 A plastic bar of rectangular cross section (b — 1.5 in. 
and h = 3 in.) fits snugly between rigid supports at room 
temperature (68°F) but with no initial stress (see figure). When 
the temperature of the bar is raised to 160°F, the compressive 
stress on an inclined plane pq at midspan becomes 1700 psi. 

(a) What is the shear stress on plane pq? (Assume a = 
60 X 10 °/°F and E = 450 X 10? psi.) 

(b) Draw a stress element oriented to plane pq and 
show the stresses acting on all faces of this element. 

(c) If the allowable normal stress is 3400 psi and the 
allowable shear stress is 1650 psi, what is the maximum 
load P (in +x direction) which can be added at the quarter 
point (in addition to thermal effects above) without 
exceeding allowable stress values in the bar? 





Load P for part (c) only 4 


PROBS. 2.6-11 


2.6-12 A copper bar of rectangular cross section (b = 18 mm 
and h = 40 mm) is held snugly (but without any initial stress) 
between rigid supports (see figure). The allowable stresses on 
the inclined plane pq at midspan, for which 0 = 55°, are speci- 
fied as 60 MPa in compression and 30 MPa in shear. 

(a) What is the maximum permissible temperature rise 
AT if the allowable stresses on plane pq are not to be 
exceeded? (Assume a = 17 X 10 °/°C and E = 120 GPa.) 

(b) If the temperature increases by the maximum permis- 
sible amount, what are the stresses on plane pq? 

(c) If the temperature rise AT — 28?C, how far to the right 
of end A (distance GL, expressed as a fraction of length L) can 
load P — 15 kN be applied without exceeding allowable stress 
values in the bar? Assume that o, = 75 MPa and 7, = 35 MPa. 





L L 
2 2 
l | 





Load for part (c) only 4 


PROBS. 2.6-12 


2.6-13 A circular brass bar of diameter d is member AC 
in truss ABC which has load P = 5000 Ib applied at joint 
C. Bar AC is composed of two segments brazed together 
on a plane pq making an angle a = 36? with the axis of 
the bar (see figure). The allowable stresses in the brass 
are 13,500 psi in tension and 6500 psi in shear. On the 
brazed joint, the allowable stresses are 6000 psi in 
tension and 3000 psi in shear. What is the tensile force 
Nac in bar AC? What is the minimum required diameter 
dj; of bar AC? 





PROB. 2.6-13 


2.6-14 Two boards are joined by gluing along a scarf 
joint, as shown in the figure. For purposes of cutting 
and gluing, the angle o between the plane of the joint 
and the faces of the boards must be between 10? and 
40?. Under a tensile load P, the normal stress in the 
boards is 4.9 MPa. 

(a) What are the normal and shear stresses acting on the 
glued joint if œ = 20°? 

(b) If the allowable shear stress on the joint is 
2.25 MPa, what is the largest permissible value of the angle a? 

(c) For what angle o will the shear stress on the glued joint 
be numerically equal to twice the normal stress on the joint? 














PROB. 2.6-14 


2.6-15 Acting on the sides of a stress element cut from a 
bar in uniaxial stress are tensile stresses of 10,000 psi and 
5000 psi, as shown in the figure. 

(a) Determine the angle 0 and the shear stress Tọ and 
show all stresses on a sketch of the element. 

(b) Determine the maximum normal stress Cmax and the 
maximum shear stress Tmax in the material. 


5000 psi Tg = 10,000 psi 


< 
A 


5000 psi 


To 7g 


D 
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10,000 psi 


To Tg 


PROB. 2.6-15 


2.6-16 A prismatic bar is subjected to an axial force that 
produces a tensile stress og = 65 MPa and a shear stress 
Tg = 23 MPa on a certain inclined plane (see figure). Deter- 
mine the stresses acting on all faces of a stress element 
oriented at 0 = 30? and show the stresses on a sketch of the 
element. 
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PROB. 2.6-16 


*2,6-17 The normal stress on plane pq of a prismatic bar in 
tension (see figure) is found to be 7500 psi. On plane rs, 
which makes an angle 6 = 30° with plane pq, the stress is 
found to be 2500 psi. 

Determine the maximum normal stress Cmax and 
maximum shear stress Tmax in the bar. 





PROB. 2.6-17 


*2.6-18 A tension member is to be constructed of two 
pieces of plastic glued along plane pq (see figure). For 
purposes of cutting and gluing, the angle 0 must be between 
25? and 45?. The allowable stresses on the glued joint in 
tension and shear are 5.0 MPa and 3.0 MPa, respectively. 

(a) Determine the angle 0 so that the bar will carry the 
largest load P. (Assume that the strength of the glued joint 
controls the design.) 

(b) Determine the maximum allowable load Pmax if the 
cross-sectional area of the bar is 225 mm". 


PROB. 2.6-18 
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2.6-19 A nonprismatic bar 1—2—3 of rectangular cross section 
(b X h) and two materials is held snugly (but without any 
initial stress) between rigid supports (see figure). The allow- 
able stresses in compression and in shear are specified as 
Oa and Ta, respectively. Use the following numerical data: 
(Data: b4 = Ab)[3 = b; A, = 2A, = A; E, = 352/4 = E; ay = 
Saz/4 = à; Oy, = 4022/3 = Oz, Tal = 2041/5, Tar = 3020/5; 
let o, = 11 ksi, P= 12 kips, A=6 inf, E = 30,000 ksi, 
a= 6.5 X 10°F; y, = 5/3 = y.) 

(a) If load P is applied at joint 2 as shown, find an 
expression for the maximum permissible temperature rise 
AT ax so that the allowable stresses are not to be exceeded 
at either location A or B. 

(b) If load P is removed and the bar is now rotated to a 
vertical position where it hangs under its own weight (load 
intensity = w; in segment 1—2 and w, in segment 2-3), find an 
expression for the maximum permissible temperature rise 
AT max so that the allowable stresses are not exceeded at either 
location 1 or 3. Locations 1 and 3 are each a short distance 
from the supports at 1 and 3 respectively. 


—— 





(b) 
PROB. 2.6-19 


Strain Energy 


When solving the problems for Section 2.7, assume that the 
material behaves linearly elastically. 


2.7-1 A prismatic bar AD of length L, cross-sectional 
area A, and modulus of elasticity E is subjected to loads 5P, 
3P, and P acting at points 5, C, and D, respectively (see 
figure). Segments AB, BC, and CD have lengths L/6, L/2, and 
L/3, respectively. 

(a) Obtain a formula for the strain energy U of the bar. 

(b) Calculate the strain energy if P = 6k, L = 52 in., 
A = 2.16 in, and the material is aluminum with E = 10.4 X 
10? psi. 


3P 3P P 
A B C D 
PE — PM EN 

6 2 3 


PROB. 2.7-1 


2.7-2 A bar of circular cross section having two different 
diameters d and 2d is shown in the figure. The length of each 
segment of the bar is L/2 and the modulus of elasticity of the 
material is £. 

(a) Obtain a formula for the strain energy U of the bar 
due to the load P. 

(b) Calculate the strain energy if the load P — 27 kN, 
the length L — 600 mm, the diameter d — 40 mm, and the 
material is brass with E — 105 GPa. 


[^ 


PROB. 2.7-2 


2.7-3 A three-story steel column in a building supports 
roof and floor loads as shown in the figure. The story height 
H is 10.5 ft, the cross-sectional area A of the column is 15.5 
in.?, and the modulus of elasticity E of the steel is 30 x 10° 
psi. 

Calculate the strain energy U of the column assuming 
P, = 40k and P» = P} = 60k. 








PROB. 2.7-3 


2.7-4 The bar ABC shown in the figure is loaded by a force 
P acting at end C and by a force Q acting at the midpoint B. 
The bar has constant axial rigidity EA. 

(a) Determine the strain energy U, of the bar when the 
force P acts alone (Q = 0). 

(b) Determine the strain energy U5 when the force Q 
acts alone (P = 0). 

(c) Determine the strain energy U3 when the forces P 
and Q act simultaneously upon the bar. 


Q Pp 


PROB. 2.7-4 


2.7-5 Determine the strain energy per unit volume (units of 
psi) and the strain energy per unit weight (units of in.) that 
can be stored in each of the materials listed in the accompa- 
nying table, assuming that the material is stressed to the 
proportional limit. 


DATA FOR PROBLEM 2.7-5 


Weight Modulus of Proportional 
density elasticity limit 
Material (Ib/in.?) (ksi) (psi) 
Mild steel 0.284 30,000 36,000 
Tool steel 0.284 30,000 75,000 
Aluminum 0.0984 10,500 60,000 
Rubber (soft) 0.0405 0.300 300 
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2.7-6 The truss ABC shown in the figure is subjected to a 
horizontal load P at joint B. The two bars are identical with 
cross-sectional area A and modulus of elasticity E. 

(a) Determine the strain energy U of the truss if the 
angle B = 60°. 

(b) Determine the horizontal displacement 6, of joint B by 
equating the strain energy of the truss to the work done by the 
load. 








PROB. 2.7-6 


2.7-7 The truss ABC shown in the figure supports a hori- 
zontal load P, = 300 Ib and a vertical load P; = 900 Ib. Both 
bars have cross-sectional area A = 2.4 in.” and are made of 
steel with E = 30 X 10° psi. 

(a) Determine the strain energy U, of the truss when 
the load P, acts alone (P> = 0). 

(b) Determine the strain energy U5 when the load P; 
acts alone (P, — 0). 

(c) Determine the strain energy U3 when both loads act 
simultaneously. 







. B P,-3001b 


P; = 900 Ib 
60 in.——————» 


PROB. 2.7-7 
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2.7-8 The statically indeterminate structure shown in the 
figure consists of a horizontal rigid bar AB supported by five 
equally spaced springs. Springs 1, 2, and 3 have stiffnesses 
3k, 1.5k, and k, respectively. When unstressed, the lower 
ends of all five springs lie along a horizontal line. Bar AB, 
which has weight W, causes the springs to elongate by an 
amount ô. 

(a) Obtain a formula for the total strain energy U of the 
springs in terms of the downward displacement 6 of the bar. 

(b) Obtain a formula for the displacement ó by equating 
the strain energy of the springs to the work done by the 
weight W. 

(c) Determine the forces F4, F5, and F5 in the springs. 

(d) Evaluate the strain energy U, the displacement 6, and 
the forces in the springs if W = 600 N and k = 7.5 N/mm. 





PROB. 2.7-8 


2.7-9 A slightly tapered bar AB of rectangular cross section 
and length L is acted upon by a force P (see figure). The 
width of the bar varies uniformly from b, at end A to b, at 
end B. The thickness f is constant. 

(a) Determine the strain energy U of the bar. 

(b) Determine the elongation 6 of the bar by equating 
the strain energy to the work done by the force P. 





PROB. 2.7-9 


*2,7-10 A compressive load P is transmitted through a 
rigid plate to three magnesium-alloy bars that are identical 
except that initially the middle bar is slightly shorter than 
the other bars (see figure). The dimensions and properties of 


the assembly are as follows: length L — 1.0 m, cross- 
sectional area of each bar A = 3000 mm7, modulus of 
elasticity E — 45 GPa, and the gap s — 1.0 mm. 

(a) Calculate the load P, required to close the gap. 

(b) Calculate the downward displacement 6 of the rigid 
plate when P — 400 kN. 

(c) Calculate the total strain energy U of the three bars 
when P — 400 kN. 

(d) Explain why the strain energy U is not equal to Pó/2. 
(Hint: Draw a load-displacement diagram.) 


y n 


| 
| 


PROB. 2.7-10 


**2.7-11 A block B is pushed against three springs by a force 
P (see figure). The middle spring has stiffness kı and the outer 
springs each have stiffness kọ. Initially, the springs are 
unstressed and the middle spring is longer than the outer 
springs (the difference in length is denoted 5). 

(a) Draw a force-displacement diagram with the force P 
as ordinate and the displacement x of the block as abscissa. 

(b) From the diagram, determine the strain energy U, of 
the springs when x = 2s. 

(c) Explain why the strain energy U, is not equal to 
P6/2, where ô = 2s. 





PROB. 2.7-11 
***2.7-12 A bungee cord that behaves linearly elastically 
has an unstressed length Lo = 760 mm and a stiffness k = 140 
N/m. The cord is attached to two pegs, distance b = 380 mm 


apart, and pulled at its midpoint by a force P — 80 N (see figure). 
(a) How much strain energy U is stored in the cord? 
(b) What is the displacement óc of the point where the 
load is applied? 
(c) Compare the strain energy U with the quantity Pôc/2. 
(Note: The elongation of the cord is not small compared 
to its original length.) 





PROB. 2.7-12 


Impact Loading 


The problems for Section 2.8 are to be solved on the basis of 
the assumptions and idealizations described in the text. In 
particular, assume that the material behaves linearly elasti- 
cally and no energy is lost during the impact. 


2.8-1 A sliding collar of weight W — 150 Ib falls from a height 
h — 2.0 in. onto a flange at the bottom of a slender vertical rod 
(see figure). The rod has length L — 4.0 ft, cross-sectional area 
A = 0.75 in, and modulus of elasticity E = 30 X 10 psi. 

Calculate the following quantities: (a) the maximum 
downward displacement of the flange, (b) the maximum 
tensile stress in the rod, and (c) the impact factor. 









PROB. 2.8-1 
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2.8-2 Solve the preceding problem if the collar has mass 
M = 80 kg, the height h = 0.5 m, the length L = 3.0 m, the 
cross-sectional area A = 350 mm”, and the modulus of elas- 
ticity E — 170 GPa. 


2.8-3 Solve Problem 2.8-1 if the collar has weight W — 
50 Ib, the height h = 2.0 in., the length L = 3.0 ft, the cross- 
sectional area A = 0.25 in^, and the modulus of elasticity 
E = 30,000 ksi. 





PROBS. 2.8-2 and 2.8-3 


2.8-4 A block weighing W = 5.0 N drops inside a cylinder 
from a height A = 200 mm onto a spring having stiffness k = 
90 N/m (see figure). (a) Determine the maximum shortening 
of the spring due to the impact, and (b) determine the impact 
factor. 


Block 


Cylinder 
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PROBS. 2.8-4 and 2.8-5 
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2.8-5 Solve the preceding problem if the block weighs 
W = 1.0 lb, h = 12 in., and k = 0.5 Ib/in. 


2.8-6 A small rubber ball (weight W = 450 mN) is attached 
by a rubber cord to a wood paddle (see figure). The natural 
length of the cord is Lọ = 200 mm, its cross-sectional area is 
A = 1.6 mm’, and its modulus of elasticity is E = 2.0 MPa. 
After being struck by the paddle, the ball stretches the cord 
to a total length Lı = 900 mm. 

What was the velocity v of the ball when it left the 
paddle? (Assume linearly elastic behavior of the rubber cord, 
and disregard the potential energy due to any change in 
elevation of the ball.) 





PROB. 2.8-6 


2.8-7 A weight W = 4500 Ib falls from a height h onto 
a vertical wood pole having length L = 15 ft, diameter 
d = 12 in., and modulus of elasticity E = 1.6 X 10° psi 
(see figure). 

If the allowable stress in the wood under an impact load 
is 2500 psi, what is the maximum permissible height A? 


th 


d= 12 in. 








PROB. 2.8-7 


2.8-8 A cable with a restrainer at the bottom hangs vertically 
from its upper end (see figure). The cable has an effective 
cross-sectional area A = 40 mm^ and an effective modulus of 
elasticity E — 130 GPa. A slider of mass M — 35 kg drops 
from a height h = 1.0 m onto the restrainer. 

If the allowable stress in the cable under an impact load 
is 500 MPa, what is the minimum permissible length L of the 
cable? 


Restrainer 





PROBS. 2.8-8 and 2.8-9 


2.8-9 Solve the preceding problem if the slider has weight 
W = 100 Ib, h = 45 in, A = 0.080 in?, E = 21 X 10° psi, 
and the allowable stress is 70 ksi. 


2.8-10 A bumping post at the end of a track in a railway 
yard has a spring constant k — 8.0 MN/m (see figure). The 
maximum possible displacement d of the end of the striking 
plate is 450 mm. 

What is the maximum velocity vmax that a railway car of 
weight W — 545 kN can have without damaging the 
bumping post when it strikes it? 
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PROB. 2.8-10 


2.8-11 A bumper for a mine car is constructed with a 
spring of stiffness k = 1120 lb/in. (see figure). If a car 
weighing 3450 Ib is traveling at velocity v = 7 mph when it 
strikes the spring, what is the maximum shortening of the 
spring? 


a!" 









PROB. 2.8-11 


*2,8-12 A bungee jumper having a mass of 55 kg leaps 
from a bridge, braking her fall with a long elastic shock cord 
having axial rigidity EA = 2.3 kN (see figure). 

If the jumpoff point is 60 m above the water, and if it is 
desired to maintain a clearance of 10 m between the jumper 
and the water, what length L of cord should be used? 





PROB. 2.8-12 
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*2,8-13 A weight W rests on top of a wall and is attached 
to one end of a very flexible cord having cross-sectional 
area A and modulus of elasticity E (see figure). The other 
end of the cord is attached securely to the wall. The weight 
is then pushed off the wall and falls freely the full length of 
the cord. 

(a) Derive a formula for the impact factor. 

(b) Evaluate the impact factor if the weight, when 
hanging statically, elongates the band by 2.596 of its original 
length. 





PROB. 2.8-13 


**2.8-14 A rigid bar AB having mass M = 1.0 kg and 
length L — 0.5 m is hinged at end A and supported at end 5 
by a nylon cord BC (see figure). The cord has cross-sectional 
area A = 30 mm’, length b = 0.25 m, and modulus of elas- 
ticity E = 2.1 GPa. 

If the bar is raised to its maximum height and then 
released, what is the maximum stress in the cord? 





PROB. 2.8-14 
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Stress Concentrations 


The problems for Section 2.10 are to be solved by considering 
the stress-concentration factors and assuming linearly 
elastic behavior. 


2.10-1 The flat bars shown in parts (a) and (b) of the figure 
are subjected to tensile forces P — 3.0 k. Each bar has thick- 
ness f = 0.25 in. 

(a) For the bar with a circular hole, determine the 
maximum stresses for hole diameters d = 1 in. and d. = 2 in. if 
the width b = 6.0 in. 

(b) For the stepped bar with shoulder fillets, determine 
the maximum stresses for fillet radii R = 0.25 in. and R = 
0.5 in. if the bar widths are b = 4.0 in. and c = 2.5 in. 


rat 


P dE ——. 
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(b) 


PROBS. 2.10-1 and 2.10-2 


2.10-2 The flat bars shown in parts (a) and (b) of the figure 
are subjected to tensile forces P = 2.5 kN. Each bar has 
thickness t = 5.0 mm. 

(a) For the bar with a circular hole, determine the 
maximum stresses for hole diameters d = 12 mm and 
d = 20 mm if the width b = 60 mm. 

(b) For the stepped bar with shoulder fillets, determine 
the maximum stresses for fillet radii R = 6 mm and R = 
10 mm if the bar widths are b = 60 mm and c = 40 mm. 


2.10-3 A flat bar of width b and thickness 1 has a hole of 
diameter d drilled through it (see figure). The hole may have 
any diameter that will fit within the bar. 


What is the maximum permissible tensile load Pmax if 
the allowable tensile stress in the material is o;? 





PROB. 2.10-3 


2.10-4 A round brass bar of diameter d, = 20 mm has upset 
ends of diameter d» = 26 mm (see figure). The lengths of the 
segments of the bar are L; = 0.3 m and L, = 0.1 m. Quarter- 
circular fillets are used at the shoulders of the bar, and the 
modulus of elasticity of the brass is E — 100 GPa. 

If the bar lengthens by 0.12 mm under a tensile load P, 
what is the maximum stress Omax in the bar? 
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PROBS. 2.10-4 and 2.10-5 


2.10-5 Solve the preceding problem for a bar of monel 
metal having the following properties: d; = 1.0 in., d; = 
1.4 in., L; = 20.0 in., L = 5.0 in., and E = 25 X 10° psi. 
Also, the bar lengthens by 0.0040 in. when the tensile load is 
applied. 


2.10-6 A prismatic bar of diameter dọ = 20 mm is being 
compared with a stepped bar of the same diameter (dj = 
20 mm) that is enlarged in the middle region to a diameter d» 
— 25 mm (see figure). The radius of the fillets in the stepped 
bar is 2.0 mm. 

(a) Does enlarging the bar in the middle region make it 
stronger than the prismatic bar? Demonstrate your answer by 
determining the maximum permissible load P, for the pris- 
matic bar and the maximum permissible load P, for 
the enlarged bar, assuming that the allowable stress for the 
material is 80 MPa. 

(b) What should be the diameter dọ of the prismatic bar 
if it is to have the same maximum permissible load as does 
the stepped bar? 





PROB. 2.10-6 


2.10-7 A stepped bar with a hole (see figure) has widths 
b = 2.4 in. and c = 1.6 in. The fillets have radii equal to 
0.2 in. 

What is the diameter dmax of the largest hole that can be 
drilled through the bar without reducing the load-carrying 
capacity? 





PROB. 2.10-7 


Nonlinear Behavior (Changes in Lengths of Bars) 


2.11-1 A bar AB of length L and weight density y hangs 
vertically under its own weight (see figure). The stress-strain 
relation for the material is given by the Ramberg-Osgood 
equation (Eq. 2-71): 


Co se ( 
e=— + (— 
E E OQ 


Derive the following formula 


2 m 
p= 2 (E 
2E (m+DE Vas 


for the elongation of the bar. 


CHAPTER2 Problems 215 


PROB. 2.11-1 


2.11-2 A prismatic bar of length L — 1.8 m and cross- 
sectional area A = 480 mm! is loaded by forces P, = 30 kN 
and Pa = 60 kN (see figure). The bar is constructed of 
magnesium alloy having a stress-strain curve described by 
the following Ramberg-Osgood equation: 





o 1 o 

^ 45,000 | 618 5) RU NES) 
in which c has units of megapascals. 

(a) Calculate the displacement óc of the end of the bar 
when the load P, acts alone. 

(b) Calculate the displacement when the load P, acts alone. 

(c) Calculate the displacement when both loads act 
simultaneously. 


PROB. 2.11-2 


2.11-3 A circular bar of length L — 32 in. and diameter 
d — 0.75 in. is subjected to tension by forces P (see figure). 
The wire is made of a copper alloy having the following 
hyperbolic stress-strain relationship: 


s 18,000e 
1 + 300e 


(a) Draw a stress-strain diagram for the material. 

(b) If the elongation of the wire is limited to 0.25 in. and 
the maximum stress is limited to 40 ksi, what is the allow- 
able load P? 


0<e<003 (c= ksi) 


P P 


—— M: 


PROB. 2.11-3 
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2.11-4 A prismatic bar in tension has length L — 2.0 m and 
cross-sectional area A = 249 mm”. The material of the bar 
has the stress-strain curve shown in the figure. 

Determine the elongation 6 of the bar for each of the 
following axial loads: P = 10 kN, 20 KN, 30 kN, 40 KN, and 
45 kN. From these results, plot a diagram of load P versus 
elongation 6 (load-displacement diagram). 


200 








PROB. 2.11-4 


2.11-5 An aluminum bar subjected to tensile forces P has 
length L = 150 in. and cross-sectional area A = 2.0 in.? The 
stress-strain behavior of the aluminum may be represented 
approximately by the bilinear stress-strain diagram shown in 
the figure. 

Calculate the elongation 6 of the bar for each of the 
following axial loads: P = 8 k, 16 k, 24 k, 32 k, and 40 k. 
From these results, plot a diagram of load P versus elonga- 
tion 6 (load-displacement diagram). 


Oo 






E» =2.4 x 10° psi 


E, = 10 x 10° psi 





PROB. 2.11-5 


*2.11-6 A rigid bar AB, pinned at end A, is supported by a 
wire CD and loaded by a force P at end B (see figure). The 
wire is made of high-strength steel having modulus of 


elasticity E = 210 GPa and yield stress ay = 820 MPa. The 
length of the wire is L = 1.0 m and its diameter is d = 
3 mm. The stress-strain diagram for the steel is defined by 
the modified power law, as follows: 


Osa oy 


Ee \" 
0 = gy| — O = Oy 
Oy 


(a) Assuming n = 0.2, calculate the displacement 6, at 
the end of the bar due to the load P. Take values of P from 
2.4 KN to 5.6 KN in increments of 0.8 KN. 

(b) Plot a load-displacement diagram showing P versus ôB. 








PROB. 2.11-6 


Elastoplastic Analysis 


The problems for Section 2.12 are to be solved assuming that 
the material is elastoplastic with yield stress oy, yield strain 
€y, and modulus of elasticity E in the linearly elastic region 
(see Fig. 2-70). 


2.12-1 Two identical bars AB and BC support a vertical load 
P (see figure). The bars are made of steel having a stress- 
strain curve that may be idealized as elastoplastic with yield 
stress oy. Each bar has cross-sectional area A. 

Determine the yield load Py and the plastic load Pp. 





PROB. 2.12-1 


2.12-2 A stepped bar ACB with circular cross sections is 
held between rigid supports and loaded by an axial force P at 
midlength (see figure). The diameters for the two parts of the 
bar are d, = 20 mm and d» = 25 mm, and the material is 
elastoplastic with yield stress ay = 250 MPa. 

Determine the plastic load Pp. 





PROB. 2.12-2 


2.12-3 A horizontal rigid bar AB supporting a load P is 
hung from five symmetrically placed wires, each of cross- 
sectional area A (see figure). The wires are fastened to a 
curved surface of radius R. 

(a) Determine the plastic load Pp if the material of the 
wires is elastoplastic with yield stress ay. 

(b) How is Pp changed if bar AB is flexible instead of 
rigid? 

(c) How is Pp changed if the radius R is increased? 





PROB. 2.12-3 


2.12-4 A load P acts on a horizontal beam that is supported by 
four rods arranged in the symmetrical pattern shown in the fig- 
ure. Each rod has cross-sectional area A and the material is 
elastoplastic with yield stress oy. Determine the plastic load Pp. 
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PROB. 2.12-4 


2.12-5 The symmetric truss ABCDE shown in the figure is 

constructed of four bars and supports a load P at joint E. Each 

of the two outer bars has a cross-sectional area of 0.307 in.”, 

and each of the two inner bars has an area of 0.601 in.” The 

material is elastoplastic with yield stress ay = 36 ksi. 
Determine the plastic load Pp. 


k21 in. >«——— 54 in. ———> 21 in. > 








PROB. 2.12-5 
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2.12-6 Five bars, each having a diameter of 10 mm, support 
a load P as shown in the figure. Determine the plastic load Pp 
if the material is elastoplastic with yield stress ay = 250 MPa. 


pean pease deii 











PROB. 2.12-6 


2.12-7 A circular steel rod AB of diameter d = 0.60 in. is 
stretched tightly between two supports so that initially the 
tensile stress in the rod is 10 ksi (see figure). An axial force 
P is then applied to the rod at an intermediate location C. 

(a) Determine the plastic load Pp if the material is 
elastoplastic with yield stress oy = 36 ksi. 

(b) How is Pp changed if the initial tensile stress is 
doubled to 20 ksi? 


a — 


PROB. 2.12-7 


*2.12-8 A rigid bar ACB is supported on a fulcrum at C 
and loaded by a force P at end B (see figure). Three identical 
wires made of an elastoplastic material (yield stress oy and 
modulus of elasticity E) resist the load P. Each wire has 
cross-sectional area A and length L. 

(a) Determine the yield load Py and the corresponding 
yield displacement ôy at point B. 

(b) Determine the plastic load Pp and the corresponding 
displacement óp at point B when the load just reaches the 
value Pp. 

(c) Draw a load-displacement diagram with the load P 
as ordinate and the displacement ôg of point B as abscissa. 






L 
PROB. 2.12-8 


*2.12-9 The structure shown in the figure consists of a 
horizontal rigid bar ABCD supported by two steel wires, one 
of length L and the other of length 31/4. Both wires have 
cross-sectional area A and are made of elastoplastic material 
with yield stress oy and modulus of elasticity E. A vertical 
load P acts at end D of the bar. 

(a) Determine the yield load Py and the corresponding 
yield displacement ôy at point D. 

(b) Determine the plastic load Pp and the corresponding 
displacement óp at point D when the load just reaches the 
value Pp. 

(c) Draw a load-displacement diagram with the load P 
as ordinate and the displacement 6p of point D as abscissa. 





- uA 


PROB. 2.12-9 


**2.12-10 Two cables, each having a length L of 
approximately 40 m, support a loaded container of weight 
W (see figure). The cables, which have effective cross- 
sectional area A = 48.0 mm^ and effective modulus of 
elasticity E — 160 GPa, are identical except that one cable 
is longer than the other when they are hanging separately 
and unloaded. The difference in lengths is d — 100 mm. 
The cables are made of steel having an elastoplastic stress- 
strain diagram with oy — 500 MPa. Assume that the 
weight W is initially zero and is slowly increased by the 
addition of material to the container. 


(a) Determine the weight Wy that first produces yielding 
of the shorter cable. Also, determine the corresponding elon- 
gation ôy of the shorter cable. 

(b) Determine the weight Wp that produces yielding of 
both cables. Also, determine the elongation óp of the shorter 
cable when the weight W just reaches the value Wp. 

(c) Construct a load-displacement diagram showing the 
weight W as ordinate and the elongation 6 of the shorter 
cable as abscissa. (Hint: The load displacement diagram is 
not a single straight line in the region 0 = W < Wy.) 





PROB. 2.12-10 


**2.12-11 A hollow circular tube T of length L = 15 in. is 
uniformly compressed by a force P acting through a rigid 
plate (see figure). The outside and inside diameters of the 
tube are 3.0 and 2.75 in., repectively. A concentric solid 
circular bar B of 1.5 in. diameter is mounted inside the tube. 
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When no load is present, there is a clearance c — 0.010 in. 
between the bar B and the rigid plate. Both bar and tube are 
made of steel having an elastoplastic stress-strain diagram 
with E — 29 X 10? ksi and ay — 36 ksi. 

(a) Determine the yield load Py and the corresponding 
shortening ôy of the tube. 

(b) Determine the plastic load Pp and the corresponding 
shortening Op of the tube. 

(c) Construct a load-displacement diagram showing the 
load P as ordinate and the shortening 6 of the tube as abscissa. 
(Hint: The load-displacement diagram is not a single straight 
line in the region 0 x P S Py.) 





PROB. 2.12-11 











Circular shafts are essential components in machines and devices for power generation and transmission. 











Torsion 


CHAPTER OVERVIEW 


Chapter 3 is concerned with the twisting of circular bars and hollow shafts 
acted upon by torsional moments. First, we consider uniform torsion which 
refers to the case in which torque is constant over the length of a prismatic 
shaft, while nonuniform torsion describes cases in which the torsional 
moment and/or the torsional rigidity of the cross section varies over the 
length. As for the case of axial deformations, we must relate stress and 
strain and also applied loading and deformation. For torsion, recall that 
Hookes Law for shear states that shearing stresses, 7, are proportional to 
shearing strains, y, with the constant of proportionality being G, the shear- 
ing modulus of elasticity. Both shearing stresses and shearing strains vary 
linearly with increasing radial distance in the cross section, as described by 
the torsion formula. The angle of twist, ¢, is proportional to the internal 
torsional moment and the torsional flexibility of the circular bar. Most of the 
discussion in this chapter is devoted to linear elastic behavior and small 
rotations of statically determinate members. However, if the bar is statically 
indeterminate, we must augment the equations of statical equilibrium with 
compatibility equations (which rely on torque-displacement relations) to 
solve for any unknowns of interest, such as support moments or internal 
torsional moments in members. Stresses on inclined sections also are inves- 
tigated as a first step toward a more complete consideration of plane stress 
states in later chapters. Finally, a number of specialized and advanced topics 
(such as strain energy, shear flow in thin-walled tubes, and stress concentra- 
tions in torsion) are introduced at the end of this chapter. 


The topics in Chapter 3 are organized as follows: 


3.1 Introduction 222 
3.2 Torsional Deformations of a Circular Bar 223 
3.3 Circular Bars of Linearly Elastic Materials 226 
3.4 Nonuniform Torsion 238 
3.5 Stresses and Strains in Pure Shear 245 
3.6 Relationship Between Moduli of Elasticity E and G 252 
3.7 Transmission of Power by Circular Shafts 254 
3.8 Statically Indeterminate Torsional Members 259 
3.9 Strain Energy in Torsion and Pure Shear 263 
3.10 Thin-Walled Tubes 270 
*3.11 Stress Concentrations in Torsion 279 
Chapter Summary & Review 282 
Problems 283 
* Specialized and/or advanced topics 221 
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3.1 INTRODUCTION 
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FIG. 3-1 Torsion of a screwdriver due to a 
torque T applied to the handle 





(a) 








(c) 


FIG. 3-2 Circular bar subjected to torsion 
by torques T; and T5 


In Chapters 1 and 2, we discussed the behavior of the simplest type of 
structural member—namely, a straight bar subjected to axial loads. Now 
we consider a slightly more complex type of behavior known as torsion. 
Torsion refers to the twisting of a straight bar when it is loaded by 
moments (or torques) that tend to produce rotation about the longitudinal 
axis of the bar. For instance, when you turn a screwdriver (Fig. 3-1a), your 
hand applies a torque T to the handle (Fig. 3-1b) and twists the shank of the 
screwdriver. Other examples of bars in torsion are drive shafts in automo- 
biles, axles, propeller shafts, steering rods, and drill bits. 

An idealized case of torsional loading is pictured in Fig. 3-2a, 
which shows a straight bar supported at one end and loaded by two 
pairs of equal and opposite forces. The first pair consists of the 
forces P, acting near the midpoint of the bar and the second pair 
consists of the forces P» acting at the end. Each pair of forces forms a 
couple that tends to twist the bar about its longitudinal axis. As we 
know from statics, the moment of a couple is equal to the product of 
one of the forces and the perpendicular distance between the lines of 
action of the forces; thus, the first couple has a moment T; = Pd, and 
the second has a moment T» = Pod>. 

Typical USCS units for moment are the pound-foot (Ib-ft) and the 
pound-inch (Ib-in.). The SI unit for moment is the newton meter (N-m). 

The moment of a couple may be represented by a vector in the form 
of a double-headed arrow (Fig. 3-2b). The arrow is perpendicular to the 
plane containing the couple, and therefore in this case both arrows are 
parallel to the axis of the bar. The direction (or sense) of the moment is 
indicated by the right-hand rule for moment vectors—namely, using your 
right hand, let your fingers curl in the direction of the moment, and then 
your thumb will point in the direction of the vector. 

An alternative representation of a moment is a curved arrow acting in 
the direction of rotation (Fig. 3-2c). Both the curved arrow and vector 
representations are in common use, and both are used in this book. The 
choice depends upon convenience and personal preference. 

Moments that produce twisting of a bar, such as the moments Ti 
and T» in Fig. 3-2, are called torques or twisting moments. Cylindrical 
members that are subjected to torques and transmit power through rotation 
are called shafts; for instance, the drive shaft of an automobile or the 
propeller shaft of a ship. Most shafts have circular cross sections, either 
solid or tubular. 

In this chapter we begin by developing formulas for the deformations 
and stresses in circular bars subjected to torsion. We then analyze the state 
of stress known as pure shear and obtain the relationship between the 
moduli of elasticity E and G in tension and shear, respectively. Next, we 
analyze rotating shafts and determine the power they transmit. Finally, we 
cover several additional topics related to torsion, namely, statically inde- 
terminate members, strain energy, thin-walled tubes of noncircular cross 
section, and stress concentrations. 
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3.2 TORSIONAL DEFORMATIONS OF A CIRCULAR BAR 


We begin our discussion of torsion by considering a prismatic bar of 
circular cross section twisted by torques T acting at the ends (Fig. 3-3a). 
Since every cross section of the bar is identical, and since every cross 
section is subjected to the same internal torque T, we say that the bar is in 
pure torsion. From considerations of symmetry, it can be proved that cross 
sections of the bar do not change in shape as they rotate about the longitu- 
dinal axis. In other words, all cross sections remain plane and circular and 
all radii remain straight. Furthermore, if the angle of rotation between one 
end of the bar and the other is small, neither the length of the bar nor its 
radius will change. 

To aid in visualizing the deformation of the bar, imagine that the left- 
hand end of the bar (Fig. 3-3a) is fixed in position. Then, under the action of 
the torque T, the right-hand end will rotate (with respect to the left-hand 
end) through a small angle $, known as the angle of twist (or angle of rota- 
tion). Because of this rotation, a straight longitudinal line pq on the surface 
of the bar will become a helical curve pq', where q' is the position of point 
q after the end cross section has rotated through the angle $ (Fig. 3-3b). 

The angle of twist changes along the axis of the bar, and at intermediate 
cross sections it will have a value d(x) that is between zero at the left- hand 
end and ¢ at the right-hand end. If every cross section of the bar has the 
same radius and is subjected to the same torque (pure torsion), the angle 
o (x) will vary linearly between the ends. 


Shear Strains at the Outer Surface 


Now consider an element of the bar between two cross sections distance dx 
apart (see Fig. 3-4a on the next page). This element is shown enlarged in 
Fig. 3-4b. On its outer surface we identify a small element abcd, with sides 
ab and cd that initially are parallel to the longitudinal axis. During twisting 
of the bar, the right-hand cross section rotates with respect to the left-hand 
cross section through a small angle of twist dd, so that points b and c move 
to b' and c’, respectively. The lengths of the sides of the element, which is 
now element ab'c'd, do not change during this small rotation. 

However, the angles at the corners of the element (Fig. 3-4b) are no 
longer equal to 90? The element is therefore in a state of pure shear, 





FIG. 3-3 Deformations of a circular bar in 
pure torsion (a) 
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FIG. 3-4 Deformation of an element of 
length dx cut from a bar in torsion 
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which means that the element is subjected to shear strains but no normal 
strains (see Fig. 1-28 of Section 1.6). The magnitude of the shear strain at 
the outer surface of the bar, denoted Ymax, is equal to the decrease in the 
angle at point a, that is, the decrease in angle bad. From Fig. 3-4b we see 
that the decrease in this angle is 


_ bb 
Ymax — ab (a) 


where Ymax is measured in radians, bb’ is the distance through which 
point b moves, and ab is the length of the element (equal to dx). With r 
denoting the radius of the bar, we can express the distance bb’ as rd, 
where d$ also is measured in radians. Thus, the preceding equation 
becomes 


_ rdb 
Ymax = 704 (b) 


This equation relates the shear strain at the outer surface of the bar to the 
angle of twist. 

The quantity dd/dx is the rate of change of the angle of twist @ with 
respect to the distance x measured along the axis of the bar. We will 
denote dd/dx by the symbol 0 and refer to it as the rate of twist, or the 
angle of twist per unit length: 


_ do : 
US (3-1) 


With this notation, we can now write the equation for the shear strain at 
the outer surface (Eq. b) as follows: 


(b) 


FIG. 3-3b (Repeated) 
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FIG. 3-4b (Repeated) 





FIG. 3-4c (Repeated) 
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FIG. 3-5 Shear strains in a circular tube 
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Yaax = rd _ 16 (3-2) 
dx 





For convenience, we discussed a bar in pure torsion when deriving 
Eqs. (3-1) and (3-2). However, both equations are valid in more general 
cases of torsion, such as when the rate of twist 0 1s not constant but varies 
with the distance x along the axis of the bar. 

In the special case of pure torsion, the rate of twist is equal to the total 
angle of twist $ divided by the length L, that is, 0 = &/L. Therefore, for 
pure torsion only, we obtain 


rp 
max — = —— E 
Ymax = r0 = 7 3-3) 


This equation can be obtained directly from the geometry of Fig. 3-3a by 
noting that Ymax 1s the angle between lines pq and pq’, that is, Ymax 1s the 
angle qpq'. Therefore, Ymaxl is equal to the distance gq’ at the end of 
the bar. But since the distance gq’ also equals rd (Fig. 3-3b), we obtain 
r$ = YmaxL, which agrees with Eq. (3-3). 


Shear Strains Within the Bar 


The shear strains within the interior of the bar can be found by the same 
method used to find the shear strain Ymax at the surface. Because radii in 
the cross sections of a bar remain straight and undistorted during twisting, 
we see that the preceding discussion for an element abcd at the outer sur- 
face (Fig. 3-4b) will also hold for a similar element situated on the surface 
of an interior cylinder of radius p (Fig. 3-4c). Thus, interior elements are 
also in pure shear with the corresponding shear strains given by the equa- 
tion (compare with Eq. 3-2): 


u E 
3 — OO = cm ses (3-4) 


This equation shows that the shear strains in a circular bar vary linearly 
with the radial distance p from the center, with the strain being zero at the 
center and reaching a maximum value 54,4, at the outer surface. 


Circular Tubes 


A review of the preceding discussions will show that the equations for the 
shear strains (Eqs. 3-2 to 3-4) apply to circular tubes (Fig. 3-5) as well as 
to solid circular bars. Figure 3-5 shows the linear variation in shear strain 
between the maximum strain at the outer surface and the minimum strain at 
the interior surface. The equations for these strains are as follows: 


za Ne. c 
Ymax — -7 Ymin = p, Ymax — 7T (3-5a,b) 


in which r; and r» are the inner and outer radii, respectively, of the tube. 
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All of the preceding equations for the strains in a circular bar are 
based upon geometric concepts and do not involve the material properties. 
Therefore, the equations are valid for any material, whether it behaves elas- 
tically or inelastically, linearly or nonlinearly. However, the equations are 
limited to bars having small angles of twist and small strains. 


3.3 CIRCULAR BARS OF LINEARLY ELASTIC MATERIALS 


FIG. 3-6 Shear stresses in a circular bar in 
torsion 


Now that we have investigated the shear strains in a circular bar in torsion 
(see Figs. 3-3 to 3-5), we are ready to determine the directions and magni- 
tudes of the corresponding shear stresses. The directions of the stresses 
can be determined by inspection, as illustrated in Fig. 3-6a. We observe 
that the torque T tends to rotate the right-hand end of the bar counter- 
clockwise when viewed from the right. Therefore the shear stresses 7 
acting on a stress element located on the surface of the bar will have the 
directions shown in the figure. 

For clarity, the stress element shown in Fig. 3-6a is enlarged in 
Fig. 3-6b, where both the shear strain and the shear stresses are shown. As 
explained previously in Section 2.6, we customarily draw stress elements 
in two dimensions, as in Fig. 3-6b, but we must always remember that 
stress elements are actually three-dimensional objects with a thickness 
perpendicular to the plane of the figure. 

The magnitudes of the shear stresses can be determined from the 
strains by using the stress-strain relation for the material of the bar. If the 
material is linearly elastic, we can use Hooke's law in shear (Eq. 1-14): 


T= Gy (3-6) 


in which G is the shear modulus of elasticity and y is the shear strain in 
radians. Combining this equation with the equations for the shear strains 
(Eqs. 3-2 and 3-4), we get 
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FIG. 3-7 Longitudinal and transverse 
shear stresses in a circular bar subjected 
to torsion 
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FIG. 3-8 Tensile and compressive stresses 
acting on a stress element oriented at 
45*to the longitudinal axis 





FIG. 3-9 Determination of the resultant 
of the shear stresses acting on a cross 
section 
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p 
Tmax ` Gro C= Gp0 = Yr Tmax (3-7a,b) 


in which Tmax is the shear stress at the outer surface of the bar (radius r), T 
is the shear stress at an interior point (radius p), and @ is the rate of twist. 
(In these equations, 0 has units of radians per unit of length.) 

Equations (3-7a) and (3-7b) show that the shear stresses vary linearly 
with the distance from the center of the bar, as illustrated by the triangular 
stress diagram in Fig. 3-6c. This linear variation of stress is a consequence 
of Hookes law. If the stress-strain relation is nonlinear, the stresses will 
vary nonlinearly and other methods of analysis will be needed. 

The shear stresses acting on a cross-sectional plane are accompa- 
nied by shear stresses of the same magnitude acting on longitudinal 
planes (Fig. 3-7). This conclusion follows from the fact that equal shear 
stresses always exist on mutually perpendicular planes, as explained in 
Section 1.6. If the material of the bar is weaker in shear on longitudinal 
planes than on cross-sectional planes, as is typical of wood when the 
grain runs parallel to the axis of the bar, the first cracks due to torsion 
will appear on the surface in the longitudinal direction. 

The state of pure shear at the surface of a bar (Fig. 3-6b) is equivalent to 
equal tensile and compressive stresses acting on an element oriented at 
an angle of 45? as explained later in Section 3.5. Therefore, a rectangular 
element with sides at 45*to the axis of the shaft will be subjected to tensile 
and compressive stresses, as shown in Fig. 3-8. If a torsion bar is made of a 
material that 1s weaker in tension than in shear, failure will occur in tension 
along a helix inclined at 4530 the axis, as you can demonstrate by twisting a 
piece of classroom chalk. 


The Torsion Formula 


The next step in our analysis is to determine the relationship between the 
shear stresses and the torque 7. Once this is accomplished, we will be able 
to calculate the stresses and strains in a bar due to any set of applied 
torques. 

The distribution of the shear stresses acting on a cross section is pic- 
tured in Figs. 3-6c and 3-7. Because these stresses act continuously around 
the cross section, they have a resultant in the form of a moment—a moment 
equal to the torque 7 acting on the bar. To determine this resultant, we con- 
sider an element of area dA located at radial distance p from the axis of the 
bar (Fig. 3-9). The shear force acting on this element is equal to 7 dA, 
where 7 is the shear stress at radius p. The moment of this force about the 
axis of the bar is equal to the force times its distance from the center, or 
Tp dA. Substituting for the shear stress 7 from Eq. (3-7b), we can express 
this elemental moment as 


T 


dM = TpdA = — p dA 
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The resultant moment (equal to the torque T) is the summation over the 
entire cross-sectional area of all such elemental moments: 





Tmax Tmax 
T= | dM = =i p^ dA = Ip (3-8) 
A D JA d 
in which 


is the polar moment of inertia of the circular cross section. 
For a circle of radius r and diameter d, the polar moment of inertia 1s 


4 4 
O Wr md (3-10) 
2 oy 





as given in Appendix D, Case 9. Note that moments of inertia have units 
of length to the fourth power." 

An expression for the maximum shear stress can be obtained by rear- 
ranging Eq. (3-8), as follows: 


Tmax ^ . 3-11 
Ip (3-11) 


This equation, known as the torsion formula, shows that the maximum 
shear stress is proportional to the applied torque T and inversely propor- 
tional to the polar moment of inertia Jp. 

Typical units used with the torsion formula are as follows. In SI, 
the torque T is usually expressed in newton meters (N-m), the radius r 
in meters (m), the polar moment of inertia Ip in meters to the fourth 
power (m^), and the shear stress 7 in pascals (Pa). If USCS units are 
used, T is often expressed in pound-feet (lb-ft) or pound-inches 
(Ib-in.), r in inches (in.), Ip in inches to the fourth power (in.*), and 7 
in pounds per square inch (psi). 

Substituting r = d/2 and Ip = «d^/32 into the torsion formula, we 
get the following equation for the maximum stress: 


16T 


Tmax — p (3-12) 


This equation applies only to bars of solid circular cross section, whereas 
the torsion formula itself (Eq. 3-11) applies to both solid bars and circular 
tubes, as explained later. Equation (3-12) shows that the shear stress is 
inversely proportional to the cube of the diameter. Thus, if the diameter is 
doubled, the stress is reduced by a factor of eight. 


"Polar moments of inertia are discussed in Section 12.6 of Chapter 12. 
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The shear stress at distance p from the center of the bar is 


T 
T= E Tma = E (3-13) 
r Ip 


which is obtained by combining Eq. (3-7b) with the torsion formula 
(Eq. 3-11). Equation (3-13) is a generalized torsion formula, and we see 
once again that the shear stresses vary linearly with the radial distance 
from the center of the bar. 


Angle of Twist 


The angle of twist of a bar of linearly elastic material can now be related to 
the applied torque 7. Combining Eq. (3-7a) with the torsion formula, we get 


9 = —— (3-14) 


in which 0 has units of radians per unit of length. This equation shows that 
the rate of twist 0 is directly proportional to the torque T and inversely 
proportional to the product G/p, known as the torsional rigidity of the bar. 

For a bar in pure torsion, the total angle of twist $, equal to the rate 
of twist times the length of the bar (that is, 6 = 0L), is 


0 (3-15) 


in which $ is measured in radians. The use of the preceding equations 
in both analysis and design is illustrated later in Examples 3-1 and 3-2. 

The quantity G/p/L, called the torsional stiffness of the bar, is the 
torque required to produce a unit angle of rotation. The torsional 
flexibility is the reciprocal of the stiffness, or L/GIp, and is defined as the 
angle of rotation produced by a unit torque. Thus, we have the following 
expressions: 


GI L 
k- =— fr 


= —_ sb 
L GI; a 


These quantities are analogous to the axial stiffness k = EA/L and axial 
flexibility f = L/EA of a bar in tension or compression (compare with 
Eqs. 2-4a and 2-4b). Stiffnesses and flexibilities have important roles in 
structural analysis. 

The equation for the angle of twist (Eq. 3-15) provides a convenient 
way to determine the shear modulus of elasticity G for a material. By 
conducting a torsion test on a circular bar, we can measure the angle of 
twist o produced by a known torque T. Then the value of G can be calcu- 
lated from Eq. (3-15). 
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FIG. 3-10 Circular tube in torsion 


Circular Tubes 


Circular tubes are more efficient than solid bars in resisting torsional 
loads. As we know, the shear stresses in a solid circular bar are maximum 
at the outer boundary of the cross section and zero at the center. Therefore, 
most of the material in a solid shaft is stressed significantly below the 
maximum shear stress. Furthermore, the stresses near the center of the 
cross section have a smaller moment arm p for use in determining the torque 
(see Fig. 3-9 and Eq. 3-8). 

By contrast, in a typical hollow tube most of the material is near the 
outer boundary of the cross section where both the shear stresses and the 
moment arms are highest (Fig. 3-10). Thus, if weight reduction and 
savings of material are important, it is advisable to use a circular tube. 
For instance, large drive shafts, propeller shafts, and generator shafts 
usually have hollow circular cross sections. 

The analysis of the torsion of a circular tube is almost identical to that 
for a solid bar. The same basic expressions for the shear stresses may be 
used (for instance, Eqs. 3-7a and 3-7b). Of course, the radial distance p is 
limited to the range r, to r2, where r; is the inner radius and r is the outer 
radius of the bar (Fig. 3-10). 

The relationship between the torque 7 and the maximum stress is 
given by Eq. (3-8), but the limits on the integral for the polar moment of 
inertia (Eq. 3-9) are p = rı and p = r2. Therefore, the polar moment of 
inertia of the cross-sectional area of a tube is 


~ (d3 — dj) (3-16) 


TT TT 
Ip — y 03 — ri) 


The preceding expressions can also be written in the following forms: 
Ip = a (Ar? + 17) = s (C (3-17) 


in which r is the average radius of the tube, equal to (rı + r2)/2; d is 
the average diameter, equal to (dj + d5)/2; and t is the wall thickness 
(Fig. 3-10), equal to r2 — rı. Of course, Eqs. (3-16) and (3-17) give 
the same results, but sometimes the latter is more convenient. 

If the tube is relatively thin so that the wall thickness tf is small 
compared to the average radius r, we may disregard the terms /^ in 
Eq. (3-17). With this simplification, we obtain the following approximate 
formulas for the polar moment of inertia: 


adt 
4 





(3-18) 


is 2ar t= 


These expressions are given in Case 22 of Appendix D. 
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Reminders: In Eqs. 3-17 and 3-18, the quantities r and d are the 
average radius and diameter, not the maximums. Also, Eqs. 3-16 and 3-17 
are exact; Eq. 3-18 is approximate. 

The torsion formula (Eq. 3-11) may be used for a circular tube of 
linearly elastic material provided Ip is evaluated according to Eq. (3-16), 
Eq. (3-17), or, if appropriate, Eq. (3-18). The same comment applies to the 
general equation for shear stress (Eq. 3-13), the equations for rate of twist 
and angle of twist (Eqs. 3-14 and 3-15), and the equations for stiffness and 
flexibility (Eqs. a and b). 

The shear stress distribution in a tube is pictured in Fig. 3-10. From 
the figure, we see that the average stress in a thin tube is nearly as great as 
the maximum stress. This means that a hollow bar is more efficient in the 
use of material than is a solid bar, as explained previously and as demon- 
strated later in Examples 3-2 and 3-3. 

When designing a circular tube to transmit a torque, we must be 
sure that the thickness 1 is large enough to prevent wrinkling or buckling 
of the wall of the tube. For instance, a maximum value of the radius to 
thickness ratio, such as (12/f)max = 12, may be specified. Other design 
considerations include environmental and durability factors, which also 
may impose requirements for minimum wall thickness. These topics are 
discussed in courses and textbooks on mechanical design. 


Limitations 


The equations derived in this section are limited to bars of circular cross 
section (either solid or hollow) that behave in a linearly elastic manner. 
In other words, the loads must be such that the stresses do not exceed the 
proportional limit of the material. Furthermore, the equations for stresses 
are valid only in parts of the bars away from stress concentrations (such as 
holes and other abrupt changes in shape) and away from cross sections 
where loads are applied. (Stress concentrations in torsion are discussed 
later in Section 3.11.) 

Finally, it is important to emphasize that the equations for the torsion 
of circular bars and tubes cannot be used for bars of other shapes. Non- 
circular bars, such as rectangular bars and bars having I-shaped cross 
sections, behave quite differently than do circular bars. For instance, 
their cross sections do not remain plane and their maximum stresses are 
not located at the farthest distances from the midpoints of the cross 
sections. Thus, these bars require more advanced methods of analysis, 
such as those presented in books on theory of elasticity and advanced 
mechanics of materials." 


The torsion theory for circular bars originated with the work of the famous French 
scientist C. A. de Coulomb (1736-1806); further developments were due to Thomas 
ating and A. Duleau (Ref. 3-1). The general theory of torsion (for bars of any shape) is 
due to the most famous elastician of all time, Barréde Saint-ànant (1797—1886); see 
Ref. 2-10. 
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Example 3-1 


FIG. 3-11 Example 3-1. Bar in pure 
torsion 





Ship drive shaft is a key part of the propulsion 
system 





A solid steel bar of circular cross section (Fig. 3-11) has diameter d — 1.5 in., 
length L — 54 in., and shear modulus of elasticity G — 11.5 X 10 psi. The bar is 
subjected to torques T acting at the ends. 

(a) If the torques have magnitude T = 250 Ib-ft, what is the maximum shear 
stress in the bar? What is the angle of twist between the ends? 

(b) If the allowable shear stress 1s 6000 psi and the allowable angle of twist 
is 2.5? what is the maximum permissible torque? 


d. 1:5 


C a ears 


Solution 

(a) Maximum shear stress and angle of twist. Because the bar has a solid 
circular cross section, we can find the maximum shear stress from Eq. (3-12), 
as follows: 


. ler  16(2501b-fO(12 in./ft) — 
LINE AS ine = Aes es — 
In a similar manner, the angle of twist is obtained from Eq. (3-15) with the polar 
moment of inertia given by Eq. (3-10): 


4 m 
I md = m(.5inj) = 0.4970 in. 
2 92 


be E ENS saat Eee 2D — 0.02834 rad = 1.62 i 
Glp (11.5 X 10? psi)(0.4970 in.) 
Thus, the analysis of the bar under the action of the given torque is completed. 
(b) Maximum permissible torque. The maximum permissible torque is deter- 
mined either by the allowable shear stress or by the allowable angle of twist. 
Beginning with the shear stress, we rearrange Eq. (3-12) and calculate as follows: 


3 
TA Tae 


qe 
: 16 


- a (1.5 in.)°(6000 psi) = 3980 Ib-in. = 331 Ib-ft 


Any torque larger than this value will result in a shear stress that exceeds the 
allowable stress of 6000 psi. 

Using a rearranged Eq. (3-15), we now calculate the torque based upon the 
angle of twist: 








T, = Cleduis. — (11.5 X 10° psi)(0.4970 in.) 2.5X( 7 rad/1809_ 
L 54 1n. 


— 4618 Ib-in. — 385 Ib-ft 


Any torque larger than T, will result in the allowable angle of twist being exceeded. 
The maximum permissible torque is the smaller of T, and T»: 


Tmax = 331 lb-ft 


In this example, the allowable shear stress provides the limiting condition. 





A steel shaft is to be manufactured either as a solid circular bar or as a circular 
tube (Fig. 3-12). The shaft is required to transmit a torque of 1200 N-m without 
exceeding an allowable shear stress of 40 MPa nor an allowable rate of twist 
of 0.75/m. (The shear modulus of elasticity of the steel is 78 GPa.) 

(a) Determine the required diameter dọ of the solid shaft. 

(b) Determine the required outer diameter d» of the hollow shaft if the thick- 
ness f of the shaft is specified as one-tenth of the outer diameter. 

(c) Determine the ratio of diameters (that is, the ratio d5/do) and the ratio of 
weights of the hollow and solid shafts. 


= d 
qs 
10 
Complex crank shaft © ce 
«— ——— do ed [e di mec 


— 








FIG. 3-12 Example 3-2. Torsion of a steel 
shaft (a) (b) 


Solution 

(a) Solid shaft. The required diameter dp is determined either from the allow- 
able shear stress or from the allowable rate of twist. In the case of the allowable 
shear stress we rearrange Eq. (3-12) and obtain 


16T __ 1601200 N-m) 


M =| SOS I a 
TT Tac 7 (40 MPa) 


d= 


continued 
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(a) 


FIG. 3-12 (Repeated) 


d —=> 


(b) 


from which we get 
dy = 0.0535 m = 53.5 mm 


In the case of the allowable rate of twist, we start by finding the required polar 
moment of inertia (see Eq. 3-14): 


T 1200 N:m 


I flop — AO SS SS x mo 4 
l" Gg, (78 GPa)(0.75?m)( z rad/1809 MERE. 


Since the polar moment of inertia is equal to 74 ^/32, the required diameter is 


m 
S E 2 es aa Hi) ae eta E ME, 


di 





Or 


do = 0.0588 m = 58.8 mm 


Comparing the two values of do, we see that the rate of twist governs the design 
and the required diameter of the solid shaft is 


dy = 58.8 mm um 


In a practical design, we would select a diameter slightly larger than the calculated 
value of do; for instance, 60 mm. 

(b) Hollow shaft. Again, the required diameter is based upon either the allow- 
able shear stress or the allowable rate of twist. We begin by noting that the outer 
diameter of the bar is d» and the inner diameter is 


d, = d> — 2t = d> E 2(0.1d5) zm 0.8d5 
Thus, the polar moment of inertia (Eq. 3-16) is 


T T T 
D 55 (d$ — d) = EDI E — Osda EE (0.590445) = 0.05796d5 


In the case of the allowable shear stress, we use the torsion formula 
(Eq. 3-11) as follows: 


Tr | Ty2) T 


FIT re sare © Oil scene 


Rearranging, we get 


= 585 100m 
0.1159 Tajow —0.1159(40 MPa) 


Solving for d» gives 
də = 0.0637 m = 63.7 mm 


which is the required outer diameter based upon the shear stress. 





In the case of the allowable rate of twist, we use Eq. (3-14) with 0 replaced 
by alow and Ip replaced by the previously obtained expression; thus, 


n 
G(0.0579645) 


ANTO = 


from which 


ee 
^ — 0.05796G banow 
1200 N-m 


= Sa a LL = ~ 
0.05796(78 GPa)(0.75/m)( m rad/1807 — 2948 X I0 m 


Solving for d» gives 
də = 0.0671 m = 67.1 mm 


which is the required diameter based upon the rate of twist. 
Comparing the two values of d», we see that the rate of twist governs the 
design and the required outer diameter of the hollow shaft is 


də = 67.1 mm 


The inner diameter d; is equal to 0.8d5, or 53.7 mm. (As practical values, we 
might select d; = 70 mm and d; = 0.8d5 = 56 mm.) 

(c) Ratios of diameters and weights. The ratio of the outer diameter of the 
hollow shaft to the diameter of the solid shaft (using the calculated values) is 


d, 671mm | 1.14 

dy 58.8 mm 

Since the weights of the shafts are proportional to their cross-sectional areas, 

we can express the ratio of the weight of the hollow shaft to the weight of the 
solid shaft as follows: 


Whonow — hollow _ m(d3 — dD/4 = d5— di 


Wold A pd qd o/4 do 





_ (67.1 mm)? — (53.7 mm)? 


= (047 
(58.8 mmy? 


These results show that the hollow shaft uses only 47%s much material as does 
the solid shaft, while its outer diameter is only 14%arger. 

Note: This example illustrates how to determine the required sizes of both 
solid bars and circular tubes when allowable stresses and allowable rates of twist 
are known. It also illustrates the fact that circular tubes are more efficient in the 
use of materials than are solid circular bars. 
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FIG. 3-13 Example 3-3. Comparison of 
hollow and solid shafts 





A hollow shaft and a solid shaft constructed of the same material have the same 
length and the same outer radius R (Fig. 3-13). The inner radius of the hollow 
shaft is 0.6R. 

(a) Assuming that both shafts are subjected to the same torque, compare their 
shear stresses, angles of twist, and weights. 

(b) Determine the strength-to-weight ratios for both shafts. 


(a) (b) 


Solution 
(a) Comparison or shear stresses. The maximum shear stresses, given by the 
torsion formula (Eq. 3-11), are proportional to 1//p inasmuch as the torques and 
radii are the same. For the hollow shaft, we get 
mR | m(0.6Ry* 


Ip —— — ———— = 04352«R* 
2 2 


and for the solid shaft, 





i 5 = 0.57R* 


Therefore, the ratio 5; of the maximum shear stress in the hollow shaft to that in 
the solid shaft is 


TH —  057R* 


pi EL is zn 


— 0,43527R* 


where the subscripts H and S refer to the hollow shaft and the solid shaft, 
respectively. 

Comparison of angles of twist. The angles of twist (Eq. 3-15) are also 
proportional to 1/Ip, because the torques T, lengths L, and moduli of elasticity G 
are the same for both shafts. Therefore, their ratio is the same as for the shear 
stresses: 


_ dy _ __057R* 


= ———__ = 1.15 domu 
d;  0.43527R* 


f2 





Comparison of weights. The weights of the shafts are proportional to their 
cross-sectional areas; consequently, the weight of the solid shaft is proportional 
to 7R? and the weight of the hollow shaft is proportional to 


aR? — m0.6R = 0.647R? 


Therefore, the ratio of the weight of the hollow shaft to the weight of the solid 
shaft is 


Wa _ 0.647R? 


= 0.64 
Ws aR 


Bs = 


From the preceding ratios we again see the inherent advantage of hollow 
shafts. In this example, the hollow shaft has 15@%reater stress and 15%reater 
angle of rotation than the solid shaft but 36%ss weight. 

(b) Strength-to-weight ratios. The relative efficiency of a structure is some- 
times measured by its strength-to-weight ratio, which 1s defined for a bar in 
torsion as the allowable torque divided by the weight. The allowable torque for 
the hollow shaft of Fig. 3-13a (from the torsion formula) is 


pop sd ta ; 
n uu cll 





and for the solid shaft 1s 


Toup s Tax OSTR ^j 


= 0. 5a R? 
R E OSTR m 


Tg = 


The weights of the shafts are equal to the cross-sectional areas times the length L 
times the weight density y of the material: 


Wy = 0.647R°Ly Ws = mR Ly 


Thus, the strength-to-weight ratios Sp and Ss; for the hollow and solid bars, 
respectively, are 


Tg Tx Ts (E id 
Sete eee ESL. n SS 
Wa yL Ws yL 


In this example, the strength-to-weight ratio of the hollow shaft is 36%reater 
than the strength-to-weight ratio for the solid shaft, demonstrating once again the 
relative efficiency of hollow shafts. For a thinner shaft, the percentage will 
increase; for a thicker shaft, 1t will decrease. 
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3.4 NONUNIFORM TORSION 
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(b) 
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FIG. 3-14 Bar in nonuniform torsion 
(Case 1) 





As explained in Section 3.2, pure torsion refers to torsion of a prismatic bar 
subjected to torques acting only at the ends. Nonuniform torsion differs from 
pure torsion in that the bar need not be prismatic and the applied torques may 
act anywhere along the axis of the bar. Bars in nonuniform torsion can be ana- 
lyzed by applying the formulas of pure torsion to finite segments of the bar 
and then adding the results, or by applying the formulas to differential ele- 
ments of the bar and then integrating. 

To illustrate these procedures, we will consider three cases of nonuni- 
form torsion. Other cases can be handled by techniques similar to those 
described here. 

Case 1. Bar consisting of prismatic segments with constant torque 
throughout each segment (Fig. 3-14). The bar shown in part (a) of the 
figure has two different diameters and is loaded by torques acting at points 
A, B, C, and D. Consequently, we divide the bar into segments in such a 
way that each segment is prismatic and subjected to a constant torque. 
In this example, there are three such segments, AB, BC, and CD. Each 
segment is in pure torsion, and therefore all of the formulas derived in 
the preceding section may be applied to each part separately. 

The first step in the analysis is to determine the magnitude and direc- 
tion of the internal torque in each segment. Usually the torques can be 
determined by inspection, but if necessary they can be found by cutting 
sections through the bar, drawing free-body diagrams, and solving equa- 
tions of equilibrium. This process is illustrated in parts (b), (c), and (d) of 
the figure. The first cut is made anywhere in segment CD, thereby expos- 
ing the internal torque Tcp. From the free-body diagram (Fig. 3-14b), we 
see that Tcp is equal to -Ti — T> + 73. From the next diagram we see 
that Tgc equals —7, — Tə, and from the last we find that T45 equals — T1. 
Thus, 


Icp-— —Ti — TI» + T3 Ipc = —Ti— To Tap = —1i (a,b,c) 


Each of these torques is constant throughout the length of its segment. 

When finding the shear stresses in each segment, we need only the 
magnitudes of these internal torques, since the directions of the stresses are 
not of interest. However, when finding the angle of twist for the entire bar, 
we need to know the direction of twist in each segment in order to combine 
the angles of twist correctly. Therefore, we need to establish a sign conven- 
tion for the internal torques. A convenient rule in many cases is the 
following: An internal torque is positive when its vector points away from the 
cut section and negative when its vector points toward the section. Thus, all 
of the internal torques shown in Figs. 3-14b, c, and d are pictured in their 
positive directions. If the calculated torque (from Eq. a, b, or c) turns out 
to have a positive sign, it means that the torque acts in the assumed direc- 
tion; if the torque has a negative sign, it acts in the opposite direction. 

The maximum shear stress in each segment of the bar is readily obtained 
from the torsion formula (Eq. 3-11) using the appropriate cross-sectional 





FIG. 3-15 Bar in nonuniform torsion 
(Case 2) 


E B 
x = L dx 
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dimensions and internal torque. For instance, the maximum stress in 
segment BC (Fig. 3-14) is found using the diameter of that segment and 
the torque Tgc calculated from Eq. (b). The maximum stress in the 
entire bar is the largest stress from among the stresses calculated for 
each of the three segments. 

The angle of twist for each segment is found from Eq. (3-15), again 
using the appropriate dimensions and torque. The total angle of twist of 
one end of the bar with respect to the other is then obtained by algebraic 
summation, as follows: 


p= pith +... + p, (3-19) 


where 4, is the angle of twist for segment 1, $» is the angle for segment 2, 
and so on, and n is the total number of segments. Since each angle of twist 
is found from Eq. (3-15), we can write the general formula 


d= Y h; = : LL; (3-20) 
i=1 i=1 Gy(Ip); 


in which the subscript 7 is a numbering index for the various segments. 
For segment i of the bar, 7; is the internal torque (found from equilibrium, 
as illustrated in Fig. 3-14), L; is the length, G; is the shear modulus, and 
(Ip); is the polar moment of inertia. Some of the torques (and the 
corresponding angles of twist) may be positive and some may be negative. 
By summing algebraically the angles of twist for all segments, we obtain 
the total angle of twist o between the ends of the bar. The process is illus- 
trated later in Example 3-4. 

Case 2. Bar with continuously varying cross sections and constant 
torque (Fig. 3-15). When the torque is constant, the maximum shear stress 
in a solid bar always occurs at the cross section having the smallest diam- 
eter, as shown by Eq. (3-12). Furthermore, this observation usually holds 
for tubular bars. If this is the case, we only need to investigate the smallest 
cross section in order to calculate the maximum shear stress. Otherwise, it 
may be necessary to evaluate the stresses at more than one location in 
order to obtain the maximum. 

To find the angle of twist, we consider an element of length dx at 
distance x from one end of the bar (Fig. 3-15). The differential angle of 
rotation d ó for this element is 





(d) 


in which 7/p(x) is the polar moment of inertia of the cross section at 
distance x from the end. The angle of twist for the entire bar is the 
summation of the differential angles of rotation: 


L L 
ee (3-21) 
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FIG. 3-16 Bar in nonuniform torsion 
(Case 3) 


If the expression for the polar moment of inertia /p(x) is not too complex, 
this integral can be evaluated analytically, as in Example 3-5. In other 
cases, it must be evaluated numerically. 

Case 3. Bar with continuously varying cross sections and continu- 
ously varying torque (Fig. 3-16). The bar shown in part (a) of the figure is 
subjected to a distributed torque of intensity t per unit distance along the 
axis of the bar. As a result, the internal torque 7(x) varies continuously 
along the axis (Fig. 3-16b). The internal torque can be evaluated with the 
aid of a free-body diagram and an equation of equilibrium. As in Case 2, 
the polar moment of inertia /p(x) can be evaluated from the cross-sectional 
dimensions of the bar. 

Knowing both the torque and polar moment of inertia as functions 
of x, we can use the torsion formula to determine how the shear stress 
varies along the axis of the bar. The cross section of maximum shear 
stress can then be identified, and the maximum shear stress can be 
determined. 

The angle of twist for the bar of Fig. 3-16a can be found in the same 
manner as described for Case 2. The only difference is that the torque, like 
the polar moment of inertia, also varies along the axis. Consequently, the 
equation for the angle of twist becomes 


L i 
T(x) dx 
Z| do = | = = (3-22) 
? | ? | GIp(x) 


This integral can be evaluated analytically in some cases, but usually it 
must be evaluated numerically. 


Limitations 


The analyses described in this section are valid for bars made of linearly 
elastic materials with circular cross sections (either solid or hollow). Also, 
the stresses determined from the torsion formula are valid in regions of the 
bar away from stress concentrations, which are high localized stresses that 
occur wherever the diameter changes abruptly and wherever concentrated 
torques are applied (see Section 3.11). However, stress concentrations 
have relatively little effect on the angle of twist, and therefore the equa- 
tions for œ are generally valid. 

Finally, we must keep in mind that the torsion formula and the 
formulas for angles of twist were derived for prismatic bars. We can safely 
apply them to bars with varying cross sections only when the changes in 
diameter are small and gradual. As a rule of thumb, the formulas given 
here are satisfactory as long as the angle of taper (the angle between the 
sides of the bar) is less than 10? 





A solid steel shaft ABCDE (Fig. 3-17) having diameter d — 30 mm turns freely 
in bearings at points A and E. The shaft is driven by a gear at C, which applies a 
torque 75 = 450 N-m in the direction shown in the figure. Gears at B and D are 
driven by the shaft and have resisting torques T, = 275 N-m and T4 = 175 N:m, 
respectively, acting in the opposite direction to the torque 75. Segments BC and 
CD have lengths Lgc = 500 mm and Lcp = 400 mm, respectively, and the 
shear modulus G — 80 GPa. 

Determine the maximum shear stress in each part of the shaft and the angle 
of twist between gears B and D. 


Ti T? n 





FIG. 3-17 Example 3-4. Steel shaft in B C D 


torsion -—Lpc I Lop> 








Solution 

Each segment of the bar is prismatic and subjected to a constant torque 
(Case 1). Therefore, the first step in the analysis is to determine the torques acting in 
the segments, after which we can find the shear stresses and angles of twist. 

Torques acting in the segments. The torques in the end segments (AB and 
DE) are zero since we are disregarding any friction in the bearings at the supports. 
Therefore, the end segments have no stresses and no angles of twist. 

The torque Tcp in segment CD is found by cutting a section through the 
segment and constructing a free-body diagram, as in Fig. 3-18a. The torque is 
assumed to be positive, and therefore its vector points away from the cut section. 
From equilibrium of the free body, we obtain 


The positive sign in the result means that Tcp acts in the assumed positive 
direction. 


Tcp 


TBC 





FIG. 3-18 Free-body diagrams for 
Example 3-4 





continued 
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The torque in segment BC is found in a similar manner, using the free-body 
diagram of Fig. 3-18b: 


Tpc = E = —275 N-m 


Note that this torque has a negative sign, which means that its direction is opposite to 
the direction shown in the figure. 

Shear stresses. The maximum shear stresses in segments BC and CD are 
found from the modified form of the torsion formula (Eq. 3-12); thus, 





16Tgc — 16(275N-m) _ 


= = 51.9 MP emm 
Mas md’ 7 (30 mm)? a 
7d 7r (30 mm) 


Since the directions of the shear stresses are not of interest in this example, only 
absolute values of the torques are used in the preceding calculations. 

Angles of twist. The angle of twist gp between gears B and D is the alge- 
braic sum of the angles of twist for the intervening segments of the bar, as given 
by Eq. (3-19); thus, 


Opp = Pac + Pcp 


When calculating the individual angles of twist, we need the moment of inertia of 
the cross section: 


A 4 
i md = (30 mm)" Z 19500 mm* 
32 o2 


Now we can determine the angles of twist, as follows: 


bac = ne nea (2275 N:m)(500 mm) ES 
BC ^ Gp, (80 GPa)(79,520 mm?) 





— 0.0216 rad 


— TcpLcp _ (175 N:m)(400mm) — 
oP ce OTe oa a 


Note that in this example the angles of twist have opposite directions. Adding 
algebraically, we obtain the total angle of twist: 


Pgp = dgc + bcp = —0.0216 + 0.0110 = —0.0106 rad = —0.61° qmm 


The minus sign means that gear D rotates clockwise (when viewed from the right- 
hand end of the shaft) with respect to gear B. However, for most purposes only the 
absolute value of the angle of twist is needed, and therefore it is sufficient to say 
that the angle of twist between gears B and D is 0.61? The angle of twist between 
the two ends of a shaft is sometimes called the wind-up. 

Notes: The procedures illustrated in this example can be used for shafts 
having segments of different diameters or of different materials, as long as the 
dimensions and properties remain constant within each segment. 

Only the effects of torsion are considered in this example and in the problems 
at the end of the chapter. Bending effects are considered later, beginning with 
Chapter 4. 





FIG. 3-19 Example 3-5. Tapered bar in 
torsion 


A tapered bar AB of solid circular cross section is twisted by torques T applied at 
the ends (Fig. 3-19). The diameter of the bar varies linearly from d4 at the left- 
hand end to dg at the right-hand end, with dg assumed to be greater than d4. 

(a) Determine the maximum shear stress in the bar. 

(b) Derive a formula for the angle of twist of the bar. 


Solution 

(a) Shear stresses. Since the maximum shear stress at any cross section in a 
solid bar is given by the modified torsion formula (Eq. 3-12), we know immediately 
that the maximum shear stress occurs at the cross section having the smallest diam- 
eter, that is, at end A (see Fig. 3-19): 


16T 
Tmax m 
Td 





(b) Angle of twist. Because the torque is constant and the polar moment of 
inertia varies continuously with the distance x from end A (Case 2), we will use 
Eq. (3-21) to determine the angle of twist. We begin by setting up an expression 
for the diameter d at distance x from end A: 





d=d,t % (3-23) 


dg — d4 
L 

in which L is the length of the bar. We can now write an expression for the polar 

moment of inertia: 


(3-24) 


d - 4 
Ip(x) = ae =" (4 T a 


20890552. L 


Substituting this expression into Eq. (3-21), we get a formula for the angle of twist: 


JL; L 
T Ta dx : 
m | Gre) | 7G | Sr 


= 4 
5 (4 + dy us x) 
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To evaluate the integral in this equation, we note that it is of the form 


| dx 
(a + bx)* 


in which 


a=d, b= aes (e.f) 





With the aid of a table of integrals (see Appendix C), we find 


| dx 0 1 — 
(a + bx 3b(a + bx) 


This integral is evaluated in our case by substituting for x the limits 0 and L and 
substituting for a and b the expressions in Eqs. (e) and (f). Thus, the integral in 
Eq. (3-25) equals 


ia (laces T 
3ds— dj) Adi — di 3 
Replacing the integral in Eq. (3-25) with this expression, we obtain 


32TL (= 5 | 


3-26) «mm 
Uu NN uc) 


9 — 3aG(ds — dj 
which is the desired equation for the angle of twist of the tapered bar. 


A convenient form in which to write the preceding equation is 


— COMES Ereti 397 
O D | 3g eee 
in which 
` dg 7 ads 
D a (Ip) = TES (3-28) 


The quantity 8 is the ratio of end diameters and (Jp), is the polar moment of 
inertia at end A. 

In the special case of a prismatic bar, we have 6 = 1 and Eq. (3-27) gives 
p = TL/G(Ip)4, as expected. For values of greater than 1, the angle of rotation 
decreases because the larger diameter at end B produces an increase in the 
torsional stiffness (as compared to a prismatic bar). 
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3.5 STRESSES AND STRAINS IN PURE SHEAR 


FIG. 3-20 Stresses acting on a stress 
element cut from a bar in torsion (pure 
shear) 


When a circular bar, either solid or hollow, is subjected to torsion, shear 
stresses act over the cross sections and on longitudinal planes, as illus- 
trated previously in Fig. 3-7. We will now examine in more detail the 
stresses and strains produced during twisting of a bar. 

We begin by considering a stress element abcd cut between two 
cross sections of a bar in torsion (Figs. 3-20a and b). This element is in a 
state of pure shear, because the only stresses acting on it are the shear 
stresses 7 on the four side faces (see the discussion of shear stresses in 
Section 1.6.) 

The directions of these shear stresses depend upon the directions of 
the applied torques 7. In this discussion, we assume that the torques 
rotate the right-hand end of the bar clockwise when viewed from the 
right (Fig. 3-20a); hence the shear stresses acting on the element have 
the directions shown in the figure. This same state of stress exists for a 
similar element cut from the interior of the bar, except that the magni- 
tudes of the shear stresses are smaller because the radial distance to the 
element is smaller. 

The directions of the torques shown in Fig. 3-20a are intentionally 
chosen so that the resulting shear stresses (Fig. 3-20b) are positive 
according to the sign convention for shear stresses described previously in 
Section 1.6. This sign convention is repeated here: 

A shear stress acting on a positive face of an element is positive if it 
acts in the positive direction of one of the coordinate axes and negative if 
it acts in the negative direction of an axis. Conversely, a shear stress acting 
on a negative face of an element is positive if it acts in the negative 
direction of one of the coordinate axes and negative if it acts in the posi- 
tive direction of an axis. 

Applying this sign convention to the shear stresses acting on the 
stress element of Fig. 3-20b, we see that all four shear stresses are 
positive. For instance, the stress on the right-hand face (which is a posi- 
tive face because the x axis is directed to the right) acts in the positive 
direction of the y axis; therefore, it is a positive shear stress. Also, the 
stress on the left-hand face (which is a negative face) acts in the 
negative direction of the y axis; therefore, it is a positive shear stress. 
Analogous comments apply to the remaining stresses. 
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FIG. 3-21 Analysis of stresses on inclined 
planes: (a) element in pure shear, 

(b) stresses acting on a triangular stress 
element, and (c) forces acting on the 
triangular stress element (free-body 
diagram) 


Stresses on Inclined Planes 


We are now ready to determine the stresses acting on inclined planes cut 
through the stress element in pure shear. We will follow the same 
approach as the one we used in Section 2.6 for investigating the stresses 
in uniaxial stress. 

A two-dimensional view of the stress element is shown in Fig. 3-21a. 
As explained previously in Section 2.6, we usually draw a two-dimen- 
sional view for convenience, but we must always be aware that the 
element has a third dimension (thickness) perpendicular to the plane of 
the figure. 

We now cut from the element a wedge-shaped (or "triangular") stress 
element having one face oriented at an angle 0 to the x axis (Fig. 3-21b). 
Normal stresses o and shear stresses Tg act on this inclined face and 
are shown in their positive directions in the figure. The sign convention 
for stresses og; and Tọ was described previously in Section 2.6 and is 
repeated here: 

Normal stresses o are positive in tension and shear stresses To are 
positive when they tend to produce counterclockwise rotation of the 
material. (Note that this sign convention for the shear stress Tọ acting on 
an inclined plane is different from the sign convention for ordinary shear 
stresses 7 that act on the sides of rectangular elements oriented to a set of 
Xy axes.) 

The horizontal and vertical faces of the triangular element (Fig. 3-21b) 
have positive shear stresses 7 acting on them, and the front and rear faces of 
the element are free of stress. Therefore, all stresses acting on the element 
are visible in this figure. 

The stresses o; and Tg may now be determined from the equilibrium 
of the triangular element. The forces acting on its three side faces can be 
obtained by multiplying the stresses by the areas over which they act. 
For instance, the force on the left-hand face is equal to 7Ao, where Ay is 
the area of the vertical face. This force acts in the negative y direction 
and is shown in the free-body diagram of Fig. 3-21c. Because the 
thickness of the element in the z direction is constant, we see that the 
area of the bottom face is Ag tan 0 and the area of the inclined face is Ag 





FIG. 3-22 Graph of normal stresses og and 
shear stresses Tg versus angle 0 of the 
inclined plane 
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sec 0. Multiplying the stresses acting on these faces by the correspon- 
ding areas enables us to obtain the remaining forces and thereby 
complete the free-body diagram (Fig. 3-21c). 

We are now ready to write two equations of equilibrium for the trian- 
gular element, one in the direction of co and the other in the direction 
of Tọ. When writing these equations, the forces acting on the left-hand and 
bottom faces must be resolved into components in the directions of Sg 
and 754. Thus, the first equation, obtained by summing forces in the direc- 
tion of gs, is 


Og Áo sec 0 = TAg sin 0 + TAg tan 0 cos 0 
Or 
Og = 2rTsin 0cos 0 (3-29a) 
The second equation is obtained by summing forces in the direction of 75 
Tg Ag Sec 0 = TAg cos 0 — TAp tan 0 sin 0 
or 
To = T(cos^0 — sin*6) (3-29b) 


These equations can be expressed in simpler forms by introducing the 
following trigonometric identities (see Appendix C): 


sin 20 = 2 sin 0 cos @ cos 20 = cos? 0 — sin? 0 


Then the equations for og and Tg become 
Og = Tsin 20 Tg = TCOS 20 (3-30a,b) 


Equations (3-30a and b) give the normal and shear stresses acting on any 
inclined plane in terms of the shear stresses 7 acting on the x and y planes 
(Fig. 3-21a) and the angle 0 defining the orientation of the inclined plane 
(Fig. 3-21b). 

The manner in which the stresses o; and Tg vary with the orientation 
of the inclined plane is shown by the graph in Fig. 3-22, which is a plot of 
Eqs. (3-30a and b). We see that for 0 — 0, which is the right-hand face of 
the stress element in Fig. 3-21a, the graph gives og = O and 75 = 7. This 
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FIG. 3-23 Stress elements oriented at 
0 = 0 and 0 = 45‘for pure shear 


latter result is expected, because the shear stress 7 acts counterclockwise 
against the element and therefore produces a positive shear stress To. 

For the top face of the element (0 = 90), we obtain o,g = 0 and 
Tg = — 7. The minus sign for Tg means that it acts clockwise against the 
element, that is, to the right on face ab (Fig. 3-21a), which is consistent 
with the direction of the shear stress 7. Note that the numerically largest 
shear stresses occur on the planes for which 0 = 0 and 90? as well as on 
the opposite faces (0 = 180%and 2709. 

From the graph we see that the normal stress og reaches a maximum 
value at 0 — 45? At that angle, the stress is positive (tension) and equal 
numerically to the shear stress 7. Similarly, og has its minimum value 
(which is compressive) at 0 = —45?At both of these 45‘angles, the shear 
stress Tg is equal to zero. These conditions are pictured in Fig. 3-23 which 
shows stress elements oriented at 0 = 0 and 0 = 45? The element at 454s 
acted upon by equal tensile and compressive stresses in perpendicular 
directions, with no shear stresses. 

Note that the normal stresses acting on the 45?element (Fig. 3-23b) 
correspond to an element subjected to shear stresses 7 acting in the direc- 
tions shown in Fig. 3-23a. If the shear stresses acting on the element of 
Fig. 3-23a are reversed in direction, the normal stresses acting on the 
45*planes also will change directions. 





Omax — T Omin ^ 7 


(a) (b) 


If a stress element is oriented at an angle other than 45> both normal 
and shear stresses will act on the inclined faces (see Eqs. 3-30a and b and 
Fig. 3-22). Stress elements subjected to these more general conditions are 
discussed in detail in Chapter 7. 

The equations derived in this section are valid for a stress element in 
pure shear regardless of whether the element is cut from a bar in torsion or 
from some other structural element. Also, since Eqs. (3-30) were derived 
from equilibrium only, they are valid for any material, whether or not it 
behaves in a linearly elastic manner. 

The existence of maximum tensile stresses on planes at 45^to the 
x axis (Fig. 3-23b) explains why bars in torsion that are made of 
materials that are brittle and weak in tension fail by cracking along 


FIG. 3-24 Torsion failure of a brittle 
material by tension cracking along a 45° 
helical surface 


FIG. 3-25 Strains in pure shear: (a) shear 
distortion of an element oriented at 

0 = O, and (b) distortion of an element 
oriented at 0 = 45? 
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a 45°helical surface (Fig. 3-24). As mentioned in Section 3.3, this 
type of failure is readily demonstrated by twisting a piece of class- 
room chalk. 


Strains in Pure Shear 


Let us now consider the strains that exist in an element in pure shear. 
For instance, consider the element in pure shear shown in Fig. 3-23a. 
The corresponding shear strains are shown in Fig. 3-25a, where the 
deformations are highly exaggerated. The shear strain y is the change 
in angle between two lines that were originally perpendicular to each 
other, as discussed previously in Section 1.6. Thus, the decrease in the 
angle at the lower left-hand corner of the element is the shear strain y 
(measured in radians). This same change in angle occurs at the upper 
right-hand corner, where the angle decreases, and at the other two cor- 
ners, where the angles increase. However, the lengths of the sides of the 
element, including the thickness perpendicular to the plane of the 
paper, do not change when these shear deformations occur. Therefore, 
the element changes its shape from a rectangular parallelepiped (Fig. 3-23a) 
to an oblique parallelepiped (Fig. 3-25a). This change in shape is called 
a shear distortion. 

If the material is linearly elastic, the shear strain for the element 
oriented at 0 = 0 (Fig. 3-25a) is related to the shear stress by Hookes law 
in shear: 


idm G (3-31) 


where, as usual, the symbol G represents the shear modulus of elasticity. 


[ 
I 


T 


Omax — T 


Omin = — 7 





(a) (b) 


250 


CHAPTER 3 Torsion 


Next, consider the strains that occur in an element oriented at 
0 = AS*(Fig. 3-25b). The tensile stresses acting at 45°tend to elongate 
the element in that direction. Because of the Poisson effect, they also 
tend to shorten it in the perpendicular direction (the direction where 
0 = 135%r —45J. Similarly, the compressive stresses acting at 1353end 
to shorten the element in that direction and elongate it in the 45direction. 
These dimensional changes are shown in Fig. 3-25b, where the dashed 
lines show the deformed element. Since there are no shear distortions, the 
element remains a rectangular parallelepiped even though its dimensions 
have changed. 

If the material is linearly elastic and follows Hookes law, we can 
obtain an equation relating strain to stress for the element at 0 — 45? 
(Fig. 3-25b). The tensile stress Cmax acting at 0 = 45^produces a positive 
normal strain in that direction equal to Omax/E. Since Omax = T, we can 
also express this strain as 7/E. The stress Onax also produces a negative 
strain in the perpendicular direction equal to — v7/E, where v is Poissons 
ratio. Similarly, the stress Omnin = —7 (at 0 = 135) produces a negative 
strain equal to — 7/E in that direction and a positive strain in the perpendi- 
cular direction (the 45°direction) equal to v7/E. Therefore, the normal 
strain in the 45‘direction is 


Emax = c t — —(l0- v) (3-32) 


which is positive, representing elongation. The strain in the perpendicular 
direction is a negative strain of the same amount. In other words, pure 
shear produces elongation in the 45°direction and shortening in the 135? 
direction. These strains are consistent with the shape of the deformed 
element of Fig. 3-25a, because the 45?diagonal has length ened and the 
135‘diagonal has shortened. 

In the next section we will use the geometry of the deformed element 
to relate the shear strain y (Fig. 3-25a) to the normal strain €,4, in the 45° 
direction (Fig. 3-25b). In so doing, we will derive the following relation- 
ship: 


Emax — 2 (3-33) 


This equation, in conjunction with Eq. (3-31), can be used to calculate the 
maximum shear strains and maximum normal strains in pure torsion when 
the shear stress 71s known. 








60 > 
mm 


80 —> 
mm 


FIG. 3-26 Example 3-6. Circular tube in 
torsion 


A circular tube with an outside diameter of 80 mm and an inside diameter of 
60 mm is subjected to a torque T = 4.0 kN:m (Fig. 3-26). The tube is made of 
aluminum alloy 7075-T6. 

(a) Determine the maximum shear, tensile, and compressive stresses in the 
tube and show these stresses on sketches of properly oriented stress elements. 

(b) Determine the corresponding maximum strains in the tube and show 
these strains on sketches of the deformed elements. 


Solution 

(a) Maximum stresses. The maximum values of all three stresses (shear, 
tensile, and compressive) are equal numerically, although they act on different 
planes. Their magnitudes are found from the torsion formula: 


4000 N-m)(0.040 m 
Tmax — n = l A ) = 58.2 MPa 


CURE 4 — 4 
32 | (0.080 m) — (0.060 m) | 


The maximum shear stresses act on cross-sectional and longitudinal planes, as 
shown by the stress element in Fig. 3-27a, where the x axis is parallel to the 
longitudinal axis of the tube. 

The maximum tensile and compressive stresses are 


o; = 58.2 MPa g, — —58.2 MPa 


These stresses act on planes at 4510 the axis (Fig. 3-27b). 

(b) Maximum strains. The maximum shear strain in the tube is obtained from 
Eq. (3-31). The shear modulus of elasticity is obtained from Table H-2, 
Appendix H, as G — 27 GPa. Therefore, the maximum shear strain is 


Lua. 58.2 MPa 
= SI 
i c E NES i: 





The deformed element is shown by the dashed lines in Fig. 3-27c. 
The magnitude of the maximum normal strains (from Eq. 3-33) is 


Ynax 
es nil 
` 2 


Thus, the maximum tensile and compressive strains are 
e, — 0.0011 €. = —0.0011 


The deformed element is shown by the dashed lines in Fig. 3-27d for an element 
with sides of unit length. 


continued 
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FIG. 3-27 Stress and strain elements for 
the tube of Example 3-6: (a) maximum 
shear stresses, (b) maximum tensile and 
compressive stresses; (c) maximum 
shear strains, and (d) maximum tensile 
and compressive strains 


g, = 58.2 MPa 


58.2 MPa 
y V 


Tmax = 


58.2 MPa 


Pi ba 58.2 MPa 


(b) 


ma n 
0.0022 rad | 
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3.6 RELATIONSHIP BETWEEN MODULI OF ELASTICITY E AND G 


An important relationship between the moduli of elasticity E and G can be 
obtained from the equations derived in the preceding section. For this 
purpose, consider the stress element abcd shown in Fig. 3-28a on the next 
page. The front face of the element is assumed to be square, with the 
length of each side denoted as ^. When this element is subjected to pure 
shear by stresses 7, the front face distorts into a rhombus (Fig. 3-28b) with 
sides of length h and with shear strain y = 7/G. Because of the distortion, 
diagonal bd is lengthened and diagonal ac is shortened. The length of 
diagonal bd is equal to its initial length V2 h times the factor 1 + Emax» 
where Emax is the normal strain in the 45%direction; thus, 


Loa = V2 h(1 + ey) (a) 


This length can be related to the shear strain y by considering the geom- 
etry of the deformed element. 

To obtain the required geometric relationships, consider triangle abd 
(Fig. 3-28c) which represents one-half of the rhombus pictured in 
Fig. 3-28b. Side bd of this triangle has length Lpa (Eq. a), and the other 
sides have length h. Angle adb of the triangle is equal to one-half of 
angle adc of the rhombus, or 77/4 — y/2. The angle abd in the triangle is 
the same. Therefore, angle dab of the triangle equals 7/2 + y. Now using 
the law of cosines (see Appendix C) for triangle abd, we get 


FIG. 3-28 Geometry of deformed 
element in pure shear 
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> b b 
a —— a s 
T T VAS d 
2+? 4 2 
h Lod 
: 
C 
d «— d 7 Y 
T 4 2 


Lig = h? + kK — 2h? cos e + » 
Substituting for Lj, from Eq. (a) and simplifying, we get 
qe = 1 — 008 (2 + y) 


By expanding the term on the left-hand side, and also observing that 
cos( 7/2 + y) = —sin y, we obtain 


1+ 2€nax + Cmax = 1 + sin y 


Because €., and y are very small strains, we can disregard €? in com- 
max max 
parison with 26€,,, and we can replace sin y by y. The resulting 

expression is 


Yy 
max ^ 4 3-34 
€ 5 (3-34) 


which establishes the relationship already presented in Section 3.5 as 
Eq. (3-33). 

The shear strain y appearing in Eq. (3-34) is equal to 7/G by Hookes 
law (Eq. 3-31) and the normal strain €max is equal to T(1 + »)/E by 
Eq. (3-32). Making both of these substitutions in Eq. (3-34) yields 


js, 


C7 X0» 


(3-35) 


We see that E, G, and v are not independent properties of a linearly elastic 
material. Instead, if any two of them are known, the third can be calcu- 
lated from Eq. (3-35). 

Typical values of E, G, and v are listed in Table H-2, Appendix H. 
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3.7 TRANSMISSION OF POWER BY CIRCULAR SHAFTS 


FIG. 3-29 Shaft transmitting a constant 
torque 7 at an angular speed w 


The most important use of circular shafts is to transmit mechanical power 
from one device or machine to another, as in the drive shaft of an automo- 
bile, the propeller shaft of a ship, or the axle of a bicycle. The power is 
transmitted through the rotary motion of the shaft, and the amount of 
power transmitted depends upon the magnitude of the torque and the 
speed of rotation. A common design problem is to determine the required 
size of a shaft so that it will transmit a specified amount of power at a 
specified rotational speed without exceeding the allowable stresses for the 
material. 

Let us suppose that a motor-driven shaft (Fig. 3-29) is rotating at 
an angular speed «, measured in radians per second (rad/s). The shaft 
transmits a torque 7 to a device (not shown in the figure) that is 
performing useful work. The torque applied by the shaft to the external 
device has the same sense as the angular speed c, that is, its vector 
points to the left. However, the torque shown in the figure is the torque 
exerted on the shaft by the device, and so its vector points in the oppo- 
site direction. 

In general, the work W done by a torque of constant magnitude is 
equal to the product of the torque and the angle through which it rotates; 
that 1s, 


WP dap (3-36) 


where Wis the angle of rotation in radians. 
Power is the rate at which work is done, or 


P= dw = ri% (3-37) 
dt dt 


in which P is the symbol for power and t represents time. The rate of 


change dy/dt of the angular displacement v is the angular speed w, and 
therefore the preceding equation becomes 


P = Tow (w = rad/s) (3-38) 
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This formula, which is familiar from elementary physics, gives the power 
transmitted by a rotating shaft transmitting a constant torque T. 

The units to be used in Eq. (3-38) are as follows. If the torque T is 
expressed in newton meters, then the power is expressed in watts (W). 
One watt is equal to one newton meter per second (or one joule per 
second). If T is expressed in pound-feet, then the power is expressed in 
foot-pounds per second." 

Angular speed is often expressed as the frequency f of rotation, which 
is the number of revolutions per unit of time. The unit of frequency is the 
hertz (Hz), equal to one revolution per second (s_'). Inasmuch as one 
revolution equals 277 radians, we obtain 


w=2rf (æ= rad/s, f= Hz = s7’) (3-39) 
The expression for power (Eq. 3-38) then becomes 
P=2nff | (f-Hz-s (3-40) 


Another commonly used unit is the number of revolutions per minute 
(rpm), denoted by the letter n. Therefore, we also have the following 
relationships: 


n= 60f (3-41) 


and 


| 2anT 
60 


In Eqs. (3-40) and (3-42), the quantities P and T have the same units as in 
Eq. (3-38); that is, P has units of watts if T has units of newton meters, 
and P has units of foot-pounds per second if T has units of pound-feet. 

In U.S. engineering practice, power is sometimes expressed in horse- 
power (hp), a unit equal to 550 ft-Ib/s. Therefore, the horsepower H being 
transmitted by a rotating shaft is 





(n — rpm) (3-42) 


27nT 27a7nT 
= = =o bs 3-43 
60(550) 33,000 “Z ™ pe (9j 








One horsepower is approximately 746 watts. 

The preceding equations relate the torque acting in a shaft to the 
power transmitted by the shaft. Once the torque is known, we can deter- 
mine the shear stresses, shear strains, angles of twist, and other desired 
quantities by the methods described in Sections 3.2 through 3.5. 

The following examples illustrate some of the procedures for 
analyzing rotating shafts. 


"See Table A-1, Appendix A, for units of work and power. 
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| Example 3-7 | 


FIG. 3-30 Example 3-7. Steel shaft in 
torsion 





A motor driving a solid circular steel shaft transmits 40 hp to a gear at B (Fig. 3-30). 
The allowable shear stress in the steel is 6000 psi. 
(a) What is the required diameter d of the shaft if it is operated at 500 rpm? 
(b) What is the required diameter d if it is operated at 3000 rpm? 





Solution 

(a) Motor operating at 500 rpm. Knowing the horsepower and the speed of 
rotation, we can find the torque 7 acting on the shaft by using Eq. (3-43). Solving 
that equation for 7, we get 


33,000(40 h 
T= SELLE = eA) = 420.2 Ib-ft = 5042 Ib-in. 
27h 27500 rpm) 
This torque is transmitted by the shaft from the motor to the gear. 
The maximum shear stress in the shaft can be obtained from the modified 
torsion formula (Eq. 3-12): 


16T 


Tmax SEE 
ad^ 


Solving that equation for the diameter d, and also substituting 74j5,4 fOr Tmax; 
we get 


d= ES HU DIDI EAST 
TTE 776000 psi) 


from which 
d = 1.62 in. «m 


The diameter of the shaft must be at least this large if the allowable shear stress is 
not to be exceeded. 
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FIG. 3-30 (Repeated) 


(b) Motor operating at 3000 rpm. Following the same procedure as in part 
(a), we obtain 


T= SEL) = OOP) = 70.03 Ib-ft = 840.3 Ib-in. 
2mn 247r (3000 rpm) 


Pm loT — 16(840.3 BLE — 07133 in? 
Ta 7r (6000 psi) 


d — 0.89 in. 


which is less than the diameter found in part (a). 
This example illustrates that the higher the speed of rotation, the smaller the 
required size of the shaft (for the same power and the same allowable stress). 


| | Example 3-8 


A solid steel shaft ABC of 50 mm diameter (Fig. 3-31a) is driven at A by a motor 
that transmits 50 kW to the shaft at 10 Hz. The gears at B and C drive machinery 
requiring power equal to 35 kW and 15 kW, respectively. 

Compute the maximum shear stress Tmax in the shaft and the angle of twist 
pac between the motor at A and the gear at C. (Use G = 80 GPa.) 
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FIG. 3-31 Example 3-8. Steel shaft in 
torsion 


continued 


258 


CHAPTER 3 Torsion 


Solution 
Torques acting on the shaft. We begin the analysis by determining the torques 
applied to the shaft by the motor and the two gears. Since the motor supplies 
50 kW at 10 Hz, it creates a torque T4 at end A of the shaft (Fig. 3-31b) that we 
can calculate from Eq. (3-40): 
eee eR CIN 
2af 27(10Hz) 
In a similar manner, we can calculate the torques Tg and Tc applied by the gears 
to the shaft: 
-P __ 35 kw 
D IR? LOZ; 
p 15k 
EE ET UM 259 NEST 
2 ©) 2m(10 H2) 


= 557 Ne-m 


Tg 


These torques are shown in the free-body diagram of the shaft (Fig. 3-31b). Note 
that the torques applied by the gears are opposite in direction to the torque applied 
by the motor. (If we think of T4 as the “load” applied to the shaft by the motor, 
then the torques Tz and Tc are the “reactions” of the gears.) 

The internal torques in the two segments of the shaft are now found (by 
inspection) from the free-body diagram of Fig. 3-31b: 


Tap = 796 N-m Tac = 239 N-m 


Both internal torques act in the same direction, and therefore the angles of twist in 
segments AB and BC are additive when finding the total angle of twist. (To be 
specific, both torques are positive according to the sign convention adopted in 
Section 3.4.) 

Shear stresses and angles of twist. The shear stress and angle of twist in segment 
AB of the shaft are found in the usual manner from Eqs. (3-12) and (3-15): 





- = a = 32.4 MP 
is md’? 7(50 mm)? E 
796 N: 1.0 
Pap = m = EA ese ee = 0.0162 rad 
P (80 apa = o mm) 


The corresponding quantities for segment BC are 








- = 9.7 MP 
= md’? (50 mm)? i 
De 239 N-m)(1.2 
de= = aN Eas sad 
aT opay( o mm)‘ 


Thus, the maximum shear stress in the shaft occurs in segment AB and is 
TAL OD MPA a 

Also, the total angle of twist between the motor at A and the gear at C is 
Pac = bap + dpc = 0.0162 rad + 0.0058 rad = 0.0220 rad = 1.26? = 


As explained previously, both parts of the shaft twist in the same direction, and 
therefore the angles of twist are added. 
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3.8 STATICALLY INDETERMINATE TORSIONAL MEMBERS 





(b) 











| * Tube (2) 
(e) 


FIG. 3-32 Statically indeterminate bar in 
torsion 


The bars and shafts described in the preceding sections of this chapter are 
statically determinate because all internal torques and all reactions can be 
obtained from free-body diagrams and equations of equilibrium. However, 
if additional restraints, such as fixed supports, are added to the bars, the 
equations of equilibrium will no longer be adequate for determining the 
torques. The bars are then classified as statically indeterminate. Torsional 
members of this kind can be analyzed by supplementing the equilibrium 
equations with compatibility equations pertaining to the rotational displace- 
ments. Thus, the general method for analyzing statically indeterminate 
torsional members is the same as described in Section 2.4 for statically 
indeterminate bars with axial loads. 

The first step in the analysis is to write equations of equilibrium, 
obtained from free-body diagrams of the given physical situation. The 
unknown quantities in the equilibrium equations are torques, either 
internal torques or reaction torques. 

The second step in the analysis is to formulate equations of compati- 
bility, based upon physical conditions pertaining to the angles of twist. As 
a consequence, the compatibility equations contain angles of twist as 
unknowns. 

The third step is to relate the angles of twist to the torques by 
torque-displacement relations, such as $ = TL/GIp. After introducing 
these relations into the compatibility equations, they too become equa- 
tions containing torques as unknowns. Therefore, the last step is to 
obtain the unknown torques by solving simultaneously the equations of 
equilibrium and compatibility. 

To illustrate the method of solution, we will analyze the composite 
bar AB shown in Fig. 3-32a. The bar is attached to a fixed support at end 
A and loaded by a torque T at end B. Furthermore, the bar consists of 
two parts: a solid bar and a tube (Figs. 3-32b and c), with both the solid 
bar and the tube joined to a rigid end plate at B. 

For convenience, we will identify the solid bar and tube (and their 
properties) by the numerals 1 and 2, respectively. For instance, the diam- 
eter of the solid bar is denoted d, and the outer diameter of the tube 1s 
denoted d. A small gap exists between the bar and the tube, and there- 
fore the inner diameter of the tube is slightly larger than the diameter dı 
of the bar. 

When the torque 7 is applied to the composite bar, the end plate 
rotates through a small angle @ (Fig. 3-32c) and torques T, and T» are 
developed in the solid bar and the tube, respectively (Figs. 3-32d and e). 
From equilibrium we know that the sum of these torques equals the 
applied load, and so the equation of equilibrium is 


LCL +t BST (a) 


Because this equation contains two unknowns (T, and T5), we recognize 
that the composite bar is statically indeterminate. 
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To obtain a second equation, we must consider the rotational displace- 
ments of both the solid bar and the tube. Let us denote the angle of twist 
of the solid bar (Fig. 3-32d) by 4, and the angle of twist of the tube by d> 
(Fig. 3-32e). These angles of twist must be equal because the bar and tube 
are securely joined to the end plate and rotate with it; consequently, the 
equation of compatibility 1s 


Qi = $» (b) 


The angles $, and $4» are related to the torques T; and T» by the torque- 
displacement relations, which in the case of linearly elastic materials are 
obtained from the equation @ = TL/GIp. Thus, 


TL _ TL 
Gylpy * uus 








$i = (c,d) 


in which G, and G, are the shear moduli of elasticity of the materials and 
I», and Ip are the polar moments of inertia of the cross sections. 

When the preceding expressions for @, and $» are substituted into 
Eq. (b), the equation of compatibility becomes 


hb be 
Gi P1 Gol P2 








(e) 


We now have two equations (Eqs. a and e) with two unknowns, so we can 
solve them for the torques 7; and T». The results are 


T, = r(e) T, = fo (3-44a,b) 
Gılpı T Golpr Gilp, T Gəlp>2 


With these torques known, the essential part of the statically indeterminate 
analysis is completed. All other quantities, such as stresses and angles of 
twist, can now be found from the torques. 

The preceding discussion illustrates the general methodology for ana- 
lyzing a statically indeterminate system in torsion. In the following 
example, this same approach is used to analyze a bar that is fixed against 
rotation at both ends. In the example and in the problems, we assume that 
the bars are made of linearly elastic materials. However, the general 
methodology is also applicable to bars of nonlinear materials—the only 
change is in the torque-displacement relations. 
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FIG. 3-33 Example 3-9. Statically 
indeterminate bar in torsion 


B 


Tg 


The bar ACB shown in Figs. 3-33a and b is fixed at both ends and loaded by a 
torque To at point C. Segments AC and CB of the bar have diameters d4 and dp, 
lengths L4 and Lg, and polar moments of inertia /p4 and Ipg, respectively. The 
material of the bar is the same throughout both segments. 

Obtain formulas for (a) the reactive torques 74 and Tg at the ends, (b) the 
maximum shear stresses 74c and Tcp in each segment of the bar, and (c) the angle 
of rotation ¢¢ at the cross section where the load Tọ is applied. 


Solution 

Equation of equilibrium. The load To produces reactions T4 and Tj at the 
fixed ends of the bar, as shown in Figs. 3-33a and b. Thus, from the equilibrium of 
the bar we obtain 


lir ip- lo (f) 


Because there are two unknowns in this equation (and no other useful equations 
of equilibrium), the bar is statically indeterminate. 

Equation of compatibility. We now separate the bar from its support at end B 
and obtain a bar that is fixed at end A and free at end B (Figs. 3-33c and d). 
When the load Tọ acts alone (Fig. 3-33c), it produces an angle of twist at end B that 
we denote as d. Similarly, when the reactive torque Tg acts alone, it produces an 
angle $» (Fig. 3-33d). The angle of twist at end B in the original bar, equal to the 
sum of $, and 4$», is zero. Therefore, the equation of compatibility is 


gi + do = 0 (g) 


Note that @, and $» are assumed to be positive in the direction shown in the 
figure. 

Torque-displacement equations. The angles of twist $, and œ can be 
expressed in terms of the torques 7, and Tg by referring to Figs. 3-33c and d and 
using the equation @ = TL/GIp. The equations are as follows: 


E IDEE 


$i = Glp, Glp — Glpg 


(h,i) 


The minus signs appear in Eq. (1) because Tg produces a rotation that is opposite 
in direction to the positive direction of $» (Fig. 3-33d). 
We now substitute the angles of twist (Eqs. h and i) into the compatibility 
equation (Eq. g) and obtain 
EINEN 


Glp — Glp, — Glpg 


Or 


TgLa n TgLg — Tola 


Ipa Ipg Ipa 


() 
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Solution of equations. The preceding equation can be solved for the 
torque Tg, which then can be substituted into the equation of equilibrium (Eq. f) 
to obtain the torque T4. The results are 


Lgl pA Lalpp 
la rd AER | m nf Tien uo 





Thus, the reactive torques at the ends of the bar have been found, and the statically 
indeterminate part of the analysis is completed. 

As a special case, note that if the bar is prismatic (/p4 = lpg = Ip) the 
preceding results simplify to 


ToLg Tola 
UE = L Tg = L (3-46a,b) 
where L is the total length of the bar. These equations are analogous to those 
for the reactions of an axially loaded bar with fixed ends (see Eqs. 2-9a and 
2-9b). 
Maximum shear stresses. The maximum shear stresses in each part of the bar 
are obtained directly from the torsion formula: 


Tad Tgd 
TAC 7 A4 Tcp = A” 








Substituting from Eqs. (3-45a) and (3-45b) gives 


ToLg dA To Ladp 


Ee Ninian mA = Minh yp) ee) oe 


By comparing the product L5d4 with the product LAdp, we can immediately deter- 
mine which segment of the bar has the larger stress. 

Angle of rotation. The angle of rotation $c at section C is equal to the angle 
of twist of either segment of the bar, since both segments rotate through the same 
angle at section C. Therefore, we obtain 


TAL TgL ToLAL 
"m A Agee Bae oLa Leg (3-48) om 
GIpa Glpp G(LplIpa + Lalpg) 


In the special case of a prismatic bar Up, = Ipg = Ip), the angle of rotation at the 
section where the load is applied is 


ToLALg 
COIT (3-49) 

This example illustrates not only the analysis of a statically indeterminate bar 
but also the techniques for finding stresses and angles of rotation. In addition, note 
that the results obtained in this example are valid for a bar consisting of either 
solid or tubular segments. 
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3.9 STRAIN ENERGY IN TORSION AND PURE SHEAR 





FIG. 3-34 Prismatic bar in pure torsion 





Angle of rotation 


FIG. 3-35 Torque-rotation diagram for 
a bar in pure torsion (linearly elastic 
material) 


When a load is applied to a structure, work is performed by the load 
and strain energy is developed in the structure, as described in detail in 
Section 2.7 for a bar subjected to axial loads. In this section we will 
use the same basic concepts to determine the strain energy of a bar in 
torsion. 

Consider a prismatic bar AB in pure torsion under the action of a 
torque T (Fig. 3-34). When the load is applied statically, the bar twists 
and the free end rotates through an angle d. If we assume that the material 
of the bar is linearly elastic and follows Hookes law, then the relationship 
between the applied torque and the angle of twist will also be linear, as 
shown by the torque-rotation diagram of Fig. 3-35 and as given by the 
equation @ = TL/GIp. 

The work W done by the torque as it rotates through the angle œ is 
equal to the area below the torque-rotation line OA, that is, it is equal to the 
area of the shaded triangle in Fig. 3-35. Furthermore, from the principle of 
conservation of energy we know that the strain energy of the bar is equal 
to the work done by the load, provided no energy is gained or lost in the 
form of heat. Therefore, we obtain the following equation for the strain 
energy U of the bar: 


Ur a S 1e (3-50) 


This equation is analogous to the equation U = W = Po/2 for a bar 
subjected to an axial load (see Eq. 2-35). 

Using the equation = TL/GIp, we can express the strain energy in 
the following forms: 


(3-51a,b) 


The first expression is in terms of the load and the second is in terms of the 
angle of twist. Again, note the analogy with the corresponding equations for a 
bar with an axial load (see Eqs. 2-37a and b). 

The SI unit for both work and energy is the joule (J, which is equal 
to one newton meter (1 J = 1 N:m). The basic USCS unit is the foot- 
pound (ft-Ib), but other similar units, such as inch-pound (in.-Ib) and 
inch-kip (in.-k), are commonly used. 


Nonuniform Torsion 


If a bar is subjected to nonuniform torsion (described in Section 3.4), we 
need additional formulas for the strain energy. In those cases where the 
bar consists of prismatic segments with constant torque in each segment 
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(see Fig. 3-14a of Section 3.4), we can determine the strain energy of each 
segment and then add to obtain the total energy of the bar: 


U = 2, U, (3-52) 


in which U; is the strain energy of segment i and n is the number of 
segments. For instance, if we use Eq. (3-51a) to obtain the individual 
strain energies, the preceding equation becomes 


L TL 
U=>, 3Gp, 





(3-53) 


in which T; is the internal torque in segment i and L;, G;, and (Ip); are the 
torsional properties of the segment. 

If either the cross section of the bar or the internal torque varies along 
the axis, as illustrated in Figs. 3-15 and 3-16 of Section 3.4, we can obtain 
the total strain energy by first determining the strain energy of an element 
and then integrating along the axis. For an element of length dx, the strain 
energy is (see Eq. 3-51a) 


_ [TG) dk 
2GI, p X) 


dU 


in which T(x) is the internal torque acting on the element and 7/p(x) is the 
polar moment of inertia of the cross section at the element. Therefore, the 
total strain energy of the bar is 


LITO] dx 


U= 
0 2GI PX) 


(3-54) 
Once again, the similarities of the expressions for strain energy in torsion 
and axial load should be noted (compare Eqs. 3-53 and 3-54 with Eqs. 2-40 
and 2-41 of Section 2.7). 

The use of the preceding equations for nonuniform torsion is illus- 
trated in the examples that follow. In Example 3-10 the strain energy is 
found for a bar in pure torsion with prismatic segments, and in. Examples 
3-11 and 3-12 the strain energy is found for bars with varying torques and 
varying cross-sectional dimensions. 

In addition, Example 3-12 shows how, under very limited conditions, 
the angle of twist of a bar can be determined from its strain energy. (For a 
more detailed discussion of this method, including its limitations, see the 
subsection *Displacements Caused by a Single Load" in Section 2.7.) 


Limitations 


When evaluating strain energy we must keep in mind that the equations 
derived in this section apply only to bars of linearly elastic materials with 
small angles of twist. Also, we must remember the important observation 
stated previously in Section 2.7, namely, the strain energy of a structure 
supporting more than one load cannot be obtained by adding the strain 


FIG. 3-36 Element in pure shear 
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energies obtained for the individual loads acting separately. ‘This 
observation is demonstrated in Example 3-10. 


Strain-Energy Density in Pure Shear 


Because the individual elements of a bar in torsion are stressed in pure 
shear, it is useful to obtain expressions for the strain energy associated 
with the shear stresses. We begin the analysis by considering a small ele- 
ment of material subjected to shear stresses 7 on its side faces (Fig. 3-36a). 
For convenience, we will assume that the front face of the element is 
Square, with each side having length h. Although the figure shows only a 
two-dimensional view of the element, we recognize that the element is 
actually three dimensional with thickness t perpendicular to the plane of 
the figure. 

Under the action of the shear stresses, the element is distorted so that 
the front face becomes a rhombus, as shown in Fig. 3-36b. The change in 
angle at each corner of the element is the shear strain y. 

The shear forces V acting on the side faces of the element (Fig. 3-36c) 
are found by multiplying the stresses by the areas ht over which they act: 


V = tht (a) 


These forces produce work as the element deforms from its initial shape 
(Fig. 3-36a) to its distorted shape (Fig. 3-36b). To calculate this work we 
need to determine the relative distances through which the shear forces 
move. This task is made easier if the element in Fig. 3-36c is rotated as a 
rigid body until two of its faces are horizontal, as in Fig. 3-36d. During the 


| a 


(a) (b) 


— mM 
Hr A 


(c) (d) 
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rigid-body rotation, the net work done by the forces V is zero because the 
forces occur in pairs that form two equal and opposite couples. 

As can be seen in Fig. 3-36d, the top face of the element is displaced 
horizontally through a distance 6 (relative to the bottom face) as the shear 
force is gradually increased from zero to its final value V. The displace- 
ment 6 is equal to the product of the shear strain y (which is a small angle) 
and the vertical dimension of the element: 


5 = yh (b) 


If we assume that the material is linearly elastic and follows Hookes law, 
then the work done by the forces V is equal to V6/2, which is also the 
strain energy stored in the element: 


U = W = — (c) 


Note that the forces acting on the side faces of the element (Fig. 3-36d) do 
not move along their lines of action—hence they do no work. 

Substituting from Eqs. (a) and (b) into Eq. (c), we get the total strain 
energy of the element: 


ryht 
2 


Because the volume of the element is h7t, the strain-energy density u 
(that 1s, the strain energy per unit volume) is 


u = (d) 


Finally, we substitute Hookes law in shear ( 7 = Gy) and obtain the 
following equations for the strain-energy density in pure shear: 


(3-55a,b) 





These equations are similar in form to those for uniaxial stress 
(see Eqs. 2-44a and b of Section 2.7). 

The SI unit for strain-energy density is joule per cubic meter 
(Jm °), and the USCS unit is inch-pound per cubic inch (or other 
similar units). Since these units are the same as those for stress, we 
may also express strain-energy density in pascals (Pa) or pounds per 
square inch (psi). 

In the next section (Section 3.10) we will use the equation for 
strain-energy density in terms of the shear stress (Eq. 3-55a) to deter- 
mine the angle of twist of a thin-walled tube of arbitrary 
cross-sectional shape. 








(c) 


FIG. 3-37 Example 3-10. Strain energy 
produced by two loads 


A solid circular bar AB of length L is fixed at one end and free at the other 
(Fig. 3-37). Three different loading conditions are to be considered: (a) torque T, 
acting at the free end; (b) torque T, acting at the midpoint of the bar; and 
(c) torques T, and T, acting simultaneously. 

For each case of loading, obtain a formula for the strain energy stored in 
the bar. Then evaluate the strain energy for the following data: T, = 100 N-m, 
T, = 150 Nem, L = 1.6 m, G = 80 GPa, and Ip = 7952 xX 10° mm. 


Solution 
(a) Torque T, acting at the free end (Fig. 3-37a). In this case the strain 
energy is obtained directly from Eq. (3-51a): 


T-L 
U,=— 
2GIs 





(e) 


(b) Torque T, acting at the midpoint (Fig. 3-37b). When the torque acts at 
the midpoint, we apply Eq. (3-51a) to segment AC of the bar: 


E qo mE 


2GIp AGIp () 


b 


(c) Torques T,, and Ty acting simultaneously (Fig. 3-37c). When both loads 
act on the bar, the torque in segment CB is T, and the torque in segment AC is 
T, + T,. Thus, the strain energy (from Eq. 3-53) is 


< TIL  Tiqu2), Ta + T2) 





- U.— >. 3603 PNE 2GIp 2GIp 
I DN aren! 


A comparison of Eqs. (e), (f), and (g) shows that the strain energy produced by the 
two loads acting simultaneously is not equal to the sum of the strain energies 
produced by the loads acting separately. As pointed out in Section 2.7, the reason 
is that strain energy is a quadratic function of the loads, not a linear function. 

(d) Numerical results. Substituting the given data into Eq. (e), we obtain 


T (100 N-m)?(1.6 m) 


7 GI, 2(80 GPa(79.52 x 10° mm? - 179! 


Recall that one joule is equal to one newton meter (1 J = 1 N-m). 
Proceeding in the same manner for Eqs. (f) and (g), we find 
U, — 1.41J 
U. = 1.26 J + 1.89 J + 1.41 J = 4.56J 


Note that the middle term, involving the product of the two loads, contributes 
significantly to the strain energy and cannot be disregarded. 
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A prismatic bar AB, fixed at one end and free at the other, is loaded by a dis- 
tributed torque of constant intensity t per unit distance along the axis of the bar 
(Fig. 3-38). 
(a) Derive a formula for the strain energy of the bar. 
(b) Evaluate the strain energy of a hollow shaft used for drilling into the earth 
if the data are as follows: 
t= 480 binim, — 12 fh G= 15 < 10°psi andi = 17.18m" 








FIG. 3-38 Example 3-11. Strain energy 
produced by a distributed torque 





Solution 

(a) Strain energy of the bar. The first step in the solution is to determine the 
internal torque T(x) acting at distance x from the free end of the bar (Fig. 3-38). 
This internal torque is equal to the total torque acting on the part of the bar 
between x = 0 and x = x. This latter torque is equal to the intensity t of torque 
times the distance x over whhich it acts: 


T(x) = tx (h) 


Substituting into Eq. (3-54), we obtain 


jen. 


Tee C d 
|, act, 33 ci; 


E (3-56) «m 
OMEOCIA EO CIE 


n 
| (tx)°dx = 
0 


This expression gives the total strain energy stored in the bar. 
(b) Numerical results. To evaluate the strain energy of the hollow shaft, we 
substitute the given data into Eq. (3-56): 


PD __ (480 Ib-in,fin,)°(144 in.) 


(6, MSM IP D UENE Dd NR - 





This example illustrates the use of integration to evaluate the strain energy of 
a bar subjected to a distributed torque. 





A tapered bar AB of solid circular cross section is supported at the right-hand end 
and loaded by a torque T at the other end (Fig. 3-39). The diameter of the bar 
varies linearly from d; at the left-hand end to dz at the right-hand end. 

Determine the angle of rotation $4 at end A of the bar by equating the strain 
energy to the work done by the load. 





Solution 
- — Aye From the principle of conservation of energy we know that the work done by 
the applied torque equals the strain energy of the bar; thus, W = U. The work is 
L given by the equation 
j _ Ta ! 
FIG. 3-39 Example 3-12. Tapered bar in W = ) (1) 


torsion 
and the strain energy U can be found from Eq. (3-54). 
To use Eq. (3-54), we need expressions for the torque 7(x) and the polar 
moment of inertia /p(x). The torque is constant along the axis of the bar and equal 
to the load 7, and the polar moment of inertia is 


Ij) = — [aco 


in which d(x) is the diameter of the bar at distance x from end A. From the geom- 
etry of the figure, we see that 


do) = d, + Boy (j) 


and therefore 


TT 


dy — d, Y 
a2 


ee (4 + (k) 


Now we can substitute into Eq. (3-54), as follows: 


- [ Forex .. 187 o A 0 
o 2GIp(x) TG jo | m dr - ds.) 


The integral in this expression can be integrated with the aid of a table of integrals 
(see Appendix C). However, we already evaluated this integral in Example 3-5 of 
Section 3.4 (see Eq. g of that example) and found that 


[Gada Meal a 
i DE das] 3(dg — da)Vdà — di 


continued 
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Therefore, the strain energy of the tapered bar is 


2 
— CU (J 3 (3-57) 


ETT 


Equating the strain energy to the work of the torque (Eq. 1) and solving for 
dy, We get 


ite EVEN 
(ea 7 dom 


This equation, which is the same as Eq. (3-26) in Example 3-5 of Section 3.4, 
gives the angle of rotation at end A of the tapered bar. 

Note especially that the method used in this example for finding the angle of 
rotation is suitable only when the bar is subjected to a single load, and then only 
when the desired angle corresponds to that load. Otherwise, we must find angular 
displacements by the usual methods described in Sections 3.3, 3.4, and 3.8. 


The torsion theory described in the preceding sections is applicable to solid 
or hollow bars of circular cross section. Circular shapes are the most effi- 
cient shapes for resisting torsion and consequently are the most commonly 
used. However, in lightweight structures, such as aircraft and spacecraft, 
thin-walled tubular members with noncircular cross sections are often 
required to resist torsion. In this section, we will analyze structural 
members of this kind. 

To obtain formulas that are applicable to a variety of shapes, let us 
consider a thin-walled tube of arbitrary cross section (Fig. 3-40a). The 
tube is cylindrical in shape—that is, all cross sections are identical and 
the longitudinal axis is a straight line. The thickness f of the wall is not 
necessarily constant but may vary around the cross section. However, 
the thickness must be small in comparison with the total width of the 
tube. The tube is subjected to pure torsion by torques T acting at the 
ends. 


Shear Stresses and Shear Flow 


The shear stresses 7 acting on a cross section of the tube are pictured in 
Fig. 3-40b, which shows an element of the tube cut out between two 
cross sections that are distance dx apart. The stresses act parallel to the 
boundaries of the cross section and "flow" around the cross section. 
Also, the intensity of the stresses varies so slightly across the thickness 
of the tube (because the tube is assumed to be thin) that we may assume 7 
to be constant in that direction. However, if the thickness f£ is not 


FIG. 3-40 Thin-walled tube of 
arbitrary cross-sectional shape 
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constant, the stresses will vary in intensity as we go around the cross 
section, and the manner in which they vary must be determined from 
equilibrium. 

To determine the magnitude of the shear stresses, we will consider a 
rectangular element abcd obtained by making two longitudinal cuts ab 
and cd (Figs. 3-40a and b). This element is isolated as a free body in 
Fig. 3-40c. Acting on the cross-sectional face bc are the shear stresses 7 
shown in Fig. 3-40b. We assume that these stresses vary in intensity as we 
move along the cross section from P to c; therefore, the shear stress at b is 
denoted 7, and the stress at c is denoted 7, (see Fig. 3-40c). 

As we know from equilibrium, identical shear stresses act in the 
opposite direction on the opposite cross-sectional face ad, and shear 
stresses of the same magnitude also act on the longitudinal faces ab 
and cd. Thus, the constant shear stresses acting on faces ab and cd are 
equal to 7; and 7,., respectively. 

The stresses acting on the longitudinal faces ab and cd produce forces 
F, and F, (Fig. 3-40d). These forces are obtained by multiplying the 
stresses by the areas on which they act: 


F, -— Tptpdx F. = Tt dx 


in which ¢, and t, represent the thicknesses of the tube at points b and c, 
respectively (Fig. 3-40d). 








(b) (c) (d) 
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FIG. 3-41 Cross section of thin-walled tube 


In addition, forces F; are produced by the stresses acting on faces bc 
and ad. From the equilibrium of the element in the longitudinal direction 
(the x direction), we see that F, = F., or 


Tolg; — Fl 


Because the locations of the longitudinal cuts ab and cd were selected 
arbitrarily, it follows from the preceding equation that the product of the 
shear stress 7 and the thickness : of the tube is the same at every point in 
the cross section. This product is known as the shear flow and is denoted 
by the letter f: 


j = Tt = constant (3-59) 


This relationship shows that the largest shear stress occurs where the 
thickness of the tube is smallest, and vice versa. In regions where the 
thickness is constant, the shear stress 1s constant. Note that shear flow 1s 
the shear force per unit distance along the cross section. 


Torsion Formula for Thin-Walled Tubes 


The next step in the analysis is to relate the shear flow f (and hence the 
shear stress 7) to the torque T acting on the tube. For that purpose, let us 
examine the cross section of the tube, as pictured in Fig. 3-41. The 
median line (also called the centerline or the midline) of the wall of the 
tube is shown as a dashed line in the figure. We consider an element of 
area of length ds (measured along the median line) and thickness t. The 
distance s defining the location of the element is measured along the 
median line from some arbitrarily chosen reference point. 

The total shear force acting on the element of area is fds, and the 
moment of this force about any point O within the tube is 


dT — rfds 


in which r is the perpendicular distance from point O to the line of action 
of the force fds. (Note that the line of action of the force fds is tangent to 
the median line of the cross section at the element ds.) The total torque T 
produced by the shear stresses is obtained by integrating along the median 
line of the cross section: 


Lm 
r=s| r ds (a) 
0 


in which L,, denotes the length of the median line. 

The integral in Eq. (a) can be difficult to integrate by formal mathe- 
matical means, but fortunately it can be evaluated easily by giving it 
asimple geometric interpretation. The quantity rds represents twice 
the area of the shaded triangle shown in Fig. 3-41. (Note that the triangle 
has base length ds and height equal to r.) Therefore, the integral 





FIG. 3-42 Thin-walled circular tube 





FIG. 3-43 Thin-walled rectangular tube 
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represents twice the area A,, enclosed by the median line of the cross 
section: 


Lin 
| rds = 2A,, (b) 


0 


It follows from Eq. (a) that T = 2/A,,,, and therefore the shear flow is 
qu (3-60) 


Now we can eliminate the shear flow f between Eqs. (3-59) and (3-60) 
and obtain a torsion formula for thin-walled tubes: 


T 

T DIAS (3-61) 
Since ¢ and A,, are properties of the cross section, the shear stresses 7 can 
be calculated from Eq. (3-61) for any thin-walled tube subjected to a 
known torque 7. (Reminder: The area A,, is the area enclosed by the 
median line—1t is not the cross-sectional area of the tube.) 

To illustrate the use of the torsion formula, consider a thin-walled 
circular tube (Fig. 3-42) of thickness t and radius r to the median line. 
The area enclosed by the median line is 


A, eum (3-62) 
and therefore the shear stress (constant around the cross section) is 


T= d (3-63) 


7 art 





This formula agrees with the stress obtained from the standard torsion 
formula (Eq. 3-11) when the standard formula is applied to a circular tube 
with thin walls using the approximate expression Ip ^ 27r t for the polar 
moment of inertia (Eq. 3-18). 

As a second illustration, consider a thin-walled rectangular tube 
(Fig. 3-43) having thickness f; on the sides and thickness t» on the top 
and bottom. Also, the height and width (measured to the median line of 
the cross section) are h and b, respectively. The area within the median 
line is 


Am = bh (3-64) 


and thus the shear stresses in the vertical and horizontal sides, respec- 
tively, are 


|. TT |. TT 
Tvert — 2t bh Thoriz — 2tbh 
If t5 is larger than t,, the maximum shear stress will occur in the vertical 
sides of the cross section. 


(3-65a,b) 
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Strain Energy and Torsion Constant 


The strain energy of a thin-walled tube can be determined by first finding 
the strain energy of an element and then integrating throughout the 
volume of the bar. Consider an element of the tube having area tds in the 
cross section (see the element in Fig. 3-41) and length dx (see the element 
in Fig. 3-40). The volume of such an element, which is similar in shape to 
the element abcd shown in Fig. 3-40a, is tds dx. Because elements of the 
tube are in pure shear, the strain-energy density of the element is 77/2G, as 
given by Eq. (3-55a). The total strain energy of the element is equal to the 
strain-energy density times the volume: 





2 
=== 7, 
: X : X (c) 


in which we have replaced 71 by the shear flow f (a constant). 

The total strain energy of the tube is obtained by integrating dU 
throughout the volume of the tube, that is, ds is integrated from O to L,, 
around the median line and dx is integrated along the axis of the tube 
from O0 to L, where L is the length. Thus, 


u- [aw - 1 [7 fa (d) 


Note that the thickness t may vary around the median line and must 
remain with ds under the integral sign. Since the last integral is equal to 
the length L of the tube, the equation for the strain energy becomes 


EE 2m (e) 


Substituting for the shear flow from Eq. (3-60), we obtain 





ds 
sul 4 3-66) 


as the equation for the strain energy of the tube in terms of the torque T. 

The preceding expression for strain energy can be written in simpler 
form by introducing a new property of the cross section, called the torsion 
constant. For a thin-walled tube, the torsion constant (denoted by the 
letter J) is defined as follows: 


EA 
p je ds (3-67) 


o d 





With this notation, the equation for strain energy (Eq. 3-66) becomes 








FIG. 3-43 (Repeated) 
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BED 


U = 
2GJ 





(3-68) 


which has the same form as the equation for strain energy in a circular bar 
(see Eq. 3-51a). The only difference is that the torsion constant J has 
replaced the polar moment of inertia /p. Note that the torsion constant has 
units of length to the fourth power. 

In the special case of a cross section having constant thickness t, the 
expression for J (Eq. 3-67) simplifies to 


AtA?. 
m icu 3-69 
L. (3-69) 


For each shape of cross section, we can evaluate J from either Eq. (3-67) 
or Eq. (3-69). 

As an illustration, consider again the thin-walled circular tube of 
Fig. 3-42. Since the thickness is constant we use Eq. (3-69) and substitute 
L,, = 27r and A,, = mr’; the result is 


J =2nr°t (3-70) 


which is the approximate expression for the polar moment of inertia 
(Eq. 3-18). Thus, in the case of a thin-walled circular tube, the polar 
moment of inertia is the same as the torsion constant. 

As a second illustration, we will use the rectangular tube of Fig. 3-43. 
For this cross section we have A,,, = bh. Also, the integral in Eq. (3-67) is 


b h b 
| ty fH 42 f'E ht) 
o f o fi 0 b h b 
Thus, the torsion constant (Eq. 3-67) is 


2b7h*t to 


— bt, + ht ie) 


Torsion constants for other thin-walled cross sections can be found in a 
similar manner. 


Angle of Twist 


The angle of twist $ for a thin-walled tube of arbitrary cross-sectional 
shape (Fig. 3-44) may be determined by equating the work W done by the 
applied torque 7 to the strain energy U of the tube. Thus, 


To TL 
2  2GJ 





W= U 
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FIG. 3-44 Angle of twist ¢ for a thin- 
walled tube 





from which we get the equation for the angle of twist: 


_ TL 


== (3-72) 


p 


Again we observe that the equation has the same form as the correspon- 
ding equation for a circular bar (Eq. 3-15) but with the polar moment of 
inertia replaced by the torsion constant. The quantity GJ is called the 
torsional rigidity of the tube. 


Limitations 


The formulas developed in this section apply to prismatic members 
having closed tubular shapes with thin walls. If the cross section is thin 
walled but open, as in the case of I-beams and channel sections, the theory 
given here does not apply. To emphasize this point, imagine that we take a 
thin-walled tube and slit it lengthwise—then the cross section becomes an 
open section, the shear stresses and angles of twist increase, the torsional 
resistance decreases, and the formulas given in this section cannot be 
used. 

Some of the formulas given in this section are restricted to linearly 
elastic materials—for instance, any equation containing the shear modulus 
of elasticity G is in this category. However, the equations for shear flow 
and shear stress (Eqs. 3-60 and 3-61) are based only upon equilibrium and 
are valid regardless of the material properties. The entire theory is approx- 
imate because it is based upon centerline dimensions, and the results 
become less accurate as the wall thickness ¢ increases." 

An important consideration in the design of any thin-walled member 
is the possibility that the walls will buckle. The thinner the walls and the 
longer the tube, the more likely it is that buckling will occur. In the case of 
noncircular tubes, stiffeners and diaphragms are often used to maintain the 
shape of the tube and prevent localized buckling. In all of our discussions 
and problems, we assume that buckling is prevented. 


"The torsion theory for thin-walled tubes described in this section was developed by 
R. Bredt, a German engineer who presented it in 1896 (Ref. 3-2). It is often called 
Bredt's theory of torsion. 





FIG. 3-45 Example 3-13. Comparison of 
approximate and exact theories of 
torsion 


Compare the maximum shear stress in a circular tube (Fig. 3-45) as calculated by 
the approximate theory for a thin-walled tube with the stress calculated by the 
exact torsion theory. (Note that the tube has constant thickness ¢ and radius r to the 
median line of the cross section.) 





Solution 
Approximate theory. The shear stress obtained from the approximate theory 
for a thin-walled tube (Eq. 3-63) is 





a, Ft T 
Ql 2g? (3-73) 

in which the relation 
[i (3-74) 


is introduced. 
Torsion formula. The maximum stress obtained from the more accurate 
torsion formula (Eq. 3-11) is 


cJ SETAZ, 
T = an 
P 


«103 6-37] i 


After expansion, this expression simplifies to 


(f) 


where 


= EE (Ar? + 12) (3-75) 


and the expression for the shear stress (Eq. f) becomes 


T2r+t) |  TOB-*0 


2° mr? - 0) — wt B4B? + 1) ee 
Ratio. The ratio 7,/7> of the shear stresses is 
UE EN (3-77) 


T 2B(28+1) 


which depends only on the ratio £. 
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Example 3-14 


FIG. 3-46 Example 3-14. Comparison of 
circular and square tubes 


For values of 6 equal to 5, 10, and 20, we obtain from Eq. (3-77) the 
values 7,/T = 0.92, 0.95, and 0.98, respectively. Thus, we see that the 
approximate formula for the shear stresses gives results that are slightly 
less than those obtained from the exact formula. The accuracy of the approxi- 
mate formula increases as the wall of the tube becomes thinner. In the limit, 
as the thickness approaches zero and £ approaches infinity, the ratio 7/75 
becomes 1. 





A circular tube and a square tube (Fig. 3-46) are constructed of the same material 
and subjected to the same torque. Both tubes have the same length, same wall 
thickness, and same cross-sectional area. 

What are the ratios of their shear stresses and angles of twist? (Disregard the 
effects of stress concentrations at the corners of the square tube.) 





(a) (b) 


Solution 
Circular tube. For the circular tube, the area A,,,; enclosed by the median 
line of the cross section is 


Ae = mr (h) 


where r is the radius to the median line. Also, the torsion constant (Eq. 3-70) and 
cross-sectional area are 


Jes Ze A — Rot (i,j) 
Square tube. For the square tube, the cross-sectional area is 
A» = 4bt (k) 


where b is the length of one side, measured along the median line. Inasmuch as 
the areas of the tubes are the same, we obtain b = 7rr/2. Also, the torsion constant 
(Eq. 3-71) and area enclosed by the median line of the cross section are 


Du 
7 F 


4 


35213 
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Ratios. The ratio 7;/7» of the shear stress in the circular tube to the shear 
stress in the square tube (from Eq. 3-61) is 


Do 
LN E 








= = — = 0.79 =z 
T2 Aml qr? 4 m 
The ratio of the angles of twist (from Eq. 3-72) is 
J 32$ 2 
ARLS E (o) << 


do JA, 2m 16 
These results show that the circular tube not only has a 21%ower shear 
stress than does the square tube but also a greater stiffness against rotation. 


*3.11 STRESS CONCENTRATIONS IN TORSION 


In the previous sections of this chapter we discussed the stresses in tor- 
sional members assuming that the stress distribution varied in a smooth 
and continuous manner. This assumption is valid provided that there are 
no abrupt changes in the shape of the bar (no holes, grooves, abrupt steps, 
and the like) and provided that the region under consideration is away 
from any points of loading. If such disruptive conditions do exist, then 
high localized stresses will be created in the regions surrounding the dis- 
continuities. In practical engineering work these stress concentrations 
are handled by means of stress-concentration factors, as explained 
previously in Section 2.10. 

The effects of a stress concentration are confined to a small region 
around the discontinuity, in accord with Saint-ànants$ principle (see 
Section 2.10). For instance, consider a stepped shaft consisting of two 
segments having different diameters (Fig. 3-47). The larger segment 
has diameter D» and the smaller segment has diameter D,. The junc- 
tion between the two segments forms a “step” or “shoulder” that is 
machined with a fillet of radius R. Without the fillet, the theoretical 
stress concentration factor would be infinitely large because of the 
abrupt 90°reentrant corner. Of course, infinite stresses cannot occur. 
Instead, the material at the reentrant corner would deform and 
partially relieve the high stress concentration. However, such a situa- 
tion is very dangerous under dynamic loads, and in good design a 
fillet is always used. The larger the radius of the fillet, the lower the 
stresses. 

At a distance from the shoulder approximately equal to the diameter D» 
(for instance, at cross section A-A in Fig. 3-47a) the torsional shear 
stresses are practically unaffected by the discontinuity. Therefore, the 
maximum stress 75 at a sufficient distance to the left of the shoulder can 
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FIG. 3-47 Stepped shaft in torsion 


Fillet (R = radius) 
"^ 





(a) 


| TX ES Tmax DET ^ 


Di 
Section A-A Section B-B Section C-C 
(b) (c) (d) 





be found from the torsion formula using D, as the diameter (Fig. 3-47b). 
The same general comments apply at section C-C, which is distance Dj 
(or greater) from the toe of the fillet. Because the diameter D, is less than 
the diameter D», the maximum stress 7, at section C-C (Fig. 3-47d) is 
larger than the stress 75. 

The stress-concentration effect is greatest at section B-B, which cuts 
through the toe of the fillet. At this section the maximum stress is 





Tr 16T 
Tmax = Krom = K — = « ] (3-78) 


In this equation, K is the stress-concentration factor and Taom (equal to 7) 
is the nominal shear stress, that 1s, the shear stress in the smaller part of 
the shaft. 

Mues of the factor K are plotted in Fig. 3-48 as a function of the 
ratio R/D,. Curves are plotted for various values of the ratio D5/D,. 
Note that when the fillet radius R becomes very small and the transition 
from one diameter to the other is abrupt, the value of K becomes quite 
large. Conversely, when R is large, the value of K approaches 1.0 and 
the effect of the stress concentration disappears. The dashed curve in 
Fig. 3-48 1s for the special case of a full quarter-circular fillet, which 
means that D5 = D, + 2R. (Note: Problems 3.11-1 through 3.11-5 
provide practice in obtaining values of K from Fig. 3-48.) 

Many other cases of stress concentrations for circular shafts, such as a 
shaft with a keyway and a shaft with a hole, are available in the engi- 
neering literature (see, for example, Ref. 2-9). 


FIG. 3-48 Stress-concentration factor K 
for a stepped shaft in torsion. (The 
dashed line is for a full quarter-circular 
fillet.) 
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1.00 





As explained in Section 2.10, stress concentrations are important for 
brittle materials under static loads and for most materials under dynamic 
loads. As a case in point, fatigue failures are of major concern in the 
design of rotating shafts and axles (see Section 2.9 for a brief discussion 
of fatigue). The theoretical stress-concentration factors K given in this 
section are based upon linearly elastic behavior of the material. However, 
fatigue experiments show that these factors are conservative, and failures 
in ductile materials usually occur at larger loads than those predicted by 
the theoretical factors. 
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CHAPTER SUMMARY & REVIEW 


In Chapter 3, we investigated the behavior of bars and hollow tubes acted on by concen- 
trated torques or distributed torsional moments as well as prestrain effects. We 
developed torque-displacement relations for use in computing angles of twist of bars 
under both uniform (i.e., constant torsional moment over its entire length) and nonuni- 
form conditions (i.e., torques, and perhaps also polar moment of inertia, vary over the 
length of the bar). Then, equilibrium and compatibility equations were developed for stati- 
cally indeterminate structures in a superposition procedure leading to solution for all 
unknown torques, rotational displacements, stresses, etc. Starting with a state of pure 
shear on stress elements aligned with the axis of the bar, we then developed equations 
for normal and shear stresses on inclined sections. A number of advanced topics were 
presented in the last parts of the chapter. The major concepts presented in this chapter 
are as follows: 


1. For circular bars and tubes, the shearing stress (7) and strain (») vary linearly 
with radial distance from the center of the cross-section. 


2. The torsion formula defines the relation between shear stress and torsional 
moment. Maximum shear stress Tmax occurs on the outer surface of the bar or 
tube and depends on torsional moment 7, radial distance r, and second moment 
of inertia of the cross section /;, known as polar moment of inertia for circular 
cross sections. Thin-walled tubes are seen to be more efficient in torsion, because 
the available material is more uniformly stressed than solid circular bars. 


3. The angle of twist « of prismatic circular bars subjected to torsional moment(s) is 
proportional to both the torque 7 and the length of the bar L, and inversely propor- 
tional to the torsional rigidity (G/,) of the bar; this relationship is called the 
torque-displacement relation. 


4. The angle of twist per unit length of a bar is referred to as its torsional flexibility 
(fr), and the inverse relationship is the torsional stiffness (k; = 1/f7) of the bar or 
shaft. 


5. The summation of the twisting deformations of the individual segments of a nonpris- 
matic shaft equals the twist of the entire bar (x). Free-body diagrams are used to find 
the torsional moments (7;) in each segment /. If torsional moments and/or cross sec- 
tional properties (/;) vary continuously, an integral expression is required. 


6. Ifthe bar structure is statically indeterminate, additional equations are required 
to solve for unknown moments. Compatibility equations are used to relate bar 
rotations to support conditions and thereby generate additional relationships 
among the unknowns. It is convenient to use a superposition of "released" (or 
statically determinate) structures to represent the actual statically indeterminate 
bar structure. 


7. Misfits and prestrains induce torsional moments only in statically indeterminate 
bars or shafts. 


8. Acircular shaft is subjected to pure shear due to torsional moments. Maximum 
normal and shear stresses can be obtained by considering an inclined stress ele- 
ment. The maximum shear stress occurs on an element aligned with the axis of the 
bar, but the maximum normal stress occurs at an inclination of 45? to the axis of 
the bar, and the maximum normal stress is equal to the maximum shear stress. 





PROBLEMS CHAPTER 3 


Torsional Deformations 


3.2-1 A copper rod of length L — 18.0 in. is to be twisted by 
torques T (see figure) until the angle of rotation between the 
ends of the rod is 3.0? 

If the allowable shear strain in the copper is 0.0006 
rad, what is the maximum permissible diameter of the rod? 


i À— — —À4 


PROBS. 3.2-1 and 3.2-2 


3.2-2 A plastic bar of diameter d — 56 mm is to be twisted 
by torques 7 (see figure) until the angle of rotation between 
the ends of the bar is 4.0? 

If the allowable shear strain in the plastic is 0.012 rad, 
what is the minimum permissible length of the bar? 


3.2-3 A circular aluminum tube subjected to pure torsion by 
torques T (see figure) has an outer radius rz equal to 1.5 
times the inner radius r4. 

(a) If the maximum shear strain in the tube is measured 
as 400 X 107° rad, what is the shear strain y; at the inner 
surface? 

(b) If the maximum allowable rate of twist is 0.125 
degrees per foot and the maximum shear strain is to be kept at 
400 X 10 ? rad by adjusting the torque T, what is the 
minimum required outer radius (r2)min? 





PROBS. 3.2-3, 3.2-4, and 3.2-5 
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3.2-4 A circular steel tube of length L = 1.0 m is loaded in 
torsion by torques T (see figure). 

(a) If the inner radius of the tube is r; = 45 mm and 
the measured angle of twist between the ends is 0.5? 
what is the shear strain y, (in radians) at the inner 
surface? 

(b) If the maximum allowable shear strain is 0.0004 rad 
and the angle of twist is to be kept at 0.45°by adjusting the 
torque 7, what is the maximum permissible outer radius 


(Fo) pias! 


3.2-5 Solve the preceding problem if the length L = 56 in., 
the inner radius r, = 1.25 in., the angle of twist is 0.5? and 
the allowable shear strain 1s 0.0004 rad. 


Circular Bars and Tubes 


3.3-1 A prospector uses a hand-powered winch (see figure) 
to raise a bucket of ore in his mine shaft. The axle of the 
winch is a steel rod of diameter d = 0.625 in. Also, the 
distance from the center of the axle to the center of the lifting 
rope is b = 4.0 in. 

If the weight of the loaded bucket is W = 100 Ib, what 
is the maximum shear stress in the axle due to torsion? 
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PROB. 3.3-1 
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3.3-2 When drilling a hole in a table leg, a furniture maker 
uses a hand-operated drill (see figure) with a bit of diameter 
d = 4.0 mm. 

(a) If the resisting torque supplied by the table leg is equal 
to 0.3 N-m, what is the maximum shear stress in the drill bit? 

(b) If the shear modulus of elasticity of the steel is 
G — 75 GPa, what is the rate of twist of the drill bit (degrees 
per meter)? 





PROB. 3.3-2 


3.3-3 While removing a wheel to change a tire, a driver 
applies forces P — 25 Ib at the ends of two of the arms of a 
lug wrench (see figure). The wrench is made of steel with 
shear modulus of elasticity G — 11.4 X 10? psi. Each arm of 
the wrench is 9.0 in. long and has a solid circular cross 
section of diameter d — 0.5 in. 

(a) Determine the maximum shear stress in the arm that 
is turning the lug nut (arm A). 

(b) Determine the angle of twist (in degrees) of this 
same arm. 





PROB. 3.3-3 


3.3-4 An aluminum bar of solid circular cross section is 
twisted by torques T acting at the ends (see figure). The 
dimensions and shear modulus of elasticity are as follows: 
L = 1.4m, d = 32 mm, and G = 28 GPa. 

(a) Determine the torsional stiffness of the bar. 

(b) If the angle of twist of the bar is 5? what is the 
maximum shear stress? What is the maximum shear strain 
(in radians)? 





PROB. 3.3-4 


3.3-5 A high-strength steel drill rod used for boring a hole in 
the earth has a diameter of 0.5 in. (see figure). The allowable 
shear stress in the steel is 40 ksi and the shear modulus of 
elasticity is 11,600 ksi. 

What is the minimum required length of the rod so that 
one end of the rod can be twisted 30°with respect to the 
other end without exceeding the allowable stress? 


d — 0.5 in. 








PROB. 3.3-5 


3.3-6 The steel shaft of a socket wrench has a diameter of 
8.0 mm. and a length of 200 mm (see figure). 

If the allowable stress in shear is 60 MPa, what is the 
maximum permissible torque Tmax that may be exerted with 
the wrench? 

Through what angle $ (in degrees) will the shaft twist 
under the action of the maximum torque? (Assume 
G = 78 GPa and disregard any bending of the shaft.) 






EP = 200 mm SEN 


PROB. 3.3-6 


3.3-7 A circular tube of aluminum is subjected to torsion 
by torques T applied at the ends (see figure). The bar is 
24 in. long, and the inside and outside diameters are 
1.25 in. and 1.75 in., respectively. It is determined by 
measurement that the angle of twist is 4°when the torque 
is 6200 Ib-in. 

Calculate the maximum shear stress Tmax in the tube, the 
shear modulus of elasticity G, and the maximum shear strain 
Ymax (in radians). 





PROB. 3.3-7 


3.3-8 A propeller shaft for a small yacht is made of a solid 
steel bar 104 mm in diameter. The allowable stress in shear 
is 48 MPa, and the allowable rate of twist is 2.0°in 3.5 
meters. 

Assuming that the shear modulus of elasticity is G = 
80 GPa, determine the maximum torque Tmax that can be 
applied to the shaft. 





PROB. 3.3-8 
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3.3-9 Three identical circular disks A, B, and C are welded 
to the ends of three identical solid circular bars (see figure). 
The bars lie in a common plane and the disks lie in planes 
perpendicular to the axes of the bars. The bars are welded 
at their intersection D to form a rigid connection. Each 
bar has diameter d, = 0.5 in. and each disk has diameter 
d, = 3.0 in. 

Forces P,, P2, and P; act on disks A, B, and C, respec- 
tively, thus subjecting the bars to torsion. If P, = 28 Ib, 
what is the maximum shear stress 7,4, in any of the 
three bars? 





PROB. 3.3-9 


3.3-10 The steel axle of a large winch on an ocean liner 
is subjected to a torque of 1.65 kN-m (see figure). What 
is the minimum required diameter d, if the allowable 
shear stress is 48 MPa and the allowable rate of twist is 
0.757m? (Assume that the shear modulus of elasticity 
is 80 GPa.) 


PROB. 3.3-10 
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3.3-11 A hollow steel shaft used in a construction auger has 
outer diameter d; = 6.0 in. and inner diameter d, = 4.5 in. 
(see figure on the next page). The steel has shear modulus of 
elasticity G = 11.0 X 10° psi. 

For an applied torque of 150 k-in. determine the 
following quantities: 

(a) shear stress 7» at the outer surface of the shaft, 

(b) shear stress 7, at the inner surface, and 

(c) rate of twist 0 (degrees per unit of length). 

Also, draw a diagram showing how the shear stresses 
vary in magnitude along a radial line in the cross section. 
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PROBS. 3.3-11 and 3.3-12 


3.3-12 Solve the preceding problem if the shaft has outer 
diameter dọ = 150 mm and inner diameter d; = 100 mm. 
Also, the steel has shear modulus of elasticity G — 75 GPa 
and the applied torque is 16 KN-m. 


3.3-13 A vertical pole of solid circular cross section is 
twisted by horizontal forces P — 1100 Ib acting at the ends 
of a horizontal arm AB (see figure). The distance from the 
outside of the pole to the line of action of each force is 
c = 5.0 in. 


If the allowable shear stress in the pole is 4500 psi, what 
is the minimum required diameter dmin of the pole? 








PROBS. 3.3-13 and 3.3-14 


3.3-14 Solve the preceding problem if the horizontal forces 
have magnitude P — 5.0 kN, the distance c — 125 mm, and 
the allowable shear stress is 30 MPa. 


3.3-15 A solid brass bar of diameter d — 1.25 in. is 
subjected to torques T}, as shown in part (a) of the figure. 
The allowable shear stress in the brass is 12 ksi. 

(a What is the maximum permissible value of the 
torques T? 

(b) If a hole of diameter 0.625 in. is drilled longitudinally 
through the bar, as shown in part (b) of the figure, what is the 
maximum permissible value of the torques 75? 

(c) What is the percent decrease in torque and the 
percent decrease in weight due to the hole? 








PROB. 3.3-15 


3.3-16 A hollow aluminum tube used in a roof structure has 
an outside diameter d; = 104 mm and an inside diameter 
d, — 82 mm (see figure). The tube is 2.75 m long, and the 
aluminum has shear modulus G — 28 GPa. 

(a) If the tube is twisted in pure torsion by torques acting 
at the ends, what is the angle of twist (in degrees) when the 
maximum shear stress is 48 MPa? 

(b) What diameter d is required for a solid shaft (see 
figure) to resist the same torque with the same maximum 
stress? 

(c) What is the ratio of the weight of the hollow tube to 
the weight of the solid shaft? 


m EA 


d, —— —* 
PROB. 3.3-16 


*3,3-17 A circular tube of inner radius r, and outer radius r> 
is subjected to a torque produced by forces P — 900 Ib (see 
figure). The forces have their lines of action at a distance 
b — 5.5 in. from the outside of the tube. 

If the allowable shear stress in the tube is 6300 psi and 
the inner radius r, — 1.2 in., what is the minimum permis- 
sible outer radius r»? 





PROB. 3.3-17 


Nonuniform Torsion 


3.4-1 A stepped shaft ABC consisting of two solid circular 
segments is subjected to torques T; and T, acting in 
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opposite directions, as shown in the figure. The larger 
segment of the shaft has diameter d; = 2.25 in. and length 
Lı = 30 in; the smaller segment has diameter dọ = 1.75 in. 
and length L = 20 in. The material is steel with 
shear modulus G = 11 X 10? psi, and the torques are 
T, = 20,000 Ib-in. and T) = 8,000 Ib-in. 

Calculate the following quantities: (a) the maximum 
shear stress Tmax in the shaft, and (b) the angle of twist dc (in 
degrees) at end C. 








L54———— 


PROB. 3.4-1 


3.4-2 A circular tube of outer diameter d4 = 70 mm and inner 
diameter d = 60 mm is welded at the right-hand end to a fixed 
plate and at the left-hand end to a rigid end plate (see figure). 
A solid circular bar of diameter d, = 40 mm is inside of, and 
concentric with, the tube. The bar passes through a hole in the 
fixed plate and is welded to the rigid end plate. 

The bar is 1.0 m long and the tube is half as long as the 
bar. A torque T — 1000 N:m acts at end A of the bar. Also, 
both the bar and tube are made of an aluminum alloy with 
shear modulus of elasticity G — 27 GPa. 

(a) Determine the maximum shear stresses in both the 
bar and tube. 

(b) Determine the angle of twist (in degrees) at end A of 
the bar. 


Tube 


End 
plate 








PROB. 3.4-2 
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3.4-3 A stepped shaft ABCD consisting of solid circular 
segments is subjected to three torques, as shown in the 
figure. The torques have magnitudes 12.5 k-in., 9.8 k-in., 
and 9.2 k-in. The length of each segment is 25 in. and the 
diameters of the segments are 3.5 in., 2.75 in., and 2.5 in. 
The material is steel with shear modulus of elasticity 
G = 11.6 X 10° ksi. 

(a) Calculate the maximum shear stress Tmax in the shaft. 

(b) Calculate the angle of twist gp (in degrees) at end D. 






9.2 k-in. 
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195 in. [2775 in. y 





















Bí C | 


| 


-— 25 -- in. —»«— 25 m 


PROB. 3.4-3 


3.4-4 A solid circular bar ABC consists of two segments, as 
shown in the figure. One segment has diameter d, = 56 
mm and length L, — 1.45 m; the other segment has diam- 
eter d; = 48 mm and length L, = 1.2 m. 

What is the allowable torque Tanow if the shear stress is 
not to exceed 30 MPa and the angle of twist between the ends 
of the bar is not to exceed 1.25? (Assume G = 80 GPa.) 


dı 
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PROB. 3.4-4 





3.4-5 A hollow tube ABCDE constructed of monel metal is 
subjected to five torques acting in the directions shown in the 
figure. The magnitudes of the torques are 7; — 1000 Ib-in., 
T, = T4 = 500 Ib-in., and T4 = T; = 800 Ib-in. The tube has 
an outside diameter d, = 1.0 in. The allowable shear stress is 
12,000 psi and the allowable rate of twist is 2.0fft. 

Determine the maximum permissible inside diameter dı 
of the tube. 


T3 = T^ = T3 = T4 = Ts = 
1000 Ib-in. SOO Ilb-in. 800 lb-in. 500 1b-in. 800 lb-in. 





PROB. 3.4-5 


3.4-6 A shaft of solid circular cross section consisting of 
two segments is shown in the first part of the figure. The 
left-hand segment has diameter 80 mm and length 1.2 m; 
the right-hand segment has diameter 60 mm and length 
0.9 m. 

Shown in the second part of the figure is a hollow shaft 
made of the same material and having the same length. The 
thickness t of the hollow shaft is d/10, where d is the outer 
diameter. Both shafts are subjected to the same torque. 

If the hollow shaft is to have the same torsional stiffness 
as the solid shaft, what should be its outer diameter d? 
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PROB. 3.4-6 


3.4-7 Four gears are attached to a circular shaft and transmit 
the torques shown in the figure. The allowable shear stress in 
the shaft is 10,000 psi. 

(a) What is the required diameter d of the shaft if it has a 
solid cross section? 

(b) What is the required outside diameter d if the shaft is 
hollow with an inside diameter of 1.0 in.? 


8,000 Ib-in. 


(Rm 










19,000 Ib-in. 


4,000 Ib-in. 


7,000 Ib-in 


PROB. 3.4-7 


3.4-8 A tapered bar AB of solid circular cross section is 
twisted by torques T (see figure). The diameter of the bar 
varies linearly from d; at the left-hand end to dz at the right- 
hand end. 

For what ratio dp/d4 will the angle of twist of the tapered 
bar be one-half the angle of twist of a prismatic bar of diam- 
eter d4? (The prismatic bar is made of the same material, has 
the same length, and is subjected to the same torque as the 
tapered bar.) Hint: Use the results of Example 3-5. 
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(d) What is the rotation at joint 2, p>? 
(e) Draw the torsional moment (TMD: T(x), 0 =x x L) 
and displacement (TDD: (x), 0 S x S L) diagrams. 


z Segment 1 eee 2 
- T 


1 I 





Ol 


PROBS. 3.4-8, 3.4-9, and 3.4-10 


3.4-9 A tapered bar AB of solid circular cross section is 
twisted by torques T = 36,000 Ib-in. (see figure). The 
diameter of the bar varies linearly from d; at the left-hand 
end to dg at the right-hand end. The bar has length L = 
4.0 ft and is made of an aluminum alloy having shear 
modulus of elasticity G — 3.9 X 10? psi. The allowable 
shear stress in the bar is 15,000 psi and the allowable 
angle of twist is 3.0? 

If the diameter at end B is 1.5 times the diameter at 
end A, what is the minimum required diameter d4 at end A? 
(Hint: Use the results of Example 3-5). 


3.4-10 The bar shown in the figure is tapered linearly from 
end A to end B and has a solid circular cross section. The 
diameter at the smaller end of the bar is d4 — 25 mm and the 
length is L = 300 mm. The bar is made of steel with shear 
modulus of elasticity G — 82 GPa. 

If the torque T — 180 N:m and the allowable angle of 
twist is 0.3? what is the minimum allowable diameter dg at 
the larger end of the bar? (Hint: Use the results of Example 
3-5.) 


3.4-11 The nonprismatic cantilever circular bar shown has 
an internal cylindrical hole from O to x, so the net polar 
moment of inertia of the cross section for segment 1 is 
(7/8)1,.. Torque T is applied at x and torque 7/2 is applied at 
x = L. Assume that G is constant. 

(a) Find reaction moment R4. 

(b) Find internal torsional moments 7; in segments 
] & 2. 

(c) Find x required to obtain twist at joint 3 of 
Q3 = TL/GI, 


TMD 0 0 
TDD 0 0 
PROB. 3.4-11 


3.4-12 A uniformly tapered tube AB of hollow circular 
cross section 1s shown in the figure. The tube has constant 
wall thickness ¢ and length L. The average diameters at the 
ends are d4 and dg = 2d,. The polar moment of inertia may 
be represented by the approximate formula Ip ~ d"^t/A 
(see Eq. 3-18). 

Derive a formula for the angle of twist @ of the tube 
when it is subjected to torques T acting at the ends. 





dg = 2d, 


PROB. 3.4-12 
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3.4-13 A uniformly tapered aluminum-alloy tube AB of 
circular cross section and length L is shown in the figure. The 
outside diameters at the ends are d4 and dg = 2d4. A hollow 
section of length L/2 and constant thickness t = d,/10 is cast 
into the tube and extends from B halfway toward A. 

(a) Find the angle of twist « of the tube when it is 
subjected to torques 7 acting at the ends. Use numerical 
values as follows: d4 = 2.5 in., L = 48 in., G = 3.9 x 10° 
psi, and T = 40,000 in-Ib. 

(b) Repeat (a) if the hollow section has constant diam- 
eter d4. (See figure part b.) 


t constant 
da= 











dA 
"Te, 
4 |, l FE 


PROB. 3.4-13 


3.4-14 For the thin nonprismatic steel pipe of constant thick- 
ness £ and variable diameter d shown with applied torques at 
joints 2 and 3, determine the following. 

(a) Find reaction moment R,. 

(b) Find an expression for twist rotation ©3 at joint 3. 
Assume that G is constant. 

(c) Draw the torsional moment diagram (TMD: T(x), 
= x=). 





PROB. 3.4-14 


3.4-15 A mountain-bike rider going uphill applies torque 
T = Fd (F = 15 1b, d = 4 in.) to the end of the handlebars 
ABCD (by pulling on the handlebar extenders DE). 
Consider the right half of the handlebar assembly only 
(assume the bars are fixed at the fork at A). Segments AB 
and CD are prismatic with lengths L, = 2 in. and L} = 8.5 
in., and with outer diameters and thicknesses do, = 1.25 in., 
to) = 0.125 in., and do3 = 0.87 in., too = 0.115 in., respec- 
tively as shown. Segment BC of length L, = 1.2 in., 
however, is tapered, and outer diameter and thickness vary 
linearly between dimensions at B and C. 

Consider torsion effects only. Assume G = 4000 ksi is 
constant. 

Derive an integral expression for the angle of twist qp 
of half of the handlebar tube when it is subjected to torque 
T = Fd acting at the end. Evaluate qp for the given 
numerical values. 


Handlebar extension 






do, to1 


S4 





dos, to3 





Handlebar 
extension 


F 
45° 





PROB. 3.4-15 


3.4-16 A prismatic bar AB of length L and solid circular 
cross section (diameter d) is loaded by a distributed torque of 
constant intensity t per unit distance (see figure). 
(a) Determine the maximum shear stress Tmax in the bar. 
(b) Determine the angle of twist between the ends of 
the bar. 
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(c) Find rotation dc. 

(d) Find the maximum shear stress Tmax and its loca- 
tion along the bar. 

(e) Draw the torsional moment diagram (TMD: 7(x), 
0=x= L). 






PROB. 3.4-16 


*3.4-17 A prismatic bar AB of solid circular cross section 
(diameter d) is loaded by a distributed torque (see figure). 
The intensity of the torque, that is, the torque per unit 
distance, is denoted f(x) and varies linearly from a 
maximum value £4 at end A to zero at end B. Also, the 
length of the bar is L and the shear modulus of elasticity of 
the material is G. 

(a) Determine the maximum shear stress Tmax in the bar. 

(b) Determine the angle of twist between the ends of 
the bar. 





PROB. 3.4-17 


3.4-18 A nonprismatic bar ABC of solid circular cross 
section is loaded by distributed torques (see figure). The 
intensity of the torques, that 1s, the torque per unit distance, 
is denoted f(x) and varies linearly from zero at A to a 
maximum value Tọo/L at B. Segment BC has linearly distrib- 
uted torque of intensity t(x) = To/3L of opposite sign to that 
applied along AB. Also, the polar moment of inertia of AB 
is twice that of BC, and the shear modulus of elasticity of 
the material is G. 

(a) Find reaction torque R4. 

(b) Find internal torsional moments 7(x) in segments 
AB and BC. 


TMD 


PROB. 3.4-18 


**3.4-19 A magnesium-alloy wire of diameter d = 4 mm 
and length L rotates inside a flexible tube in order to open or 
close a switch from a remote location (see figure). A torque T 
is applied manually (either clockwise or counterclockwise) at 
end B, thus twisting the wire inside the tube. At the other end 
A, the rotation of the wire operates a handle that opens or 
closes the switch. 

A torque Tọ = 0.2 N:m is required to operate the switch. 
The torsional stiffness of the tube, combined with friction 
between the tube and the wire, induces a distributed torque 
of constant intensity t = 0.04 N-m/m (torque per unit 
distance) acting along the entire length of the wire. 

(a) If the allowable shear stress in the wire is Tayjoy = 30 
MPa, what is the longest permissible length Lmax of the wire? 

(b) If the wire has length L = 4.0 m and the shear 
modulus of elasticity for the wire is G = 15 GPa, what is the 
angle of twist œ (in degrees) between the ends of the wire? 


Flexible tube 
T = torque b 





PROB. 3.4-19 
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3.4-20 Two hollow tubes are connected by a pin at B 
which is inserted into a hole drilled through both tubes at 
B (see cross-section view at B). Tube BC fits snugly 
into tube AB but neglect any friction on the interface. 
Tube inner and outer diameters d; (i = 1, 2, 3) and pin 
diameter d, are labeled in the figure. Torque Tọ is 
applied at joint C. The shear modulus of elasticity of the 
material is G. 

Find expressions for the maximum torque To max 
which can be applied at C for each of the following 
conditions. 

(a) The shear in the connecting pin is less than some 
allowable value (Toin < Tp anow)- 

(b) The shear in tube AB or BC is less than some 
allowable value (Tue < Traow). 

(c) What is the maximum rotation $c for each of cases 
(a) and (b) above? 








Cross-section at B 


PROB. 3.4-20 


Pure Shear 


3.5-1 A hollow aluminum shaft (see figure) has outside 
diameter dp = 4.0 in. and inside diameter d, = 2.0 in. When 
twisted by torques T, the shaft has an angle of twist per unit 
distance equal to 0.54/ft. The shear modulus of elasticity of 
the aluminum is G = 4.0 X 10° psi. 

(a) Determine the maximum tensile stress Cmax in the 
shaft. 

(b) Determine the magnitude of the applied torques 7. 








PROBS. 3.5-1, 3.5-2, and 3.5-3 


3.5-2 A hollow steel bar (G = 80 GPa) is twisted by torques 
T (see figure). The twisting of the bar produces a maximum 
shear strain Ymax = 640 X 10 ? rad. The bar has outside 
and inside diameters of 150 mm and 120 mm, respectively. 

(a) Determine the maximum tensile strain in the bar. 

(b) Determine the maximum tensile stress in the bar. 

(c) What is the magnitude of the applied torques T? 


3.5-3 A tubular bar with outside diameter d, = 4.0 in. is 
twisted by torques T — 70.0 k-in. (see figure). Under the 
action of these torques, the maximum tensile stress in the bar 
is found to be 6400 psi. 

(a) Determine the inside diameter d, of the bar. 

(b) If the bar has length L — 48.0 in. and is made of 
aluminum with shear modulus G = 4.0 X 10° psi, what is 
the angle of twist œ (in degrees) between the ends of the bar? 

(c) Determine the maximum shear strain Ymax 
(in radians)? 


3.5-4 A solid circular bar of diameter d = 50 mm (see 
figure) is twisted in a testing machine until the applied torque 
reaches the value T — 500 N:m. At this value of torque, a 
strain gage oriented at 45?to the axis of the bar gives a 
reading e = 339 x 10 ©. 

What is the shear modulus G of the material? 


Strain gage 


|d 7 50 mm T = 500 Nm 





PROB. 3.5-4 


3.5-5 A steel tube (G = 11.5 X 10° psi) has an outer diam- 
eter d5 = 2.0 in. and an inner diameter d, = 1.5 in. When 
twisted by a torque T, the tube develops a maximum normal 
strain of 170 X 10°. 

What is the magnitude of the applied torque T? 


3.5-6 A solid circular bar of steel (G = 78 GPa) transmits a 
torque 7 = 360 N-m. The allowable stresses in tension, 
compression, and shear are 90 MPa, 70 MPa, and 40 MPa, 
respectively. Also, the allowable tensile strain is 220 X 10 *. 
Determine the minimum required diameter d of the bar. 


3.5-7 The normal strain in the 45°direction on the surface 
of a circular tube (see figure) is 880 X 10° ° when the torque 
T = 750 Ib-in. The tube is made of copper alloy with 
G = 6.2 X 10° psi. 

If the outside diameter d» of the tube is 0.8 in., what is 
the inside diameter d,? 

Strain gage 

d^ = 0.8 in. 








T = 750 Ib-in. 
N 


PROB. 3.5-7 


3.5-8 An aluminum tube has inside diameter d, = 50 mm, 

shear modulus of elasticity G = 27 GPa, and torque T = 

4.0 kN:m. The allowable shear stress in the aluminum is 

50 MPa and the allowable normal strain is 900 X 107°. 
Determine the required outside diameter d». 


3.5-9 A solid steel bar (G — 11.8 X 10? psi) of diameter 
d = 2.0 in. is subjected to torques T = 8.0 k-in. acting in the 
directions shown in the figure. 

(a Determine the maximum shear, tensile, and 
compressive stresses in the bar and show these stresses on 
sketches of properly oriented stress elements. 

(b) Determine the corresponding maximum strains 
(shear, tensile, and compressive) in the bar and show these 
strains on sketches of the deformed elements. 


T = 8.0 k-in. 


d= 2.0 in. 





PROB. 3.5-9 


3.5-10 A solid aluminum bar (G = 27 GPa) of diameter 
d = 40 mm is subjected to torques T = 300 N-m acting in 
the directions shown in the figure. 

(a Determine the maximum shear, tensile, and 
compressive stresses in the bar and show these stresses on 
sketches of properly oriented stress elements. 

(b) Determine the corresponding maximum strains 
(shear, tensile, and compressive) in the bar and show these 
strains on sketches of the deformed elements. 





PROB. 3.5-10 


CHAPTER 3 Problems 293 


Transmission of Power 


3.7-1 A generator shaft in a small hydroelectric plant turns at 
120 rpm and delivers 50 hp (see figure). 

(a) If the diameter of the shaft is d — 3.0 in., what 1s the 
maximum shear stress Tmax 1n the shaft? 

(b) If the shear stress is limited to 4000 psi, what is the 
minimum permissible diameter dmin of the shaft? 


120 rpm 


50 hp 
PROB. 3.7-1 


3.7-2 A motor drives a shaft at 12 Hz and delivers 20 kW of 
power (see figure). 

(a) If the shaft has a diameter of 30 mm, what is the 
maximum shear stress Tmax in the shaft? 

(b) If the maximum allowable shear stress is 40 MPa, 
what is the minimum permissible diameter d,,;, of the 
shaft? 


12 Hz 


20 kW 


PROB. 3.7-2 


3.7-3 The propeller shaft of a large ship has outside diameter 
18 in. and inside diameter 12 in., as shown in the figure. The 
shaft is rated for a maximum shear stress of 4500 psi. 

(a) If the shaft is turning at 100 rpm, what is the 
maximum horsepower that can be transmitted without 
exceeding the allowable stress? 

(b) If the rotational speed of the shaft is doubled but the 
power requirements remain unchanged, what happens to the 
shear stress in the shaft? 





PROB. 3.7-3 
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3.7-4 The drive shaft for a truck (outer diameter 60 mm and 
inner diameter 40 mm) is running at 2500 rpm (see figure). 
(a) If the shaft transmits 150 kW, what is the maximum 
shear stress in the shaft? 
(b) If the allowable shear stress is 30 MPa, what is the 
maximum power that can be transmitted? 





PROB. 3.7-4 


3.7-5 A hollow circular shaft for use in a pumping station is 
being designed with an inside diameter equal to 0.75 times the 
outside diameter. The shaft must transmit 400 hp at 400 rpm 
without exceeding the allowable shear stress of 6000 psi. 
Determine the minimum required outside diameter d. 


3.7-6 A tubular shaft being designed for use on a construc- 
tion site must transmit 120 kW at 1.75 Hz. The inside diameter 
of the shaft 1s to be one-half of the outside diameter. 

If the allowable shear stress in the shaft is 45 MPa, what 
is the minimum required outside diameter d? 


3.7-7 A propeller shaft of solid circular cross section and 
diameter d is spliced by a collar of the same material (see 
figure). The collar is securely bonded to both parts of the shaft. 

What should be the minimum outer diameter d, of the 
collar in order that the splice can transmit the same power as 
the solid shaft? 







jdi \d 


9 
PROB. 3.7-7 


3.7-8 What is the maximum power that can be delivered by 
a hollow propeller shaft (outside diameter 50 mm, inside 
diameter 40 mm, and shear modulus of elasticity 80 GPa) 
turning at 600 rpm if the allowable shear stress is 100 MPa 
and the allowable rate of twist is 3.0fm? 


*3.7-9 A motor delivers 275 hp at 1000 rpm to the end of a 
shaft (see figure). The gears at B and C take out 125 and 
150 hp, respectively. 

Determine the required diameter d of the shaft if the 
allowable shear stress is 7500 psi and the angle of twist 
between the motor and gear C is limited to 1.5? (Assume 
G = 11.5 X 10? psi, L, = 6 ft, and Ly = 4 ft.) 
























































PROBS. 3.7-9 and 3.7-10 


*3.7-10 The shaft ABC shown in the figure is driven by a 
motor that delivers 300 kW at a rotational speed of 32 Hz. 
The gears at B and C take out 120 and 180 kW, respectively. 
The lengths of the two parts of the shaft are L; = 1.5 m and 
Lə = 0.9 m. 

Determine the required diameter d of the shaft if the 
allowable shear stress is 50 MPa, the allowable angle of twist 
between points A and C is 4.0?and G = 75 GPa. 


Statically Indeterminate Torsional Members 


3.8-1 A solid circular bar ABCD with fixed supports is acted 
upon by torques To and 27 at the locations shown in the 
figure. 

Obtain a formula for the maximum angle of twist max 
of the bar. (Hint: Use Eqs. 3-46a and b of Example 3-9 to 
obtain the reactive torques.) 





PROB. 3.8-1 


3.8-2 A solid circular bar ABCD with fixed supports at ends 
A and D is acted upon by two equal and oppositely directed 
torques To, as shown in the figure. The torques are applied 
at points B and C, each of which is located at distance x 
from one end of the bar. (The distance x may vary from 
zero to L/2.) 

(a) For what distance x will the angle of twist at points B 
and C be a maximum? 

(b) What is the corresponding angle of twist max? 
(Hint: Use Eqs. 3-46a and b of Example 3-9 to obtain the 
reactive torques.) 


To To 
P A B C D Tp 
E => 
X —> X 
.&————————————— [| 
PROB. 3.8-2 


3.8-3 A solid circular shaft AB of diameter d is fixed against 
rotation at both ends (see figure). A circular disk is attached 
to the shaft at the location shown. 

What is the largest permissible angle of rotation max of 
the disk if the allowable shear stress in the shaft is Tayow? 
(Assume that a > b. Also, use Eqs. 3-46a and b of Example 
3-9 to obtain the reactive torques.) 


Disk 


~—a—4 Ea 


PROB. 3.8-3 


3.8-4 A hollow steel shaft ACB of outside diameter 50 mm 
and inside diameter 40 mm is held against rotation at 
ends A and B (see figure). Horizontal forces P are applied 
at the ends of a vertical arm that is welded to the shaft at 
point C. 

Determine the allowable value of the forces P if the 
maximum permissible shear stress in the shaft is 45 MPa. 
(Hint: Use Eqs. 3-46a and b of Example 3-9 to obtain the reac- 
tive torques.) 
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PROB. 3.8-4 


3.8-5 A stepped shaft ACB having solid circular cross 
sections with two different diameters is held against rotation 
at the ends (see figure). 

If the allowable shear stress in the shaft is 6000 psi, 
what is the maximum torque (To)max that may be applied at 
section C? (Hint: Use Eqs. 3-45a and b of Example 3-9 to 
obtain the reactive torques.) 


1.50 in. 





To 


«— — ——]5.0 in — —À 





- 6.0 in. >| 


PROB. 3.8-5 


3.8-6 A stepped shaft ACB having solid circular cross 
sections with two different diameters is held against rotation 
at the ends (see figure). 

If the allowable shear stress in the shaft is 43 MPa, 
what is the maximum torque (7)max that may be applied at 
section C? (Hint: Use Eqs. 3-45a and b of Example 3-9 to 
obtain the reactive torques.) 


25 mm 





To 
—2s mm a 450 mm ——À 


PROB. 3.8-6 
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3.8-7 A stepped shaft ACB is held against rotation at ends 
A and B and subjected to a torque Tp acting at section C (see 
figure). The two segments of the shaft (AC and CB) have 
diameters d4 and dg, respectively, and polar moments of 
inertia /p4 and /pg, respectively. The shaft has length L and 
segment AC has length a. 

(a) For what ratio a/L will the maximum shear stresses 
be the same in both segments of the shaft? 

(b) For what ratio a/L will the internal torques be the 
same in both segments of the shaft? (Hint: Use Eqs. 3-45a 
and b of Example 3-9 to obtain the reactive torques.) 


d 
A 1 Lan Y ae | b T. 
n 1] 


——À 
L ——q“™~ 


PROB. 3.8-7 


3.8-8 A circular bar AB of length L is fixed against rotation at 
the ends and loaded by a distributed torque t(x) that varies 
linearly in intensity from zero at end A to f at end B (see 
figure). 

Obtain formulas for the fixed-end torques T4 and Tp. 


«— — 25 in. ——— —59«— — — 25 in. ———— 


A 3.0 in. To B 








PROB. 3.8-9 


3.8-10 A solid steel bar of diameter d; = 25.0 mm is 
enclosed by a steel tube of outer diameter d4 — 37.5 mm and 
inner diameter də = 30.0 mm (see figure). Both bar and 
tube are held rigidly by a support at end A and joined 
securely to a rigid plate at end B. The composite 
bar, which has a length L = 550 mm, is twisted by a torque 
T = 400 N-m acting on the end plate. 

(a) Determine the maximum shear stresses 7, and 7» in 
the bar and tube, respectively. 

(b) Determine the angle of rotation $ (in degrees) of the 
end plate, assuming that the shear modulus of the steel is 
G — 80 GPa. 

(c) Determine the torsional stiffness ky of the composite 
bar. (Hint: Use Eqs. 3-44a and b to find the torques in the bar 
and tube.) 


Tube 





PROB. 3.8-8 


3.8-9 A circular bar AB with ends fixed against rotation 
has a hole extending for half of its length (see figure). The 
outer diameter of the bar is d5 = 3.0 in. and the diameter 
of the hole is d, — 2.4 in. The total length of the bar is 
L — 50 in. 

At what distance x from the left-hand end of the bar 
should a torque 7, be applied so that the reactive torques at 
the supports will be equal? 





PROBS. 3.8-10 and 3.8-11 


3.8-11 A solid steel bar of diameter d, — 1.50 in. is enclosed 
by a steel tube of outer diameter d4 — 2.25 in. and inner 
diameter d) = 1.75 in. (see figure). Both bar and tube are 
held rigidly by a support at end A and joined securely to a 
rigid plate at end B. The composite bar, which has length 
L = 30.0 in., is twisted by a torque T = 5000 Ib-in. acting on 
the end plate. 

(a) Determine the maximum shear stresses 7, and 75 in 
the bar and tube, respectively. 

(b) Determine the angle of rotation œ (in degrees) of the 
end plate, assuming that the shear modulus of the steel is 
G = 11.6 X 10° psi. 

(c) Determine the torsional stiffness ky of the composite 
bar. (Hint: UseEqs. 3-44a and b to find the torques in the bar 
and tube.) 


*3.8-12 The composite shaft shown in the figure is manu- 
factured by shrink-fitting a steel sleeve over a brass core so 
that the two parts act as a single solid bar in torsion. The 
outer diameters of the two parts are dj = 40 mm for the 
brass core and d5 = 50 mm for the steel sleeve. The shear 
moduli of elasticity are G, = 36 GPa for the brass and 
G, = 80 GPa for the steel. 

Assuming that the allowable shear stresses in the brass 
and steel are 7, = 48 MPa and 7, = 80 MPa, respectively, 
determine the maximum permissible torque Tnax that may be 
applied to the shaft. (Hint: Use Eqs. 3-44a and b to find the 
torques.) 


Steel sleeve 
Brass core 





PROBS. 3.8-12 and 3.8-13 
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*3.8-13 The composite shaft shown in the figure is manu- 
factured by shrink-fitting a steel sleeve over a brass core so 
that the two parts act as a single solid bar in torsion. The 
outer diameters of the two parts are d, = 1.6 in. for the brass 
core and də = 2.0 in. for the steel sleeve. The shear moduli 
of elasticity are G, = 5400 ksi for the brass and G, = 12,000 
ksi for the steel. 

Assuming that the allowable shear stresses in the brass 
and steel are 7; — 4500 psi and 7, — 7500 psi, respectively, 
determine the maximum permissible torque Tmax that may be 
applied to the shaft. (Hint: Use Eqs. 3-44a and b to find the 
torques.) 


3.8-14 A steel shaft (G, = 80 GPa) of total length L = 3.0 m 
is encased for one-third of its length by a brass sleeve 
(G, — 40 GPa) that is securely bonded to the steel (see 
figure). The outer diameters of the shaft and sleeve are d; — 
70 mm and d» = 90 mm. respectively. 

(a) Determine the allowable torque 7; that may be 
applied to the ends of the shaft if the angle of twist between 
the ends is limited to 8.0? 

(b) Determine the allowable torque 7> if the shear 
stress in the brass is limited to 7; = 70 MPa. 

(c) Determine the allowable torque 75 if the shear 
stress in the steel is limited to 7, — 110 MPa. 

(d) What is the maximum allowable torque Tmax if all 
three of the preceding conditions must be satisfied? 









z-20m 


Brass ~~ 
sleeve 
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Steel 
shaft Ded 
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Fixed against 


rotation 








Fixed against 


rotation x) 
t constant 














Fixed against 
rotation 





PROB. 3.8-15 


3.8-15 A uniformly tapered aluminum-alloy tube AB of 
circular cross section and length L is fixed against rotation 
at A and B, as shown in the figure. The outside diameters at 
the ends are d4 and dg = 2d4. A hollow section of length 
L/2 and constant thickness t = d,/10 is cast into the tube 
and extends from B halfway toward A. Torque T, is applied 
at L/2. 

(a) Find the reactive torques at the supports, 74 and Tp. 
Use numerical values as follows: d4 = 2.5 in., L = 48 in., 
G = 3.9 x 10° psi, Ty = 40,000 in-Ib. 

(b) Repeat (a) if the hollow section has constant diam- 
eter d4. 


3.8-16 A hollow circular tube A (outer diameter da, wall 
thickness t4) fits over the end of a circular tube B (dp, tp), 
as shown in the figure. The far ends of both tubes are fixed. 
Initially, a hole through tube B makes an angle 6 with a line 
through two holes in tube A. Then tube B is twisted until 
the holes are aligned, and a pin (diameter d,) is placed 
through the holes. When tube B is released, the system 
returns to equilibrium. Assume that G is constant. 

(a) Use superposition to find the reactive torques T4 
and Tg at the supports. 

(b) Find an expression for the maximum value of f if 
the shear stress in the pin, 7, cannot exceed 7, allow- 

(c) Find an expression for the maximum value of f if 
the shear stress in the tubes, T, cannot exceed 7; alow- 

(d) Find an expression for the maximum value of f if 
the bearing stress in the pin at C cannot exceed o; aio. 






(a) 


(b) 


Fixed against 
rotation A 





Cross-section at C 


PROB. 3.8-16 


Strain Energy in Torsion 


3.9-1 A solid circular bar of steel (G — 11.4 X 10? psi) with 
length L — 30 in. and diameter d — 1.75 in. is subjected to 
pure torsion by torques T acting at the ends (see figure). 

(a) Calculate the amount of strain energy U stored in 
the bar when the maximum shear stress is 4500 psi. 

(b) From the strain energy, calculate the angle of twist œ 
(in degrees). 


T T 


E ——3À 


PROBS. 3.9-1 and 3.9-2 


3.9-2 A solid circular bar of copper (G — 45 GPa) with 
length L — 0.75 m and diameter d — 40 mm is subjected to 
pure torsion by torques T acting at the ends (see figure). 

(a) Calculate the amount of strain energy U stored in the 
bar when the maximum shear stress is 32 MPa. 

(b) From the strain energy, calculate the angle of twist œ 
(in degrees). 


3.9-3 A stepped shaft of solid circular cross sections (see 
figure) has length L = 45 in., diameter dọ = 1.2 in., and diam- 
eter dı = 1.0 in. The material is brass with G = 5.6 X 10° psi. 

Determine the strain energy U of the shaft if the angle of 
twist is 3.0? 


[5 á 


j 


PROBS. 3.9-3 and 3.9-4 










3.9-4 A stepped shaft of solid circular cross sections (see 
figure) has length L = 0.80 m, diameter d; = 40 mm, and 
diameter d; = 30 mm. The material is steel with G = 80 GPa. 

Determine the strain energy U of the shaft if the angle of 
twist is 1.0? 


3.9-5 A cantilever bar of circular cross section and length L 
is fixed at one end and free at the other (see figure). The bar 
is loaded by a torque T at the free end and by a distributed 
torque of constant intensity t per unit distance along the 
length of the bar. 

(a) What is the strain energy U, of the bar when the load 
T acts alone? 

(b) What is the strain energy U> when the load f acts 
alone? 

(c) What is the strain energy U3 when both loads act 
simultaneously? 
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3.9-6 Obtain a formula for the strain energy U of the 
statically indeterminate circular bar shown in the figure. The 
bar has fixed supports at ends A and B and is loaded by 
torques 275, and Tọ at points C and D, respectively. 

Hint: Use Eqs. 3-46a and b of Example 3-9, Section 3.8, 
to obtain the reactive torques. 








PROB. 3.9-6 


3.9-7 A statically indeterminate stepped shaft ACB is fixed 
at ends A and B and loaded by a torque Tọ at point C (see 
figure). The two segments of the bar are made of the same 
material, have lengths L4 and Lz, and have polar moments 
of inertia /p4 and Ipp. 

Determine the angle of rotation $ of the cross section 
at C by using strain energy. 

Hint: Use Eq. 3-51b to determine the strain energy U in 
terms of the angle f. Then equate the strain energy to the work 
done by the torque To. Compare your result with Eq. 3-48 of 
Example 3-9, Section 3.8. 





PROB. 3.9-5 


PROB. 3.9-7 
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3.9-8 Derive a formula for the strain energy U of the 
cantilever bar shown in the figure. 

The bar has circular cross sections and length L. It is 
subjected to a distributed torque of intensity t per unit 
distance. The intensity varies linearly from t = 0 at the free 
end to a maximum value t = tọ at the support. 


When bar B is released and the system returns to equi- 
librium, what is the total strain energy U of the two bars? 
(Let /p4 and /pg represent the polar moments of inertia of 
bars A and B, respectively. The length L and shear modulus 
of elasticity G are the same for both bars.) 





PROB. 3.9-8 


*3.9-9 A thin-walled hollow tube AB of conical shape has 
constant thickness t and average diameters d4 and dg at the 
ends (see figure). 

(a) Determine the strain energy U of the tube when it is 
subjected to pure torsion by torques T. 

(b) Determine the angle of twist œ of the tube. 

Note: Use the approximate formula Ip ~ qd^t/A for a 
thin circular ring; see Case 22 of Appendix D. 





PROB. 3.9-9 


*3.9-10 A hollow circular tube A fits over the end of a solid 
circular bar B, as shown in the figure. The far ends of both bars 
are fixed. Initially, a hole through bar B makes an angle £ 
with a line through two holes in tube A. Then bar B is 
twisted until the holes are aligned, and a pin is placed 
through the holes. 


PROB. 3.9-10 


**3.9-11 A heavy flywheel rotating at n revolutions 
per minute is rigidly attached to the end of a shaft of 
diameter d (see figure). If the bearing at A suddenly 
freezes, what will be the maximum angle of twist $ of 
the shaft? What is the corresponding maximum shear 
stress in the shaft? 

(Let L — length of the shaft, G — shear modulus of elas- 
ticity, and /,, = mass moment of inertia of the flywheel about 
the axis of the shaft. Also, disregard friction in the bearings 
at B and C and disregard the mass of the shaft.) 

Hint: Equate the kinetic energy of the rotating flywheel 
to the strain energy of the shaft. 





PROB. 3.9-11 


Thin-Walled Tubes 


3.10-1 A hollow circular tube having an inside diameter of 
10.0 in. and a wall thickness of 1.0 in. (see figure) is 
subjected to a torque T — 1200 k-in. 

Determine the maximum shear stress in the tube using 
(a) the approximate theory of thin-walled tubes, and (b) the 
exact torsion theory. Does the approximate theory give 
conservative or nonconservative results? 


1.0 in. 7 


PROB. 3.10-1 


3.10-2 A solid circular bar having diameter d is to be 
replaced by a rectangular tube having cross-sectional 
dimensions d X 2d to the median line of the cross section 
(see figure). 

Determine the required thickness tmin of the tube so that 
the maximum shear stress in the tube will not exceed the 
maximum shear stress in the solid bar. 











PROB. 3.10-2 


3.10-3 A thin-walled aluminum tube of rectangular cross 
section (see the figure on the next page) has a centerline 
dimensions b = 6.0 in. and h = 4.0 in. The wall thickness t 
is constant and equal to 0.25 in. 

(a) Determine the shear stress in the tube due to a torque 
T = 15 k-in. 

(b) Determine the angle of twist (in degrees) if the 
length L of the tube is 50 in. and the shear modulus G is 
4.0 X 10? psi. 
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PROBS. 3.10-3 and 3.10-4 


3.10-4 A thin-walled steel tube of rectangular cross 
section (see figure) has centerline dimensions b =150 
mm and h = 100 mm. The wall thickness ¢ is constant and 
equal to 6.0 mm. 

(a) Determine the shear stress in the tube due to a torque 
T — 1650 N:m. 

(b) Determine the angle of twist (in degrees) if the length 
L of the tube is 1.2 m and the shear modulus G is 75 GPa. 


3.10-5 A thin-walled circular tube and a solid circular bar of 
the same material (see figure) are subjected to torsion. 
The tube and bar have the same cross-sectional area and the 
same length. 

What is the ratio of the strain energy U, in the tube to 
the strain energy U> in the solid bar if the maximum shear 
stresses are the same in both cases? (For the tube, use the 
approximate theory for thin-walled bars.) 


Tube (1) 


"4 ar 


PROB. 3.10-5 


3.10-6 Calculate the shear stress 7 and the angle of twist œ 
(in degrees) for a steel tube (G — 76 GPa) having the cross 
section shown in the figure. The tube has length L — 1.5 m 
and is subjected to a torque T = 10 KN:m. 


t=8 mm 





b = 100 mm 


PROB. 3.10-6 
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3.10-7 A thin-walled steel tube having an elliptical cross 
section with constant thickness f (see figure) is subjected to a 
torque T = 18 k-in. 

Determine the shear stress 7 and the rate of twist 0 (in 
degrees per inch) if G = 12 X 10° psi, t = 0.2 in., a = 3 in., 
and b — 2 in. (Note: See Appendix D, Case 16, for the proper- 
ties of an ellipse.) 








PROB. 3.10-7 


3.10-8 A torque T is applied to a thin-walled tube having a 
cross section in the shape of a regular hexagon with constant 
wall thickness £ and side length b (see figure). Obtain 
formulas for the shear stress 7 and the rate of twist 0. 





PROB. 3.10-8 


3.10-9 Compare the angle of twist ¢, for a thin-walled 
circular tube (see figure) calculated from the approximate 
theory for thin-walled bars with the angle of twist d$» 
calculated from the exact theory of torsion for circular bars. 

(a) Express the ratio ¢,/d> in terms of the nondimen- 
sional ratio B = rft. 

(b) Calculate the ratio of angles of twist for 6 = 5, 10, 
and 20. What conclusion about the accuracy of the approxi- 
mate theory do you draw from these results? 





PROB. 3.10-9 


*3.10-10 A thin-walled rectangular tube has uniform thick- 
ness ¢ and dimensions a X b to the median line of the cross 
section (see figure on the next page). 

How does the shear stress in the tube vary with the ratio 
P = a/b if the total length L, of the median line of the cross 
section and the torque T remain constant? 

From your results, show that the shear stress is smallest 
when the tube is square (8 — 1). 





PROB. 3.10-10 


*3.10-11 A tubular aluminum bar (G = 4 X 10° psi) of 
square cross section (see figure) with outer dimensions 
2 in. X 2 in. must resist a torque T = 3000 Ib-in. 

Calculate the minimum required wall thickness tmin if 
the allowable shear stress is 4500 psi and the allowable rate 
of twist is 0.01 rad/ft. 


«— — — 2 in. ———> 


PROB. 3.10-11 


*3.10-12 A thin tubular shaft of circular cross section (see 
figure) with inside diameter 100 mm is subjected to a torque 
of 5000 N:m. 

If the allowable shear stress is 42 MPa, determine the 
required wall thickness t by using (a) the approximate theory 
for a thin-walled tube, and (b) the exact torsion theory for a 
circular bar. 


PROB. 3.10-12 


**3.10-13 A long, thin-walled tapered tube AB of circular 
cross section (see figure) is subjected to a torque T. The tube 
has length L and constant wall thickness t. The diameter to 
the median lines of the cross sections at the ends A and B are 
d4 and dg, respectively. 

Derive the following formula for the angle of twist of 
the tube: 


_ 2TL (dat dg 

dads 
Hint: If the angle of taper is small, we may obtain approxi- 
mate results by applying the formulas for a thin-walled 


prismatic tube to a differential element of the tapered tube 
and then integrating along the axis of the tube. 





PROB. 3.10-13 


Stress Concentrations in Torsion 


The problems for Section 3.11 are to be solved by 
considering the stress-concentration factors. 


3.11-1 A stepped shaft consisting of solid circular 
segments having diameters D, = 2.0 in. and D» = 2.4 in. 
(see figure) is subjected to torques T. The radius of the 
fillet is R = 0.1 in. 
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If the allowable shear stress at the stress concentra- 
tion is 6000 psi, what is the maximum permissible torque 
Tuae 





PROBS. 3.11-1 through 3.11-5 


3.11-2 A stepped shaft with diameters D, = 40 mm and D, 
= 60 mm is loaded by torques T = 1100 N-m (see figure). 

If the allowable shear stress at the stress concentration is 
120 MPa, what is the smallest radius Rmin that may be used 
for the fillet? 


3.11-3 A full quarter-circular fillet is used at the shoulder of 
a stepped shaft having diameter D», = 1.0 in. (see figure). 
A torque T — 500 Ib-in. acts on the shaft. 

Determine the shear stress Tmax at the stress concentra- 
tion for values as follows: D, — 0.7, 0.8, and 0.9 in. Plot a 
graph showing Tmax versus Dj. 


3.11-4 The stepped shaft shown in the figure is required to 
transmit 600 KW of power at 400 rpm. The shaft has a full 
quarter-circular fillet, and the smaller diameter D, = 100 mm. 
If the allowable shear stress at the stress concentration is 
100 MPa, at what diameter D» will this stress be reached? Is 
this diameter an upper or a lower limit on the value of D5? 


3.11-5 A stepped shaft (see figure) has diameter D; = 1.5 in. 
and a full quarter-circular fillet. The allowable shear stress is 
15,000 psi and the load T = 4800 Ib-in. 

What is the smallest permissible diameter D,? 
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Shear forces and bending moments govern the design of beams in a variety of structures such as building frames and bridges. 
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Shear Forces and Bending 
Moments 


CHAPTER OVERVIEW 


Chapter 4 begins with a review of two-dimensional beam and frame 
analysis which you learned in your first course in mechanics, Statics. 
First, various types of beams, loadings, and support conditions are 
defined for typical structures, such as cantilever and simple beams. 
Applied loads may be concentrated (either a force or moment) or dis- 
tributed. Support conditions include clamped, roller, pinned, and 
sliding supports. The number and arrangement of supports must pro- 
duce a stable structure model that is either statically determinate or 
statically indeterminate. We will study statically determinate beam 
structures in this chapter, and later we will consider statically indeter- 
minate beams in Chapter 10. 

The focus in this chapter are the internal stress resultants (axial N, 
shear V, and moment M) at any point in the structure. In some structures, 
internal *releases" are introduced into the structure at specified points to 
control the magnitude of N, V, or M in certain members, and must be 
included in the analytical model. At these release points, N, V, or M may 
be considered to have a value of zero. Graphical displays or diagrams 
showing the variation of N, V, and M over the entire structure are very 
useful in beam and frame design (as we will see in Chapter 5), because 
these diagrams quickly identify locations and values of maximum axial 
force, shear, and moment needed for design. 


The above topics on beams and frames are discussed in Chapter 4 
as follows: 
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4.2 Types of Beams, Loads, and Reactions 306 

4.3 Shear Forces and Bending Moments 313 
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and Bending Moments 320 
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4.1 INTRODUCTION 





FIG. 4-1 Examples of beams subjected to 
lateral loads 


Structural members are usually classified according to the types of loads 
that they support. For instance, an axially loaded bar supports forces 
having their vectors directed along the axis of the bar, and a bar in tor- 
sion supports torques (or couples) having their moment vectors directed 
along the axis. In this chapter, we begin our study of beams (Fig. 4-1), 
which are structural members subjected to lateral loads, that is, forces or 
moments having their vectors perpendicular to the axis of the bar. 

The beams shown in Fig. 4-1 are classified as planar structures 
because they lie in a single plane. If all loads act in that same plane, and 
if all deflections (shown by the dashed lines) occur in that plane, then we 
refer to that plane as the plane of bending. 

In this chapter we discuss shear forces and bending moments in 
beams, and we will show how these quantities are related to each other 
and to the loads. Finding the shear forces and bending moments is an 
essential step in the design of any beam. We usually need to know not 
only the maximum values of these quantities, but also the manner in 
which they vary along the axis. Once the shear forces and bending 
moments are known, we can find the stresses, strains, and deflections, as 
discussed later in Chapters 5, 6, and 9. 


4.2 TYPES OF BEAMS, LOADS, AND REACTIONS 


Beams are usually described by the manner in which they are supported. 
For instance, a beam with a pin support at one end and a roller support 
at the other (Fig. 4-2a) is called a simply supported beam or a simple 
beam. The essential feature of a pin support is that it prevents 





FIG. 4-2 Types of beams: (a) simple beam, (b) cantilever beam, and (c) beam with an overhang 


Slotted hole Ancar 


Beam bolt 







Bearing 


Concrete 
wall 





Column 


Beam 





(c) (d) 


FIG. 4-3 Beam supported on a wall: 

(a) actual construction, and 

(b) representation as a roller support. 
Beam-to-column connection: (c) actual 
construction, and (d) representation as a 
pin support. 





Beam-to-column connection with one beam 
attached to column flange and other attached 
to column web 
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translation at the end of a beam but does not prevent rotation. Thus, end 
A of the beam of Fig. 4-2a cannot move horizontally or vertically but the 
axis of the beam can rotate in the plane of the figure. Consequently, a 
pin support is capable of developing a force reaction with both horizon- 
tal and vertical components (H4 and R4), but it cannot develop a 
moment reaction. 

At end B of the beam (Fig. 4-2a) the roller support prevents trans- 
lation in the vertical direction but not in the horizontal direction; hence 
this support can resist a vertical force (Rp) but not a horizontal force. Of 
course, the axis of the beam is free to rotate at B just as it is at A. The ver- 
tical reactions at roller supports and pin supports may act either upward 
or downward, and the horizontal reaction at a pin support may act either 
to the left or to the right. In the figures, reactions are indicated by slashes 
across the arrows in order to distinguish them from loads, as explained 
previously in Section 1.8. 

The beam shown in Fig. 4-2b, which is fixed at one end and free at 
the other, is called a cantilever beam. At the fixed support (or clamped 
support) the beam can neither translate nor rotate, whereas at the free end 
it may do both. Consequently, both force and moment reactions may exist 
at the fixed support. 

The third example in the figure is a beam with an overhang (Fig. 4-2c). 
This beam is simply supported at points A and B (that is, it has a pin support 
at A and a roller support at B) but it also projects beyond the support at B. 
The overhanging segment BC is similar to a cantilever beam except that the 
beam axis may rotate at point B. 

When drawing sketches of beams, we identify the supports by 
conventional symbols, such as those shown in Fig. 4-2. These symbols 
indicate the manner in which the beam is restrained, and therefore they 
also indicate the nature of the reactive forces and moments. However, 
the symbols do not represent the actual physical construction. For instance, 
consider the examples shown in Fig. 4-3. Part (a) of the figure shows a 
wide-flange beam supported on a concrete wall and held down by 
anchor bolts that pass through slotted holes in the lower flange of the 
beam. This connection restrains the beam against vertical movement 
(either upward or downward) but does not prevent horizontal move- 
ment. Also, any restraint against rotation of the longitudinal axis of the 
beam is small and ordinarily may be disregarded. Consequently, this 
type of support is usually represented by a roller, as shown in part (b) 
of the figure. 

The second example (Fig. 4-3c) is a beam-to-column connection in 
which the beam is attached to the column flange by bolted angles. (See 
photo.) This type of support is usually assumed to restrain the beam against 
horizontal and vertical movement but not against rotation (restraint against 
rotation is slight because both the angles and the column can bend). 
Thus, this connection is usually represented as a pin support for the beam 
(Fig. 4-3d). 
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FIG. 4-3 Pole anchored to a concrete pier: 


(e) actual construction, and 
(f) representation as a fixed support 


The last example (Fig. 4-3e) is a metal pole welded to a base plate 
that is anchored to a concrete pier embedded deep in the ground. Since 
the base of the pole is fully restrained against both translation and rota- 
tion, it is represented as a fixed support (Fig. 4-3f). 

The task of representing a real structure by an idealized model, as illus- 
trated by the beams shown in Fig. 4-2, is an important aspect of engineering 
work. The model should be simple enough to facilitate mathematical analysis 
and yet complex enough to represent the actual behavior of the structure with 
reasonable accuracy. Of course, every model is an approximation to nature. 
For instance, the actual supports of a beam are never perfectly rigid, and so 
there will always be a small amount of translation at a pin support and a small 
amount of rotation at a fixed support. Also, supports are never entirely free 
of friction, and so there will always be a small amount of restraint against 
translation at a roller support. In most circumstances, especially for statically 
determinate beams, these deviations from the idealized conditions have little 
effect on the action of the beam and can safely be disregarded. 


Types of Loads 


Several types of loads that act on beams are illustrated in Fig. 4-2. When 
a load 1s applied over a very small area it may be idealized as a con- 
centrated load, which is a single force. Examples are the loads P4, Po, 
P5, and P4 in the figure. When a load is spread along the axis of a beam, 
it is represented as a distributed load, such as the load q in part (a) of the 
figure. Distributed loads are measured by their intensity, which is 
expressed in units of force per unit distance (for example, newtons per 
meter or pounds per foot). A uniformly distributed load, or uniform 
load, has constant intensity q per unit distance (Fig. 4-2a). A varying load 
has an intensity that changes with distance along the axis; for instance, 
the linearly varying load of Fig. 4-2b has an intensity that varies linearly 
from q; to q2. Another kind of load is a couple, illustrated by the couple 
of moment M, acting on the overhanging beam (Fig. 4-2c). 

As mentioned in Section 4.1, we assume in this discussion that the loads 
act in the plane of the figure, which means that all forces must have their 
vectors in the plane of the figure and all couples must have their moment 
vectors perpendicular to the plane of the figure. Furthermore, the beam itself 
must be symmetric about that plane, which means that every cross section 
of the beam must have a vertical axis of symmetry. Under these conditions, 
the beam will deflect only in the p/ane of bending (the plane of the figure). 


Reactions 


Finding the reactions is usually the first step in the analysis of a beam. 
Once the reactions are known, the shear forces and bending moments can 
be found, as described later in this chapter. If a beam is supported in a 
statically determinate manner, all reactions can be found from free-body 
diagrams and equations of equilibrium. 


FIG. 4-4 Types of internal member 
releases for two-dimensional beam and 
frame members 





FIG. 4-2a Simple beam. (Repeated) 
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Flexural Torsional 
release release moment moment 
release release 





In some instances, it may be necessary to add internal releases into the 
beam or frame model to better represent actual conditions of construction 
that may have an important effect on overall structure behavior. For 
example, the interior span of the bridge girder shown in Fig. 4-4 is supported 
on roller supports at either end, which in turn rest on reinforced concrete 
bents (or frames), but construction details have been inserted into the girder 
at either end to insure that the axial force and moment at these two locations 
are zero. This detail also allows the bridge deck to expand or contract under 
temperature changes to avoid inducing large thermal stresses into the struc- 
ture. To represent these releases in the beam model, a hinge (or internal 
moment release, shown as a solid circle at each end) and an axial force 
release (shown as a C-shaped bracket) have been included in the beam 
model to show that both axial force (N) and bending moment (M), but not 
shear (V), are zero at these two points along the beam. (Representations of 
the possible types of releases for two-dimensional beam and torsion mem- 
bers are shown below the photo). As examples below show, if axial, shear, 
or moment releases are present in the structure model, the structure should 
be broken into separate free-body diagrams (FBD) by cutting through the 
release; an additional equation of equilibrium is then available for use in 
solving for the unknown support reactions included in that FBD. 

As an example, let us determine the reactions of the simple beam AB 
of Fig. 4-2a. This beam is loaded by an inclined force P, a vertical 
force P5, and a uniformly distributed load of intensity g. We begin by 
noting that the beam has three unknown reactions: a horizontal force H4 
at the pin support, a vertical force R4 at the pin support, and a vertical 
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Axial release at x < a 








(b) 


FIG. 4-2b Cantilever beam. (Repeated) 


force Rp at the roller support. For a planar structure, such as this beam, 
we know from statics that we can write three independent equations of 
equilibrium. Thus, since there are three unknown reactions and three 
equations, the beam is statically determinate. 

The equation of horizontal equilibrium is 


24 uv = 0 H, — Pı cos a = 0 
from which we get 
H, = P} cos «æ 


This result is so obvious from an inspection of the beam that ordinarily 
we would not bother to write the equation of equilibrium. 

To find the vertical reactions R4 and Rg we write equations of 
moment equilibrium about points B and A, respectively, with counter- 
clockwise moments being positive: 


2Mpg^0 -R,A4L + (P, sin o)(L — a) + PX(L — b) + qe7/2 = 0 
XM, =0 RgL — (P; sin œa)X(a) — Pb — qc(L — c[2) = 0 
Solving for R4 and Rs, we get 


_ (sin aL — a) , PXL —b) , qc* 


RA 
L L 2L 
R, = (P, sin o)(a) x Pb " qac(L 62) 
L L L 


As a check on these results we can write an equation of equilibrium in the 
vertical direction and verify that it reduces to an identity. 

If the beam structure in Fig. 4-2a is modified to replace the roller 
support at B with a pin support, it is now one degree statically indeter- 
minate. However, if an axial force release is inserted into the model, as 
shown in Fig. 4-5 just to the left of the point of application of load P4, 
the beam still can be analyzed using the laws of statics alone because the 
release provides one additional equilibrium equation. The beam must be 
cut at the release to expose the internal stress resultants N, V, and M; but 
now N = Q at the release, so reactions H4 = 0 and Hg = P; cos a. 

As a second example, consider the cantilever beam of Fig. 4-2b. 
The loads consist of an inclined force P3 and a linearly varying distrib- 
uted load. The latter is represented by a trapezoidal diagram of load 
intensity that varies from q; to q2. The reactions at the fixed support are 
a horizontal force H4, a vertical force R4, and a couple M4. Equilibrium 
of forces in the horizontal direction gives 


5P; 
H, = = 
a g 


and equilibrium in the vertical direction gives 


Res I2P5 | qt dii; 
13 2 
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In finding this reaction we used the fact that the resultant of the distrib- 
uted load is equal to the area of the trapezoidal loading diagram. 

The moment reaction M, at the fixed support is found from an 
equation of equilibrium of moments. In this example we will sum 
moments about point A in order to eliminate both H, and R4 from the 
moment equation. Also, for the purpose of finding the moment of the 
distributed load, we will divide the trapezoid into two triangles, as 
shown by the dashed line in Fig. 4-2b. Each load triangle can be 
replaced by its resultant, which is a force having its magnitude equal to 
the area of the triangle and having its line of action through the centroid 
of the triangle. Thus, the moment about point A of the lower triangular 


part of the load is 
qb y, 2b 
2 3 


in which g,b/2 is the resultant force (equal to the area of the triangular 
load diagram) and L — 2b/3 is the moment arm (about point A) of the 
resultant. 

The moment of the upper triangular portion of the load is obtained 
by a similar procedure, and the final equation of moment equilibrium 
(counterclockwise is positive) is 


>M, =0 ma - (Eaa -B (1-2) -2 2) =o 





from which 
m, - Ps, ab (, _ 2), abf, b 
13 2 3 2 3 


Since this equation gives a positive result, the reactive moment M, acts 
in the assumed direction, that is, counterclockwise. (The expressions 
for R4 and M, can be checked by taking moments about end B of the 
beam and verifying that the resulting equation of equilibrium reduces 
to an identity.) 

If the cantilever beam structure in Fig. 4-2b is modified to add a 
roller support at B, it is now referred to as a one degree statically 
indeterminate “propped” cantilever beam. However, if a moment 
release is inserted into the model as shown in Fig. 4-6, just to the 
right of the point of application of load P5, the beam can still be ana- 
lyzed using the laws of statics alone because the release provides one 
additional equilibrium equation. The beam must be cut at the release 
to expose the internal stress resultants N, V, and M; now M = Q at the 
release so reaction Rg can be computed by summing moments in the 
right-hand free-body diagram. Once Rg is known, reaction R4 can 
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Rpg 
Moment release at x > a 
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FIG. 4-6 Propped cantilever beam with 
moment release 





(c) 


FIG. 4-2c Beam with an overhang. 
(Repeated) 


once again be computed by summing vertical forces, and reaction 
moment M, can be obtained by summing moments about point A. 
Results are summarized in Fig. 4-6. Note that reaction H4 is 
unchanged from that reported above for the original cantilever beam 
structure in Fig. 4-2b. 


1 | 2 | 1 | : 
R |. 5b Legecb *t54,blL-a-4 
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Lad 
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+ 
R, pO (225 


1 —-72P,L+72P,a —-264,5)-139,p? 


78 =L Fä 


_12 bf, 2 bf, b 


M, = 
“78 =L +a 


The beam with an overhang (Fig. 4-2c) supports a vertical 
force P4 and a couple of moment M4. Since there are no horizontal forces 
acting on the beam, the horizontal reaction at the pin support is nonex- 
istent and we do not need to show it on the free-body diagram. In arriving 
at this conclusion, we made use of the equation of equilibrium for forces 
in the horizontal direction. Consequently, only two independent equa- 
tions of equilibrium remain—either two moment equations or one 
moment equation plus the equation for vertical equilibrium. 

Let us arbitrarily decide to write two moment equations, the first for 
moments about point 5 and the second for moments about point A, as 
follows (counterclockwise moments are positive): 





2:01 0 —R,L + P4(L — a) + M, = 0 
>M, =0 —P,a + RgL- Mi, =0 
Therefore, the reactions are 
— Pad M 
R4 — PL — a) at Mı Rp = 4 aa 
L L L L 


Again, summation of forces in the vertical direction provides a check on 
these results. 

If the beam structure with an overhang in Fig. 4-2c is modified to add 
a roller support at C, it is now a one degree statically indeterminate two- 
span beam. However, if a shear release is inserted into the model as shown 
in Fig. 4-7, just to the left of support B, the beam can be analyzed using the 


Shear release at x < L 





FIG. 4-7 Modified beam with overhang— 
add shear release 
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laws of statics alone because the release provides one additional equilib- 
rium equation. The beam must be cut at the release to expose the internal 
stress resultants N, V, and M; now V = 0 at the release so reaction R4 can 
be computed by summing forces in the left-hand free-body diagram. R4 is 
readily seen to be equal to P4. Once R4 is known, reaction Rc can be com- 
puted by summing moments about joint B, and reaction Rg can be obtained 
by summing all vertical forces. Results are summarized below. 


R, = Pa 
P4a—M; 
Rom a OL 
b 
R, = P4—R, -Ro 
M,—P4a 
R,- La 
H b 


The preceding discussion illustrates how the reactions of statically 
determinate beams are calculated from equilibrium equations. We have 
intentionally used symbolic examples rather than numerical examples in 
order to show how the individual steps are carried out. 


4.3 SHEAR FORCES AND BENDING MOMENTS 


(a) 


PP 
(b) 
"C4 - 
(c) 


FIG. 4-8 Shear force V and bending 
moment M in a beam 


When a beam is loaded by forces or couples, stresses and strains are 
created throughout the interior of the beam. To determine these stresses 
and strains, we first must find the internal forces and internal couples that 
act on cross sections of the beam. 

As an illustration of how these internal quantities are found, consider 
a cantilever beam AB loaded by a force P at its free end (Fig. 4-8a). We 
cut through the beam at a cross section mn located at distance x from the 
free end and isolate the left-hand part of the beam as a free body (Fig. 4-8b). 
The free body is held in equilibrium by the force P and by the stresses 
that act over the cut cross section. These stresses represent the action of 
the right-hand part of the beam on the left-hand part. At this stage of our 
discussion we do not know the distribution of the stresses acting over the 
cross section; all we know is that the resultant of these stresses must be 
such as to maintain equilibrium of the free body. 

From statics, we know that the resultant of the stresses acting on the 
cross section can be reduced to a shear force V and a bending moment M 
(Fig. 4-8b). Because the load P is transverse to the axis of the beam, no 
axial force exists at the cross section. Both the shear force and the bending 
moment act in the plane of the beam, that is, the vector for the shear force 
lies in the plane of the figure and the vector for the moment is perpendi- 
cular to the plane of the figure. 

Shear forces and bending moments, like axial forces in bars and internal 
torques in shafts, are the resultants of stresses distributed over the cross sec- 
tion. Therefore, these quantities are known collectively as stress resultants. 
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FIG. 4-8 (Repeated) 
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FIG. 4-9 Sign conventions for shear 
force V and bending moment M 
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FIG. 4-10 Deformations (highly 
exaggerated) of a beam element 
caused by (a) shear forces, and 
(b) bending moments 


The stress resultants in statically determinate beams can be calculated 
from equations of equilibrium. In the case of the cantilever beam of Fig. 4-8a, 
we use the free-body diagram of Fig. 4-8b. Summing forces in the vertical 
direction and also taking moments about the cut section, we get 


Au 60 P-V=00o V=P 
2M-0 M — Px =0 or M= Px 


where x is the distance from the free end of the beam to the cross section 
where V and M are being determined. Thus, through the use of a free- 
body diagram and two equations of equilibrium, we can calculate the 
shear force and bending moment without difficulty. 


Sign Conventions 


Let us now consider the sign conventions for shear forces and bending 
moments. It is customary to assume that shear forces and bending 
moments are positive when they act in the directions shown in Fig. 4-8b. 
Note that the shear force tends to rotate the material clockwise and the 
bending moment tends to compress the upper part of the beam and 
elongate the lower part. Also, in this instance, the shear force acts down- 
ward and the bending moment acts counterclockwise. 

The action of these same stress resultants against the right-hand part 
of the beam is shown in Fig. 4-8c. The directions of both quantities are 
now reversed—the shear force acts upward and the bending moment acts 
clockwise. However, the shear force still tends to rotate the material 
clockwise and the bending moment still tends to compress the upper part 
of the beam and elongate the lower part. 

Therefore, we must recognize that the algebraic sign of a stress resultant 
is determined by how it deforms the material on which it acts, rather than 
by its direction in space. In the case of a beam, a positive shear force acts 
clockwise against the material (Figs. 4-8b and c) and a negative shear force 
acts counterclockwise against the material. Also, a positive bending moment 
compresses the upper part of the beam (Figs. 4-8b and c) and a negative 
bending moment compresses the lower part. 

To make these conventions clear, both positive and negative shear 
forces and bending moments are shown in Fig. 4-9. The forces and 
moments are shown acting on an element of a beam cut out between two 
cross sections that are a small distance apart. 

The deformations of an element caused by both positive and nega- 
tive shear forces and bending moments are sketched in Fig. 4-10. We see 
that a positive shear force tends to deform the element by causing the 
right-hand face to move downward with respect to the left-hand face, 
and, as already mentioned, a positive bending moment compresses the 
upper part of a beam and elongates the lower part. 

Sign conventions for stress resultants are called deformation sign con- 
ventions because they are based upon how the material is deformed. For 
instance, we previously used a deformation sign convention in dealing with 
axial forces in a bar. We stated that an axial force producing elongation 
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FIG. 4-11 Example 4-1. Shear forces and 
bending moment in a simple beam 
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(or tension) in a bar is positive and an axial force producing shortening 
(or compression) is negative. Thus, the sign of an axial force depends upon 
how it deforms the material, not upon its direction in space. 

By contrast, when writing equations of equilibrium we use static sign 
conventions, in which forces are positive or negative according to their 
directions along the coordinate axes. For instance, if we are summing forces 
in the y direction, forces acting in the positive direction of the y axis are taken 
as positive and forces acting in the negative direction are taken as negative. 

As an example, consider Fig. 4-8b, which is a free-body diagram of 
part of the cantilever beam. Suppose that we are summing forces in the 
vertical direction and that the y axis is positive upward. Then the load P 
is given a positive sign in the equation of equilibrium because it acts 
upward. However, the shear force V (which is a positive shear force) is 
given a negative sign because it acts downward (that is, in the negative 
direction of the y axis). This example shows the distinction between the 
deformation sign convention used for the shear force and the static sign 
convention used in the equation of equilibrium. 

The following examples illustrate the techniques for handling sign 
conventions and determining shear forces and bending moments in beams. 
The general procedure consists of constructing free-body diagrams and 
solving equations of equilibrium. 


A simple beam AB supports two loads, a force P and a couple Mp, acting as 
shown in Fig. 4-11a. 

Find the shear force V and bending moment M in the beam at cross sections 
located as follows: (a) a small distance to the left of the midpoint of the beam, 
and (b) a small distance to the right of the midpoint of the beam. 


Solution 

Reactions. The first step in the analysis of this beam is to find the reactions 

R4 and Rs at the supports. Taking moments about ends B and A gives two equa- 
tions of equilibrium, from which we find, respectively, 

BE P Mo 


Rg=—-— Rg=—t+ 


ae TU © 


(a) Shear force and bending moment to the left of the midpoint. We cut the 
beam at a cross section just to the left of the midpoint and draw a free-body dia- 
gram of either half of the beam. In this example, we choose the left-hand half of 
the beam as the free body (Fig. 4-11b). This free body is held in equilibrium by 
the load P, the reaction R4, and the two unknown stress resultants—the shear 
force V and the bending moment M, both of which are shown in their positive 
directions (see Fig. 4-9). The couple Mo does not act on the free body because 
the beam is cut to the left of its point of application. 


continued 
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FIG. 4-11 Example 4-1. Shear forces and 
bending moment in a simple beam 
(parts (a) and (b) repeated) 


Summing forces in the vertical direction (upward is positive) gives 
A2FQ470 — RA-P-V-0 


from which we get the shear force: 
(p «m 


This result shows that when P and Mj act in the directions shown in Fig. 4-11a, 
the shear force (at the selected location) is negative and acts in the opposite direc- 
tion to the positive direction assumed in Fig. 4- 11b. 

Taking moments about an axis through the cross section where the beam is 
cut (see Fig. 4-11b) gives 


y= -R,(5) — Hs +M=0 


in which counterclockwise moments are taken as positive. Solving for the 
bending moment M, we get 


ji DIE 
M=R,|—) — P =| = — - — 
2 4 8 2 


The bending moment M may be either positive or negative, depending upon the 
magnitudes of the loads P and Mp. If it is positive, it acts in the direction shown 
in the figure; if it is negative, it acts in the opposite direction. 

(b) Shear force and bending moment to the right of the midpoint. In this case 
we cut the beam at a cross section just to the right of the midpoint and again draw 
a free-body diagram of the part of the beam to the left of the cut section (Fig. 4-11c). 
The difference between this diagram and the former one is that the couple Mo 
now acts on the free body. 

From two equations of equilibrium, the first for forces in the vertical direction 
and the second for moments about an axis through the cut section, we obtain 


() «m 


(de) «mm 


These results show that when the cut section is shifted from the left to the right 
of the couple Mo, the shear force does not change (because the vertical forces 
acting on the free body do not change) but the bending moment increases 
algebraically by an amount equal to Mo (compare Eqs. c and e). 





FIG. 4-12 Example 4-2. Shear force 
and bending moment in a 
cantilever beam 


A cantilever beam that is free at end A and fixed at end B is subjected to a 
distributed load of linearly varying intensity q (Fig. 4-12a). The maximum inten- 
sity of the load occurs at the fixed support and is equal to qo. 

Find the shear force V and bending moment M at distance x from the free 
end of the beam. 


qo 


Solution 

Shear force. We cut through the beam at distance x from the left-hand end 
and isolate part of the beam as a free body (Fig. 4-12b). Acting on the free body 
are the distributed load q, the shear force V, and the bending moment M. Both 
unknown quantities (V and M) are assumed to be positive. 

The intensity of the distributed load at distance x from the end is 


ae ea), 


Therefore, the total downward load on the free body, equal to the area of the 
triangular loading diagram (Fig. 4-12b), is 


LG = 
PARE 2L 


From an equation of equilibrium in the vertical direction we find 


_ qox? 
2p 





y- (4-2a) 


continued 
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FIG. 4-12 (Repeated) 


At the free end A (x = 0) the shear force is zero, and at the fixed end B (x = L) 
the shear force has its maximum value: 


Vena Seay core (4-2b) 


which is numerically equal to the total downward load on the beam. The minus 
signs in Eqs. (4-2a) and (4-2b) show that the shear forces act in the opposite 
direction to that pictured in Fig. 4-12b. 


qdo 
i B 
— o d 
(a) 
ee D 
C V 


(b) 


Bending moment. To find the bending moment M in the beam (Fig. 4-12b), 
we write an equation of moment equilibrium about an axis through the cut section. 
Recalling that the moment of a triangular load is equal to the area of the loading 
diagram times the distance from its centroid to the axis of moments, we obtain the 
following equation of equilibrium (counterclockwise moments are positive): 


SM=0 M+ En -0 


from which we get 
Meas (4-32) «-- 


At the free end of the beam (x = 0), the bending moment is zero, and at the fixed 
end (x = L) the moment has its numerically largest value: 


[2 
Mmax = ur (4-3b) 


The minus signs in Eqs. (4-3a) and (4-3b) show that the bending moments act in 
the opposite direction to that shown in Fig. 4-12b. 





FIG. 4-13 Example 4-3. Shear force and 
bending moment in a beam with an 
overhang 


A simple beam with an overhang is supported at points A and B (Fig. 4-13a). A 
uniform load of intensity q = 200 lb/ft acts throughout the length of the beam 
and a concentrated load P = 14 k acts at a point 9 ft from the left-hand support. 
The span length is 24 ft and the length of the overhang is 6 ft. 

Calculate the shear force V and bending moment M at cross section D 
located 15 ft from the left-hand support. 


P=14k 


pos [E 


q = 200 lb/ft 


ixl) ji eee 


L3 ft = 6 ft 


14k 


RA 


200 Ib/ft 


200 Ib/ft 


a 
D B 


9k 
(c) 


Solution 

Reactions. We begin by calculating the reactions R4 and Rpg from equations 
of equilibrium for the entire beam considered as a free body. Thus, taking 
moments about the supports at B and A, respectively, we find 


R= 11k Rp =9k 


continued 
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Shear force and bending moment at section D. Now we make a cut at section 
D and construct a free-body diagram of the left-hand part of the beam (Fig. 4-13b). 
When drawing this diagram, we assume that the unknown stress resultants V and 
M are positive. 

The equations of equilibrium for the free body are as follows: 


Š Fen =O 11k —- 14k - (0200 k/f(15 ft) - V = 0 
2Mp-^0 -(11I KY15 ft) + (14 kY(6 ft) + (0.200 k/ft)(15 ft)(7.5 ft) + M = 0 


in which upward forces are taken as positive in the first equation and counter- 
clockwise moments are taken as positive in the second equation. Solving these 
equations, we get 


V= —6k M = 58.5 k-ft qm 


The minus sign for V means that the shear force is negative, that is, its direction 
is opposite to the direction shown in Fig. 4-13b. The positive sign for M means 
that the bending moment acts in the direction shown in the figure. 

Alternative free-body diagram. Another method of solution is to obtain V 
and M from a free-body diagram of the right-hand part of the beam (Fig. 4-13c). 
When drawing this free-body diagram, we again assume that the unknown shear 
force and bending moment are positive. The two equations of equilibrium are 


> Fyet = 0 Vt9k — (0.200 k/ft)(15 ft) = 0 
“Mp =0 —M + (9k) ft) — (0.200 k/ft)(15 ft)(7.5 ft) = 0 
from which 
V=-6k M=585k-ft 


as before. As often happens, the choice between free-body diagrams is a matter 
of convenience and personal preference. 


4.4 RELATIONSHIPS BETWEEN LOADS, SHEAR FORCES, AND BENDING MOMENTS 


We will now obtain some important relationships between loads, shear 
forces, and bending moments in beams. These relationships are quite useful 
when investigating the shear forces and bending moments throughout the 
entire length of a beam, and they are especially helpful when constructing 
shear-force and bending-moment diagrams (Section 4.5). 

As a means of obtaining the relationships, let us consider an element 
of a beam cut out between two cross sections that are distance dx 
apart (Fig. 4-14). The load acting on the top surface of the element may 
be a distributed load, a concentrated load, or a couple, as shown in 
Figs. 4-14a, b, and c, respectively. The sign conventions for these loads 
are as follows: Distributed loads and concentrated loads are positive 
when they act downward on the beam and negative when they act 
upward. A couple acting as a load on a beam is positive when it is coun- 
terclockwise and negative when it is clockwise. If other sign conventions 
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q are used, changes may occur in the signs of the terms appearing in the 
"dd. equations derived in this section. 

M. M + dM The shear forces and bending moments acting on the sides of the 
element are shown in their positive directions in Fig. 4-10. In general, the 
shear forces and bending moments vary along the axis of the beam. 

^ Therefore, their values on the right-hand face of the element may be 
V dV different from their values on the left-hand face. 
(a) In the case of a distributed load (Fig. 4-14a) the increments in V and M 
are infinitesimal, and so we denote them by dV and dM, respectively. 
P The corresponding stress resultants on the right-hand face are V + dV and 
| aor 

M DIM In the case of a concentrated load (Fig. 4- 14b) or a couple (Fig. 4-14c) 
the increments may be finite, and so they are denoted V, and Mj. The 
corresponding stress resultants on the right-hand face are V + V; and 

E M + M.. 
V+ Vi For each type of loading we can write two equations of equilibrium 
(b) for the element—one equation for equilibrium of forces in the vertical 
Mo direction and one for equilibrium of moments. The first of these equa- 
Z X tions gives the relationship between the load and the shear force, and the 
second gives the relationship between the shear force and the bending 

M. V M +M; moment. 

C] Distributed Loads (Fig. 4-14a) 

ux VER The first type of loading is a distributed load of intensity q, as shown in 
(c) Fig. 4-14a. We will consider first its relationship to the shear force and 
second its relationship to the bending moment. 
FIG. 4-14 Element of a beam used in Shear Force. Equilibrium of forces in the vertical direction (upward 


deriving the relationships between 
loads, shear forces, and bending 
moments. (All loads and stress 
resultants are shown in their 
positive directions.) 


forces are positive) gives 
> Fyer =0 V-—gqdx—-—(V+dv)=0 
or 


dV 
= (4-4) 
From this equation we see that the rate of change of the shear force at any 
point on the axis of the beam is equal to the negative of the intensity of 
the distributed load at that same point. (Note: If the sign convention for 
the distributed load is reversed, so that q is positive upward instead of 
downward, then the minus sign is omitted in the preceding equation.) 

Some useful relations are immediately obvious from Eq. (4-4). For 
instance, 1f there is no distributed load on a segment of the beam (that is, 
if q = 0), then dV/dx = 0 and the shear force is constant in that part of 
the beam. Also, if the distributed load is uniform along part of the beam 
(q = constant), then dV/dx is also constant and the shear force varies 
linearly in that part of the beam. 
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As a demonstration of Eq. (4-4), consider the cantilever beam with a 
linearly varying load that we discussed in Example 4-2 of the preceding 
section (see Fig. 4-12). The load on the beam (from Eq. 4-1) is 


dox 
L 


which is positive because it acts downward. Also, the shear force 
(Eq. 4-2a) is 


Taking the derivative dV/dx gives 


dx dx\ 2L L 


dV — Al ior) = qox 
which agrees with Eq. (4-4). 

A useful relationship pertaining to the shear forces at two different 
cross sections of a beam can be obtained by integrating Eq. (4-4) along 
the axis of the beam. To obtain this relationship, we multiply both sides 
of Eq. (4-4) by dx and then integrate between any two points A and B on 


the axis of the beam; thus, 
B B 
dV = —| qdx (a) 


A A 


where we are assuming that x increases as we move from point A to point B. 
The left-hand side of this equation equals the difference (Vz — V4) of the 
shear forces at B and A. The integral on the right-hand side represents the 
area of the loading diagram between A and B, which in turn is equal to the 
magnitude of the resultant of the distributed load acting between points 
A and B. Thus, from Eq. (a) we get 


B 
uv. -| q dx 


A 


= —(area of the loading diagram between A and B) (4-5) 


In other words, the change in shear force between two points along the 
axis of the beam is equal to the negative of the total downward load 
between those points. The area of the loading diagram may be positive 
(if q acts downward) or negative (if q acts upward). 

Because Eq. (4-4) was derived for an element of the beam subjected 
only to a distributed load (or to no load), we cannot use Eq. (4-4) at a 
point where a concentrated load is applied (because the intensity of 


q 


am 


(a) 


FIG. 4-14a (Repeated) 
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load is not defined for a concentrated load). For the same reason, we 
cannot use Eq. (4-5) if a concentrated load P acts on the beam between 
points A and B. 

Bending Moment. Let us now consider the moment equilibrium of the 
beam element shown in Fig. 4-14a. Summing moments about an axis at 
the left-hand side of the element (the axis is perpendicular to the plane of 
the figure), and taking counterclockwise moments as positive, we obtain 


dx 
»>M=0 -M- qd{ | -V+ dV ide + M + a = 0 
Discarding products of differentials (because they are negligible compared 

to the other terms), we obtain the following relationship: 


dM 
d V (4-6) 
This equation shows that the rate of change of the bending moment at any 
point on the axis of a beam is equal to the shear force at that same point. 
For instance, if the shear force is zero in a region of the beam, then the 
bending moment is constant in that same region. 

Equation (4-6) applies only in regions where distributed loads (or no 
loads) act on the beam. At a point where a concentrated load acts, a 
sudden change (or discontinuity) in the shear force occurs and the 
derivative dM/dx 1s undefined at that point. 

Again using the cantilever beam of Fig. 4-12 as an example, we 
recall that the bending moment (Eq. 4-3a) is 


3 
qox 


6L 


M=- 


Therefore, the derivative dM/dx is 


dM dí qox? (0 qox* 
dx dx\ 6L 2L 








which is equal to the shear force in the beam (see Eq. 4-2a). 
Integrating Eq. (4-6) between two points A and B on the beam axis 


gives 
B B 
| dM = | V dx (b) 


A A 


The integral on the left-hand side of this equation is equal to the difference 
(Mz — MA) of the bending moments at points B and A. To interpret the 
integral on the right-hand side, we need to consider V as a function of x 
and visualize a shear-force diagram showing the variation of V with x. 
Then we see that the integral on the right-hand side represents the area 
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(b) 


FIG. 4-14b (Repeated) 


below the shear-force diagram between A and B. Therefore, we can 
express Eq. (b) in the following manner: 


B 
Ma- M, = | Vet 


A 


= (area of the shear-force diagram between A and B) (4-7) 


This equation is valid even when concentrated loads act on the beam 
between points A and B. However, it is not valid if a couple acts 
between A and B. A couple produces a sudden change in the bending 
moment, and the left-hand side of Eq. (b) cannot be integrated across 
such a discontinuity. 


Concentrated Loads (Fig. 4-14b) 


Now let us consider a concentrated load P acting on the beam element 
(Fig. 4-14b). From equilibrium of forces in the vertical direction, 
we get 


V-P-(V+V,) =0 Or VY, = -P (4-8) 


This result means that an abrupt change in the shear force occurs at any 
point where a concentrated load acts. As we pass from left to right through 
the point of load application, the shear force decreases by an amount equal 
to the magnitude of the downward load P. 

From equilibrium of moments about the left-hand face of the element 
(Fig. 4-14b), we get 


d. 
-«- RE — (V+ Vds + M- Mj -0 
Or 
dx 
M, = A= + Vdx + V, dx (c) 


Since the length dx of the element is infinitesimally small, we see from 
this equation that the increment M; in the bending moment is also infin- 
itesimally small. Thus, the bending moment does not change as we pass 
through the point of application of a concentrated load. 

Even though the bending moment M does not change at a concen- 
trated load, its rate of change dM/dx undergoes an abrupt change. 
At the left-hand side of the element (Fig. 4-14b), the rate of change 
of the bending moment (see Eq. 4-6) is dM/dx = V. At the right-hand 
side, the rate of change is dM/dx = V + Vi = V — P. Therefore, at the 
point of application of a concentrated load P, the rate of change dM/dx 
of the bending moment decreases abruptly by an amount equal to P. 
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Mo Loads in the Form of Couples (Fig. 4-14c) 


yn The last case to be considered is a load in the form of a couple Mo 
V M+M; (Fig. 4-14c). From equilibrium of the element in the vertical direction 
we obtain V, = 0, which shows that the shear force does not change at 

the point of application of a couple. 


, Equilibrium of moments about the left-hand side of the element gives 
X 


(c) -M + Meg — (Vt V)dx- M+M =0 


Disregarding terms that contain differentials (because they are negligible 
compared to the finite terms), we obtain 


M, = —Mo (4-9) 


FIG. 4-14c (Repeated) 


This equation shows that the bending moment decreases by M, as we 
move from left to right through the point of load application. Thus, the 
bending moment changes abruptly at the point of application of a 
couple. 

Equations (4-4) through (4-9) are useful when making a complete 
investigation of the shear forces and bending moments in a beam, as 
discussed in the next section. 


4.5 SHEAR-FORCE AND BENDING-MOMENT DIAGRAMS 


When designing a beam, we usually need to know how the shear forces 
and bending moments vary throughout the length of the beam. Of special 
importance are the maximum and minimum values of these quantities. 
Information of this kind is usually provided by graphs in which the shear 
force and bending moment are plotted as ordinates and the distance x 
along the axis of the beam is plotted as the abscissa. Such graphs are 
called shear-force and bending-moment diagrams. 

To provide a clear understanding of these diagrams, we will explain 
in detail how they are constructed and interpreted for three basic loading 
conditions—a single concentrated load, a uniform load, and several con- 
centrated loads. In addition, Examples 4-4 to 4-7 at the end of the section 
provide detailed illustration of the techniques for handling various kinds 
of loads, including the case of a couple acting as a load on a beam. 


Concentrated Load 


Let us begin with a simple beam AB supporting a concentrated load P 
(Fig. 4-15a). The load P acts at distance a from the left-hand support and 
distance b from the right-hand support. Considering the entire beam as a 
free body, we can readily determine the reactions of the beam from equi- 
librium; the results are 
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FIG. 4-15 Shear-force and bending- 
moment diagrams for a simple beam 
with a concentrated load 


_ Pb 


Pa 
R, = Rg = — 


z EE (4-10a,b) 
We now cut through the beam at a cross section to the left of the load 
P and at distance x from the support at A. Then we draw a free-body 
diagram of the left-hand part of the beam (Fig. 4-15b). From the 
equations of equilibrium for this free body, we obtain the shear force 
V and bending moment M at distance x from the support: 


Pb 
V= R = M = Rx = (0<x<a)  (4-1la,b) 


These expressions are valid only for the part of the beam to the left of the 
load P. 

Next, we cut through the beam to the right of the load P (that is, in the 
region a < x < L) and again draw a free-body diagram of the left-hand 
part of the beam (Fig. 4-15c). From the equations of equilibrium for this 
free body, we obtain the following expressions for the shear force and 
bending moment: 


Ga e (a< x= L) (4-12a) 


Pbx 
M = Rax — Pix a) =~ — Pix — a) 


Pa 
— T — x) (a<x< L) (4-12b) 


Note that these equations are valid only for the right-hand part of the beam. 
The equations for the shear forces and bending moments (Eqs. 4-11 
and 4-12) are plotted below the sketches of the beam. Figure 4-15d is the 
shear-force diagram and Fig. 4-15e is the bending-moment diagram. 
From the first diagram we see that the shear force at end A of the beam 
(x = 0) is equal to the reaction R4. Then it remains constant to the point of 
application of the load P. At that point, the shear force decreases abruptly 
by an amount equal to the load P. In the right-hand part of the beam, the 
shear force is again constant but equal numerically to the reaction at B. 
As shown in the second diagram, the bending moment in the left- 
hand part of the beam increases linearly from zero at the support to 
Pab/L at the concentrated load (x = a). In the right-hand part, the bend- 
ing moment is again a linear function of x, varying from Pab/L at x = a 
to zero at the support (x — L). Thus, the maximum bending moment is 


Pab 
Mmax = —— (4-13) 
L 
and occurs under the concentrated load. 
When deriving the expressions for the shear force and bending moment 
to the right of the load P (Eqs. 4-12a and b), we considered the equilibrium 
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of the left-hand part of the beam (Fig. 4-15c). This free body is acted upon 
by the forces R4 and P in addition to V and M. It is slightly simpler in this 
particular example to consider the right-hand portion of the beam as a free 
body, because then only one force (Rp) appears in the equilibrium equations 
(in addition to V and M). Of course, the final results are unchanged. 

Certain characteristics of the shear-force and bending moment 
diagrams (Figs. 4-15d and e) may now be seen. We note first that the slope 
dV/dx of the shear-force diagram is zero in the regions 0 < x < a and a < 
x « L, which is in accord with the equation dV/dx = —q (Eq. 4-4). Also, in 
these same regions the slope dM/dx of the bending moment diagram is equal 
to V (Eq. 4-6). To the left of the load P, the slope of the moment diagram is 
positive and equal to Pb/L; to the right, it is negative and equal to — Pa/L. 
Thus, at the point of application of the load P there is an abrupt change in 
the shear-force diagram (equal to the magnitude of the load P) and a corre- 
sponding change in the slope of the bending-moment diagram. 

Now consider the area of the shear-force diagram. As we move from 
x = 0 to x = a, the area of the shear-force diagram is (Pb/L)a, or Pab/L. 
This quantity represents the increase in bending moment between these 
same two points (see Eq. 4-7). From x = a to x = L, the area of the shear- 
force diagram is —Pab/L, which means that in this region the bending 
moment decreases by that amount. Consequently, the bending moment is 
zero at end B of the beam, as expected. 

If the bending moments at both ends of a beam are zero, as is usually 
the case with a simple beam, then the area of the shear-force diagram 
between the ends of the beam must be zero provided no couples act on 
the beam (see the discussion in Section 4.4 following Eq. 4-7). 

As mentioned previously, the maximum and minimum values of the 
shear forces and bending moments are needed when designing beams. 
For a simple beam with a single concentrated load, the maximum shear 
force occurs at the end of the beam nearest to the concentrated load and 
the maximum bending moment occurs under the load itself. 


Uniform Load 


A simple beam with a uniformly distributed load of constant intensity q is 
shown in Fig. 4-16a on the next page. Because the beam and its loading 
are symmetric, we see immediately that each of the reactions 
(Ra and Rp) is equal to qL/2. Therefore, the shear force and bending 
moment at distance x from the left-hand end are 


qL 
V= R, — o> qx (4-14a) 
2 
Meses es oe He (4-14b) 
^ 2 2 2 


These equations, which are valid throughout the length of the beam, 
are plotted as shear-force and bending moment diagrams in Figs. 4-16b 
and c, respectively. 
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FIG. 4-16 Shear-force and bending- 
moment diagrams for a simple beam 
with a uniform load 


The shear-force diagram consists of an inclined straight line having 
ordinates at x = O and x = L equal numerically to the reactions. The 
slope of the line is —q, as expected from Eq. (4-4). The bending-moment 
diagram is a parabolic curve that is symmetric about the midpoint of the 
beam. At each cross section the slope of the bending-moment diagram is 
equal to the shear force (see Eq. 4-6): 

dM d k =) qL 


dx dx 


2 2] 3 *-" 


2 

The maximum value of the bending moment occurs at the midpoint of the 
beam where both dM/dx and the shear force V are equal to zero. 
Therefore, we substitute x — L/2 into the expression for M and obtain 


2 
qL 
M ax go 


(4-15) 
as shown on the bending-moment diagram. 

The diagram of load intensity (Fig. 4-16a) has area qL, and according 
to Eq. (4-5) the shear force V must decrease by this amount as we move 
along the beam from A to B. We can see that this is indeed the case, 
because the shear force decreases from qL/2 to —qL/2. 

The area of the shear-force diagram between x = 0 and x = L/2 is 
gL’/8, and we see that this area represents the increase in the bending 
moment between those same two points (Eq. 4-7). In a similar manner, the 
bending moment decreases by gL7/8 in the region from x = L/2 to x = L. 


Several Concentrated Loads 


If several concentrated loads act on a simple beam (Fig. 4-17a), expres- 
sions for the shear forces and bending moments may be determined for 
each segment of the beam between the points of load application. Again 
using free-body diagrams of the left-hand part of the beam and measuring 
the distance x from end A, we obtain the following equations for the first 
segment of the beam: 


y = RA M = Rax (0 E a. dı) (4-16a,b) 


For the second segment, we get 
V = RA = Pj M = Rax s Paix — ay) (a4 Ver me a>) (4-17a,b) 


For the third segment of the beam, it is advantageous to consider the 
right-hand part of the beam rather than the left, because fewer loads act 
on the corresponding free body. Hence, we obtain 


V = —Rpg + P4 (4-18a) 

M = Rg(L — x) — PX(L — b3 — x) (a «€ x < aa) (4-18b) 
Finally, for the fourth segment of the beam, we obtain 

V = —Rg M=R,(L-x) (a,<x<L) (4-19a,b) 


FIG. 4-17 Shear-force and bending- 


moment diagrams for a simple beam 
with several concentrated loads 
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Equations (4-16) through (4-19) can be used to construct the shear-force 
and bending-moment diagrams (Figs. 4-17b and c). 

From the shear-force diagram we note that the shear force is con- 
stant in each segment of the beam and changes abruptly at every load 
point, with the amount of each change being equal to the load. Also, 
the bending moment in each segment is a linear function of x, and 
therefore the corresponding part of the bending-moment diagram 
is an inclined straight line. To assist in drawing these lines, we obtain 
the bending moments under the concentrated loads by substituting 
X = à,, X = dp), and x = a; into Eqs. (4-16b), (4-17b), and (4-18b), 
respectively. In this manner we obtain the following bending 
moments: 


Mi = Raq, M5 = Ryd — Pi(@ — dı) M3 = Rgb4 (4-20a,b,c) 


Knowing these values, we can readily construct the bending-moment 
diagram by connecting the points with straight lines. 

At each discontinuity in the shear force, there is a corresponding 
change in the slope dM/dx of the bending-moment diagram. Also, 
the change in bending moment between two load points equals the 
area of the shear-force diagram between those same two points (see 
Eq. 4-7). For example, the change in bending moment between loads 
P, and P is Mə — M,. Substituting from Eqs. (4-20a and b), we get 


M» — M, = (R4 — Py)(a5 — a4) 


which is the area of the rectangular shear-force diagram between x — a, 
and x — a». 

The maximum bending moment in a beam having only concentrated 
loads must occur under one of the loads or at a reaction. To show this, 
recall that the slope of the bending-moment diagram is equal to the shear 
force. Therefore, whenever the bending moment has a maximum or 
minimum value, the derivative dM/dx (and hence the shear force) must 
change sign. However, in a beam with only concentrated loads, the shear 
force can change sign only under a load. 
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If, as we proceed along the x axis, the shear force changes from 
positive to negative (as in Fig. 4-17b), then the slope in the bending 
moment diagram also changes from positive to negative. Therefore, 
we must have a maximum bending moment at this cross section. 
Conversely, a change in shear force from a negative to a positive value 
indicates a minimum bending moment. Theoretically, the shear-force 
diagram can intersect the horizontal axis at several points, although 
this 1s quite unlikely. Corresponding to each such intersection point, 
there is a local maximum or minimum in the bending-moment 
diagram. The values of all local maximums and minimums must be 
determined in order to find the maximum positive and negative 
bending moments in a beam. 


General Comments 


In our discussions we frequently use the terms “maximum” and “minimum” 
with their common meanings of “largest” and "smallest." Consequently, we 
refer to “the maximum bending moment in a beam" regardless of whether 
the bending-moment diagram is described by a smooth, continuous function 
(as in Fig. 4-16c) or by a series of lines (as in Fig. 4-17c). 

Furthermore, we often need to distinguish between positive and neg- 
ative quantities. Therefore, we use expressions such as “maximum posi- 
tive moment" and “maximum negative moment." In both of these cases, 
the expression refers to the numerically largest quantity; that is, the term 
“maximum negative moment" really means “numerically largest nega- 
tive moment." Analogous comments apply to other beam quantities, such 
as shear forces and deflections. 

The maximum positive and negative bending moments in a beam 
may occur at the following places: (1) a cross section where a concentrated 
load is applied and the shear force changes sign (see Figs. 4-15 and 4-17), 
(2) a cross section where the shear force equals zero (see Fig. 4-16), 
(3) a point of support where a vertical reaction is present, and (4) a cross 
section where a couple is applied. The preceding discussions and the 
following examples illustrate all of these possibilities. 

When several loads act on a beam, the shear-force and bending- 
moment diagrams can be obtained by superposition (or summation) of the 
diagrams obtained for each of the loads acting separately. For instance, the 
shear-force diagram of Fig. 4-17b is actually the sum of three separate dia- 
grams, each of the type shown in Fig. 4-15d for a single concentrated load. 
We can make an analogous comment for the bending-moment diagram of 
Fig. 4-17c. Superposition of shear-force and bending-moment diagrams is 
permissible because shear forces and bending moments in statically deter- 
minate beams are linear functions of the applied loads. 

Computer programs are readily available for drawing shear-force 
and bending-moment diagrams. After you have developed an under- 
standing of the nature of the diagrams by constructing them manually, 
you should feel secure in using computer programs to plot the diagrams 
and obtain numerical results. 


Example 4-4 


FIG. 4-18 Example 4-4. Simple beam 
with a uniform load over part of the 
span 
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Draw the shear-force and bending-moment diagrams for a simple beam with 
a uniform load of intensity q acting over part of the span (Fig. 4-18a). 


Solution 
Reactions. We begin the analysis by determining the reactions of the beam 
from a free-body diagram of the entire beam (Fig. 4-18a). The results are 


Ry = qb(b + 26) p qb(b + 2a) (4-21a.b) 
2 DE 

Shear forces and bending moments. To obtain the shear forces and bending 
moments for the entire beam, we must consider the three segments of the beam 
individually. For each segment we cut through the beam to expose the shear 
force V and bending moment M. Then we draw a free-body diagram containing 
V and M as unknown quantities. Lastly, we sum forces in the vertical direction 
to obtain the shear force and take moments about the cut section to obtain the 
bending moment. The results for all three segments are as follows: 


V= Ra M= RAX (0 ODE a) (4-22a,b) 


F 2 
V = R; — g(x — a) M = Ryx - 49 9- a- x atb (4-23a,b) 


V= —Rg M= Ry(L — x) ato- x L) (4-24a,b) 


These equations give the shear force and bending moment at every cross section 
of the beam. As a partial check on these results, we can apply Eq. (4-4) to the 
shear forces and Eq. (4-6) to the bending moments and verify that the equations 
are satisfied. 

We now construct the shear-force and bending-moment diagrams 
(Figs. 4-18b and c) from Eqs. (4-22) through (4-24). The shear-force diagram 


RA M max 
V 
M 
pm <A | 
— m 
B 
(b) 


continued 
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FIG. 4-18 Example 4-4. Simple beam 
with a uniform load over part of the 
span (Repeated) 


consists of horizontal straight lines in the unloaded regions of the beam and an 
inclined straight line with negative slope in the loaded region, as expected from 
the equation dV/dx = —q. 

The bending-moment diagram consists of two inclined straight lines in 
the unloaded portions of the beam and a parabolic curve in the loaded portion. 
The inclined lines have slopes equal to R4 and — Rp, respectively, as expected 
from the equation dM/dx — V. Also, each of these inclined lines is tangent to 
the parabolic curve at the point where it meets the curve. This conclusion 
follows from the fact that there are no abrupt changes in the magnitude of the 
shear force at these points. Hence, from the equation dM/dx — V, we see 
that the slope of the bending-moment diagram does not change abruptly at 
these points. 

Maximum bending moment. The maximum moment occurs where the shear 
force equals zero. This point can be found by setting the shear force V (from 
Eq. 4-23a) equal to zero and solving for the value of x, which we will denote 
by x,. The result is 


b 
XT] — dà 2s pas EX 2c) (4-25) 


Now we substitute x, into the expression for the bending moment (Eq. 4-23b) 
and solve for the maximum moment. The result is 


b 
Maa = ae (b + 2cy4aL + 2bc + 2) (4-26) 


The maximum bending moment always occurs within the region of the uniform 
load, as shown by Eq. (4-25). 

Special cases. If the uniform load is symmetrically placed on the beam 
(a — c), then we obtain the following simplified results from Eqs. (4-25) and 
(4-26): 


B qb(2L — b) 


X] = M max E g (4-27a,b) 


L 
p 


If the uniform load extends over the entire span, then b = L and Mmax = qL^/8, 
which agrees with Fig. 4-16 and Eq. (4-15). 


Example 4-5 
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Draw the shear-force and bending-moment diagrams for a cantilever beam with 
two concentrated loads (Fig. 4-19a). 


Site 





FIG. 4-19 Example 4-5. Cantilever beam 


with two concentrated loads 


Solution 

Reactions. From the free-body diagram of the entire beam we find the 
vertical reaction Rg (positive when upward) and the moment reaction Mg 
(positive when clockwise): 


Rg = Pı + Po Mg = PL + Pob (4-28a,b) 


Shear forces and bending moments. We obtain the shear forces and 
bending moments by cutting through the beam in each of the two segments, 
drawing the corresponding free-body diagrams, and solving the equations of 
equilibrium. Again measuring the distance x from the left-hand end of the 
beam, we get 


y= =P M = Sa (0 EU a) (4-29a,b) 


oe a) 


The corresponding shear-force and bending-moment diagrams are shown in 
Figs. 4-19b and c. The shear force is constant between the loads and reaches its 
maximum numerical value at the support, where it is equal numerically to the 
vertical reaction Rg (Eq. 4-28a). 

The bending-moment diagram consists of two inclined straight lines, each 
having a slope equal to the shear force in the corresponding segment of the beam. 
The maximum bending moment occurs at the support and is equal numerically 
to the moment reaction Mg (Eq. 4-28b). It is also equal to the area of the entire 
shear-force diagram, as expected from Eq. (4-7). 
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Example 4-6 
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FIG. 4-20 Example 4-6. Cantilever beam 
with a uniform load 


A cantilever beam supporting a uniform load of constant intensity g is shown in 
Fig. 4-20a. Draw the shear-force and bending-moment diagrams for this beam. 


Solution 
Reactions. The reactions Rg and Mg at the fixed support are obtained from 
equations of equilibrium for the entire beam; thus, 
Rg = qL Mpg EE (4-31a,b) 
Shear forces and bending moments. These quantities are found by cutting 
through the beam at distance x from the free end, drawing a free-body diagram 
of the left-hand part of the beam, and solving the equations of equilibrium. By 
this means we obtain 
V = —qx M = = — (4-32a,b) 
The shear-force and bending-moment diagrams are obtained by plotting these 
equations (see Figs. 4-20b and c). Note that the slope of the shear-force diagram 
is equal to —g (see Eq. 4-4) and the slope of the bending-moment diagram is 
equal to V (see Eq. 4-6). 
The maximum values of the shear force and bending moment occur at the 
fixed support where x = L: 
qL 


M max ctis 


5 (4-33a,b) 


Vere = -q l 
These values are consistent with the values of the reactions Rg and Mg 
(Eqs. 4-31a and b). 

Alternative solution. Instead of using free-body diagrams and equations 
of equilibrium, we can determine the shear forces and bending moments by inte- 
grating the differential relationships between load, shear force, and bending 
moment. The shear force V at distance x from the free end A is obtained from the 
load by integrating Eq. (4-5), as follows: 


y-vw-v-0-v--[a&- -a (a) 
0 


which agrees with the previous result (Eq. 4-32a). 

The bending moment M at distance x from the end is obtained from the shear 
force by integrating Eq. (4-7): 

[vac wa 
M-M,z=M-0=M= eke Ee r (b) 
which agrees with Eq. 4-32b. 

Integrating the differential relationships is quite simple in this example 
because the loading pattern is continuous and there are no concentrated loads or 
couples in the regions of integration. If concentrated loads or couples were 
present, discontinuities in the V and M diagrams would exist, and we cannot inte- 
grate Eq. (4-5) through a concentrated load nor can we integrate Eq. (4-7) 
through a couple (see Section 4.4). 





Example 4-7 


FIG. 4-21 Example 4-7. Beam with an 
overhang 
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A beam ABC with an overhang at the left-hand end is shown in Fig. 4-21a. The 
beam is subjected to a uniform load of intensity q = 1.0 k/ft on the overhang AB 
and a counterclockwise couple M, = 12.0 k-ft acting midway between the 
supports at B and C. 

Draw the shear-force and bending-moment diagrams for this beam. 
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Solution 


Reactions. We can readily calculate the reactions Rg and Rc from a free- 
body diagram of the entire beam (Fig. 4-21a). In so doing, we find that Rpg is 
upward and Rc is downward, as shown in the figure. Their numerical values are 


Rg = 5.25 k Rc = 1.25 k 


Shear forces. The shear force equals zero at the free end of the beam and 
equals —qb (or —4.0 k) just to the left of support B. Since the load is uniformly 
distributed (that is, q is constant), the slope of the shear diagram is constant and 
equal to —q (from Eq. 4-4). Therefore, the shear diagram is an inclined straight 
line with negative slope in the region from A to B (Fig. 4-21b). 

Because there are no concentrated or distributed loads between the supports, 
the shear-force diagram is horizontal in this region. The shear force is equal to 
the reaction Rc, or 1.25 k, as shown in the figure. (Note that the shear force does 
not change at the point of application of the couple Mo.) 

The numerically largest shear force occurs just to the left of support B and 
equals —4.0 k. 

Bending moments. The bending moment is zero at the free end and 
decreases algebraically (but increases numerically) as we move to the right until 
support B is reached. The slope of the moment diagram, equal to the value of the 
shear force (from Eq. 4-6), is zero at the free end and —4.0 k just to the left of 
support B. The diagram is parabolic (second degree) in this region, with the 
vertex at the end of the beam. The moment at point B is 


PE 


which is also equal to the area of the shear-force diagram between A and B (see 
Eq. 4-7). 


- 5 (L0 k/f (4.0 f)? = —&0 k-f 


continued 
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The slope of the bending-moment diagram from B to C is equal to the shear 
force, or 1.25 k. Therefore, the bending moment just to the left of the couple Mo is 


—8.0 k-ft + (1.25 k)(8.0 ft) = 2.0 k-ft 


as shown on the diagram. Of course, we can get this same result by cutting 
through the beam just to the left of the couple, drawing a free-body diagram, and 
solving the equation of moment equilibrium. 

The bending moment changes abruptly at the point of application of the 
couple Mo, as explained earlier in connection with Eq. (4-9). Because the couple 
acts counterclockwise, the moment decreases by an amount equal to Mo. Thus, 
the moment just to the right of the couple Mo is 


2.0 k-ft — 12.0 k-ft = —10.0 k-ft 


From that point to support C the diagram is again a straight line with slope equal 
to 1.25 k. Therefore, the bending moment at the support is 


— 10.0 k-ft + (1.25 k)(8.0 ft) = 0 


as expected. 

Maximum and minimum values of the bending moment occur where the 
shear force changes sign and where the couple is applied. Comparing the various 
high and low points on the moment diagram, we see that the numerically largest 
bending moment equals — 10.0 k-ft and occurs just to the right of the couple Mo. 

If a roller support is now added at joint A and a shear release is inserted just 
to the left of joint B (Fig. 4-21d), the support reactions must be recomputed. The 
beam is broken into two free-body diagrams, AB and BC, by cutting through the 
shear release (where V = 0), and reaction Ra is found to be 4 kips by summing 
vertical forces in the left free-body diagram. Then by summing moments and 
forces in the entire structure, Rg = —Rc = 0.25 kips. Finally, shear and moment 
diagrams can be plotted for the modified structure. 


q = 1 kip/ft Shear release at x — 4 ft 
Mo = 12 kip-ft 
C 





FIG. 4-21 Example 4-7. Modified beam 


with overhang—add shear release. 
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In Chapter 4, we reviewed the analysis of statically determinate beams and simple 
frames to find support reactions and internal stress resultants (N, V, and M), then plot- 
ted axial force, shear, and bending-moment diagrams to show the variation of these 
quantities throughout the structure. We considered clamped, sliding, pinned and roller 
supports, and both concentrated and distributed loadings in assembling models of a 
variety of structures with different support conditions. In some cases, internal releases 
were included in the model to represent known locations of zero values of N, V, or M. 
Some of the major concepts presented in this chapter are as follows: 


i 


If the structure is statically determinate and stable, the laws of statics alone 
are sufficient to solve for all values of support reaction forces and moments, as 
well as the magnitude of the internal axial force (N), shear force (V), and bend- 
ing moment (M) at any location in the structure. 


If axial, shear, or moment releases are present in the structure model, the struc- 
ture should be broken into separate free-body diagrams (FBD) by cutting through 
the release; an additional equation of equilibrium is then available for use in 
solving for the unknown support reactions shown in that FBD. 


Graphical displays or diagrams showing the variation of N, V, and M over a 
structure are useful in design because they readily show the location of maxi- 
mum values of N, V, and M needed in design (to be considered for beams in 
Chapter 5). 


The rules for drawing shear and bending moment diagrams may be summa- 
rized as follows: 


a. [he ordinate on the distributed load curve (q) is equal to the negative of the 
slope on the shear diagram. 

b. The difference in shear values between any two points on the shear diagram 
is equal to the (—) area under the distributed load curve between those 
same two points. 

c. The ordinate on the shear diagram (V) is equal to the slope on the bending 
moment diagram. 

d. The difference in values between any two points on the moment diagram 
is equal to the area under the shear diagram between those same two 
points; 

e. At those points at which the shear curve crosses the reference axis (i.e., 
V = 0), the value of the moment on the moment diagram is a local maxi- 
mum or minimum. 

f. The ordinate on the axial force diagram (M) is equal to zero at an axial force 
release; the ordinate on the shear diagram (V) is zero at a shear release; 
and the ordinate on the moment diagram (M) is zero at a moment release. 
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PROBLEMS CHAPTER 4 


Shear Forces and Bending Moments 


4.3-1 Calculate the shear force V and bending moment M at 
a cross section just to the left of the 1600-1b load acting on 
the simple beam AB shown in the figure. 


Dl Ib | Ib 
A | | A 
<30 wk 50 in. —~><— 40 in. li 
«— — — — — — ]20 in. 
PROB. 4.3-1 


4.3-2 Determine the shear force V and bending moment M at 
the midpoint C of the simple beam AB shown in the figure. 


|. kN 
C 


taedas zi 
1.0m 1.0 m^ 2.0 m ——» 


a MN 


2.0 kN/m 







PROB. 4.3-2 


4.3-3 Determine the shear force V and bending moment M 
at the midpoint of the beam with overhangs (see figure). 
Note that one load acts downward and the other upward, and 
clockwise moments Pb are applied at each support. 


Pb Pb 


|’ a (^N P 

















>|. b » 
PROB. 4.3-3 


4.3-4 Calculate the shear force V and bending moment M at 
a cross section located 0.5 m from the fixed support of the 
cantilever beam AB shown in the figure. 


1.5 kN/m 


Lio solio wk ao uu 


PROB. 4.3-4 


4.3-5 Determine the shear force V and bending moment M 
at a cross section located 18 ft from the left-hand end A of 
the beam with an overhang shown in the figure. 


400 Ib/ft 


300 Ib/ft 








.—10 ft —«—10 ft +6 d ft> 


PROB. 4.3-5 


4.3-6 The beam ABC shown in the figure is simply sup- 
ported at A and B and has an overhang from B to C. The 
loads consist of a horizontal force P, = 4.0 kN acting at the 
end of a vertical arm and a vertical force Pa = 8.0 kN acting 
at the end of the overhang. 

Determine the shear force V and bending moment M 
at a cross section located 3.0 m from the left-hand 
support. (Note: Disregard the widths of the beam and ver- 
tical arm and use centerline dimensions when making 
calculations.) 


= 4.0 kN 





as mf 1.0m 


PROB. 4.3-6 


4.3-7 The beam ABCD shown in the figure has overhangs 
at each end and carries a uniform load of intensity g. 

For what ratio b/L will the bending moment at the mid- 
point of the beam be zero? 





A 
B C 


PROB. 4.3-7 


4.3-8 At full draw, an archer applies a pull of 130 N to the 
bowstring of the bow shown in the figure. Determine the 
bending moment at the midpoint of the bow. 









1400 mm 


350 mm 


PROB. 4.3-8 


4.3-9 A curved bar ABC is subjected to loads in the form of 
two equal and opposite forces P, as shown in the figure. The 
axis of the bar forms a semicircle of radius r. 

Determine the axial force N, shear force V, and bending 
moment M acting at a cross section defined by the angle 6. 


Yan 
X 


4.3-10 Under cruising conditions the distributed load acting 
on the wing of a small airplane has the idealized variation 
shown in the figure. 

Calculate the shear force V and bending moment M at 
the inboard end of the wing. 





PROB. 4.3-9 





Wings of small airplane have distributed uplift loads 
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1600 N/m 


900 N/m 





PROB. 4.3-10 


4.3-11 A beam ABCD with a vertical arm CE is supported 
as a simple beam at A and D (see figure). A cable passes 
over a small pulley that is attached to the arm at E. One end 
of the cable is attached to the beam at point B. 

What is the force P in the cable if the bending moment 
in the beam just to the left of point C is equal numerically to 
640 lb-ft? (Note: Disregard the widths of the beam and ver- 
tical arm and use centerline dimensions when making cal- 
culations.) 





<— 6 1t 


PROB. 4.3-11 


4.3-12 A simply supported beam AB supports a trape- 
zoidally distributed load (see figure). The intensity of the 
load varies linearly from 50 kN/m at support A to 25 kN/m 
at support B. 

Calculate the shear force V and bending moment M at 
the midpoint of the beam. 


50 kN/m 
25 kN/m 


E E 


PROB. 4.3-12 
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4.3-13 Beam ABCD represents a reinforced-concrete 
foundation beam that supports a uniform load of intensity 
qı = 3500 lb/ft (see figure). Assume that the soil pressure on 
the underside of the beam is uniformly distributed with 
intensity q». 

(a) Find the shear force Vz and bending moment Mp at 
point B. 

(b) Find the shear force V,, and bending moment M, at 
the midpoint of the beam. 


qı 3500 lb/ft 





q2 
3.0 ft 8.0 ft 3.0 ft 


PROB. 4.3-13 


4.3-14 The simply-supported beam ABCD is loaded by a 
weight W = 27 kN through the arrangement shown in the 
figure. The cable passes over a small frictionless pulley at B 
and is attached at E to the end of the vertical arm. 

Calculate the axial force N, shear force V, and bending 
moment M at section C, which is just to the left of the 
vertical arm. (Note: Disregard the widths of the beam and 
vertical arm and use centerline dimensions when making 
calculations.) 





W - 27 kN 


PROB. 4.3-14 


*4,3-15 The centrifuge shown in the figure rotates in a 
horizontal plane (the xy plane) on a smooth surface about 
the z axis (which is vertical) with an angular acceleration a. 
Each of the two arms has weight w per unit length and sup- 
ports a weight W — 2.0wL at its end. 

Derive formulas for the maximum shear force and max- 
imum bending moment in the arms, assuming b = L/9 and 
c = L[10. 








PROB. 4.3-15 


Shear-Force and Bending-Moment Diagrams 


When solving the problems for Section 4.5, draw the shear- 
force and bending-moment diagrams approximately to 
scale and label all critical ordinates, including the 
maximum and minimum values. 

Probs 4.5-1 through 4.5-10 are symbolic problems and 
Probs. 4.5-11 through 4.5-24 are numerical problems. The 
remaining problems (4.5-25 through 4.5-30) involve 
specialized topics, such as optimization, beams with 
hinges, and moving loads. 


4.5-1 Draw the shear-force and bending-moment diagrams 
for a simple beam AB supporting two equal concentrated 
loads P (see figure). 





PROB. 4.5-1 


4.5-2 A simple beam AB is subjected to a counterclockwise 
couple of moment Mp acting at distance a from the left-hand 
support (see figure). 

Draw the shear-force and bending-moment diagrams 
for this beam. 








PROB. 4.5-2 


4.5-3 The simple beam AB shown in the figure is subjected 
to a concentrated load P and a clockwise couple M, — PL/3 
acting at the third points. 

Draw the shear-force and bending-moment diagrams 
for this beam. 


— Lad 


PROB. 4.5-3 


4.5-4 The cantilever beam AB shown in the figure is 
subjected to a concentrated load P at the midpoint and a coun- 
terclockwise couple of moment M; — PL/4 at the free end. 

Draw the shear-force and bending-moment diagrams 
for this beam. 


|’ > 
Load acd 


PROB. 4.5-4 


4.5-5 The simple beam AB shown in the figure is subjected 
to a concentrated load P and a clockwise couple M, = PL/3 
acting at the third points. 

Draw the shear-force and bending-moment diagrams 
for this beam. 


LE caca 
3 3 3 


PROB. 4.5-5 


4.5-6 A simple beam AB subjected to couples M, and 3M, 
acting at the third points is shown in the figure. 

Draw the shear-force and bending-moment diagrams 
for this beam. 


PROB. 4.5-6 
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4.5-7 A simply supported beam ABC is loaded by a vertical 
load P acting at the end of a bracket BDE (see figure). 

Draw the shear-force and bending-moment diagrams 
for beam ABC. 


Ald 





PROB. 4.5-7 


4.5-8 A beam ABC is simply supported at A and B and has 
an overhang BC (see figure). The beam is loaded by two 
forces P and a clockwise couple of moment Pa that act 
through the arrangement shown. 

Draw the shear-force and bending-moment diagrams 
for beam ABC. 






rr s 
JESL- ES 


PROB. 4.5-8 


4.5-9 Beam ABCD is simply supported at B and C and has 
overhangs at each end (see figure). The span length is L and 
each overhang has length L/3. A uniform load of intensity q 
acts along the entire length of the beam. 

Draw the shear-force and bending-moment diagrams 
for this beam. 


Po 7s 


PROB. 4.5-9 


ot 
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4.5-10 Draw the shear-force and bending-moment dia- 
grams for a cantilever beam AB supporting a linearly 
varying load of maximum intensity qo (see figure). 


qdo 


B 


I~ 





PROB. 4.5-10 


4.5-11 The simple beam AB supports a triangular load of 
maximum intensity qo = 10 lb/in. acting over one-half of 
the span and a concentrated load P — 80 Ib acting at 
midspan (see figure). Draw the shear-force and bending- 
moment diagrams for this beam. 


qo = 10 Ib/in. 





P = 80 Ib 


Ex mx 
) = 40 in. 


PROB. 4.5-11 


4.5-12 The beam AB shown in the figure supports a uniform 
load of intensity 3000 N/m acting over half the length of the 
beam. The beam rests on a foundation that produces a uni- 
formly distributed load over the entire length. Draw the 
shear-force and bending-moment diagrams for this beam. 


3000 N/m 
LT3 5 T1101 192 1034 
< 0.8 moe 16 ae 0.8 d 


PROB. 4.5-12 


4.5-13 A cantilever beam AB supports a couple and a 
concentrated load, as shown in the figure. Draw the shear- 
force and bending-moment diagrams for this beam. 


200 Ib 


400 Ib-ft 
A 


PT 


PROB. 4.5-13 





4.5-14 The cantilever beam AB shown in the figure is sub- 
jected to a triangular load acting throughout one-half of its 
length and a concentrated load acting at the free end. 

Draw the shear-force and bending-moment diagrams 
for this beam. 


2.0 kN/m 











< 2 m l 


PROB. 4.5-14 


4.5-15 The uniformly loaded beam ABC has simple sup- 
ports at A and B and an overhang BC (see figure). 

Draw the shear-force and bending-moment diagrams 
for this beam. 


25 lb/in. 


B 


— — —72 in ———>— in. 


PROB. 4.5-15 


4.5-16 A beam ABC with an overhang at one end supports 
a uniform load of intensity 12 kN/m and a concentrated 
moment of magnitude 3 kN - m at C (see figure). 

Draw the shear-force and bending-moment diagrams 
for this beam. 


12 kN/m 


—1.6m 1. 6m——1.6m 


PROB. 4.5-16 


4.5-17 Consider two beams, which are loaded the same but 
have different support conditions. Which beam has the 
larger maximum moment? 


t| c 
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First, find support reactions, then plot axial force (N), 
shear (V), and moment (M) diagrams for all three beams. 
Label all critical N, V, and M values and also the distance to 
points where N, V, and/or M is zero. 


PL p 
[NL [L 
C 4E 3 4 





PROB. 4.5-17 


4.5-18 The three beams below are loaded the same and 
have the same support conditions. However, one has a 
moment release just to the left of C, the second has a shear 
release just to the right of C and the third has an axial release 
just to the left of C. Which beam has the largest maximum 
moment? 


First, find support reactions, then plot axial force (N), 
shear (V), and moment (M) diagrams for all three beams. 
Label all critical N, V, and M values and also the distance to 
points where N, V, and/or M is zero. 





x Moment 
release C, D y 


(a) 





Shear 
à C; | release »| 


(b) 





release 


—» PLatB > 
, | a Axial force J 
y 


(c) 


PROB. 4.5-18 
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4.5-19 The beam ABC shown in the figure is simply 
supported at A and B and has an overhang from B to C. The 
loads consist of a horizontal force P, — 400 Ib acting at the 
end of the vertical arm and a vertical force P»; = 900 Ib 
acting at the end of the overhang. 

Draw the shear-force and bending-moment diagrams for 
this beam. (Note: Disregard the widths of the beam and ver- 
tical arm and use centerline dimensions when making calcu- 
lations.) 


P, = 400 Ib 


P> = 900 Ib 





REN 4.0 6 —À 1.0 ft 


PROB. 4.5-19 


4.5-20 A simple beam AB is loaded by two segments of uni- 
form load and two horizontal forces acting at the ends of a 
vertical arm (see figure). 

Draw the shear-force and bending-moment diagrams 
for this beam. 





4 kN/m 8 kN 4 kN/m 
lm 
A B 
lm 
8 kN 
2 m—<x—2 m 2 m—<—2 m 
PROB. 4.5-20 


4.5-21 The two beams below are loaded the same and have 
the same support conditions. However, the location of 
internal axial, shear, and moment releases is different for 
each beam (see figures). Which beam has the larger max- 
imum moment? 

First, find support reactions, then plot axial force (N), 
shear (V), and moment (M) diagrams for both beams. Label 
all critical N, V, and M values and also the distance to points 
where N, V, and/or M is zero. 





Axial force 
release 


Ay 


Shear Moment 
release y 


release 





As EN 
b PL ——- 
A Shear Axial force c, Moment D, 
á release release Y release D, 


PROB. 4.5-21 


4.5-22 The beam ABCD shown in the figure has overhangs 
that extend in both directions for a distance of 4.2 m from 
the supports at 5 and C, which are 1.2 m apart. 

Draw the shear-force and bending-moment diagrams 
for this overhanging beam. 












10.6 kN/m 
5.1 kN/m 5.1 kN/m 
A D 
B C 
=A m — e — 4.2 m ~~ 
1.2 m 
PROB. 4.5-22 


4.5-23 A beam ABCD with a vertical arm CE is supported 
as a simple beam at A and D (see figure). A cable passes 
over a small pulley that is attached to the arm at E. One end 
of the cable is attached to the beam at point B. The tensile 
force in the cable is 1800 Ib. 

Draw the shear-force and bending-moment diagrams 
for beam ABCD. (Note: Disregard the widths of the beam 
and vertical arm and use centerline dimensions when 
making calculations.) 


SSS 


SSS T 


8 ft 


| 





- 
_ 6 ft——> 6 ft— 


PROB. 4.5-23 


4.5-24 Beams ABC and CD are supported at A, C, and D and 
are joined by a hinge (or moment release) just to the left of C. 
The support at A is a sliding support (hence reaction A, = 0 for 
the loading shown below). Find all support reactions then plot 
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shear (V) and moment (M) diagrams. Label all critical V & M 
values and also the distance to points where either V &/or M is 
Zero. 






uN à 3x ; 


A, Sliding Moment I E | D 
support release y 


PROB. 4.5-24 


4.5-25 The simple beam AB shown in the figure supports a 
concentrated load and a segment of uniform load. 

Draw the shear-force and bending-moment diagrams 
for this beam. 


2.0 k/ft 


[^ N n ft ——— 
20 ft 


PROB. 4.5-25 


4.5-26 The cantilever beam shown in the figure supports a 
concentrated load and a segment of uniform load. 

Draw the shear-force and bending-moment diagrams 
for this cantilever beam. 


| kN 1.0 kN/m 

A 

im PEE 
08 tos M 1.6 m —— 


PROB. 4.5-26 
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4.5-27 The simple beam ACB shown in the figure is sub- 
jected to a triangular load of maximum intensity 180 lb/ft 
and a concentrated moment of 300 Ib-ft at A. 

Draw the shear-force and bending-moment diagrams 
for this beam. 


180 Ib/ft 





300 Ib-ft 


PROB. 4.5-27 


4.5-28 A beam with simple supports is subjected to a 
trapezoidally distributed load (see figure). The intensity of 
the load varies from 1.0 kN/m at support A to 3.0 kN/m at 
support 5. 

Draw the shear-force and bending-moment diagrams 
for this beam. 


3.0 kN/m 
1.0 kN/m 


ag 


PROB. 4.5-28 


4.5-29 A beam of length L is being designed to support a 
uniform load of intensity g (see figure). If the supports of the 
beam are placed at the ends, creating a simple beam, the 
maximum bending moment in the beam is gL*/8. However, 
if the supports of the beam are moved symmetrically toward 
the middle of the beam (as pictured), the maximum bending 
moment is reduced. 

Determine the distance a between the supports so that 
the maximum bending moment in the beam has the smallest 
possible numerical value. Draw the shear-force and 
bending-moment diagrams for this condition. 


PROB. 4.5-29 


4,5-30 The compound beam ABCDE shown in the figure 
consists of two beams (AD and DE) joined by a hinged con- 
nection at D. The hinge can transmit a shear force but not a 
bending moment. The loads on the beam consist of a 4-kKN 
force at the end of a bracket attached at point B and a 2-kN 
force at the midpoint of beam DE. Draw the shear-force and 
bending-moment diagrams for this compound beam. 






is de 
1m 
2kN 23 
B C D | 
> t—«*—2 m—>—2 m 2m—| 


PROB. 4.5-30 


4.5-31 The beam shown below has a sliding support at A 
and an elastic support with spring constant k at B. A distrib- 
uted load g(x) is applied over the entire beam. Find all sup- 
port reactions, then plot shear (V) and moment (M) diagrams 
for beam AB; label all critical V and M values and also the 
distance to points where any critical ordinates are zero. 





PROB. 4.5-31 


4,5-32 The shear-force diagram for a simple beam is shown 
in the figure. 

Determine the loading on the beam and draw the 
bending-moment diagram, assuming that no couples act as 
loads on the beam. 


12 kN 


i 


PROB. 4.5-32 


*4.5-33 The shear-force diagram for a beam is shown in the 
figure. Assuming that no couples act as loads on the beam, 
determine the forces acting on the beam and draw the 
bending-moment diagram. 


652 Ib 





-448 Ib —" 


4 ft 16 ft — — — 4ft 


PROB. 4.5-33 


4,5-34 The compound beam below has an internal moment 
release just to the left of B and a shear release just to the 
right of C. Reactions have been computed at A, C, and D and 
are shown in the figure. 
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First, confirm the reaction expressions using statics, 
then plot shear (V) and moment (M) diagrams. Label all crit- 
ical V and M values and also the distance to points where 
either V and/or M is zero. 


WoL? 
12 i A 


M4 = 





Moment 
release Shear 
2 oL woL release 


y 3 
PROB. 4.5-34 


4.5-35 The compound beam below has an shear release 
just to the left of C and a moment release just to the right 
of C. A plot of the moment diagram is provided below for 
applied load P at B and triangular distributed loads w(x) on 
segments BC and CD. 

First, solve for reactions using statics, then plot axial 
force (N) and shear (V) diagrams. Confirm that the moment 
diagram is that shown below. Label all critical N, V, and M 
values and also the distance to points where N, V, and/or M 
is Zero. 





PROB. 4.5-35 
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*4.5-36 A simple beam AB supports two connected wheel 
loads P and 2P that are distance d apart (see figure). The 
wheels may be placed at any distance x from the left-hand 
support of the beam. 

(a) Determine the distance x that will produce the 
maximum shear force in the beam, and also determine the 
maximum shear force Vmax- 

(b) Determine the distance x that will produce the 
maximum bending moment in the beam, and also draw the cor- 
responding bending-moment diagram. (Assume P = 10 kN, 
d — 2.4 m, and L = 12 m.) 





PROB. 4.5-36 


4.5-37 The inclined beam represents a ladder with the fol- 
lowing applied loads: the weight (W) of the house painter 
and the distributed weight (w) of the ladder itself. Find sup- 
port reactions at A and B, then plot axial force (N), shear (V), 
and moment (M) diagrams. Label all critical N, V, and M 
values and also the distance to points where any critical 
ordinates are zero. Plot N, V, and M diagrams normal to the 
inclined ladder. 


Qo at B 








PROB. 4.5-37 


4.5-38 Beam ABC is supported by a tie rod CD as shown. 
Two configurations are possible: pin support at A and 
downward triangular load on AB or pin at 5 and upward 
load on AB. Which has the larger maximum moment? 

First, find all support reactions, then plot axial force (N), 
shear (V), and moment (M) diagrams for ABC only and label 
all critical N, V, and M values. Label the distance to points 
where any critical ordinates are zero. 


Moment 4 P= do L 
releases — 
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—3» D. 
D 
qo at B Moment P = qgL 
releases 





PROB. 4.5-38 


4.5-39 The plane frame below consists of column AB and 
beam BC which carries a triangular distributed load. Support 
A is fixed, and there is a roller support at C. Column AB has 
a moment release just below joint B. 

Find support reactions at A and C, then plot axial 
force (N), shear (V), and moment (M) diagrams for both 
members. Label all critical N, V, and M values and also the 
distance to points where any critical ordinates are zero. 








qo 
C 
L 
Moment 
release 
Roy 
—— > R Ax 





PROB. 4.5-39 


4.5-40 The plane frame shown below is part of an elevated 
freeway system. Supports at A and D are fixed but there are 
moment releases at the base of both columns (AB and DE), 
as well as in column BC and at the end of beam BE. 

Find all support reactions, then plot axial force (N), 
shear (V), and moment (M) diagrams for all beam and col- 
umn members. Label all critical N, V, and M values and 
also the distance to points where any critical ordinates are 
Zero. 


750 N/m 


Moment 
release 


1500 N/m 





PROB. 4.5-40 
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Beams are essential load carrying components in modern building and bridge construction. 
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Stresses in Beams 
(Basic Topics) 


CHAPTER OVERVIEW 


Chapter 5 is concerned with stresses and strains in beams which have 
loads applied in the xy plane, a plane of symmetry of the cross section, 
resulting in beam deflection in that same plane, known as the plane of 
bending. Both pure bending (beam flexure under constant bending 
moment) and nonuniform bending (flexure in the presence of shear 
forces) are discussed (Section 5.2). We will see that strains and stresses 
in the beam are directly related to the curvature K of the deflection curve 
(Section 5.3). A strain-curvature relation will be developed from con- 
sideration of longitudinal strains developed in the beam during bending; 
these strains vary linearly with distance from the neutral surface of the 
beam (Section 5.4). When Hooke's law (which applies for linearly elas- 
tic materials) is combined with the strain-curvature relation, we find that 
the neutral axis passes through the centroid of the cross section. As a 
result, x and y axes are seen to be principal centroidal axes. By consider- 
ation of the moment resultant of the normal stresses acting over the 
cross section, we next derive the moment-curvature relation which 
relates curvature (kK) to moment (M) and flexural rigidity (ET). This will 
lead to the differential equation of the beam elastic curve, a topic for 
consideration in Chapter 9 when we will discuss beam deflections in 
detail. Of immediate interest here, however, are beam stresses, and the 
moment-curvature relation is next used to develop the flexure formula 
(Section 5.5). The flexure formula shows that normal stresses (0) vary 
linearly with distance (y) from the neutral surface and depend on bend- 
ing moment (M) and moment of inertia (7) of the cross section. Next, the 
section modulus (S) of the beam cross section is defined and then used 
in design of beams in Section 5.6. In beam design, we use the maximum 
bending moment (Mmax) (obtained from the bending moment diagram 
(Section 4.5)) and the allowable normal stress for the material (0415,,) to 
compute the required section modulus, then select an appropriate beam 
of steel or wood from the tables in Appendices E and F. If the beam is 
nonprismatic (Section 5.7), the flexure formula still applies provided 
that changes in cross-sectional dimensions are gradual. However, we 
cannot assume that the maximum stresses occur at the cross section with 
the largest bending moment. 
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For beams in nonuniform bending, both normal and shear stresses are 
developed and must be considered in beam analysis and design. Normal 
stresses are computed using the flexure formula, as noted above, and the 
shear formula must be used to calculate shear stresses (7) which vary over 
the height of the beam (Sections 5.8 and 5.9). Maximum normal and shear 
stresses do not occur at the same location along a beam, but in most cases, 
maximum normal stresses control the design of the beam. Special consid- 
eration is given to shear stresses in beams with flanges (e.g., W and C 
shapes) (Section 5.10). Built-up beams fabricated of two or more pieces of 
material must be designed as though they were made up of one piece, and 
then the connections between the parts (e.g., nails, bolts, welds, and glue) 
are designed to ensure that the connections are strong enough to transmit 
the horizontal shear forces acting between the parts of the beam (Section 
5.11). If structural members are subjected to the simultaneous action of 
both bending and axial loads and are not too slender so as to avoid buck- 
ling, the combined stresses can be obtained by superposition of the bending 
stresses and the axial stresses (Section 5.12). Finally, for beams with high 
localized stresses due to holes, notches, or other abrupt changes in dimen- 
sions, stress concentrations must be considered, especially for beams made 
of brittle materials or subjected to dynamic loads (Section 5.13). 


Chapter 5 is organized as follows: 
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5.1 INTRODUCTION 


(b) 


FIG. 5-1 Bending of a cantilever beam: 
(a) beam with load, and (b) deflection 
curve 
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In the preceding chapter we saw how the loads acting on a beam create 
internal actions (or stress resultants) in the form of shear forces and 
bending moments. In this chapter we go one step further and investigate 
the stresses and strains associated with those shear forces and bending 
moments. Knowing the stresses and strains, we will be able to analyze 
and design beams subjected to a variety of loading conditions. 

The loads acting on a beam cause the beam to bend (or flex), thereby 
deforming its axis into a curve. As an example, consider a cantilever beam 
AB subjected to a load P at the free end (Fig. 5-1a). The initially straight axis 
is bent into a curve (Fig. 5-1b), called the deflection curve of the beam. 

For reference purposes, we construct a system of coordinate axes 
(Fig. 5-1b) with the origin located at a suitable point on the longitudinal 
axis of the beam. In this illustration, we place the origin at the fixed sup- 
port. The positive x axis is directed to the right, and the positive y axis is 
directed upward. The z axis, not shown in the figure, is directed outward 
(that is, toward the viewer), so that the three axes form a right-handed 
coordinate system. 

The beams considered in this chapter (like those discussed in Chapter 4) 
are assumed to be symmetric about the xy plane, which means that the y axis 
is an axis of symmetry of the cross section. In addition, all loads must act in 
the xy plane. As a consequence, the bending deflections occur in this same 
plane, known as the plane of bending. Thus, the deflection curve shown in 
Fig. 5-Ib is a plane curve lying in the plane of bending. 

The deflection of the beam at any point along its axis is the 
displacement of that point from its original position, measured in the y direc- 
tion. We denote the deflection by the letter v to distinguish it from the coor- 
dinate y itself (see Fig. 5-1b). 


5.2 PURE BENDING AND NONUNIFORM BENDING 





FIG. 5-2 Simple beam in pure bending 
(M = My) 


When analyzing beams, it is often necessary to distinguish between pure 
bending and nonuniform bending. Pure bending refers to flexure of a 
beam under a constant bending moment. Therefore, pure bending occurs 
only in regions of a beam where the shear force is zero (because 
V = dM/dx; see Eq. 4-6). In contrast, nonuniform bending refers to 
flexure in the presence of shear forces, which means that the bending 
moment changes as we move along the axis of the beam. 

As an example of pure bending, consider a simple beam AB loaded 
by two couples M, having the same magnitude but acting in opposite 
directions (Fig. 5-2a). These loads produce a constant bending moment 
M = M, throughout the length of the beam, as shown by the bending 


"In applied mechanics, the traditional symbols for displacements in the x, y, and z direc- 
tions are u, v, and w, respectively. 
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M» 
M 
(a) i 


(b) 


FIG. 5-3 Cantilever beam in pure bending 
(M = —-M>) 


FIG. 5-4 Simple beam with central region 
in pure bending and end regions in 
nonuniform bending 


5.3 CURVATURE OF A BEAM 


moment diagram in part (b) of the figure. Note that the shear force V is 
zero at all cross sections of the beam. 

Another illustration of pure bending is given in Fig. 5-3a, where 
the cantilever beam AB is subjected to a clockwise couple M, at the 
free end. There are no shear forces in this beam, and the bending 
moment M is constant throughout its length. The bending moment is 
negative (M = —M5), as shown by the bending moment diagram in 
part (b) of Fig. 5-3. 

The symmetrically loaded simple beam of Fig. 5-4a is an example of 
a beam that is partly in pure bending and partly in nonuniform bending, 
as seen from the shear-force and bending-moment diagrams (Figs. 5-4b 
and c). The central region of the beam is in pure bending because the 
shear force is zero and the bending moment is constant. The parts of 
the beam near the ends are in nonuniform bending because shear forces 
are present and the bending moments vary. 





In the following two sections we will investigate the strains and 
stresses in beams subjected only to pure bending. Fortunately, we can 
often use the results obtained for pure bending even when shear forces 
are present, as explained later (see the last paragraph in Section 5.8). 


When loads are applied to a beam, its longitudinal axis is deformed into 
a curve, as illustrated previously in Fig. 5-1. The resulting strains and 
stresses in the beam are directly related to the curvature of the deflection 
curve. 

To illustrate the concept of curvature, consider again a cantilever 
beam subjected to a load P acting at the free end (see Fig. 5-5a on the 
next page). The deflection curve of this beam is shown in Fig. 5-5b. For 
purposes of analysis, we identify two points m, and m, on the deflection 
curve. Point m, is selected at an arbitrary distance x from the y axis and 
point m, is located a small distance ds further along the curve. At each of 
these points we draw a line normal to the tangent to the deflection curve, 


d0 





(b) 


FIG. 5-5 Curvature of a bent beam: 
(a) beam with load, and (b) deflection 
curve 
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that is, normal to the curve itself. These normals intersect at point O', 
which is the center of curvature of the deflection curve. Because most 
beams have very small deflections and nearly flat deflection curves, point 
O' is usually located much farther from the beam than is indicated in the 
figure. 

The distance m,O’ from the curve to the center of curvature is 
called the radius of curvature p (Greek letter rho), and the curvature 
K (Greek letter kappa) is defined as the reciprocal of the radius of curva- 
ture. Thus, 


K — 


1 
p (5-1) 


Curvature is a measure of how sharply a beam is bent. If the load on a 
beam is small, the beam will be nearly straight, the radius of curvature 
will be very large, and the curvature will be very small. If the load is 
increased, the amount of bending will increase—the radius of curvature 
will become smaller, and the curvature will become larger. 

From the geometry of triangle O'm,m» (Fig. 5-5b) we obtain 


p d0 — ds (a) 


in which d0 (measured in radians) is the infinitesimal angle between the 
normals and ds is the infinitesimal distance along the curve between 
points mı and mz. Combining Eq. (a) with Eq. (5-1), we get 


K = d (5-2) 
p ds 


This equation for curvature is derived in textbooks on calculus and holds 
for any curve, regardless of the amount of curvature. If the curvature is 
constant throughout the length of a curve, the radius of curvature will 
also be constant and the curve will be an arc of a circle. 

The deflections of a beam are usually very small compared to its 
length (consider, for instance, the deflections of the structural frame of an 
automobile or a beam in a building). Small deflections mean that the 
deflection curve is nearly flat. Consequently, the distance ds along the 
curve may be set equal to its horizontal projection dx (see Fig. 5-5b). 
Under these special conditions of small deflections, the equation for the 
curvature becomes 


E (5-3) 
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curvature 





Negative 
curvature 





(b) 


FIG. 5-6 Sign convention for curvature 


Both the curvature and the radius of curvature are functions of the 
distance x measured along the x axis. It follows that the position O” of the 
center of curvature also depends upon the distance x. 

In Section 5.5 we will see that the curvature at a particular point 
on the axis of a beam depends upon the bending moment at that point 
and upon the properties of the beam itself (shape of cross section 
and type of material). Therefore, if the beam is prismatic and the 
material is homogeneous, the curvature will vary only with the 
bending moment. Consequently, a beam in pure bending will have con- 
stant curvature and a beam in nonuniform bending will have varying 
curvature. 

The sign convention for curvature depends upon the orientation 
of the coordinate axes. If the x axis is positive to the right and the y axis 
is positive upward, as shown in Fig. 5-6, then the curvature is positive 
when the beam is bent concave upward and the center of curvature is 
above the beam. Conversely, the curvature is negative when the beam 
is bent concave downward and the center of curvature is below the 
beam. 

In the next section we will see how the longitudinal strains in a bent 
beam are determined from its curvature, and in Chapter 9 we will see 
how curvature is related to the deflections of beams. 


5.4 LONGITUDINAL STRAINS IN BEAMS 


The longitudinal strains in a beam can be found by analyzing the curva- 
ture of the beam and the associated deformations. For this purpose, let us 
consider a portion AB of a beam in pure bending subjected to positive 
bending moments M (Fig. 5-7a). We assume that the beam initially has a 
straight longitudinal axis (the x axis in the figure) and that its cross 
section is symmetric about the y axis, as shown in Fig. 5-7b. 

Under the action of the bending moments, the beam deflects in the 
xy plane (the plane of bending) and its longitudinal axis is bent into a cir- 
cular curve (curve ss in Fig. 5-7c). The beam is bent concave upward, 
which is positive curvature (Fig. 5-6a). 

Cross sections of the beam, such as sections mn and pq in Fig. 5-7a, 
remain plane and normal to the longitudinal axis (Fig. 5-7c). The fact 
that cross sections of a beam in pure bending remain plane is so funda- 
mental to beam theory that it is often called an assumption. However, 
we could also call it a theorem, because it can be proved rigorously 
using only rational arguments based upon symmetry (Ref. 5-1). The basic 
point is that the symmetry of the beam and its loading (Figs. 5-7a and b) 
means that all elements of the beam (such as element mpgn) must 
deform in an identical manner, which is possible only if cross sections 
remain plane during bending (Fig. 5-7c). This conclusion is valid for 
beams of any material, whether the material is elastic or inelastic, linear 
or nonlinear. Of course, the material properties, like the dimensions, must 


FIG. 5-7 Deformations of a beam in pure 
bending: (a) side view of beam, 

(b) cross section of beam, and 

(c) deformed beam 
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(a) (b) 





be symmetric about the plane of bending. (Note: Even though a plane 
cross section in pure bending remains plane, there still may be deforma- 
tions in the plane itself. Such deformations are due to the effects of 
Poisson’s ratio, as explained at the end of this discussion.) 

Because of the bending deformations shown in Fig. 5-7c, cross 
sections mn and pq rotate with respect to each other about axes perpendi- 
cular to the xy plane. Longitudinal lines on the lower part of the beam are 
elongated, whereas those on the upper part are shortened. Thus, the lower 
part of the beam is in tension and the upper part is in compression. 
Somewhere between the top and bottom of the beam is a surface in which 
longitudinal lines do not change in length. This surface, indicated by the 
dashed line ss in Figs. 5-7a and c, is called the neutral surface of the 
beam. Its intersection with any cross-sectional plane is called the neutral 
axis of the cross section; for instance, the z axis is the neutral axis for the 
cross section of Fig. 5-7b. 

The planes containing cross sections mn and pq in the deformed 
beam (Fig. 5-7c) intersect in a line through the center of curvature O’. 
The angle between these planes is denoted d0, and the distance from O’ 
to the neutral surface ss is the radius of curvature p. The initial distance 
dx between the two planes (Fig. 5-7a) is unchanged at the neutral surface 
(Fig. 5-7c), hence pd0 = dx. However, all other longitudinal lines 
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between the two planes either lengthen or shorten, thereby creating 
normal strains e,. 

To evaluate these normal strains, consider a typical longitudinal 
line ef located within the beam between planes mn and pq (Fig. 5-7a). 
We identify line ef by its distance y from the neutral surface in the ini- 
tially straight beam. Thus, we are now assuming that the x axis lies 
along the neutral surface of the undeformed beam. Of course, when the 
beam deflects, the neutral surface moves with the beam, but the x axis 
remains fixed in position. Nevertheless, the longitudinal line ef in the 
deflected beam (Fig. 5-7c) is still located at the same distance y from 
the neutral surface. Thus, the length L, of line ef after bending takes 
place is 


Lı = (p — y) d0 = dx — --dx 
p 


in which we have substituted d0 = dx/p. 

Since the original length of line ef is dx, it follows that its elongation 
is L1 — dx, or —y dx/p. The corresponding longitudinal strain is equal to 
the elongation divided by the initial length dx; therefore, the strain- 
curvature relation is 


e — 4 = Ky (5-4) 


where x is the curvature (see Eq. 5-1). 

The preceding equation shows that the longitudinal strains in the 
beam are proportional to the curvature and vary linearly with the distance 
y from the neutral surface. When the point under consideration is above 
the neutral surface, the distance y is positive. If the curvature is also 
positive (as in Fig. 5-7c), then e, will be a negative strain, representing a 
shortening. By contrast, if the point under consideration is below the 
neutral surface, the distance y will be negative and, if the curvature is 
positive, the strain e, will also be positive, representing an elongation. 
Note that the sign convention for e, is the same as that used for normal 
strains in earlier chapters, namely, elongation is positive and shortening 
is negative. 

Equation (5-4) for the normal strains in a beam was derived solely 
from the geometry of the deformed beam—the properties of the material 
did not enter into the discussion. Therefore, the strains in a beam in pure 
bending vary linearly with distance from the neutral surface regardless of 
the shape of the stress-strain curve of the material. 

The next step in our analysis, namely, finding the stresses from the 
strains, requires the use of the stress-strain curve. This step is described 
in the next section for linearly elastic materials and in Section 6.10 for 
elastoplastic materials. 


— Example 5-1 


FIG. 5-8 Example 5-1. Beam in pure 
bending: (a) beam with loads, and 
(b) deflection curve 
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The longitudinal strains in a beam are accompanied by transverse 
strains (that is, normal strains in the y and z directions) because of the 
effects of Poisson's ratio. However, there are no accompanying 
transverse stresses because beams are free to deform laterally. This stress 
condition is analogous to that of a prismatic bar in tension or compres- 
sion, and therefore longitudinal elements in a beam in pure bending are 
in a state of uniaxial stress. 


A simply supported steel beam AB (Fig. 5-8a) of length L — 8.0 ft and height 
h = 6.0 in. is bent by couples Mp into a circular arc with a downward deflection ô 
at the midpoint (Fig. 5-8b). The longitudinal normal strain (elongation) on the 
bottom surface of the beam is 0.00125, and the distance from the neutral surface to 
the bottom surface of the beam is 3.0 in. 

Determine the radius of curvature p, the curvature x, and the deflection ô of 
the beam. 

Note: This beam has a relatively large deflection because its length is large 
compared to its height (L/h = 16) and the strain of 0.00125 is also large. (It is 
about the same as the yield strain for ordinary structural steel.) 





continued 
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Solution 

Curvature. Since we know the longitudinal strain at the bottom surface of 
the beam (e, = 0.00125), and since we also know the distance from the neutral 
surface to the bottom surface (y = —3.0 in.), we can use Eq. (5-4) to calculate 
both the radius of curvature and the curvature. Rearranging Eq. (5-4) and substi- 
tuting numerical values, we get 

B y_ eO UR Eu E 
p & 0.00125 2400 in. — 200 ft K , 0.0050 ft^ «mm 
These results show that the radius of curvature is extremely large compared to 
the length of the beam even when the strain in the material is large. If, as usual, 
the strain is less, the radius of curvature is even larger. 

Deflection. As pointed out in Section 5.3, a constant bending moment (pure 
bending) produces constant curvature throughout the length of a beam. Therefore, 
the deflection curve is a circular arc. From Fig. 5-8b we see that the distance from 
the center of curvature O’ to the midpoint C” of the deflected beam is the radius of 
curvature p, and the distance from O’ to point C on the x axis is p cos 0, where 0 is 
angle BO'C. This leads to the following expression for the deflection at the midpoint 
of the beam: 


ô = p(1 — cos 0) (5-5) 


For a nearly flat curve, we can assume that the distance between supports is the 
same as the length of the beam itself. Therefore, from triangle BO'C we get 


Ee (5-6) 


sin 0 = 


Substituting numerical values, we obtain 


| (8.0 ft)(12 in./f) 
E ES (Ce 
as 2(2400 in.) 
and 0 = 0.0200 rad = 1.146? 


Note that for practical purposes we may consider sin 0 and 0 (radians) to be equal 
numerically because 0 is a very small angle. 
Now we substitute into Eq. (5-5) for the deflection and obtain 


ô = p(1 — cos 0) = (2400 in.))(1 — 0.999800) = 0.480 in. Me 


This deflection is very small compared to the length of the beam, as shown by 
the ratio of the span length to the deflection: 
L (8.0 ft)(2 inft) 
Ó 0.480 in. 


— 200 


Thus, we have confirmed that the deflection curve is nearly flat in spite of the 
large strains. Of course, in Fig. 5-8b the deflection of the beam is highly exag- 
gerated for clarity. 

Note: The purpose of this example is to show the relative magnitudes of the 
radius of curvature, length of the beam, and deflection of the beam. However, the 
method used for finding the deflection has little practical value because it is lim- 
ited to pure bending, which produces a circular deflected shape. More useful 
methods for finding beam deflections are presented later in Chapter 9. 
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5.5 NORMAL STRESSES IN BEAMS (LINEARLY ELASTIC MATERIALS) 





(b) 


FlG. 5-9 Normal stresses in a beam of 
linearly elastic material: (a) side view of 
beam showing distribution of normal 
stresses, and (b) cross section of beam 
showing the z axis as the neutral axis of 
the cross section 


In the preceding section we investigated the longitudinal strains €, in a 
beam in pure bending (see Eq. 5-4 and Fig. 5-7). Since longitudinal 
elements of a beam are subjected only to tension or compression, we can 
use the stress-strain curve for the material to determine the stresses from 
the strains. The stresses act over the entire cross section of the beam and 
vary in intensity depending upon the shape of the stress-strain diagram 
and the dimensions of the cross section. Since the x direction is longitudinal 
(Fig. 5-7a), we use the symbol o; to denote these stresses. 

The most common stress-strain relationship encountered in 
engineering is the equation for a linearly elastic material. For such 
materials we substitute Hooke's law for uniaxial stress (o = Ee) into 
Eq. (5-4) and obtain 


o, = Ee, = —— = —Eky (5-7) 


This equation shows that the normal stresses acting on the cross section 
vary linearly with the distance y from the neutral surface. This stress 
distribution is pictured in Fig. 5-9a for the case in which the bending 
moment M is positive and the beam bends with positive curvature. 

When the curvature is positive, the stresses o; are negative (com- 
pression) above the neutral surface and positive (tension) below it. In the 
figure, compressive stresses are indicated by arrows pointing toward the 
Cross section and tensile stresses are indicated by arrows pointing away 
from the cross section. 

In order for Eq. (5-7) to be of practical value, we must locate the origin 
of coordinates so that we can determine the distance y. In other words, we 
must locate the neutral axis of the cross section. We also need to obtain a 
relationship between the curvature and the bending moment—so that we 
can substitute into Eq. (5-7) and obtain an equation relating the stresses to 
the bending moment. These two objectives can be accomplished by deter- 
mining the resultant of the stresses o; acting on the cross section. 

In general, the resultant of the normal stresses consists of two 
stress resultants: (1) a force acting in the x direction, and (2) a bending 
couple acting about the z axis. However, the axial force is zero when a 
beam is in pure bending. Therefore, we can write the following equations 
of statics: (1) The resultant force in the x direction is equal to zero, and 
(2) the resultant moment is equal to the bending moment M. The first 
equation gives the location of the neutral axis and the second gives the 
moment-curvature relationship. 


Location of Neutral Axis 


To obtain the first equation of statics, we consider an element of area dA 
in the cross section (Fig. 5-9b). The element is located at distance y from 
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(b) 


FIG. 5-9 (Repeated) 


the neutral axis, and therefore the stress o, acting on the element is given 
by Eq. (5-7). The force acting on the element is equal to o; dA and is 
compressive when y is positive. Because there is no resultant force acting 
on the cross section, the integral of o dA over the area A of the entire 
Cross section must vanish; thus, the first equation of statics 1s 


| asas = — | ioa = 0 (a) 
A A 


Because the curvature « and modulus of elasticity Æ are nonzero 
constants at any given cross section of a bent beam, they are not involved 
in the integration over the cross-sectional area. Therefore, we can drop 
them from the equation and obtain 


| epe emu (5-8) 
A 


This equation states that the first moment of the area of the cross section, 
evaluated with respect to the z axis, is zero. In other words, the z axis 
must pass through the centroid of the cross section. 

Since the z axis is also the neutral axis, we have arrived at the 
following important conclusion: The neutral axis passes through the 
centroid of the cross-sectional area when the material follows Hooke’s 
law and there is no axial force acting on the cross section. This 
observation makes it relatively simple to determine the position of the 
neutral axis. 

As explained in Section 5.1, our discussion is limited to beams for 
which the y axis is an axis of symmetry. Consequently, the y axis also 
passes through the centroid. Therefore, we have the following additional 
conclusion: The origin O of coordinates (Fig. 5-9b) is located at the 
centroid of the cross-sectional area. 

Because the y axis is an axis of symmetry of the cross section, it 
follows that the y axis is a principal axis (see Chapter 12, Section 12.9, 
for a discussion of principal axes). Since the z axis is perpendicular to the 
y axis, it too is a principal axis. Thus, when a beam of linearly elastic 
material is subjected to pure bending, the y and z axes are principal 
centroidal axes. 


Moment-Curvature Relationship 


The second equation of statics expresses the fact that the moment resultant 
of the normal stresses o; acting over the cross section is equal to the 
bending moment M (Fig. 5-9a). The element of force o,dA acting on the 
element of area dA (Fig. 5-9b) is in the positive direction of the x axis 
when o; is positive and in the negative direction when oc; is negative. 
Since the element dA is located above the neutral axis, a positive stress 


"Centroids and first moments of areas are discussed in Chapter 12, Sections 12.2 and 12.3. 
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FIG. 5-10 Relationships between signs of 
bending moments and signs of 
curvatures 
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g, acting on that element produces an element of moment equal to 
0. y dA. This element of moment acts opposite in direction to the posi- 
tive bending moment M shown in Fig. 5-9a. Therefore, the elemental 
moment is 


dM = —oa,ydA 


The integral of all such elemental moments over the entire cross- 
sectional area A must equal the bending moment: 


ue Lon (b) 
A 


or, upon substituting for o from Eq. (5-7), 
M= | KEy* dA = KE | y* dA (5-9) 
A A 


This equation relates the curvature of the beam to the bending moment M. 
Since the integral in the preceding equation is a property of the cross- 
sectional area, it is convenient to rewrite the equation as follows: 


M = KEI (5-10) 


in which 


r= | yan 6-1) 
A 


This integral is the moment of inertia of the cross-sectional area with 
respect to the z axis (that is, with respect to the neutral axis). Moments of 
inertia are always positive and have dimensions of length to the fourth 
power; for instance, typical USCS units are in.^ and typical SI units are 
mm^ when performing beam calculations." 

Equation (5-10) can now be rearranged to express the curvature in 
terms of the bending moment in the beam: 


md (5-12) 
p EI 

Known as the moment-curvature equation, Eq. (5-12) shows that the 
curvature is directly proportional to the bending moment M and inversely 
proportional to the quantity E7, which is called the flexural rigidity of the 
beam. Flexural rigidity is a measure of the resistance of a beam to 
bending, that 1s, the larger the flexural rigidity, the smaller the curvature 
for a given bending moment. 

Comparing the sign convention for bending moments (Fig. 4-5) 
with that for curvature (Fig. 5-6), we see that a positive bending moment 
produces positive curvature and a negative bending moment produces 
negative curvature (see Fig. 5-10). 


"Moments of inertia of areas are discussed in Chapter 12, Section 12.4. 
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Flexure Formula 


Now that we have located the neutral axis and derived the moment- 
curvature relationship, we can determine the stresses in terms of the 
bending moment. Substituting the expression for curvature (Eq. 5-12) 
into the expression for the stress o (Eq. 5-7), we get 


on, em (5-13) 


This equation, called the flexure formula, shows that the stresses are 
directly proportional to the bending moment M and inversely propor- 
tional to the moment of inertia J of the cross section. Also, the stresses 
vary linearly with the distance y from the neutral axis, as previously 
observed. Stresses calculated from the flexure formula are called 
bending stresses or flexural stresses. 

If the bending moment in the beam is positive, the bending stresses 
will be positive (tension) over the part of the cross section where y is neg- 
ative, that is, over the lower part of the beam. The stresses in the upper 
part of the beam will be negative (compression). If the bending moment 
is negative, the stresses will be reversed. These relationships are shown 
in Fig. 5-11. 


Maximum Stresses at a Gross Section 


The maximum tensile and compressive bending stresses acting at any 
given cross section occur at points located farthest from the neutral axis. 
Let us denote by c, and c; the distances from the neutral axis to the 
extreme elements in the positive and negative y directions, respectively 
(see Fig. 5-9b and Fig. 5-11). Then the corresponding maximum normal 
stresses o, and o» (from the flexure formula) are 





FIG. 5-11 Relationships between 
signs of bending moments and 
directions of normal stresses: 
(a) positive bending moment, 
and (b) negative bending Tensile stresses 
moment (a) 








(b) 
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FIG. 5-12 Doubly symmetric cross- 
sectional shapes 
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Oo =~ = — (5-14a,b) 
in which 
Ss; = — S> = — (5-15a,b) 


The quantities S$; and S5 are known as the section moduli of the cross- 
sectional area. From Eqs. (5-15a and b) we see that each section modulus 
has dimensions of length to the third power (for example, in.? or mm"). 
Note that the distances c, and c; to the top and bottom of the beam are 
always taken as positive quantities. 

The advantage of expressing the maximum stresses in terms of 
section moduli arises from the fact that each section modulus combines 
the beam's relevant cross-sectional properties into a single quantity. Then 
this quantity can be listed in tables and handbooks as a property of the 
beam, which is a convenience to designers. (Design of beams using 
section moduli is explained in the next section.) 


Doubly Symmetric Shapes 


If the cross section of a beam is symmetric with respect to the z axis as 
well as the y axis (doubly symmetric cross section), then c, = c2 = c and 
the maximum tensile and compressive stresses are equal numerically: 


M M M 
s: WO 0 E (S-16a,b) 


ua 


in which 


d (5-17) 
t 


is the only section modulus for the cross section. 
For a beam of rectangular cross section with width b and height h 
(Fig. 5-12a), the moment of inertia and section modulus are 


3 
pP s. 


bie 
12 6 


(5-18a,b) 
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For a circular cross section of diameter d (Fig. 5-12b), these properties are 





(5-19a,b) 


Properties of other doubly symmetric shapes, such as hollow tubes (either 
rectangular or circular) and wide-flange shapes, can be readily obtained 
from the preceding formulas. 


Properties of Beam Cross Sections 


Moments of inertia of many plane figures are listed in Appendix D for 
convenient reference. Also, the dimensions and properties of standard sizes 
of steel and wood beams are listed in Appendixes E and F and in many 
engineering handbooks, as explained in more detail in the next section. 

For other cross-sectional shapes, we can determine the location of 
the neutral axis, the moment of inertia, and the section moduli by direct 
calculation, using the techniques described in Chapter 12. This procedure 
is illustrated later in Example 5-4. 


Limitations 


The analysis presented in this section is for pure bending of prismatic 
beams composed of homogeneous, linearly elastic materials. If a beam is 
subjected to nonuniform bending, the shear forces will produce warping 
(or out-of-plane distortion) of the cross sections. Thus, a cross section that 
was plane before bending is no longer plane after bending. Warping due 
to shear deformations greatly complicates the behavior of the beam. 
However, detailed investigations show that the normal stresses calculated 
from the flexure formula are not significantly altered by the presence of 
shear stresses and the associated warping (Ref. 2-1, pp. 42 and 48). Thus, 
we may justifiably use the theory of pure bending for calculating normal 
stresses in beams subjected to nonuniform bending." 

The flexure formula gives results that are accurate only in regions of 
the beam where the stress distribution is not disrupted by changes in the 
shape of the beam or by discontinuities in loading. For instance, the 
flexure formula is not applicable near the supports of a beam or close to 
a concentrated load. Such irregularities produce localized stresses, or 
stress concentrations, that are much greater than the stresses obtained 
from the flexure formula (see Section 5.13). 


"Beam theory began with Galileo Galilei (1564—1642), who investigated the behavior of 
various types of beams. His work in mechanics of materials is described in his famous 
book Two New Sciences, first published in 1638 (Ref. 5-2). Although Galileo made many 
important discoveries regarding beams, he did not obtain the stress distribution that we use 
today. Further progress in beam theory was made by Mariotte, Jacob Bernoulli, Euler, 
Parent, Saint- Venant, and others (Ref. 5-3). 


Example 5-2 


FIG. 5-13 Example 5-2. Wire bent around 
a drum 
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A high-strength steel wire of diameter d is bent around a cylindrical drum of 
radius Ro (Fig. 5-13). 

Determine the bending moment M and maximum bending stress Cmax in the 
wire, assuming d = 4 mm and Rọ = 0.5 m. (The steel wire has modulus of elas- 
ticity E = 200 GPa and proportional limit o5; = 1200 MPa.) 





Solution 

The first step in this example is to determine the radius of curvature p of the 
bent wire. Then, knowing p, we can find the bending moment and maximum 
stresses. 

Radius of curvature. The radius of curvature of the bent wire is the distance 
from the center of the drum to the neutral axis of the cross section of the wire: 


Bending moment. The bending moment in the wire may be found from the 
moment-curvature relationship (Eq. 5-12): 


M = == G21) 


in which Z is the moment of inertia of the cross-sectional area of the wire. 
Substituting for / in terms of the diameter d of the wire (Eq. 5-19a), we get 


4 
M= _ wkd” — (5222) 
POR + d) 


continued 
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This result was obtained without regard to the sign of the bending moment, since 
the direction of bending is obvious from the figure. 

Maximum bending stresses. The maximum tensile and compressive stresses, 
which are equal numerically, are obtained from the flexure formula as given by 
Eq. (5-16b): 


M 
S 


Omax c» 


in which S is the section modulus for a circular cross section. Substituting for M 
from Eq. (5-22) and for S from Eq. (5-19b), we get 


Ed 
Max ei cM TM 9225 
E EU Os) 


This same result can be obtained directly from Eq. (5-7) by replacing y with d/2 
and substituting for p from Eq. (5-20). 

We see by inspection of Fig. 5-13 that the stress is compressive on the lower 
(or inner) part of the wire and tensile on the upper (or outer) part. 

Numerical results. We now substitute the given numerical data into Eqs. (5-22) 
and (5-23) and obtain the following results: 


aEd* 7 (200 GPa)(4 mm)* 
M = —R = 50N: = 
322R + d)  32[2(0.5 m) + 4 mm] s 


Ed _ (200 GPa)(4 mm) 


max ` E = 797] MP 
Ro +d  2(05m)- 4mm E = 


Note that Cmax is less than the proportional limit of the steel wire, and therefore 
the calculations are valid. 

Note: Because the radius of the drum is large compared to the diameter of 
the wire, we can safely disregard d in comparison with 2Ro in the denominators 
of the expressions for M and Gmax. Then Eqs. (5-22) and (5-23) yield the 
following results: 


M = 5.03 N:m Tmax ^ 800 MPa 


These results are on the conservative side and differ by less than 1% from the 
more precise values. 


Example 5-3 


FIG. 5-14 Example 5-3. Stresses in a 


simple beam 
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A simple beam AB of span length L = 22 ft (Fig. 5-14a) supports a uniform load 
of intensity g = 1.5 k/ft and a concentrated load P = 12 k. The uniform load 
includes an allowance for the weight of the beam. The concentrated load acts at 
a point 9.0 ft from the left-hand end of the beam. The beam is constructed of 
glued laminated wood and has a cross section of width b = 8.75 in. and height 
h = 27 in. (Fig. 5-14b). 

Determine the maximum tensile and compressive stresses in the beam due 
to bending. 


P=12k 
q = 1.5 k/ft y ems 






























































(k) 
10.09 
0 
er 
L-22f 
21.41 
(a) (c) 
M 
= Gio 
ES h=27 in. (k-ft) 
sf fe 0 
Deest 
(d) 


Solution 

Reactions, shear forces, and bending moments. We begin the analysis by 
calculating the reactions at supports A and B, using the techniques described in 
Chapter 4. The results are 


Knowing the reactions, we can construct the shear-force diagram, shown 
in Fig. 5-14c. Note that the shear force changes from positive to negative 
under the concentrated load P, which is at a distance of 9 ft from the left-hand 
support. 


continued 
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Next, we draw the bending-moment diagram (Fig. 5-14d) and determine the 
maximum bending moment, which occurs under the concentrated load where the 
shear force changes sign. The maximum moment is 


Mmax = 151.6 k-ft 


The maximum bending stresses in the beam occur at the cross section of max- 
imum moment. 

Section modulus. The section modulus of the cross-sectional area is calcu- 
lated from Eq. (5-18b), as follows: 


Ss =—= (875 in.)(27 in.)* = 1063 in.? 


Maximum stresses. The maximum tensile and compressive stresses co; and 
0,., respectively, are obtained from Eq. (5-16a): 


Max _ (151.6 k-ft)(12 in./ft) 


a ICONE Ps = 
0.— gj = ms — — 1710 psi «em 


Because the bending moment is positive, the maximum tensile stress occurs at 
the bottom of the beam and the maximum compressive stress occurs at the top. 


Example 5-4 
qu 2I kN/m 
A B C 
«— —— 3.0 e 1.5 m 


(a) 





(b) 





—3.6 kN-m 


(c) 


FIG. 5-15 Example 5-4. Stresses in a 
beam with an overhang 
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The beam ABC shown in Fig 5-15a has simple supports at A and B and an over- 
hang from B to C. The length of the span is 3.0 m and the length of the overhang 
is 1.5 m. A uniform load of intensity g = 3.2 kN/m acts throughout the entire 
length of the beam (4.5 m). 

The beam has a cross section of channel shape with width b = 300 mm and 
height h = 80 mm (Fig. 5-16a). The web thickness is t = 12 mm, and the average 
thickness of the sloping flanges is the same. For the purpose of calculating the 
properties of the cross section, assume that the cross section consists of three rec- 
tangles, as shown in Fig. 5-16b. 

Determine the maximum tensile and compressive stresses in the beam due 
to the uniform load. 


Solution 

Reactions, shear forces, and bending moments. We begin the analysis of this 
beam by calculating the reactions at supports A and B, using the techniques 
described in Chapter 4. The results are 


From these values, we construct the shear-force diagram (Fig. 5-15b). Note that 
the shear force changes sign and is equal to zero at two locations: (1) at a dis- 
tance of 1.125 m from the left-hand support, and (2) at the right-hand reaction. 
Next, we draw the bending-moment diagram, shown in Fig. 5-15c. Both the 
maximum positive and maximum negative bending moments occur at the cross 
sections where the shear force changes sign. These maximum moments are 


Moos = 2.025kKN-m  Mneg = —3.6 kN:m 


respectively. 

Neutral axis of the cross section (Fig. 5-16b). The origin O of the yz coor- 
dinates is placed at the centroid of the cross-sectional area, and therefore the 
z axis becomes the neutral axis of the cross section. The centroid is located by 
using the techniques described in Chapter 12, Section 12.3, as follows. 

First, we divide the area into three rectangles (A,, A>, and A3). Second, we 
establish a reference axis Z-Z across the upper edge of the cross section, and we 
let y, and y, be the distances from the Z-Z axis to the centroids of areas A, and 


continued 
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FIG. 5-16 Cross section of beam 
discussed in Example 5-4. (a) Actual 
shape, and (b) idealized shape for use 
in analysis (the thickness of the beam 
is exaggerated for clarity) 





A», respectively. Then the calculations for locating the centroid of the entire 
channel section (distances c, and c5) are as follows: 


Area 1: y, = t/2 = 6 mm 
Ad) gs cima XO mm) SS mm 


Area 2: y2 = h/2 = 40 mm 
A> = ht = (80 mm) (12 mm) = 960 mm? 


Area 3: YSW A3 = A> 


_ DdXVWA: _ yiAr+ 2yoA2 


MIS Dun 


_ (6 mm) (3312 mm?) + 2(40 mm)(960 mm?) 


3312 mm? + 2(960 mm?) Soa 


Co = h —c, = 80mm — 18.48 mm = 61.52 mm 


Thus, the position of the neutral axis (the z axis) is determined. 

Moment of inertia. In order to calculate the stresses from the flexure 
formula, we must determine the moment of inertia of the cross-sectional area 
with respect to the neutral axis. These calculations require the use of the 
parallel-axis theorem (see Chapter 12, Section 12.5). 

Beginning with area A;, we obtain its moment of inertia (/,),; about the z axis 
from the equation 


Ure: Ad] (c) 


In this equation, (/.); is the moment of inertia of area A, about its own centroidal axis: 
l 3 I 3 4 
(1) = "B (b—2tyt) = D (276 mm)(12 mm) = 39,744 mm 


and d, is the distance from the centroidal axis of area A, to the z axis: 


d, = c, — t/2 = 18.48 mm — 6 mm = 12.48 mm 





Therefore, the moment of inertia of area A; about the z axis (from Eq. c) is 


(1L), = 39,744 mm* + (3312 mm?)(12.48 mm?) = 555,600 mm^ 


Proceeding in the same manner for areas A> and A5, we get 
uq ~ 956.600 mm“ 
Thus, the centroidal moment of inertia /, of the entire cross-sectional area is 
=i Gd), = 460»« 10° mm 


Section moduli. The section moduli for the top and bottom of the beam, 

respectively, are 
5, == 133,600mm? — 5,— “2 = 40,100 mm? 
C1 C2 

(see Eqs. 5-15a and b). With the cross-sectional properties determined, we can 
now proceed to calculate the maximum stresses from Eqs. (5-14a and b). 

Maximum stresses. At the cross section of maximum positive bending 
moment, the largest tensile stress occurs at the bottom of the beam (a>) and the 
largest compressive stress occurs at the top (o). Thus, from Eqs. (5-14b) and 
(5-14a), respectively, we get 


Moos = 2.023 kN:m 








oe cles Ney NID 
Or 7972  $, 40,100 mm? : 
Moos 2025 kN:m 
puse mos EU so NIP 
I S, 133,600 mm? E 


similarly, the largest stresses at the section of maximum negative moment are 





== -—3 Mhneg A Rm _73.6 kKN-m | = 26 9 MP 
DOE IUE UNIES NE A 
— Mag  -36kNm 





$.. 7 40.100 mm? ^ 3598 MPa 


A comparison of these four stresses shows that the largest tensile stress in the 
beam is 50.5 MPa and occurs at the bottom of the beam at the cross section of 
maximum positive bending moment; thus, 


(Tmax = 50.5 MPa 


The largest compressive stress is —89.8 MPa and occurs at the bottom of the 
beam at the section of maximum negative moment: 


(O-)max = — 89.8 MPa 


Thus, we have determined the maximum bending stresses due to the uniform 
load acting on the beam. 
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5.6 DESIGN OF BEAMS FOR BENDING STRESSES 





FIG. 5-17 Welder fabricating a large wide 
flange steel beam (Courtesy of AISC) 


The process of designing a beam requires that many factors be considered, 
including the type of structure (airplane, automobile, bridge, building, or 
whatever), the materials to be used, the loads to be supported, the 
environmental conditions to be encountered, and the costs to be paid. 
However, from the standpoint of strength, the task eventually reduces 
to selecting a shape and size of beam such that the actual stresses in the 
beam do not exceed the allowable stresses for the material. In this 
section, we will consider only the bending stresses (that is, the stresses 
obtained from the flexure formula, Eq. 5-13). Later, we will consider 
the effects of shear stresses (Sections 5.8, 5.9, and 5.10) and stress 
concentrations (Section 5.13). 

When designing a beam to resist bending stresses, we usually begin 
by calculating the required section modulus. For instance, if the beam 
has a doubly symmetric cross section and the allowable stresses are the 
same for both tension and compression, we can calculate the required 
modulus by dividing the maximum bending moment by the allowable 
bending stress for the material (see Eq. 5-16): 


fs (5-24) 


Oallow 


The allowable stress is based upon the properties of the material and the 
desired factor of safety. To ensure that this stress is not exceeded, we 
must choose a beam that provides a section modulus at least as large as 
that obtained from Eq. (5-24). 

If the cross section is not doubly symmetric, or if the allowable 
stresses are different for tension and compression, we usually need to 
determine two required section moduli—one based upon tension and the 
other based upon compression. Then we must provide a beam that satis- 
fies both criteria. 

To minimize weight and save material, we usually select a beam that 
has the least cross-sectional area while still providing the required section 
moduli (and also meeting any other design requirements that may be 
imposed). 

Beams are constructed in a great variety of shapes and sizes to suit a 
myriad of purposes. For instance, very large steel beams are fabricated by 
welding (Fig. 5-17), aluminum beams are extruded as round or rectan- 
gular tubes, wood beams are cut and glued to fit special requirements, 
and reinforced concrete beams are cast in any desired shape by proper 
construction of the forms. 

In addition, beams of steel, aluminum, plastic, and wood can be 
ordered in standard shapes and sizes from catalogs supplied by dealers 
and manufacturers. Readily available shapes include wide-flange beams, 
I-beams, angles, channels, rectangular beams, and tubes. 
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Beams of Standardized Shapes and Sizes 


The dimensions and properties of many kinds of beams are listed in 
engineering handbooks. For instance, in the United States the shapes 
and sizes of structural-steel beams are standardized by the American 
Institute of Steel Construction (AISC), which publishes manuals 
giving their properties in both USCS and SI units (Ref. 5-4). The 
tables in these manuals list cross-sectional dimensions and properties 
such as weight, cross-sectional area, moment of inertia, and section 
modulus. 

Properties of aluminum and wood beams are tabulated in a similar 
manner and are available in publications of the Aluminum Association 
(Ref. 5-5) and the American Forest and Paper Association (Ref. 5-6). 

Abridged tables of steel beams and wood beams are given later in 
this book for use in solving problems using both USCS and SI units (see 
Appendixes E and F). 

Structural-steel sections are given a designation such as W 30 X 211 
in USCS units, which means that the section is of W shape (also called a 
wide-flange shape) with a nominal depth of 30 in. and a weight of 211 Ib 
per ft of length (see Table E-1(a), Appendix E). The corresponding proper- 
ties for each W shape are also given in SI units in Table E-1(b). For 
example, in SI units, the W 30 X 211 is listed as W 760 X 314 with a 
nominal depth of 760 millimeters and mass of 314 kilograms per meter of 
length. 

Similar designations are used for S shapes (also called I-beams) 
and C shapes (also called channels), as shown in Tables E-2(a) and 
E-3(a) in USCS units and in Tables E-2(b) and E-3(b) in SI units. Angle 
sections, or L shapes, are designated by the lengths of the two legs and 
the thickness (see Tables E-4 and E-5). For example, L 8 X 6 X 1 (see 
Table E-5(a)) denotes an angle with unequal legs, one of length 8 in. 
and the other of length 6 in., with a thickness of 1 in. The correspon- 
ding label in SI units for this unequal leg angle is L 203 X 152 X 25.4 
(see Table E-5(b)). 

The standardized steel sections described above are manufactured by 
rolling, a process in which a billet of hot steel is passed back and forth 
between rolls until it is formed into the desired shape. 

Aluminum structural sections are usually made by the process of 
extrusion, in which a hot billet is pushed, or extruded, through a shaped 
die. Since dies are relatively easy to make and the material is workable, 
aluminum beams can be extruded in almost any desired shape. Standard 
shapes of wide-flange beams, I-beams, channels, angles, tubes, and other 
sections are listed in the A/uminum Design Manual (Ref. 5-5). In addi- 
tion, custom-made shapes can be ordered. 

Most wood beams have rectangular cross sections and are designated 
by nominal dimensions, such as 4 X 8 inches. These dimensions represent 
the rough-cut size of the lumber. The net dimensions (or actual dimen- 
sions) of a wood beam are smaller than the nominal dimensions if the 
sides of the rough lumber have been planed, or surfaced, to make them 
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FIG. 5-18 Cross-sectional shapes 
of beams 
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smooth. Thus, a 4 X 8 wood beam has actual dimensions 3.5 X 7.25 in. 
after it has been surfaced. Of course, the net dimensions of surfaced 
lumber should be used in all engineering computations. Therefore, net 
dimensions and the corresponding properties (in USCS units) are given in 
Appendix F. Similar tables are available in SI units. 


Relative Efficiency of Various Beam Shapes 


One of the objectives in designing a beam is to use the material as effi- 
ciently as possible within the constraints imposed by function, appear- 
ance, manufacturing costs, and the like. From the standpoint of 
strength alone, efficiency in bending depends primarily upon the shape 
of the cross section. In particular, the most efficient beam is one in 
which the material is located as far as practical from the neutral axis. 
The farther a given amount of material is from the neutral axis, the 
larger the section modulus becomes—and the larger the section mod- 
ulus, the larger the bending moment that can be resisted (for a given 
allowable stress). 

As an illustration, consider a cross section in the form of a rectangle 
of width b and height A (Fig. 5-18a). The section modulus (from 
Eq. 5-18b) is 

2 
S = CAR 0.167Ah (5-25) 
6 6 

where A denotes the cross-sectional area. This equation shows that a rec- 
tangular cross section of given area becomes more efficient as the height h 
is increased (and the width b is decreased to keep the area constant). Of 
course, there is a practical limit to the increase in height, because the beam 
becomes laterally unstable when the ratio of height to width becomes too 
large. Thus, a beam of very narrow rectangular section will fail due to lat- 
eral (sideways) buckling rather than to insufficient strength of the material. 

Next, let us compare a solid circular cross section of diameter d 
(Fig. 5-18b) with a square cross section of the same area. The side / of a 
square having the same area as the circle is h = (d/2)V m. The corre- 
sponding section moduli (from Eqs. 5-18b and 5-19b) are 


(a) (b) (c) (d) 
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he : 
Ssquare = = Lats = 0.11604? (5-26a) 


3 


d 
Suse = a = 0.09824? (5-26b) 


from which we get 


Ss uare 
—P = 1.18 (5-27) 


circle 


This result shows that a beam of square cross section is more efficient in 
resisting bending than is a circular beam of the same area. The reason, of 
course, is that a circle has a relatively larger amount of material located 
near the neutral axis. This material is less highly stressed, and therefore 
it does not contribute as much to the strength of the beam. 

The ideal cross-sectional shape for a beam of given cross-sectional 
area A and height h would be obtained by placing one-half of the area at 
a distance h/2 above the neutral axis and the other half at distance A/2 
below the neutral axis, as shown in Fig. 5-18c. For this ideal shape, we 
obtain 


2 2 
172 2) 2 — B S = EN = 0.5Ah (5-28a,b) 
2 2 4 h/2 


These theoretical limits are approached in practice by wide-flange 
sections and I-sections, which have most of their material in the flanges 
(Fig. 5-18d). For standard wide-flange beams, the section modulus is 
approximately 


S = 0.35Ah (5-29) 


which is less than the ideal but much larger than the section modulus for 
a rectangular cross section of the same area and height (see Eq. 5-25). 

Another desirable feature of a wide-flange beam is its greater width, 
and hence greater stability with respect to sideways buckling, when 
compared to a rectangular beam of the same height and section modulus. 
On the other hand, there are practical limits to how thin we can make the 
web of a wide-flange beam. If the web is too thin, it will be susceptible 
to localized buckling or it may be overstressed in shear, a topic that is 
discussed in Section 5.10. 

The following four examples illustrate the process of selecting a 
beam on the basis of the allowable stresses. In these examples, only the 
effects of bending stresses (obtained from the flexure formula) are 
considered. 

Note: When solving examples and problems that require the selec- 
tion of a steel or wood beam from the tables in the appendix, we use the 
following rule: If several choices are available in a table, select the 
lightest beam that will provide the required section modulus. 
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A simply supported wood beam having a span length L — 12 ft carries a uniform 
load q = 420 lb/ft (Fig. 5-19). The allowable bending stress is 1800 psi, the wood 
weighs 35 Ib/ft^, and the beam is supported laterally against sideways buckling 
and tipping. 

Select a suitable size for the beam from the table in Appendix F. 





Solution 

Since we do not know in advance how much the beam weighs, we will 
proceed by trial-and-error as follows: (1) Calculate the required section modulus 
based upon the given uniform load. (2) Select a trial size for the beam. (3) Add 
the weight of the beam to the uniform load and calculate a new required section 
modulus. (4) Check to see that the selected beam is still satisfactory. If it is not, 
select a larger beam and repeat the process. 





FIG. 5-19 Example 5-5. Design of a (1) The maximum bending moment in the beam occurs at the midpoint (see 
simply supported wood beam Eq. 4-15): 


, = IE (0f)? f) (12 in./ft) 


a a = 90,720 Ib-in. 


The required section modulus (Eq. 5-24) is 


M. — 90,720 Ib-in. | 
= Sa iy 
OP 1800 psi 





(2) From the table in Appendix F we see that the lightest beam that supplies 
a section modulus of at least 50.40 in.* about axis 1-1 is a 3 X 12 in. beam 
(nominal dimensions). This beam has a section modulus equal to 52.73 in.? and 
weighs 6.8 Ib/ft. (Note that Appendix F gives weights of beams based upon a 
density of 35 Ib/ft^.) 


(3) The uniform load on the beam now becomes 426.8 Ib/ft, and the corre- 
sponding required section modulus is 


426.8 Ib/ft 


S = (50.40 in.’ 
( i‘ ( 420 Ib/ft 


| — 511.22 t3. 


(4) The previously selected beam has a section modulus of 52.73 in.^, which 
is larger than the required modulus of 51.22 in.? 
Therefore, a 3 X 12 in. beam is satisfactory. e 


Note: If the weight density of the wood is other than 35 Ib/ft^, we can obtain 
the weight of the beam per linear foot by multiplying the value in the last column 
in Appendix F by the ratio of the actual weight density to 35 Ib/ft". 


Example 5-6 








(a) (b) 


FIG. 5-20 Example 5-6. (a) Solid wood 
post, and (b) aluminum tube 


SECTION 5.6 Design of Beams for Bending Stresses 3/9 


A vertical post 2.5-meters high must support a lateral load P — 12 kN at its upper 
end (Fig. 5-20). Two plans are proposed—a solid wood post and a hollow 
aluminum tube. 

(a) What is the minimum required diameter d; of the wood post if the allow- 
able bending stress in the wood is 15 MPa? 

(b) What is the minimum required outer diameter d, of the aluminum tube 
if its wall thickness is to be one-eighth of the outer diameter and the allowable 
bending stress in the aluminum is 50 MPa? 


Solution 
Maximum bending moment. The maximum moment occurs at the base of the 
post and is equal to the load P times the height h; thus, 


M, = Ph = (12 KN)(2.5 m) = 30 kN:m 


(a) Wood post. The required section modulus S, for the wood post (see 
Eqs. 5-19b and 5-24) is 


ay Max Š 
due qu ae e aA INFE cc lm? a eame 


S — 
|l 32 o,  15MPa 


Solving for the diameter, we get 
d,=273 mm a 


The diameter selected for the wood post must be equal to or larger than 273 mm 
if the allowable stress is not to be exceeded. 

(b) Aluminum tube. To determine the section modulus S» for the tube, we 
first must find the moment of inertia J of the cross section. The wall thickness 
of the tube is d5/8, and therefore the inner diameter is də — d2/4, or 0.75d>. Thus, 
the moment of inertia (see Eq. 5-19a) is 


TT 


Jm 
22807 


la’ E (0.15d2)" = (Mae 


The section modulus of the tube is now obtained from Eq. (5-17) as follows: 


_ bh _ 0.03356d> 


= War UE 
ae. d>/2 i 


The required section modulus is obtained from Eq. (5-24): 


M » 
S = —™ = SUIS = eons me BP) Ce umm 
Oallow 50 MPa 


By equating the two preceding expressions for the section modulus, we can solve 
for the required outer diameter: 

(= x 10° mm? 

(p 


173 
— 208 um 
0.06712 | pes 


The corresponding inner diameter is 0.75(208 mm), or 156 mm. 
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Example 5-7 


FIG. 5-21 Example 5-7. Design of a 
simple beam with partial uniform loads 


A simple beam AB of span length 21 ft must support a uniform load q — 2000 Ib/ft 
distributed along the beam in the manner shown in Fig. 5-21a. 

Considering both the uniform load and the weight of the beam, and also 
using an allowable bending stress of 18,000 psi, select a structural steel beam of 
wide-flange shape to support the loads. 


q — 2000 Ib/ft q — 2000 Ib/ft 


A B 


[n ft <3 ft><—6 1 
RA 








Rp 
(a) 
18,860 
V 
(Ib) 
0 
—5140 
X1 > 
—17,140 
(b) 


Solution 

In this example, we will proceed as follows: (1) Find the maximum bending 
moment in the beam due to the uniform load. (2) Knowing the maximum 
moment, find the required section modulus. (3) Select a trial wide-flange beam 
from Table E-1 in Appendix E and obtain the weight of the beam. (4) With the 
weight known, calculate a new value of the bending moment and a new value of 
the section modulus. (5) Determine whether the selected beam is still satisfac- 
tory. If it is not, select a new beam size and repeat the process until a satisfactory 
size of beam has been found. 

Maximum bending moment. To assist in locating the cross section of max- 
imum bending moment, we construct the shear-force diagram (Fig. 5-21b) using 
the methods described in Chapter 4. As part of that process, we determine the 
reactions at the supports: 

R4 = 18,860 Ib Rg = 17,140 Ib 


The distance x, from the left-hand support to the cross section of zero shear force 
is obtained from the equation 


V= R> gx, = 0 





which is valid in the range 0 S x S 12 ft. Solving for xı, we get 


RA 18,860 Ib 
= TA = OOO = 9430 ft 
" g . 2000 lb/ft 


which is less than 12 ft, and therefore the calculation is valid. 
The maximum bending moment occurs at the cross section where the shear 
force is zero; therefore, 


S ne 
Mmax = Raxı — 55. = 88,920 Ib-ft 


Required section modulus. The required section modulus (based only upon 
the load q) is obtained from Eq. (5-24): 


88,920 Ib-ft)( 12 in./ft 
ŞS = Mma _ Ae 220 E — 593 in.? 
Callow 18,000 psi 


Trial beam. We now turn to Table E-1 and select the lightest wide-flange 
beam having a section modulus greater than 59.3 in.? The lightest beam that pro- 
vides this section modulus is W 12 X 50 with S = 64.7 in.° This beam weighs 
50 Ib/ft. (Recall that the tables in Appendix E are abridged, and therefore a lighter 
beam may actually be available.) 

We now recalculate the reactions, maximum bending moment, and required 
section modulus with the beam loaded by both the uniform load q and its own 
weight. Under these combined loads the reactions are 


R, = 19,380 Ib Rg = 17,670 Ib 
and the distance to the cross section of zero shear becomes 


19,380 Ib 


— = 9.454 ft 
2050 Ib/ft 


1 


The maximum bending moment increases to 91,610 Ib-ft, and the new required 
section modulus is 


1,610 Ib-ft)(12 in./ft 
5 = Mix — C ee 25 m 61.1 in.” 
Onan 18,000 psi 


Thus, we see that the W 12 X 50 beam with section modulus $ = 64.7 in. is still 
satisfactory. 


Note: If the new required section modulus exceeded that of the W 12 X 50 
beam, a new beam with a larger section modulus would be selected and the 
process repeated. 
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Example 5-8 


A temporary wood dam is constructed of horizontal planks A supported by 
vertical wood posts B that are sunk into the ground so that they act as cantilever 
beams (Fig. 5-22). The posts are of square cross section (dimensions b X b) and 
spaced at distance s = 0.8 m, center to center. Assume that the water level behind 
the dam is at its full height h = 2.0 m. 

Determine the minimum required dimension b of the posts if the allowable 
bending stress in the wood is a4j5,, = 8.0 MPa. 





band 


f 


Hg 


Ius 


S| 


EIEN 


ES 
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Solution 

Loading diagram. Each post is subjected to a triangularly distributed load 
produced by the water pressure acting against the planks. Consequently, the 
loading diagram for each post is triangular (Fig. 5-22c). The maximum intensity 
qo of the load on the posts is equal to the water pressure at depth h times the 
spacing s of the posts: 





c^ 
E 
mo 
mmt 
nmm 
num! 
a 
Is 
Re] 
c 
a 
TE 
[—1] 
Tm 
I 
Sn 
= 
tT 
iz 
E 
Ed 
EJ 
E 
RA 
P 
c^ 
E 
miU 
E 
amni 
om 
TA 


qo = yhs (a) 
(a) Top view (b) Side view in which yis the specific weight of water. Note that go has units of force per unit 
distance, y has units of force per unit volume, and both h and s have units of 
length. 
Section modulus. Since each post is a cantilever beam, the maximum 
bending moment occurs at the base and is given by the following expression: 
3 
Goh 4 Es 
max pcc cs c b 
2 E 6 (b) 
h Therefore, the required section modulus (Eq. 5-24) is 
3 
Oallow 6 Oallow 
For a beam of square cross section, the section modulus is S$ = b?/6 (see 
Eq. 5-18b). Substituting this expression for S into Eq. (c), we get a formula for 
uu 40 the cube of the minimum dimension b of the posts: 
(c) Loading diagram 3 
þ? = yrs (d) q 
FIG. 5-22 Example 5-8. Wood dam with Callow 


horizontal planks A supported by 


Numerical values. We now substitute numerical values into Eq. (d) and 
vertical posts B 


obtain 
.81 kN/m?)(2.0 my*(0. 
D? = (9.81 kN/m )(2.0 m) (0.8 m) = 0.007848 m? = 7.848 x 10° mm 
8.0 MPa 
from which 


b = 199 mm =a 


Thus, the minimum required dimension b of the posts is 199 mm. Any larger 
dimension, such as 200 mm, will ensure that the actual bending stress is less than 
the allowable stress. 


5.7 NONPRISMATIC BEAMS 


SECTION 5.7 Nonprismatic Beams 383 


The beam theories described in this chapter were derived for prismatic 
beams, that is, straight beams having the same cross sections throughout 
their lengths. However, nonprismatic beams are commonly used to 
reduce weight and improve appearance. Such beams are found in auto- 
mobiles, airplanes, machinery, bridges, buildings, tools, and many other 
applications (Fig. 5-23). Fortunately, the flexure formula (Eq. 5-13) gives 
reasonably accurate values for the bending stresses in nonprismatic 
beams whenever the changes in cross-sectional dimensions are gradual, 
as in the examples shown in Fig. 5-23. 





(a) 


FIG. 5-23 Examples of nonprismatic 
beams: (a) street lamp, (b) bridge with 
tapered girders and piers, (c) wheel strut 
of a small airplane, and (d) wrench 
handle 


The manner in which the bending stresses vary along the axis of a 
nonprismatic beam is not the same as for a prismatic beam. In a prismatic 
beam the section modulus S is constant, and therefore the stresses vary in 
direct proportion to the bending moment (because o = M/S). However, 
in a nonprismatic beam the section modulus also varies along the axis. 
Consequently, we cannot assume that the maximum stresses occur at the 
cross section with the largest bending moment—sometimes the max- 
imum stresses occur elsewhere, as illustrated in Example 5-9. 


Fully Stressed Beams 


To minimize the amount of material and thereby have the lightest pos- 
sible beam, we can vary the dimensions of the cross sections so as to have 
the maximum allowable bending stress at every section. A beam in this 
condition is called a fully stressed beam, or a beam of constant strength. 

Of course, these ideal conditions are seldom attained because of 
practical problems in constructing the beam and the possibility of the 
loads being different from those assumed in design. Nevertheless, 
knowing the properties of a fully stressed beam can be an important aid 
to the engineer when designing structures for minimum weight. Familiar 
examples of structures designed to maintain nearly constant maximum 
stress are leaf springs in automobiles, bridge girders that are tapered, and 
some of the structures shown in Fig. 5-23. 

The determination of the shape of a fully stressed beam is illustrated 
in Example 5-10. 
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Example 5-9 


A tapered cantilever beam AB of solid circular cross section supports a load P at 
the free end (Fig. 5-24). The diameter dg at the large end is twice the diameter d4 
at the small end: 





Determine the bending stress og at the fixed support and the maximum bending 
Stress Omax- 


Solution 

If the angle of taper of the beam is small, the bending stresses obtained from 
FIG. 5-24 Example 5-9. Tapered cantilever the flexure formula will differ only slightly from the exact values. As a guideline 
beam of circular cross section concerning accuracy, we note that if the angle between line AB (Fig. 5-24) and 
the longitudinal axis of the beam is about 20°, the error in calculating the normal 
stresses from the flexure formula is about 10%. Of course, as the angle of taper 
decreases, the error becomes smaller. 

Section modulus. The section modulus at any cross section of the beam can 
be expressed as a function of the distance x measured along the axis of the beam. 
Since the section modulus depends upon the diameter, we first must express the 
diameter in terms of x, as follows: 





d. = d4 + (dg — d) T (5-30) 


in which d, is the diameter at distance x from the free end. Therefore, the section 
modulus at distance x from the end (Eq. 5-19b) is 


Td; NOUS 
a2 22 


3 
|d edad (5-31) 


Bending stresses. Since the bending moment equals Px, the maximum 
normal stress at any cross section is given by the equation 


- Mx EN 32 Px 
Sy md, (dy — S 





(5-32) 


We can see by inspection of the beam that the stress g; is tensile at the top of the 
beam and compressive at the bottom. 





Note that Eqs. (5-30), (5-31), and (5-32) are valid for any values of d4 and 
dg, provided the angle of taper is small. In the following discussion, we consider 
only the case where dg = 2d4. 

Maximum stress at the fixed support. The maximum stress at the section of 
largest bending moment (end B of the beam) can be found from Eq. (5-32) by 
substituting x = L and dg = 2d,; the result is 





(a) 


Maximum stress in the beam. The maximum stress at a cross section at dis- 
tance x from the end (Eq. 5-32) for the case where dg = 2d, is 


2p 


Do ET 


(b) 


To determine the location of the cross section having the largest bending stress 
in the beam, we need to find the value of x that makes e; a maximum. Taking the 
derivative do,/dx and equating it to zero, we can solve for the value of x that 
makes ao, a maximum; the result is 


(c) 


M [t 


The corresponding maximum stress, obtained by substituting x — L/2 into 
Eq. (b), is 


128PL | 4.741PL 
Omax — nomm A 
Daas Tid A 





(d) 


In this particular example, the maximum stress occurs at the midpoint of the 
beam and is 19% greater than the stress og at the built-in end. 

Note: If the taper of the beam is reduced, the cross section of maximum 
normal stress moves from the midpoint toward the fixed support. For small 
angles of taper, the maximum stress occurs at end B. 
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Example 5-10 


A cantilever beam AB of length L is being designed to support a concentrated 
load P at the free end (Fig. 5-25). The cross sections of the beam are rectangular 
T with constant width b and varying height h. To assist them in designing this 
| beam, the designers would like to know how the height of an idealized beam 
hp should vary in order that the maximum normal stress at every cross section will 
be equal to the allowable stress o4. 
ep Considering only the bending stresses obtained from the flexure formula, 
determine the height of the fully stressed beam. 











FIG. 5-25 Example 5-10. Fully stressed Solution 
beam having constant maximum normal The bending moment and section modulus at distance x from the free end of 
stress (theoretical shape with shear the beam are 
stresses disregarded) 
bh; 
M = Px S = Bc 


where h, is the height of the beam at distance x. Substituting in the flexure 
formula, we obtain 


M _ Px _ 6Px 
S  bh2/6 bh? 





(e) 


Oallow — 


Solving for the height of the beam, we get 


6P. 
dcm - ( «m 
Oallow 


At the fixed end of the beam (x = L), the height Ag is 


ipa eRE (2) 
b Oallow 


and therefore we can express the height h, in the following form: 








hr = hp (h) em 


Eun 
y 


This last equation shows that the height of the fully stressed beam varies with the 
square root of x. Consequently, the idealized beam has the parabolic shape shown 
in Fig. 5-25. 

Note: At the loaded end of the beam (x = OQ) the theoretical height is zero, 
because there is no bending moment at that point. Of course, a beam of this shape 
is not practical because it is incapable of supporting the shear forces near the end 
of the beam. Nevertheless, the idealized shape can provide a useful starting point 
for a realistic design in which shear stresses and other effects are considered. 
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5.8 SHEAR STRESSES IN BEAMS OF RECTANGULAR CROSS SECTION 


(a) 


(b) (c) 


FIG. 5-26 Shear stresses in a beam of 
rectangular cross section 


When a beam is in pure bending, the only stress resultants are the bending 
moments and the only stresses are the normal stresses acting on the cross 
sections. However, most beams are subjected to loads that produce both 
bending moments and shear forces (nonuniform bending). In these cases, 
both normal and shear stresses are developed in the beam. The normal 
stresses are calculated from the flexure formula (see Section 5.5), pro- 
vided the beam is constructed of a linearly elastic material. The shear 
stresses are discussed in this and the following two sections. 


Vertical and Horizontal Shear Stresses 


Consider a beam of rectangular cross section (width b and height h) 
subjected to a positive shear force V (Fig. 5-26a). It is reasonable to 
assume that the shear stresses 7 acting on the cross section are parallel to 
the shear force, that is, parallel to the vertical sides of the cross section. 
It is also reasonable to assume that the shear stresses are uniformly 
distributed across the width of the beam, although they may vary over the 
height. Using these two assumptions, we can determine the intensity of 
the shear stress at any point on the cross section. 

For purposes of analysis, we isolate a small element mn of the beam 
(Fig. 5-26a) by cutting between two adjacent cross sections and between 
two horizontal planes. According to our assumptions, the shear stresses 7 
acting on the front face of this element are vertical and uniformly 
distributed from one side of the beam to the other. Also, from the discus- 
sion of shear stresses in Section 1.6, we know that shear stresses acting 
on one side of an element are accompanied by shear stresses of equal 
magnitude acting on perpendicular faces of the element (see Figs. 5-26b 
and c). Thus, there are horizontal shear stresses acting between horizontal 
layers of the beam as well as vertical shear stresses acting on the cross 
sections. At any point in the beam, these complementary shear stresses 
are equal in magnitude. 

The equality of the horizontal and vertical shear stresses acting on an 
element leads to an important conclusion regarding the shear stresses at the 
top and bottom of the beam. If we imagine that the element mn (Fig. 5-26a) 
is located at either the top or the bottom, we see that the horizontal shear 
stresses must vanish, because there are no stresses on the outer surfaces of 
the beam. It follows that the vertical shear stresses must also vanish at those 
locations; in other words, 7 = 0 where y = +h/2. 

The existence of horizontal shear stresses in a beam can be demon- 
strated by a simple experiment. Place two identical rectangular beams on 
simple supports and load them by a force P, as shown in Fig. 5-27a. If fric- 
tion between the beams is small, the beams will bend independently (Fig. 
5-27b). Each beam will be in compression above its own neutral axis and 
in tension below its neutral axis, and therefore the bottom surface of the 
upper beam will slide with respect to the top surface of the lower beam. 
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(b) 


FIG. 5-27 Bending of two separate beams 


Now suppose that the two beams are glued along the contact surface, 
so that they become a single solid beam. When this beam is loaded, hor- 
izontal shear stresses must develop along the glued surface in order to 
prevent the sliding shown in Fig. 5-27b. Because of the presence of these 
shear stresses, the single solid beam is much stiffer and stronger than the 
two separate beams. 


Derivation of Shear Formula 


We are now ready to derive a formula for the shear stresses 7 in a rec- 
tangular beam. However, instead of evaluating the vertical shear 
stresses acting on a cross section, it is easier to evaluate the horizontal 
shear stresses acting between layers of the beam. Of course, the vertical 
shear stresses have the same magnitudes as the horizontal shear 
stresses. 

With this procedure in mind, let us consider a beam in nonuniform 
bending (Fig. 5-28a). We take two adjacent cross sections mn and m,n, 
distance dx apart, and consider the element mm,n,n. The bending moment 
and shear force acting on the left-hand face of this element are denoted M 
and V, respectively. Since both the bending moment and shear force may 
change as we move along the axis of the beam, the corresponding quanti- 
ties on the right-hand face (Fig. 5-28a) are denoted M + dM and V + dV. 





FIG. 5-28 Shear stresses in a beam 
of rectangular cross section 





Side view of beam Side view of element 


(a) (b) 
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Side view of subelement Cross section of beam at subelement 


(c) (d) 
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Because of the presence of the bending moments and shear forces, 
the element shown in Fig. 5-28a is subjected to normal and shear stresses 
on both cross-sectional faces. However, only the normal stresses are 
needed in the following derivation, and therefore only the normal stresses 
are shown in Fig. 5-28b. On cross sections mn and m,n, the normal 
stresses are, respectively, 


|. (M+dM)y 


7 (a,b) 


g,-— — gn and o» — 
I 
as given by the flexure formula (Eq. 5-13). In these expressions, y is the 
distance from the neutral axis and / is the moment of inertia of the cross- 
sectional area about the neutral axis. 

Next, we isolate a subelement mm,;p;p by passing a horizontal 
plane pp; through element mm n,n (Fig. 5-28b). The plane pp; is at 
distance y, from the neutral surface of the beam. The subelement is 
shown separately in Fig. 5-28c. We note that its top face is part of the 
upper surface of the beam and thus is free from stress. Its bottom face 
(which is parallel to the neutral surface and distance y, from it) is acted 
upon by the horizontal shear stresses 7 existing at this level in the 
beam. Its cross-sectional faces mp and m,p, are acted upon by the 
bending stresses o, and o», respectively, produced by the bending 
moments. Vertical shear stresses also act on the cross-sectional faces; 
however, these stresses do not affect the equilibrium of the subelement 
in the horizontal direction (the x direction), so they are not shown in 
Fig. 5-28c. 

If the bending moments at cross sections mn and m,n, (Fig. 5-28b) 
are equal (that is, if the beam is in pure bending), the normal stresses o; 
and o» acting over the sides mp and mp, of the subelement (Fig. 5-28c) 
also will be equal. Under these conditions, the subelement will be in 
equilibrium under the action of the normal stresses alone, and therefore 
the shear stresses 7 acting on the bottom face pp; will vanish. This 
conclusion is obvious inasmuch as a beam in pure bending has no shear 
force and hence no shear stresses. 

If the bending moments vary along the x axis (nonuniform bending), 
we can determine the shear stress 7 acting on the bottom face of the 
subelement (Fig. 5-28c) by considering the equilibrium of the subelement 
in the x direction. 

We begin by identifying an element of area dA in the cross section at 
distance y from the neutral axis (Fig. 5-28d). The force acting on this 
element is e dÀ, in which ø is the normal stress obtained from the flexure 
formula. If the element of area is located on the left-hand face mp of the 
subelement (where the bending moment is M), the normal stress is given 
by Eq. (a), and therefore the element of force is 


My 


Note that we are using only absolute values in this equation because the 
directions of the stresses are obvious from the figure. Summing these 
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FIG. 5-29 Partial free-body diagram of 
subelement showing all horizontal 
forces (compare with Fig. 5-28c) 


elements of force over the area of face mp of the subelement (Fig. 5-28c) 
gives the total horizontal force F; acting on that face: 


My 
Fi = fo dA = [Ea (c) 


Note that this integration is performed over the area of the shaded part of 
the cross section shown in Fig. 5-28d, that is, over the area of the cross 
section from y = y, to y = h/2. 

The force F, is shown in Fig. 5-29 on a partial free-body diagram of 
the subelement (vertical forces have been omitted). 

In a similar manner, we find that the total force F» acting on the 
right-hand face m,p, of the subelement (Fig. 5-29 and Fig. 5-28c) is 


Knowing the forces F, and F5, we can now determine the horizontal 
force F; acting on the bottom face of the subelement. 


Since the subelement is in equilibrium, we can sum forces in the x 
direction and obtain 


pied FP (e) 


Or 





py = [Ret ay — |B uu | OD 


The quantities dM and / in the last term can be moved outside the integral 
sign because they are constants at any given cross section and are not 
involved in the integration. Thus, the expression for the force F3 
becomes 


F; = = | ydA (5-33) 


If the shear stresses 7 are uniformly distributed across the width b of the 
beam, the force F5 is also equal to the following: 


F; = Tb dx (5-34) 


in which b dx is the area of the bottom face of the subelement. 
Combining Eqs. (5-33) and (5-34) and solving for the shear stress 7, 
we get 


T= ard | ydA (5-35) 
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Cross section of beam at subelement 


(d) 


FIG. 5-28d (Repeated) 
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The quantity dM/dx is equal to the shear force V (see Eq. 4-6), and there- 
fore the preceding expression becomes 


V 
T m | ydA (5-36) 
The integral in this equation is evaluated over the shaded part of the cross 
section (Fig. 5-28d), as already explained. Thus, the integral is the first 
moment of the shaded area with respect to the neutral axis (the z axis). 
In other words, the integral is the first moment of the cross-sectional area 
above the level at which the shear stress T is being evaluated. This first 
moment is usually denoted by the symbol Q: 


o | y dA (5-37) 


With this notation, the equation for the shear stress becomes 


_ VQ 5-38 
ET (5-38) 


This equation, known as the shear formula, can be used to determine the 
shear stress 7 at any point in the cross section of a rectangular beam. Note 
that for a specific cross section, the shear force V, moment of inertia /, and 
width 5 are constants. However, the first moment Q (and hence the shear 
stress 7) varies with the distance y, from the neutral axis. 


Calculation of the First Moment Q 


If the level at which the shear stress is to be determined is above the 
neutral axis, as shown in Fig. 5-28d, it is natural to obtain Q by calcu- 
lating the first moment of the cross-sectional area above that level (the 
shaded area in the figure). However, as an alternative, we could calculate 
the first moment of the remaining cross-sectional area, that is, the area 
below the shaded area. Its first moment is equal to the negative of Q. 

The explanation lies in the fact that the first moment of the entire 
cross-sectional area with respect to the neutral axis is equal to zero 
(because the neutral axis passes through the centroid). Therefore, the 
value of Q for the area below the level y; is the negative of Q for the area 
above that level. As a matter of convenience, we usually use the area 
above the level y; when the point where we are finding the shear stress is 
in the upper part of the beam, and we use the area below the level y; when 
the point is in the lower part of the beam. 

Furthermore, we usually don't bother with sign conventions for V 
and Q. Instead, we treat all terms in the shear formula as positive 
quantities and determine the direction of the shear stresses by inspec- 
tion, since the stresses act in the same direction as the shear force V itself. 
This procedure for determining shear stresses is illustrated later in 
Example 5-11. 
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FlG. 5-30 Distribution of shear stresses in 
a beam of rectangular cross section: 

(a) cross section of beam, and 

(b) diagram showing the parabolic 
distribution of shear stresses over the 
height of the beam 


Distribution of Shear Stresses in a Rectangular Beam 


We are now ready to determine the distribution of the shear stresses in a 
beam of rectangular cross section (Fig. 5-30a). The first moment Q of the 
shaded part of the cross-sectional area is obtained by multiplying the area 
by the distance from its own centroid to the neutral axis: 


hf2 — 2 
Q- iP = T + BA = ae ^ y?) (f) 


Of course, this same result can be obtained by integration using Eq. (5-37): 


h/2 2 
o= as - | yb dy = 20 — y3) (g) 


yı 


Substituting the expression for Q into the shear formula (Eq. 5-38), 
we get 


VÍíh* 


This equation shows that the shear stresses in a rectangular beam vary 
quadratically with the distance y, from the neutral axis. Thus, when 
plotted along the height of the beam, 7 varies as shown in Fig. 5-30b. 
Note that the shear stress is zero when y, = = A/2. 

The maximum value of the shear stress occurs at the neutral axis 
(y, = 0) where the first moment Q has its maximum value. Substituting 
y, = 0 into Eq. (5-39), we get 


Lo 2 VE _ 3V (5-40) 
max QT JA 


in which A = bh is the cross-sectional area. Thus, the maximum shear 
stress in a beam of rectangular cross section is 50% larger than the 
average shear stress V/A. 

Note again that the preceding equations for the shear stresses can be 
used to calculate either the vertical shear stresses acting on the cross sec- 
tions or the horizontal shear stresses acting between horizontal layers of 
the beam.” 


“The shear-stress analysis presented in this section was developed by the Russian engineer 
D. J. Jourawski; see Refs. 5-7 and 5-8. 





FIG. 5-31 Warping of the cross sections 
of a beam due to shear strains 
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Limitations 


The formulas for shear stresses presented in this section are subject to the 
same restrictions as the flexure formula from which they are derived. 
Thus, they are valid only for beams of linearly elastic materials with 
small deflections. 

In the case of rectangular beams, the accuracy of the shear formula 
depends upon the height-to-width ratio of the cross section. The formula 
may be considered as exact for very narrow beams (height / much larger 
than the width b). However, it becomes less accurate as b increases relative 
to h. For instance, when the beam is square (b = h), the true maximum shear 
stress is about 13% larger than the value given by Eq. (5-40). (For a more 
complete discussion of the limitations of the shear formula, see Ref. 5-9.) 

A common error is to apply the shear formula (Eq. 5-38) to cross- 
sectional shapes for which it is not applicable. For instance, it is not 
applicable to sections of triangular or semicircular shape. To avoid 
misusing the formula, we must keep in mind the following assumptions 
that underlie the derivation: (1) The edges of the cross section must be 
parallel to the y axis (so that the shear stresses act parallel to the y axis), 
and (2) the shear stresses must be uniform across the width of the cross 
section. These assumptions are fulfilled only in certain cases, such as 
those discussed in this and the next two sections. 

Finally, the shear formula applies only to prismatic beams. If a beam 
is nonprismatic (for instance, if the beam is tapered), the shear stresses 
are quite different from those predicted by the formulas given here (see 
Refs. 5-9 and 5-10). 


Effects of Shear Strains 


Because the shear stress 7 varies parabolically over the height of a 
rectangular beam, it follows that the shear strain y — 7/G also varies 
parabolically. As a result of these shear strains, cross sections of the beam 
that were originally plane surfaces become warped. This warping is shown 
in Fig. 5-31, where cross sections mn and pq, originally plane, have 
become curved surfaces m,n, and p,q,, with the maximum shear strain 
occurring at the neutral surface. At points mı, p1, nı, and q; the shear strain 
is zero, and therefore the curves m,n, and p,q, are perpendicular to the 
upper and lower surfaces of the beam. 

If the shear force V is constant along the axis of the beam, warping 
is the same at every cross section. Therefore, stretching and shortening of 
longitudinal elements due to the bending moments is unaffected by the 
shear strains, and the distribution of the normal stresses 1s the same as in 
pure bending. Moreover, detailed investigations using advanced methods 
of analysis show that warping of cross sections due to shear strains does 
not substantially affect the longitudinal strains even when the shear force 
varies continuously along the length. Thus, under most conditions it is 
justifiable to use the flexure formula (Eq. 5-13) for nonuniform bending, 
even though the formula was derived for pure bending. 
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q = 160 Ib/in. 
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FIG. 5-32 Example 5-11. (a) Simple beam 
with uniform load, (b) cross section of 
beam, and (c) stress element showing 
the normal and shear stresses at point C 


A metal beam with span L = 3 ft is simply supported at points A and B (Fig. 5-32a). 
The uniform load on the beam (including its own weight) is q = 160 Ib/in. The cross 
section of the beam is rectangular (Fig. 5-32b) with width b = 1 in. and height h = 4 
in. The beam is adequately supported against sideways buckling. 

Determine the normal stress oc and shear stress 7c at point C, which is 
located 1 in. below the top of the beam and 8 in. from the right-hand support. 
Show these stresses on a sketch of a stress element at point C. 


Solution 

Shear force and bending moment. The shear force Vc and bending moment 
Mc at the cross section through point C are found by the methods described in 
Chapter 4. The results are 


Mc — 17,920 Ib-in. Vc — —1600 Ib 


The signs of these quantities are based upon the standard sign conventions for 
bending moments and shear forces (see Fig. 4-5). 

Moment of inertia. The moment of inertia of the cross-sectional area about 
the neutral axis (the z axis in Fig. 5-32b) is 


3 
- 5 E Zao a = Sete 


Normal stress at point C. The normal stress at point C is found from the 
flexure formula (Eq. 5-13) with the distance y from the neutral axis equal to 
1.0 in.; thus, 

ADES A O20 bein) OO ERO 
i I 5.333 in. 
The minus sign indicates that the stress is compressive, as expected. 

Shear stress at point C. To obtain the shear stress at point C, we need 
to evaluate the first moment Qc of the cross-sectional area above point C 
(Fig. 5-32b). This first moment is equal to the product of the area and its cen- 
troidal distance (denoted yc) from the z axis; thus, 


—3360 psi = 


Pica ao) Gib E IRR NER leone OAs) Moan 


Now we substitute numerical values into the shear formula (Eq. 5-38) and obtain 
the magnitude of the shear stress: 


_ VeQece — (1600 1b)(1.5 in.) 
«c 9 GORDON a; = 
The direction of this stress can be established by inspection, because it acts in the 
same direction as the shear force. In this example, the shear force acts upward on 
the part of the beam to the left of point C and downward on the part of the beam 
to the right of point C. The best way to show the directions of both the normal 
and shear stresses is to draw a stress element, as follows. 

Stress element at point C. The stress element, shown in Fig. 5-32c, is cut 
from the side of the beam at point C (Fig. 5-32a). Compressive stresses 
Oc = 3360 psi act on the cross-sectional faces of the element and shear stresses 
Tc = 450 psi act on the top and bottom faces as well as the cross-sectional faces. 








FIG. 5-33 Example 5-12. Wood beam 
with concentrated loads 
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A wood beam AB supporting two concentrated loads P (Fig. 5-33a) has a 
rectangular cross section of width b = 100 mm and height h = 150 mm 
(Fig. 5-33b). The distance from each end of the beam to the nearest load is 
a = 0.5 m. 

Determine the maximum permissible value P,,,, of the loads if the allow- 
able stress in bending is o4, = 11 MPa (for both tension and compression) and 
the allowable stress in horizontal shear is 74j5,,, = 1.2 MPa. (Disregard the 
weight of the beam itself.) 

Note: Wood beams are much weaker in horizontal shear (shear parallel to 
the longitudinal fibers in the wood) than in cross-grain shear (shear on the cross 
sections). Consequently, the allowable stress in horizontal shear is usually 
considered in design. 


Solution 
The maximum shear force occurs at the supports and the maximum bending 
moment occurs throughout the region between the loads. Their values are 


Vmax = P Mma = Pa 


Also, the section modulus S and cross-sectional area A are 


_ bh 
6 


- ZR 


S A — bh 








(b) 


continued 
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The maximum normal and shear stresses in the beam are obtained from the 
flexure and shear formulas (Eqs. 5-16 and 5-40): 


5 Mane m 6Pa $ E op _ DP 
n S bh? ius 2A 2bh 








Therefore, the maximum permissible values of the load P in bending and shear, 
respectively, are 


D 
P EY Orilen h — 2 TEL h 
bending ^. Gn shear ~ 3 


Substituting numerical values into these formulas, we get 


— (11 MPa)(100 mm)(150 mm) 


= = 89 
Pending 6(0.5 m) 8.25 kN 
PUE 212 c mm)(150 mm) — 120 kN 


Thus, the bending stress governs the design, and the maximum permissible 
load is 


Pu = 825 kN deum 


A more complete analysis of this beam would require that the weight of the beam 
be taken into account, thus reducing the permissible load. 

Notes: 

(1) In this example, the maximum normal stresses and maximum shear 
stresses do not occur at the same locations in the beam—the normal stress 1s 
maximum in the middle region of the beam at the top and bottom of the cross 
section, and the shear stress is maximum near the supports at the neutral axis of 
the cross section. 

(2) For most beams, the bending stresses (not the shear stresses) control the 
allowable load, as in this example. 

(3) Although wood is not a homogeneous material and often departs from 
linearly elastic behavior, we can still obtain approximate results from the flexure 
and shear formulas. These approximate results are usually adequate for designing 
wood beams. 
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5.9 SHEAR STRESSES IN BEAMS OF CIRCULAR CROSS SECTION 


FIG. 5-34 Shear stresses acting on the 
cross section of a circular beam 


When a beam has a circular cross section (Fig. 5-34), we can no longer 
assume that the shear stresses act parallel to the y axis. For instance, we 
can easily prove that at point m (on the boundary of the cross section) the 
shear stress 7 must act tangent to the boundary. This observation follows 
from the fact that the outer surface of the beam 1s free of stress, and there- 
fore the shear stress acting on the cross section can have no component 
in the radial direction. 


Although there is no simple way to find the shear stresses acting 
throughout the entire cross section, we can readily determine the shear 
stresses at the neutral axis (where the stresses are the largest) by making 
some reasonable assumptions about the stress distribution. We assume 
that the stresses act parallel to the y axis and have constant intensity 
across the width of the beam (from point p to point q in Fig. 5-34). Since 
these assumptions are the same as those used in deriving the shear 
formula 7 = VQ/Ib (Eq. 5-38), we can use the shear formula to calculate 
the stresses at the neutral axis. 

For use in the shear formula, we need the following properties 
pertaining to a circular cross section having radius r: 








4 2 3 
I= Q = Ay = E £) a Gay Gann 


The expression for the moment of inertia J is taken from Case 9 of 
Appendix D, and the expression for the first moment Q is based upon the 
formulas for a semicircle (Case 10, Appendix D). Substituting these 
expressions into the shear formula, we obtain 


VQ | VQr'3 | 4V | 4V (5-42) 


dans cm (emm) ^ Suv? 34 
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FIG. 5-35. Hollow circular cross section 


in which A = ~r” is the area of the cross section. This equation shows 
that the maximum shear stress in a circular beam is equal to 4/3 times the 
average vertical shear stress V/A. 

If a beam has a hollow circular cross section (Fig. 5-35), we may 
again assume with reasonable accuracy that the shear stresses at the 
neutral axis are parallel to the y axis and uniformly distributed across the 
section. Consequently, we may again use the shear formula to find the 
maximum stresses. The required properties for a hollow circular section 
are 


J= 4vi-ri) Q = (riri b-2(rj-rj) (5-43a,b,c) 


in which rı and r» are the inner and outer radii of the cross section. 
Therefore, the maximum stress 1s 


r5 ror +r? 
=2 [TT E " (5-44) 


Tmax — 
Ib 3A ra + ry 


in which 


A= mra = ri 


is the area of the cross section. Note that if rı = 0, Eq. (5-44) reduces to 
Eq. (5-42) for a solid circular beam. 

Although the preceding theory for shear stresses in beams of circular 
cross section is approximate, it gives results differing by only a few 
percent from those obtained using the exact theory of elasticity (Ref. 5-9). 
Consequently, Eqs. (5-42) and (5-44) can be used to determine the 
maximum shear stresses in circular beams under ordinary circumstances. 


IA 


Example 5-13 





(a) (b) 


FIG. 5-36 Example 5-13. Shear stresses 
in beams of circular cross section 
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A vertical pole consisting of a circular tube of outer diameter d; = 4.0 in. and 
inner diameter d, — 3.2 in. is loaded by a horizontal force P — 1500 Ib 
(Fig. 5-36a). 

(a) Determine the maximum shear stress in the pole. 

(b) For the same load P and the same maximum shear stress, what is the 
diameter do of a solid circular pole (Fig. 5-36b)? 


Solution 

(a) Maximum shear stress. For the pole having a hollow circular cross section 
(Fig. 5-36a), we use Eq. (5-44) with the shear force V replaced by the load P and 
the cross-sectional area A replaced by the expression (r$ — r1); thus, 


AVE | o == ign FE 
Epis =a =a = NE (a) 
IT ee ay 
Next, we substitute numerical values, namely, 
P = 1500 Ib rə = dj/2 = 2.0 in. rı = d,/2 = 1.6 in. 
and obtain 
Tmax = 058 psi «uu 


which is the maximum shear stress in the pole. 

(b) Diameter of solid circular pole. For the pole having a solid circular cross 
section (Fig. 5-36b), we use Eq. (5-42) with V replaced by P and r replaced by 
do /2: 


4P 
Tmax — 37 dopa (b) 
Solving for do, we obtain 
d= = LOD) . 3 87 in? 
ST NE 39D SI) 
from which we get 
do — 1.97 in. «m 


In this particular example, the solid circular pole has a diameter approximately 
one-half that of the tubular pole. 

Note: Shear stresses rarely govern the design of either circular or rectan- 
gular beams made of metals such as steel and aluminum. In these kinds of mate- 
rials, the allowable shear stress is usually in the range 25 to 50% of the allowable 
tensile stress. In the case of the tubular pole in this example, the maximum shear 
stress is only 658 psi. In contrast, the maximum bending stress obtained from the 
flexure formula is 9700 psi for a relatively short pole of length 24 in. Thus, as the 
load increases, the allowable tensile stress will be reached long before the allow- 
able shear stress is reached. 

The situation is quite different for materials that are weak in shear, such as 
wood. For a typical wood beam, the allowable stress in horizontal shear is in 
the range 4 to 10% of the allowable bending stress. Consequently, even though the 
maximum shear stress is relatively low in value, it sometimes governs the design. 
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5.10 SHEAR STRESSES IN THE WEBS OF BEAMS WITH FLANGES 


FIG. 5-37 (a) Beam of wide-flange shape, 
and (b) directions of the shear stresses 
acting on a cross section 


When a beam of wide-flange shape (Fig. 5-37a) is subjected to shear 
forces as well as bending moments (nonuniform bending), both normal 
and shear stresses are developed on the cross sections. The distribution of 
the shear stresses in a wide-flange beam is more complicated than in a 
rectangular beam. For instance, the shear stresses in the flanges of the 
beam act in both vertical and horizontal directions (the y and z direc- 
tions), as shown by the small arrows in Fig. 5-37b. The horizontal shear 
stresses, which are much larger than the vertical shear stresses in the 
flanges, are discussed later in Section 6.7. 






































The shear stresses in the web of a wide-flange beam act only in the 
vertical direction and are larger than the stresses in the flanges. These 
stresses can be found by the same techniques we used for finding shear 
stresses in rectangular beams. 


Shear Stresses in the Web 


Let us begin the analysis by determining the shear stresses at line ef in the 
web of a wide-flange beam (Fig. 5-38a). We will make the same assump- 
tions as those we made for a rectangular beam; that is, we assume that the 
shear stresses act parallel to the y axis and are uniformly distributed across 
the thickness of the web. Then the shear formula 7 = VO/Ib will still 
apply. However, the width b is now the thickness t of the web, and the area 
used in calculating the first moment Q is the area between line ef and the 
top edge of the cross section (indicated by the shaded area of Fig. 5-38a). 


FlG. 5-38 Shear stresses in the web of a 
wide-flange beam. (a) Cross section of 
beam, and (b) distribution of vertical 
shear stresses in the web 
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Tmin 








a o 


When finding the first moment Q of the shaded area, we will 
disregard the effects of the small fillets at the juncture of the web and 
flange (points b and c in Fig. 5-38a). The error in ignoring the areas 
of these fillets is very small. Then we will divide the shaded area into 
two rectangles. The first rectangle is the upper flange itself, which has 
area 


Ly [hh 


in which P is the width of the flange, A is the overall height of the beam, 
and h; is the distance between the insides of the flanges. The second rect- 
angle is the part of the web between ef and the flange, that is, rectangle 
efcb, which has area 


h 
Ao (> — 3 (b) 


in which f£ is the thickness of the web and y, is the distance from the 
neutral axis to line ef. 

The first moments of areas A, and A>, evaluated about the neutral 
axis, are obtained by multiplying these areas by the distances from their 
respective centroids to the z axis. Adding these first moments gives the 
first moment Q of the combined area: 


Q = af " ao M An " 


hz = 2 
2 2 


2 


Upon substituting for A, and A, from Eqs. (a) and (b) and then simpli- 
fying, we get 


Q = SUP - kb + Èh? - ay?) (5-45) 
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Therefore, the shear stress 7 in the web of the beam at distance y; from 
the neutral axis is 


MMC dE 


TU LA (ba? - h2) 4 «(h2 — 4yb| (5-46) 


in which the moment of inertia of the cross section 1s 


3 E 3 
ye BE (ou = A UE — bh? + thi) (5-47) 
12 12 12 


Since all quantities in Eq. (5-46) are constants except y,, we see imme- 
diately that 7 varies quadratically throughout the height of the web, as 
shown by the graph in Fig. 5-38b. Note that the graph is drawn only for 
the web and does not include the flanges. The reason is simple enough— 
Eq. (5-46) cannot be used to determine the vertical shear stresses in the 
flanges of the beam (see the discussion titled “Limitations” later in this 
section). 


Maximum and Minimum Shear Stresses 


The maximum shear stress in the web of a wide-flange beam occurs at 
the neutral axis, where y, = 0. The minimum shear stress occurs where 
the web meets the flanges (y, = + h,/2). These stresses, found from 
Eq. (5-46), are 


V 2 2 2 Vb 2 2 
= bh? — bh? + th Wm = e 5-48a,b 
Tmax "PA 1 1) T am i) ( ) 


Both Tmax and Tmin are labeled on the graph of Fig. 5-38b. For typical 
wide-flange beams, the maximum stress in the web is from 10 to 60% 
greater than the minimum stress. 

Although it may not be apparent from the preceding discussion, 
the stress Tmax given by Eq. (5-48a) not only is the largest shear stress 
in the web but also is the largest shear stress anywhere in the cross 
section. 


FIG. 5-38 (Repeated) Shear stresses in 


the web of a wide-flange beam. 


(a) Cross section of beam, and (b) dis- 


tribution of vertical shear stresses 
in the web 


SECTION 5.10 Shear Stresses in the Webs of Beams with Flanges 403 





DE a Tmin 
hy l 
2 
h 1 Tmax 
hi 
2 
Exe EE —_ Tmin 





— (b) 
(a) 


a 


Shear Force in the Web 


The vertical shear force carried by the web alone may be determined by 
multiplying the area of the shear-stress diagram (Fig. 5-38b) by the thick- 
ness f£ of the web. The shear-stress diagram consists of two parts, a rect- 
angle of area hi Tmin and a parabolic segment of area 


= (hs) Fins E mum) 


By adding these two areas, multiplying by the thickness f of the web, and 
then combining terms, we get the total shear force in the web: 


th 
Vive -— Zins 25 fun) (5-49) 


For beams of typical proportions, the shear force in the web is 90 to 9896 
of the total shear force V acting on the cross section; the remainder is car- 
ried by shear in the flanges. 

Since the web resists most of the shear force, designers often cal- 
culate an approximate value of the maximum shear stress by dividing 
the total shear force by the area of the web. The result is the average 
shear stress in the web, assuming that the web carries all of the shear 
force: 


(5-50) 
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FIG. 5-38 (Repeated) Shear stresses in 
the web of a wide-flange beam. 


(a) Cross section of beam, and (b) dis- 


tribution of vertical shear stresses 
in the web 


For typical wide-flange beams, the average stress calculated in this 
manner is within 10% (plus or minus) of the maximum shear stress 
calculated from Eq. (5-48a). Thus, Eq. (5-50) provides a simple way to 
estimate the maximum shear stress. 


Limitations 


The elementary shear theory presented in this section is suitable for 
determining the vertical shear stresses in the web of a wide-flange 
beam. However, when investigating vertical shear stresses in the 
flanges, we can no longer assume that the shear stresses are constant 
across the width of the section, that is, across the width b of the flanges 
(Fig. 5-38a). Hence, we cannot use the shear formula to determine these 
stresses. 

To emphasize this point, consider the junction of the web and 
upper flange (y, = Aj/2), where the width of the section changes 
abruptly from ¢ to b. The shear stresses on the free surfaces ab and cd 
(Fig. 5-38a) must be zero, whereas the shear stress across the web at 
line bc is Tmin: These observations indicate that the distribution of 
shear stresses at the junction of the web and the flange is quite com- 
plex and cannot be investigated by elementary methods. The stress 
analysis is further complicated by the use of fillets at the re-entrant 
corners (corners b and c). The fillets are necessary to prevent the 
stresses from becoming dangerously large, but they also alter the stress 
distribution across the web. 

Thus, we conclude that the shear formula cannot be used to determine 
the vertical shear stresses in the flanges. However, the shear formula does 
give good results for the shear stresses acting Aorizontally in the flanges 
(Fig. 5-37b), as discussed later in Section 6.8. 

The method described above for determining shear stresses in the 
webs of wide-flange beams can also be used for other sections having 
thin webs. For instance, Example 5-15 illustrates the procedure for a 
]-beam. 











MEE " 


Example 5-14 


FIG. 5-39 Example 5-14. Shear stresses in 
the web of a wide-flange beam 
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A beam of wide-flange shape (Fig. 5-39a) is subjected to a vertical shear force 
V = 45 KN. The cross-sectional dimensions of the beam are b = 165 mm, 
t = 7.5 mm, h = 320 mm, and A, = 290 mm. 

Determine the maximum shear stress, minimum shear stress, and total shear 
force in the web. (Disregard the areas of the fillets when making calculations.) 











Tmin — 


17.4 MPa 


Tmax = 


21.0 MPa 














Tmin 


ug (b) 
165 mm 
(a) 
Solution 
Maximum and minimum shear stresses. The maximum and minimum shear 
stresses in the web of the beam are given by Eqs. (5-48a) and (5-48b). Before 


substituting into those equations, we calculate the moment of inertia of the 
cross-sectional area from Eq. (5-47): 


= Tor — bhi-th?) = 130.45 X 10° mm^ 


Now we substitute this value for /, as well as the numerical values for the shear 
force V and the cross-sectional dimensions, into Eqs. (5-48a) and (5-48b): 


(eae = (bh? — bh^ + thi) = 21.0 MPa 4 
Tmin — Pae — hî) = 17.4 MPa q 


In this case, the ratio of Tmax tO Tmin 1S 1.21, that is, the maximum stress in the web 
is 21% larger than the minimum stress. The variation of the shear stresses over the 
height h, of the web is shown in Fig. 5-39b. 

Total shear force. The shear force in the web is calculated from Eq. (5-49) 


as follows: ; 
í 
Vek J ^ (Tmax zm Tran) = 43.0 kN as 


From this result we see that the web of this particular beam resists 96% of the 
total shear force. 
Note: The average shear stress in the web of the beam (from Eq. 5-50) is 


V 
Taver = — = 20.7 MPa 
th, 


which is only 1% less than the maximum stress. 
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A beam having a T-shaped cross section (Fig. 5-40a) is subjected to a vertical 
shear force V = 10,000 Ib. The cross-sectional dimensions are b = 4 in., 
t = 1.0 in., h = 8.0 in., and h, = 7.0 in. 

Determine the shear stress 7, at the top of the web (level nn) and the max- 
imum shear stress Tmax. (Disregard the areas of the fillets.) 





Solution 

Location of neutral axis. The neutral axis of the T-beam is located by 
calculating the distances c, and cz from the top and bottom of the beam to the 
centroid of the cross section (Fig. 5-40a). First, we divide the cross section into 
two rectangles, the flange and the web (see the dashed line in Fig. 5-40a). Then 
we calculate the first moment Q,,, of these two rectangles with respect to line aa 
at the bottom of the beam. The distance c» is equal to Qaa divided by the area A 
of the entire cross section (see Chapter 12, Section 12.3, for methods for locating 
centroids of composite areas). The calculations are as follows: 


A = YA; = b(h — hi) + th, = 11.0 in” 








Tmax 

















hi 
C2 
(a) (b) 
jn h 
On = Sys = | 3 “ion — hy) + z (thy) = 545 m 
mo M 2E £3 
C= TQ ne 4.955 in. Cc, = h — co = 3.045 in. 


Moment of inertia. The moment of inertia / of the entire cross-sectional area 
(with respect to the neutral axis) can be found by determining the moment of 
inertia Jaa about line aa at the bottom of the beam and then using the parallel-axis 
theorem (see Section 12.5): 


P= = Ack 





The calculations are as follows: 


3 2 3 
BO CAES clea COREL UR ee oon 


Shear stress at top of web. 'To find the shear stress 7; at the top of the web 
(along line nn) we need to calculate the first moment Q, of the area above level 
nn. This first moment is equal to the area of the flange times the distance from 
the neutral axis to the centroid of the flange: 





fn 
Ore ha = 2 i 


= (4 in.)(1 in.)(3.045 in. — 0.5 in.) = 10.18 in 


Of course, we get the same result if we calculate the first moment of the area 
below level nn: 


h 
E ics — 2 = (1 in.)(7 in.)(4.955 in. — 3.5 in.) = 10.18 in? 


substituting into the shear formula, we find 


VO, (10,000 1b)(10.18 in.?) T 
— SS — SS ££ 1 
It (69.65 in.5)(1 in.) ps 
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This stress exists both as a vertical shear stress acting on the cross section and as 
a horizontal shear stress acting on the horizontal plane between the flange and 
the web. 

Maximum shear stress. The maximum shear stress occurs in the web at the 
neutral axis. Therefore, we calculate the first moment Q,,,, of the cross-sectional 
area below the neutral axis: 


C2 


DU = 25 = (1 in.)(4.955 (S959. 25 in.? 


As previously indicated, we would get the same result if we calculated the first 
moment of the area above the neutral axis, but those calculations would be 
slighter longer. 

Substituting into the shear formula, we obtain 


— VOmax — (10,0001b)(12.28 in^). D 
I QD oon aaa 





which is the maximum shear stress in the beam. 
The parabolic distribution of shear stresses in the web is shown in 
Fig. 5-40b. 
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*5.11 BUILT-UP BEAMS AND SHEAR FLOW 





(b) (c) 


FIG. 5-41 Cross sections of typical 
built-up beams: (a) wood box beam, 
(b) glulam beam, and (c) plate girder 


Built-up beams are fabricated from two or more pieces of material 
joined together to form a single beam. Such beams can be constructed in 
a great variety of shapes to meet special architectural or structural needs 
and to provide larger cross sections than are ordinarily available. 

Figure 5-41 shows some typical cross sections of built-up beams. 
Part (a) of the figure shows a wood box beam constructed of two planks, 
which serve as flanges, and two plywood webs. The pieces are joined 
together with nails, screws, or glue in such a manner that the entire beam 
acts as a single unit. Box beams are also constructed of other materials, 
including steel, plastics, and composites. 

The second example is a glued laminated beam (called a glulam 
beam) made of boards glued together to form a much larger beam than 
could be cut from a tree as a single member. Glulam beams are widely 
used in the construction of small buildings. 

The third example is a steel plate girder of the type commonly used 
in bridges and large buildings. These girders, consisting of three steel 
plates joined by welding, can be fabricated in much larger sizes than are 
available with ordinary wide-flange or I-beams. 

Built-up beams must be designed so that the beam behaves as a 
single member. Consequently, the design calculations involve two 
phases. In the first phase, the beam is designed as though it were made 
of one piece, taking into account both bending and shear stresses. In the 
second phase, the connections between the parts (such as nails, bolts, 
welds, and glue) are designed to ensure that the beam does indeed 
behave as a single entity. In particular, the connections must be strong 
enough to transmit the horizontal shear forces acting between the parts 
of the beam. To obtain these forces, we make use of the concept of 
shear flow. 


Shear Flow 


To obtain a formula for the horizontal shear forces acting between 
parts of a beam, let us return to the derivation of the shear formula (see 
Figs. 5-28 and 5-29 of Section 5.8). In that derivation, we cut an ele- 
ment mm,n,n from a beam (Fig. 5-42a) and investigated the horizontal 
equilibrium of a subelement mm pp (Fig. 5-42b). From the horizontal 
equilibrium of the subelement, we determined the force F5 (Fig. 5-42c) 
acting on its lower surface: 


F; = “|, dA (5-51) 


This equation is repeated from Eq. (5-33) of Section 5.8. 
Let us now define a new quantity called the shear flow f. Shear flow 
is the horizontal shear force per unit distance along the longitudinal axis 


FIG. 5-42 Horizontal shear stresses and 
shear forces in a beam. (Note: These 
figures are repeated from Figs. 5-28 
and 5-29.) 
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Side view of subelement 


(b) 





Side view of subelement 


(c) 


of the beam. Since the force F, acts along the distance dx, the shear force 
per unit distance is equal to F3 divided by dx; thus, 


Replacing dM/dx by the shear force V and denoting the integral by Q, we 
obtain the following shear-flow formula: 


f= E (5-52) 


This equation gives the shear flow acting on the horizontal plane pp, 
shown in Fig. 5-42a. The terms V, Q, and / have the same meanings as in 
the shear formula (Eq. 5-38). 

If the shear stresses on plane pp, are uniformly distributed, as we 
assumed for rectangular beams and wide-flange beams, the shear flow 
f equals 7b. In that case, the shear-flow formula reduces to the shear 
formula. However, the derivation of Eq. (5-51) for the force F4 does 
not involve any assumption about the distribution of shear stresses in 
the beam. Instead, the force F3 is found solely from the horizontal 
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FIG. 5-43 Areas used when calculating 
the first moment Q 


equilibrium of the subelement (Fig. 5-42c). Therefore, we can now 
interpret the subelement and the force F4 in more general terms than 
before. 

The subelement may be any prismatic block of material between cross 
sections mn and mını (Fig. 5-42a). It does not have to be obtained by 
making a single horizontal cut (such as pp,) through the beam. Also, since 
the force F5 is the total horizontal shear force acting between the subelement 
and the rest of the beam, it may be distributed anywhere over the sides of 
the subelement, not just on its lower surface. These same comments apply 
to the shear flow f, since it is merely the force F3 per unit distance. 

Let us now return to the shear-flow formula f = VQ/I (Eq. 5-52). The 
terms V and / have their usual meanings and are not affected by the 
choice of subelement. However, the first moment Q is a property of the 
cross-sectional face of the subelement. To illustrate how Q is determined, 
we will consider three specific examples of built-up beams (Fig. 5-43). 


Areas Used When Calculating the First Moment Q 


The first example of a built-up beam is a welded steel plate girder 
(Fig. 5-43a). The welds must transmit the horizontal shear forces that act 
between the flanges and the web. At the upper flange, the horizontal shear 
force (per unit distance along the axis of the beam) is the shear flow along 
the contact surface aa. This shear flow may be calculated by taking Q as 
the first moment of the cross-sectional area above the contact surface aa. 
In other words, Q is the first moment of the flange area (shown shaded in 
Fig. 5-432), calculated with respect to the neutral axis. After calculating 
the shear flow, we can readily determine the amount of welding needed to 
resist the shear force, because the strength of a weld is usually specified 
in terms of force per unit distance along the weld. 

The second example is a wide-flange beam that is strengthened by 
riveting a channel section to each flange (Fig. 5-43b). The horizontal 
shear force acting between each channel and the main beam must be 
transmitted by the rivets. This force is calculated from the shear-flow 
formula using Q as the first moment of the area of the entire channel 
(shown shaded in the figure). The resulting shear flow is the longitu- 
dinal force per unit distance acting along the contact surface bb, and the 
rivets must be of adequate size and longitudinal spacing to resist this 
force. 

The last example is a wood box beam with two flanges and two webs 
that are connected by nails or screws (Fig. 5-43c). The total horizontal 
shear force between the upper flange and the webs is the shear flow 
acting along both contact surfaces cc and dd, and therefore the first 
moment Q is calculated for the upper flange (the shaded area). In other 
words, the shear flow calculated from the formula f = VQ/I is the total 
shear flow along all contact surfaces that surround the area for which Q 
is computed. In this case, the shear flow f is resisted by the combined 
action of the nails on both sides of the beam, that is, at both cc and dd, as 
illustrated in the following example. 


Example 5-16 


15 mm, j— 180mm — i—15 mm 





(a) Cross section 


[esr See 





(b) Side view 


FIG. 5-44 Example 5-16. Wood box beam 
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A wood box beam (Fig. 5-44) is constructed of two boards, each 40 X 180 mm 
in cross section, that serve as flanges and two plywood webs, each 15 mm thick. 
The total height of the beam is 280 mm. The plywood is fastened to the flanges 
by wood screws having an allowable load in shear of F = 800 N each. 

If the shear force V acting on the cross section is 10.5 kN, determine the 
maximum permissible longitudinal spacing s of the screws (Fig. 5-44b). 


Solution 

Shear flow. The horizontal shear force transmitted between the upper flange 
and the two webs can be found from the shear-flow formula f = VQ/I, in which Q 
is the first moment of the cross-sectional area of the flange. To find this first 
moment, we multiply the area A; of the flange by the distance d; from its centroid 
to the neutral axis: 


Aç = 40 mm X 180 mm = 7200 mm? d; = 120 mm 
Q = Ard; = (7200 mm?)(120 mm) = 864 X 10? mm? 


The moment of inertia of the entire cross-sectional area about the neutral axis is 
equal to the moment of inertia of the outer rectangle minus the moment of inertia 
of the “hole” (the inner rectangle): 


[= (210 mm)(280 mm)? — ——-(180 mm)(200 mm)? = 264.2 X 10° mm’ 


Substituting V, Q, and Z into the shear-flow formula (Eq. 5-52), we obtain 


_ VQ _ (10.500 N)864 x 10° mm?) 


f I 264.2 X 10° mm^ 


— 34.3 N/mm 


which is the horizontal shear force per millimeter of length that must be trans- 
mitted between the flange and the two webs. 

Spacing of screws. Since the longitudinal spacing of the screws is s, and 
since there are two lines of screws (one on each side of the flange), it follows that 
the load capacity of the screws is 2F per distance s along the beam. Therefore, 
the capacity of the screws per unit distance along the beam is 2F/s. Equating 2F/s 
to the shear flow f and solving for the spacing s, we get 


2F _ 2(800N) 


E VIRIS dá 
f | 343 N/mm e" 


S — 


This value of s is the maximum permissible spacing of the screws, based upon 
the allowable load per screw. Any spacing greater than 46.6 mm would overload 
the screws. For convenience in fabrication, and to be on the safe side, a spacing 
such as s — 45 mm would be selected. 
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(c) (d) (e) (f) (g) 


FIG. 5-45 Normal stresses in a cantilever 
beam subjected to both bending and 
axial loads: (a) beam with load P acting 
at the free end, (b) stress resultants N, V, 
and M acting on a cross section at 
distance x from the support, (c) tensile 
stresses due to the axial force N acting 
alone, (d) tensile and compressive 
stresses due to the bending moment M 
acting alone, and (e), (f), (g) possible 
final stress distributions due to the 
combined effects of N and M 


*5.12 BEAMS WITH AXIAL LOADS 


Structural members are often subjected to the simultaneous action of 
bending loads and axial loads. This happens, for instance, in aircraft 
frames, columns in buildings, machinery, parts of ships, and spacecraft. 
If the members are not too slender, the combined stresses can be obtained 
by superposition of the bending stresses and the axial stresses. 

To see how this is accomplished, consider the cantilever beam 
shown in Fig. 5-45a. The only load on the beam is an inclined force P 
acting through the centroid of the end cross section. This load can be 
resolved into two components, a lateral load Q and an axial load S. 
These loads produce stress resultants in the form of bending moments M, 
shear forces V, and axial forces N throughout the beam (Fig. 5-45b). On a 
typical cross section, distance x from the support, these stress resultants are 


M = Q(L — x) V= -Q N=S 


in which L is the length of the beam. The stresses associated with each of 
these stress resultants can be determined at any point in the cross section by 
means of the appropriate formula (c = —My/I, 7 = VO/Ib, and ø = N/A). 

Since both the axial force N and bending moment M produce normal 
stresses, we need to combine those stresses to obtain the final stress 
distribution. The axial force (when acting alone) produces a uniform 
stress distribution o = N/A over the entire cross section, as shown by the 
stress diagram in Fig. 5-45c. In this particular example, the stress c is 
tensile, as indicated by the plus signs attached to the diagram. 

The bending moment produces a linearly varying stress e = —My/I 
(Fig. 5-45d) with compression on the upper part of the beam and tension 
on the lower part. The distance y is measured from the z axis, which 
passes through the centroid of the cross section. 

The final distribution of normal stresses is obtained by superposing 
the stresses produced by the axial force and the bending moment. Thus, 
the equation for the combined stresses is 


(5-53) 


Note that N is positive when it produces tension and M is positive 
according to the bending-moment sign convention (positive bending 
moment produces compression in the upper part of the beam and tension 
in the lower part). Also, the y axis is positive upward. As long as we use 
these sign conventions in Eq. (5-53), the normal stress ø will be positive 
for tension and negative for compression. 

The final stress distribution depends upon the relative algebraic 
values of the terms in Eq. (5-53). For our particular example, the three 


(c) (d) (e) (f) (g) 
FIG. 5-45 (Repeated) 





Bending due to self weight of beam and axial 
compression due to horizontal component of 
cable lifting force 
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possibilities are shown in Figs. 5-45e, f, and g. If the bending stress at the 
top of the beam (Fig. 5-45d) is numerically less than the axial stress 
(Fig. 5-45c), the entire cross section will be in tension, as shown in 
Fig. 5-45e. If the bending stress at the top equals the axial stress, the 
distribution will be triangular (Fig. 5-45f), and if the bending stress is 
numerically larger than the axial stress, the cross section will be partially 
in compression and partially in tension (Fig. 5-45g). Of course, if the 
axial force is a compressive force, or if the bending moment is reversed 
in direction, the stress distributions will change accordingly. 

Whenever bending and axial loads act simultaneously, the neutral 
axis (that is, the line in the cross section where the normal stress is 
zero) no longer passes through the centroid of the cross section. As 
shown in Figs. 5-45e, f, and g, respectively, the neutral axis may be 
outside the cross section, at the edge of the section, or within the 
section. 

The use of Eq. (5-53) to determine the stresses in a beam with axial 
loads is illustrated later in Example 5-17. 


Eccentric Axial Loads 


An eccentric axial load is an axial force that does not act through the cen- 
troid of the cross section. An example is shown in Fig. 5-46a, where the 
cantilever beam AB is subjected to a tensile load P acting at distance e 
from the x axis (the x axis passes through the centroids of the cross sec- 
tions). The distance e, called the eccentricity of the load, 1s positive in the 
positive direction of the y axis. 

The eccentric load P is statically equivalent to an axial force P 
acting along the x axis and a bending moment Pe acting about the z 
axis (Fig. 5-46b). Note that the moment Pe is a negative bending 
moment. 

A cross-sectional view of the beam (Fig. 5-46c) shows the y and z 
axes passing through the centroid C of the cross section. The eccentric 
load P intersects the y axis, which is an axis of symmetry. 

Since the axial force N at any cross section is equal to P, and since 
the bending moment M is equal to — Pe, the normal stress at any point in 
the cross section (from Eq. 5-53) is 


in which A is the area of the cross section and / is the moment of inertia 
about the z axis. The stress distribution obtained from Eq. (5-54), for the 
case where both P and e are positive, is shown in Fig. 5-46d. 


414 CHAPTER 5 Stresses in Beams (Basic Topics) 


FIG. 5-46 (a) Cantilever beam with an 
eccentric axial load P, (b) equivalent 
loads p and pe, (c) cross section of 
beam, and (d) distribution of normal 
stresses over the cross section 


P 
í p j^ P 
(a) 





(c) (d) 


The position of the neutral axis nn (Fig. 5-46c) can be obtained from 
Eq. (5-54) by setting the stress ø equal to zero and solving for the coor- 
dinate y, which we now denote as yo. The result is 


Í 
= — — 5-55 
Yo P ( ) 


The coordinate yo is measured from the z axis (which is the neutral axis 
under pure bending) to the line nn of zero stress (the neutral axis under 
combined bending and axial load). Because yo is positive in the direction 
of the y axis (upward in Fig. 5-46c), it is labeled —yo when it is shown 
downward in the figure. 

From Eq. (5-55) we see that the neutral axis lies below the z axis 
when e is positive and above the z axis when e is negative. If the eccen- 
tricity is reduced, the distance yọ increases and the neutral axis moves 
away from the centroid. In the limit, as e approaches zero, the load acts 
at the centroid, the neutral axis 1s at an infinite distance, and the stress 
distribution is uniform. If the eccentricity is increased, the distance yo 
decreases and the neutral axis moves toward the centroid. In the limit, as 
e becomes extremely large, the load acts at an infinite distance, the 
neutral axis passes through the centroid, and the stress distribution is the 
same as in pure bending. 

Eccentric axial loads are analyzed in some of the problems at the end 
of this chapter, beginning with Problem 5.12-12. 
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Limitations 


The preceding analysis of beams with axial loads is based upon the 
assumption that the bending moments can be calculated without consid- 
ering the deflections of the beams. In other words, when determining the 
bending moment M for use in Eq. (5-53), we must be able to use the orig- 
inal dimensions of the beam—that is, the dimensions before any defor- 
mations or deflections occur. The use of the original dimensions is valid 
provided the beams are relatively stiff in bending, so that the deflections 
are very small. 

Thus, when analyzing a beam with axial loads, it is important to 
distinguish between a stocky beam, which is relatively short and therefore 
highly resistant to bending, and a slender beam, which is relatively long 
and therefore very flexible. In the case of a stocky beam, the lateral deflec- 
tions are so small as to have no significant effect on the line of action of the 
axial forces. As a consequence, the bending moments will not depend upon 
the deflections and the stresses can be found from Eq. (5-53). 

In the case of a slender beam, the lateral deflections (even though 
small in magnitude) are large enough to alter significantly the line of 
action of the axial forces. When that happens, an additional bending 
moment, equal to the product of the axial force and the lateral deflection, 
is created at every cross section. In other words, there is an interaction, 
or coupling, between the axial effects and the bending effects. This type 
of behavior is discussed in Chapter 11 on columns. 

The distinction between a stocky beam and a slender beam is 
obviously not a precise one. In general, the only way to know whether 
interaction effects are important is to analyze the beam with and 
without the interaction and notice whether the results differ signifi- 
cantly. However, this procedure may require considerable calculating 
effort. Therefore, as a guideline for practical use, we usually consider a 
beam with a length-to-height ratio of 10 or less to be a stocky beam. 
Only stocky beams are considered in the problems pertaining to this 
section. 
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Example 5-17 








FIG. 5-47 Example 5-17. Tubular beam 
subjected to combined bending and 
axial load 


A tubular beam ACB of length L = 60 in. is pin-supported at its ends and loaded 
by an inclined force P at midlength (Fig. 5-47a). The distance from the point of 
application of the load P to the longitudinal axis of the tube is d — 5.5 in. The 
cross section of the tube is square (Fig. 5-47b) with outer dimension 5 = 6.0 in., 
area A = 20.0 in.?, and moment of inertia J = 86.67 in.* 

Determine the maximum tensile and compressive stresses in the beam due 
to a load P — 1000 Ib. 





P = 1000 Ib b —6in. 


60° 


(a) 


Solution 

Beam and loading. We begin by representing the beam and its load in 
idealized form for purposes of analysis (Fig. 5-48a). Since the support at end A 
resists both horizontal and vertical displacement, it is represented as a pin 
support. The support at B prevents vertical displacement but offers no resistance 
to horizontal displacement, so it is shown as a roller support. 

The inclined load P is resolved into horizontal and vertical components Py 
and Py, respectively: 


Py = P sin 60° = (1000 Ib)(sin 60°) = 866 Ib 
Py = P cos 60° = (1000 Ib)(cos 60°) = 500 Ib 


The horizontal component P; is shifted to the axis of the beam by the addition 
of a moment Mo (Fig. 5-48a): 


Mo = Prd = (866.0 Ib)(5.5 in.) = 4760 Ib-in. 


Note that the loads Py, Py, and My, acting at the midpoint C of the beam are 
statically equivalent to the original load P. 

Reactions and stress resultants. The reactions of the beam (Ry, R4, and Rp) 
are shown in Fig. 5-48a. Also, the diagrams of axial force N, shear force V, and 
bending moment M are shown in Figs. 5-48b, c, and d, respectively. All of these 
quantities are found from free-body diagrams and equations of equilibrium, 
using the techniques described in Chapter 4. 








y Mo = 4760 Ib-in. 
Py = 866 Ib 


A = K 
Ry C 
= 5001 


V 








Ry = 866 Ib 
R,=329 lb Rg=171 1b 
(a) 


866 Ib 
0 
(b) 
y 329 Ib 
0 
-171 Ib 
(c) 
9870 Ib-in. 
M ~ m Ib-in. 
0 
(d) 


FIG. 5-48 Solution of Example 5-17. 

(a) Idealized beam and loading, 

(b) axial-force diagram, (c) shear-force 
diagram, and (d) bending-moment 
diagram 


Stresses in the beam. The maximum tensile stress in the beam occurs at the 
bottom of the beam (y = —3.0 in.) just to the left of the midpoint C. We arrive 
at this conclusion by noting that at this point in the beam the tensile stress due to 
the axial force adds to the tensile stress produced by the largest bending moment. 
Thus, from Eq. (5-53), we get 


N My  8661b 
Garr = = 


(9870 Ib-in.)( —3.0 in.) 
86.67 in.* 


A I  200in? 
= 43 psi + 342 psi = 385 psi 


The maximum compressive stress occurs either at the top of the beam (y = 
3.0 in.) to the left of point C or at the top of the beam to the right of point C. 
These two stresses are calculated as follows: 


N My  8661b  (98701b-in)(3.0 in.) 


(hie = | — 1. 7 300 in2 Vani 
= 43 psi — 342 psi = —299 psi 
N My (5110 Ib-in.)(3.0 in.) | 
ri morc xcix s = 
(achi ^. — 7] NETTE Ps 


Thus, the maximum compressive stress is 


(On) max Sa 9 psi 


and occurs at the top of the beam to the left of point C. 

Note: This example shows how the normal stresses in a beam due to 
combined bending and axial load can be determined. The shear stresses acting 
on cross sections of the beam (due to the shear forces V) can be determined 
independently of the normal stresses, as described earlier in this chapter. 
Later, in Chapter 7, we will see how to determine the stresses on inclined 
planes when we know both the normal and shear stresses acting on cross- 
sectional planes. 
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FIG. 5-49 Stress distributions in a beam in 
pure bending with a circular hole at the 
neutral axis. (The beam has a 
rectangular cross section with height h 
and thickness b.) 


*5,13 STRESS CONCENTRATIONS IN BENDING 


The flexure and shear formulas discussed in earlier sections of this 
chapter are valid for beams without holes, notches, or other abrupt 
changes in dimensions. Whenever such discontinuities exist, high local- 
ized stresses are produced. These stress concentrations can be extremely 
important when a member is made of brittle material or is subjected to 
dynamic loads. (See Chapter 2, Section 2.10, for a discussion of the con- 
ditions under which stress concentrations are important.) 

For illustrative purposes, two cases of stress concentrations in beams 
are described in this section. The first case is a beam of rectangular cross 
section with a hole at the neutral axis (Fig. 5-49). The beam has height h 
and thickness b (perpendicular to the plane of the figure) and is in pure 
bending under the action of bending moments M. 

When the diameter d of the hole is small compared to the height h, 
the stress distribution on the cross section through the hole is approxi- 
mately as shown by the diagram in Fig. 5-49a. At point B on the edge of 
the hole the stress is much larger than the stress that would exist at that 
point if the hole were not present. (The dashed line in the figure shows 
the stress distribution with no hole.) However, as we go toward the outer 
edges of the beam (toward point A), the stress distribution varies linearly 
with distance from the neutral axis and is only slightly affected by the 
presence of the hole. 

When the hole is relatively large, the stress pattern is approxi- 
mately as shown in Fig. 5-49b. There is a large increase in stress at 








FIG. 5-50 Stress-concentration factor K 
for a notched beam of rectangular cross 
section in pure bending (h = height of 
beam; b = thickness of beam, perpen- 
dicular to the plane of the figure). The 
dashed line is for semicircular notches 
(h = h, + 2R) 
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point B and only a small change in stress at point A as compared to the 
stress distribution in the beam without a hole (again shown by the 
dashed line). The stress at point C is larger than the stress at A but 
smaller than the stress at B. 

Extensive investigations have shown that the stress at the edge of 
the hole (point B) is approximately twice the nominal stress at that point. 
The nominal stress is calculated from the flexure formula in the standard 
way, that is, a = My/I, in which y is the distance d/2 from the neutral axis 
to point B and / is the moment of inertia of the net cross section at the hole. 
Thus, we have the following approximate formula for the stress at point 5: 


(5-56) 


At the outer edge of the beam (at point C), the stress is approxi- 
mately equal to the nominal stress (not the actual stress) at point A (where 
y = h/2): 


My 6Mh 
Oc = 


I bth — d?) oe 


From the last two equations we see that the ratio o/c is approximately 
2d/h. Hence we conclude that when the ratio d/h of hole diameter to 
height of beam exceeds 1/2, the largest stress occurs at point B. When d/h 
is less than 1/2, the largest stress is at point C. 

The second case we will discuss is a rectangular beam with notches 
(Fig. 5-50). The beam shown in the figure is subjected to pure bending 
and has height h and thickness b (perpendicular to the plane of the 
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figure). Also, the net height of the beam (that is, the distance between the 
bases of the notches) is h4 and the radius at the base of each notch is R. 
The maximum stress in this beam occurs at the base of the notches and 
may be much larger than the nominal stress at that same point. The 
nominal stress is calculated from the flexure formula with y = h,/2 and 
I = bhi/12; thus, 


My _ 6M 
Onom = = —— 5-58 
nom I bh? ( ) 
The maximum stress is equal to the stress-concentration factor K times 
the nominal stress: 


Omax — K Oper (5-59) 


The stress-concentration factor K is plotted in Fig. 5-50 for a few values 
of the ratio h/h,. Note that when the notch becomes “sharper,” that is, the 
ratio R/h, becomes smaller, the stress-concentration factor increases. 
(Figure 5-50 is plotted from the formulas given in Ref. 2-9.) 

The effects of the stress concentrations are confined to small regions 
around the holes and notches, as explained in the discussion of Saint- 
Venant’s principle in Section 2.10. At a distance equal to h or greater 
from the hole or notch, the stress-concentration effect is negligible and 
the ordinary formulas for stresses may be used. 
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In Chapter 5, we investigated the behavior of beams with loads applied and bending 
occurring in the x-y plane: a plane of symmetry in the beam cross section. Both pure 
bending and nonuniform bending were considered. The normal stresses were seen to 
vary linearly from the neutral surface in accordance with the flexure formula, which 
showed that the stresses are directly proportional to the bending moment M and 
inversely proportional to the moment of inertia / of the cross section. Next, the relevant 
properties of the beam cross section were combined into a single quantity known as 
the section modulus S of the beam: a useful property in beam design once the maxi- 
mum moment (Mj4, and allowable normal stress (o4j4,) are known. The flexure 
formula was also shown to give reasonably accurate values for the bending stresses in 
nonprismatic beams provided the changes in cross-sectional dimensions were grad- 
ual. Next, horizontal and vertical shear stresses (7) were computed using the shear 
formula for the case of nonuniform bending of beams with either rectangular or circu- 
lar cross sections. The special cases of shear in beams with flanges and built-up 
beams also were considered. Finally, stocky beams with both axial and transverse 
loads were discussed, followed by an evaluation of localized stresses in beams with 
abrupt changes in cross section around notches or holes. 

Some of the major concepts and findings presented in this chapter are as follows: 


1. If the xy plane is a plane of symmetry of a beam cross section and applied loads 
act in the xy plane, the bending deflections occur in this same plane, known as 
the plane of bending. 


2. A beam in pure bending has constant curvature, and a beam in nonuniform 
bending has varying curvature. Longitudinal strains in a bent beam are propor- 
tional to its curvature, and the strains in a beam in pure bending vary linearly 
with distance from the neutral surface, regardless of the shape of the stress- 
strain curve of the material. 


3. The neutral axis passes through the centroid of the cross-sectional area when 
the material follows Hooke's law and there is no axial force acting on the cross 
section. When a beam of linearly elastic material is subjected to pure bending, 
the y and z axes are principal centroidal axes. 


4. Ifthe material of a beam is linearly elastic and follows Hooke's law, the moment- 
curvature equation (Eq. (5-12)] shows that the curvature is directly proportional 
to the bending moment M and inversely proportional to the quantity E/, referred 
to as the flexural rigidity of the beam. 


5. The flexure formula shows that the normal stresses are directly proportional to 
the bending moment M and inversely proportional to the moment of inertia / of 
the cross section. The maximum tensile and compressive bending stresses 
acting at any given cross section occur at points located farthest from the 
neutral axis. 


6. The normal stresses calculated from the flexure formula are not significantly 
altered by the presence of shear stresses and the associated warping of the 
cross section for the case of nonuniform bending. However, the flexure formula is 
not applicable near the supports of a beam or close to a concentrated load, 
because such irregularities produce stress concentrations that are much greater 
than the stresses obtained from the flexure formula. 


continued 
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10. 


11. 


12. 


To design a beam to resist bending stresses, we calculate the required section 
modulus from the maximum moment and allowable normal stress. To minimize 
weight and save material, we usually select a beam from a material design 
manual (e.g., see sample tables in Appendices E and F for steel and wood) that 
has the least cross-sectional area while still providing the required section 
modulus; wide-flange sections, and l-sections have most of their material in the 
flanges and the width of their flanges helps to reduce the likelihood of sideways 
buckling. 


Nonprismatic beams (found in automobiles, airplanes, machinery, bridges, build- 
ings, tools, and many other applications) commonly are used to reduce weight 
and improve appearance. The flexure formula gives reasonably accurate values 
for the bending stresses in nonprismatic beams, provided that the changes in 
cross-sectional dimensions are gradual. However, in a nonprismatic beam, the 
section modulus also varies along the axis, so we cannot assume that the 
maximum stresses occur at the cross section with the largest bending moment. 


Beams subjected to loads that produce both bending moments and shear forces 
(nonuniform bending) develop both normal and shear stresses in the beam. 
Normal stresses are calculated from the flexure formula (provided the beam is 
constructed of a linearly elastic material), and shear stresses are computed using 
the shear formula. Shear stress varies parabolically over the height of a rectangu- 
lar beam, and shear strain also varies parabolically; these shear strains cause 
cross sections of the beam that were originally plane surfaces to become warped. 
The maximum values of the shear stress and strain occur at the neutral axis, and 
the shear stress and strain are zero on the top and bottom surfaces of the beam. 


The shear formula applies only to prismatic beams and is valid only for beams of 
linearly elastic materials with small deflections; also, the edges of the cross 
section must be parallel to the y axis. For rectangular beams, the accuracy of the 
shear formula depends upon the height-to-width ratio of the cross section: the 
formula may be considered as exact for very narrow beams but becomes less 
accurate as width b increases relative to height h. Note that we can use the 
shear formula to calculate the shear stresses only at the neutral axis of a beam 
of circular cross section. 


Shear stresses rarely govern the design of either circular or rectangular beams 
made of metals such as steel and aluminum for which the allowable shear stress 
is usually in the range 25 to 50% of the allowable tensile stress. However, for 
materials that are weak in shear, such as wood, the allowable stress in horizon- 
tal shear is in the range of 4 to 10% of the allowable bending stress and so may 
govern the design. 


Shear stresses in the flanges of wide-flange beams act in both vertical and 
horizontal directions. The horizontal shear stresses are much larger than the ver- 
tical shear stresses in the flanges and are discussed later in Section 6.7. 
The shear stresses in the web of a wide-flange beam act only in the vertical 
direction, are larger than the stresses in the flanges, and may be computed using 
the shear formula. The maximum shear stress in the web of a wide-flange beam 
occurs at the neutral axis, and the minimum shear stress occurs where the web 
meets the flanges. For beams of typical proportions, the shear force in the web is 
90 to 98% of the total shear force l/acting on the cross section; the remainder is 
carried by shear in the flanges. 


13. 
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Connections between the parts in built-up beams (e.g., nails, bolts, welds, and 
glue) must be strong enough to transmit the horizontal shear forces acting 
between the parts of the beam. The connections are designed using the shear 
flow formula to ensure that the beam behaves as a single entity. Shear flow is 
defined as horizontal shear force per unit distance along the longitudinal axis of 
the beam. 


Normal stresses in beams with axial loads are obtained by superposing the 
stresses produced by the axial force and the bending moment. Whenever bend- 
ing and axial loads act simultaneously, the neutral axis no longer passes through 
the centroid of the cross section and may be outside the cross section, at the 
edge of the section, or within the section. The discussion in Section 5.12 applies 
only to stocky beams for which the lateral deflections are so small as to have no 
significant effect on the line of action of the axial forces. If there is an interaction 
or coupling between the axial effects and the bending effects, this type of behav- 
ior is discussed in Chapter 11 on columns. 


Stress distributions in beams are altered by holes, notches, or other abrupt 
changes in dimensions leading to high localized stresses or stress concentra- 
tions. These are especially important to consider when the beam material is 
brittle or the member is subjected to dynamic loads. The maximum stress values 
may be several times larger than the nominal stress. 
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PROBLEMS CHAPTER 5 


Longitudinal Strains in Beams 


5.4-1 Determine the maximum normal strain €max produced 
in a steel wire of diameter d — 1/16 in. when it is bent 
around a cylindrical drum of radius R — 24 in. (see figure). 





PROB. 5.4-1 


5.4-2 A copper wire having diameter d = 3 mm is bent into 
a circle and held with the ends just touching (see 
figure). If the maximum permissible strain in the copper is 
Emax = 0.0024, what is the shortest length L of wire that can 
be used? 


d = diameter 


L - length 


PROB. 5.4-2 


5.4-3 A 4.5 in. outside diameter polyethylene pipe designed 
to carry chemical wastes is placed in a trench and bent 
around a quarter-circular 90° bend (see figure). The bent 
section of the pipe is 46 ft long. 

Determine the maximum compressive strain Emax in the 


pipe. 





PROB. 5.4-3 


5.4-4 A cantilever beam AB is loaded by a couple Mp at its 
free end (see figure). The length of the beam is L — 2.0 m, 
and the longitudinal normal strain at the top surface is 
0.0012. The distance from the top surface of the beam to the 
neutral surface is 82.5 mm. 

Calculate the radius of curvature p, the curvature «K, and 
the vertical deflection 6 at the end of the beam. 


PROB. 5.4-4 


5.4-5 A thin strip of steel of length L = 28 in. and thickness 
t = 0.25 in. is bent by couples Mj (see figure). The deflec- 
tion at the midpoint of the strip (measured from a line 
joining its end points) is found to be 0.20 in. 

Determine the longitudinal normal strain € at the top 
surface of the strip. 





PROB. 5.4-5 


5.4-6 A bar of rectangular cross section is loaded and sup- 
ported as shown in the figure. The distance between supports 
is L = 1.5 m, and the height of the bar is h = 120 mm. The 
deflection at the midpoint is measured as 3.0 mm. 

What is the maximum normal strain e at the top and 
bottom of the bar? 





| 


LL La 


PROB. 5.4-6 


Normal Stresses in Beams 


5.9-1 A thin strip of hard copper (E = 16,000 ksi) having 
length L = 90 in. and thickness t = 3/32 in. is bent into a 
circle and held with the ends just touching (see figure). 

(a) Calculate the maximum bending stress Omax in the 
strip. 

(b) By what percent does the stress increase or decrease 
if the thickness of the strip is increased by 1/32 in.? 


(=——in, 


PROB. 5.5-1 


5.5-2 A steel wire (E = 200 GPa) of diameter d = 1.25 mm 
is bent around a pulley of radius Rp = 500 mm (see figure). 
(a) What is the maximum stress Omax in the wire? 

(b) By what percent does the stress increase or decrease 
if the radius of the pulley is increased by 25%? 





PROB. 5.5-2 
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5,5-3 A thin, high-strength steel rule (E = 30 X 10° psi) 
having thickness t = 0.175 in. and length L = 48 in. is bent 
by couples Mo into a circular are subtending a central angle 
a = 40° (see figure). 

(a) What is the maximum bending stress Omax in the 
rule? 

(b) By what percent does the stress increase or decrease 
if the central angle is increased by 10%? 


L = length 
lg 
Mw» N / 4 J Mo 
Aeris 


PROB. 5.5-3 


5.5-4 A simply supported wood beam AB with span length 
L — 4 m carries a uniform load of intensity g = 5.8 kN/m 
(see figure). 

(a) Calculate the maximum bending stress Cmax due to 
the load q if the beam has a rectangular cross section with 
width b = 140 mm and height h = 240 mm. 

(b) Repeat (a) but use the trapezoidal distributed load 
shown in the figure part (b). 








PROB. 5.5-4 
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5.5-5 Each girder of the lift bridge (see figure) is 180 ft long 
and simply supported at the ends. The design load for each 
girder is a uniform load of intensity 1.6 k/ft. The girders are 
fabricated by welding three steel plates so as to form an 
I-shaped cross section (see figure) having section modulus 
S = 3600 in’. 

What is the maximum bending stress Omax in a girder 
due to the uniform load? 





PROB. 5.5-5 


5.5-6 A freight-car axle AB is loaded approximately as 
shown in the figure, with the forces P representing the car 
loads (transmitted to the axle through the axle boxes) and the 
forces R representing the rail loads (transmitted to the axle 
through the wheels). The diameter of the axle is d = 82 mm, 
the distance between centers of the rails is L, and the distance 
between the forces P and R is b = 220 mm. 

Calculate the maximum bending stress Cmax in the axle 
if P = 50 KN. 


& | J; "m" 
J ^ l q 
b — r b ] 


PROB. 5.5-6 


5.5-7 A seesaw weighing 3 lb/ft of length is occupied by 
two children, each weighing 90 Ib (see figure). The center of 


gravity of each child is 8 ft from the fulcrum. The board is 
19 ft long, 8 in. wide, and 1.5 in. thick. 
What is the maximum bending stress in the board? 





PROB. 5.5-7 


5,5-8 During construction of a highway bridge, the main 
girders are cantilevered outward from one pier toward the next 
(see figure). Each girder has a cantilever length of 48 m and an 
I-shaped cross section with dimensions shown in the figure. 
The load on each girder (during construction) is assumed to be 
9.5 kN/m, which includes the weight of the girder. 

Determine the maximum bending stress in a girder due 
to this load. 


52 mm 






2600 mm 


PROB. 5.5-8 


5.5-9 The horizontal beam ABC of an oil-well pump has the 
cross section shown in the figure. If the vertical pumping 
force acting at end C is 9 k and if the distance from the line 
of action of that force to point B is 16 ft, what is the max- 
imum bending stress in the beam due to the pumping force? 





Horizontal beam transfers loads as part of oil well pump 





PROB. 5.5-9 


5.5-10 A railroad tie (or sleeper) is subjected to two rail 
loads, each of magnitude P — 175 kN, acting as shown in 
the figure. The reaction q of the ballast is assumed to be 
uniformly distributed over the length of the tie, which has 
cross-sectional dimensions b = 300 mm and h = 250 mm. 

Calculate the maximum bending stress Cmax in the tie 
due to the loads P, assuming the distance L = 1500 mm and 
the overhang length a — 500 mm. 





PROB. 5.5-10 


5,5-11 A fiberglass pipe is lifted by a sling, as shown in the 
figure. The outer diameter of the pipe is 6.0 in., its thickness 
is 0.25 in., and its weight density is 0.053 Ib/in.^ The length 
of the pipe is L — 36 ft and the distance between lifting 
points is s — 11 ft. 

Determine the maximum bending stress in the pipe due 
to its own weight. 
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| 
PROB. 5.5-11 , 


5.5-12 A small dam of height h = 2.0 m is constructed of 
vertical wood beams AB of thickness t = 120 mm, as shown 
in the figure. Consider the beams to be simply supported at 
the top and bottom. 

Determine the maximum bending stress Cmax in the beams, 
assuming that the weight density of water is y = 9.81 kN/m^. 





PROB. 5.5-12 


5.5-13 Determine the maximum tensile stress o; (due to 
pure bending about a horizontal axis through C by positive 
bending moments M) for beams having cross sections as 
follows (see figure). 

(a) A semicircle of diameter d 

(b) An isosceles trapezoid with bases b; = b and b, = 
4b/3, and altitude A 

(c) A circular sector with a = 7/3 and r = d/2 





PROB. 5.5-13 
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5,5-14 Determine the maximum bending stress Cmax (due to 
pure bending by a moment M) for a beam having a cross 
section in the form of a circular core (see figure). The circle 
has diameter d and the angle 6 = 60°. (Hint: Use the 
formulas given in Appendix D, Cases 9 and 15.) 





PROB. 5.5-14 


5,5-15 A simple beam AB of span length L = 24 ft is sub- 
jected to two wheel loads acting at distance d = 5 ft apart 
(see figure). Each wheel transmits a load P = 3.0 k, and the 
carriage may occupy any position on the beam. 

Determine the maximum bending stress Cmax due to the 


wheel loads if the beam is an I-beam having section mod- 
ulus $ = 16.2 in? 


P F4 
PROB. 5.5-15 


5.5-16 Determine the maximum tensile stress o; and max- 
imum compressive stress 0, due to the load P acting on the 
simple beam AB (see figure). 

Data are as follows: P = 6.2 KN, L = 3.2 m, d= 
1.25 m, b = 80 mm, t = 25 mm, h = 120 mm, and h; = 
90 mm. 


E 








— 7 — 





—— 


PROB. 5.5-16 


5.959-17 A cantilever beam AB, loaded by a uniform load and 
a concentrated load (see figure), is constructed of a channel 
section. 

Find the maximum tensile stress o; and maximum com- 
pressive stress o, if the cross section has the dimensions 
indicated and the moment of inertia about the z axis (the neu- 
tral axis) is Z = 3.36 in.* (Note: The uniform load represents 
the weight of the beam.) 


250 Ib 


— 


22.5 lb/ft 


BS in. 
[2.269 in. 


PROB. 5.5-17 


5.959-18 A cantilever beam AB of isosceles trapezoidal cross 
section has length L = 0.8 m, dimensions b, = 80 mm, 
b> = 90 mm, and height h = 110 mm (see figure). The beam 
is made of brass weighing 85 kN/m’. 


(a) Determine the maximum tensile stress o; and max- 
imum compressive stress o, due to the beam's own weight. 

(b) If the width 5, is doubled, what happens to the 
stresses? 

(c) If the height h is doubled, what happens to the 
stresses? 


1 k—bı—| 
in mmo 


PROB. 5.5-18 


5.595-19 A beam ABC with an overhang from B to C supports 
a uniform load of 200 Ib/ft throughout its length (see figure). 
The beam is a channel section with dimensions as shown 
in the figure. The moment of inertia about the z axis (the 
neutral axis) equals 8.13 in.* 

Calculate the maximum tensile stress o, and maximum 
compressive stress o, due to the uniform load. 





200 Ib/ft 
A 
B 
a or 
d 0.787 in. 
Z 
C [2.613 in. 
PROB. 5.5-19 


5,5-20 A frame ABC travels horizontally with an accelera- 
tion ag (see figure). Obtain a formula for the maximum 
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Stress Cmax in the vertical arm AB, which has length L, thick- 
ness f, and mass density p. 





PROB. 5.5-20 


5.5-21 A beam of T-section is supported and loaded as 
shown in the figure. The cross section has width 5 — 2 1/2 
in., height h = 3 in., and thickness t = 3/8 in. 

Determine the maximum tensile and compressive stresses 
in the beam. 


P = 700 Ib 


q = 100 lb/ft 











s 6 ft Ld = 5 ft — 


PROB. 5.5-21 


*5,5-22 A cantilever beam AB with a rectangular cross 
section has a longitudinal hole drilled throughout its length 
(see figure). The beam supports a load P = 600 N. The cross 
section is 25 mm wide and 50 mm high, and the hole has a 
diameter of 10 mm. 

Find the bending stresses at the top of the beam, at the 
top of the hole, and at the bottom of the beam. 





10 mm 
50 mm 
| P=600N 37.5 mm 





25 mm 


PROB. 5.5-22 
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**5 5-23 A small dam of height h = 6 ft is constructed of 
vertical wood beams AB, as shown in the figure. The wood 
beams, which have thickness t = 2.5 in., are simply sup- 
ported by horizontal steel beams at A and B. 

Construct a graph showing the maximum bending 
stress Omax in the wood beams versus the depth d of the 
water above the lower support at B. Plot the stress Omax (psi) 
as the ordinate and the depth d (ft) as the abscissa. (Note: 
The weight density y of water equals 62.4 Ib/ft^.) 


Steel beam 


A Wood beam 






= fF 


Wood beam 





Steel beam 





Top view 


Side view 


PROB. 5.5-23 


5.5-24 Consider the nonprismatic cantilever beam of circular 
cross section shown. The beam has an internal cylindrical 
hole in segment 1; the bar is solid (radius r) in segment 2. The 


beam is loaded by a downward triangular load with maximum 
intensity qo as shown. 

Find expressions for maximum tensile and compres- 
sive flexural stresses at joint 1. 





Segment | Segment 2 
0.5 EI EI 


PROB. 5.5-24 


5,5-25 A steel post (E = 30 X 10° psi) having thickness 
t = 1/8 in. and height L = 72 in. supports a stop sign (see 
figure: s — 12.5 in.). The height of the post L is measured 
from the base to the centroid of the sign. The stop sign 
is subjected to wind pressure p = 20 Ib/ft^ normal to its 
surface. Assume that the post is fixed at its base. 

(a What is the resultant load on the sign? [See 
Appendix D, Case 25, for properties of an octagon, n = 8]. 

(b) What is the maximum bending stress Omax in the 
post? 


PROB. 5.5-25 
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Circular cutout, d = 0.375 in. 


Section A-A 
rd Post, t = 0.125 in. 
——K — — gna. 


Stop sign" ' 
0.5in. LO in. 10 in. 0.5 in. 


Wind load 


Numerical properties of post 
A — 0.578 in.?, c, = 0.769 in., c; = 0.731 in., 
I, = 0.44867 inf, I, = 0.16101 in. 





Elevation 
view of post 


431 


432 CHAPTER 5 Stresses in Beams (Basic Topics) 


Design of Beams 


5.6-1 The cross section of a narrow-gage railway bridge is 
shown in part (a) of the figure. The bridge is constructed 
with longitudinal steel girders that support the wood cross 
ties. The girders are restrained against lateral buckling by 
diagonal bracing, as indicated by the dashed lines. 

The spacing of the girders is sı = 50 in. and the spacing 
of the rails is s2 = 30 in. The load transmitted by each rail to 
a single tie is P — 1500 Ib. The cross section of a tie, shown 
in part (b) of the figure, has width b — 5.0 in. and depth d. 

Determine the minimum value of d based upon an 
allowable bending stress of 1125 psi in the wood tie. 
(Disregard the weight of the tie itself.) 


gd 
ES 
NN 





Steel 


girder 
(b) 


PROB. 5.6-1 


5.6-2 A fiberglass bracket ABCD of solid circular cross sec- 
tion has the shape and dimensions shown in the figure. 
A vertical load P — 40 N acts at the free end D. 

Determine the minimum permissible diameter dmin of 
the bracket if the allowable bending stress in the material is 
30 MPa and b = 37 mm. (Note: Disregard the weight of the 
bracket itself.) 


REUS - qs 





A B 


PROB. 5.6-2 


5.6-3 A cantilever beam of length L = 7.5 ft supports a 
uniform load of intensity q = 225 lb/ft and a concentrated 
load P = 2750 lb (see figure). 

Calculate the required section modulus S if Oayjow = 
17,000 psi. Then select a suitable wide-flange beam 
(W shape) from Table E-1(a), Appendix E, and recalculate 
S taking into account the weight of the beam. Select a new 
beam size if necessary. 


P — 27750 Ib 


q = 225 lb/ft 


i 


A —ÉÜbis 420 1 — — 


PROB. 5.6-3 


5.6-4 A simple beam of length L = 5 m carries a uniform 
load of intensity q — 5.8 kN and a concentrated load 


22.5 kN (see figure). 

Assuming G4gjo, = 110 MPa, calculate the required 
section modulus S. Then select an 200 mm wide-flange 
beam (W shape) from Table E-1(b) Appendix E, and recal- 
culate S taking into account the weight of the beam. Select a 
new 200 mm beam if necessary. 





PROB. 5.6-4 


5.6-5 A simple beam AB is loaded as shown in the figure. 

Calculate the required section modulus S$ if Oapow = 
17,000 psi, L = 28 ft, P = 2200 Ib, and q = 425 lb/ft. Then 
select a suitable I-beam (S shape) from Table E-2(a), Appen- 
dix E, and recalculate S taking into account the weight of the 
beam. Select a new beam size if necessary. 





PROB. 5.6-5 


5.6-6 A pontoon bridge (see figure) is constructed of two 
longitudinal wood beams, known as balks, that span 
between adjacent pontoons and support the transverse floor 
beams, which are called chesses. 

For purposes of design, assume that a uniform floor 
load of 8.0 kPa acts over the chesses. (This load includes an 
allowance for the weights of the chesses and balks.) Also, 
assume that the chesses are 2.0 m long and that the balks are 
simply supported with a span of 3.0 m. The allowable 
bending stress in the wood is 16 MPa. 

If the balks have a square cross section, what is their 
minimum required width bmin? 





Pontoon 


PROB. 5.6-6 


5.6-7 A floor system in a small building consists of wood 
planks supported by 2 in. (nominal width) joists spaced at dis- 
tance s, measured from center to center (see figure). The span 
length L of each joist is 10.5 ft, the spacing s of the joists is 
16 in., and the allowable bending stress in the wood is 1350 
psi. The uniform floor load is 120 Ib/ft^, which includes an 
allowance for the weight of the floor system itself. 

Calculate the required section modulus S for the joists, 
and then select a suitable joist size (surfaced lumber) from 
Appendix F, assuming that each joist may be represented as 
a simple beam carrying a uniform load. 
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PROBS. 5.6-7 and 5.6-8 


5.6-8 The wood joists supporting a plank floor (see figure) 
are 40 mm X 180 mm in cross section (actual dimensions) 
and have a span length L — 4.0 m. The floor load is 3.6 kPa, 
which includes the weight of the joists and the floor. 

Calculate the maximum permissible spacing s of the 
joists if the allowable bending stress is 15 MPa. (Assume 
that each joist may be represented as a simple beam carrying 
a uniform load.) 


5.6-9 A beam ABC with an overhang from B to C is con- 
structed of a C 10 X 30 channel section (see figure). The 
beam supports its own weight (30 Ib/ft) plus a triangular 
load of maximum intensity qo acting on the overhang. The 
allowable stresses in tension and compression are 20 ksi and 
11 ksi, respectively. 

Determine the allowable triangular load intensity 
0, allow 1f the distance L equals 3.5 ft. 


ae 
3.033 aic p 384 in. 
=, 0.649 in. 


E 0 in. EE 


PROB. 5.6-9 
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5.6-10 A so-called “trapeze bar" in a hospital room provides 
a means for patients to exercise while in bed (see figure). 
The bar is 2.1 m long and has a cross section in the shape of 
a regular octagon. The design load is 1.2 kN applied at the 
midpoint of the bar, and the allowable bending stress is 
200 MPa. 

Determine the minimum height A of the bar. (Assume 
that the ends of the bar are simply supported and that the 
weight of the bar is negligible.) 




















PROB. 5.6-10 


5.6-11 A two-axle carriage that is part of an overhead trav- 
eling crane in a testing laboratory moves slowly across a 
simple beam AB (see figure). The load transmitted to the 
beam from the front axle is 2200 Ib and from the rear axle is 
3800 Ib. The weight of the beam itself may be disregarded. 

(a) Determine the minimum required section modulus S 
for the beam if the allowable bending stress is 17.0 ksi, the 
length of the beam is 18 ft, and the wheelbase of the carriage 
is 5 ft. 

(b) Select the most economical I-beam (S shape) from 
Table E-2(a), Appendix E. 


pl Ib 
ft— 





PROB. 5.6-11 


5.6-12 A cantilever beam AB of circular cross section and 
length L = 450 mm supports a load P = 400 N acting at the 
free end (see figure). The beam is made of steel with an 
allowable bending stress of 60 MPa. 


Determine the required diameter d,,;, of the beam, 
considering the effect of the beam's own weight. 


B e 


~al- 


PROB. 5.6-12 


5.6-13 A compound beam ABCD (see figure) is supported 
at points A, B, and D and has a splice at point C. The dis- 
tance a = 6.25 ft, and the beam is a S 18 X 70 wide-flange 
shape with an allowable bending stress of 12,800 psi. 

(a) If the splice is a moment release, find the allowable 
uniform load qanow that may be placed on top of the beam, 
taking into account the weight of the beam itself. [See figure 
part (a).] 

(b) Repeat assuming now that the splice is a shear 
release, as in figure part (b). 


_ + 
D 
(a) (b) 


Moment Shear 
i release release 
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PROB. 5.6-13 


5.6-14 A small balcony constructed of wood is supported 
by three identical cantilever beams (see figure). Each beam has 
length L; = 2.1 m, width b, and height h = 45/3. The dimen- 
sions of the balcony floor are L; X Lz, with L5 = 2.5 m. The 
design load is 5.5 kPa acting over the entire floor area. (This 
load accounts for all loads except the weights of the cantilever 
beams, which have a weight density y = 5.5 kN/m°.) The 
allowable bending stress in the cantilevers is 15 MPa. 

Assuming that the middle cantilever supports 5096 of 
the load and each outer cantilever supports 25% of the load, 
determine the required dimensions b and A. 





PROB. 5.6-14 


5,6-15 A beam having a cross section in the form of an 
unsymmetric wide-flange shape (see figure) is subjected to 
a negative bending moment acting about the z axis. 

Determine the width b of the top flange in order that the 
stresses at the top and bottom of the beam will be in the ratio 
4:3, respectively. 





PROB. 5.6-15 


5.6-16 A beam having a cross section in the form of a 
channel (see figure) is subjected to a bending moment acting 
about the z axis. 

Calculate the thickness t of the channel in order that the 
bending stresses at the top and bottom of the beam will be 
in the ratio 7:3, respectively. 





m 


PROB. 5.6-16 
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5.6-17 Determine the ratios of the weights of three beams 
that have the same length, are made of the same material, are 
subjected to the same maximum bending moment, and have 
the same maximum bending stress if their cross sections are 
(1) a rectangle with height equal to twice the width, (2) a 
square, and (3) a circle (see figures). 
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PROB. 5.6-17 


*5,6-18 A horizontal shelf AD of length L = 915 mm, 
width b = 305 mm, and thickness t = 22 mm is supported 
by brackets at B and C [see part (a) of the figure]. The 
brackets are adjustable and may be placed in any desired 
positions between the ends of the shelf. A uniform load of 
intensity q, which includes the weight of the shelf itself, acts 
on the shelf [see part (b) of the figure]. 

Determine the maximum permissible value of the load q 
if the allowable bending stress in the shelf is o4j5,, = 7.5 MPa 
and the position of the supports is adjusted for maximum load- 
carrying capacity. 








(b) 


PROB. 5.6-18 
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*5.6-19 A steel plate (called a cover plate) having cross 
sectional dimensions 6.0 in. X 0.5 in. is welded along the 
full length of the bottom flange of a W12 X 50 wide- 
flange beam (see figure, which shows the beam cross 
section). 

What is the percent increase in the smaller section 
modulus (as compared to the wide-flange beam alone)? 


- 
^N 


6.0 X 0.5 in. cover plate 


PROB. 5.6-19 


**5.6-20 A steel beam ABC is simply supported at A and 
B and has an overhang BC of length L = 150 mm 
(see figure). The beam supports a uniform load of intensity 
q = 4.0 kN/m over its entire span AB and 1.5q over BC. 
The cross section of the beam is rectangular with width b 
and height 2b. The allowable bending stress in the steel is 
Callow = 60 MPa, and its weight density is y = 77.0 kN/m?. 

(a) Disregarding the weight of the beam, calculate the 
required width b of the rectangular cross section. 

(b) Taking into account the weight of the beam, calcu- 
late the required width b. 


1.5q 


- , 5. B. 


PROB. 5.6-20 


**5.6-21 A retaining wall 5 ft high is constructed of hori- 
zontal wood planks 3 in. thick (actual dimension) that are 
supported by vertical wood piles of 12 in. diameter (actual 
dimension), as shown in the figure. The lateral earth 
pressure is p, = 100 Ib/ft? at the top of the wall and p; = 
400 Ib/ft^ at the bottom. 

Assuming that the allowable stress in the wood is 1200 psi, 
calculate the maximum permissible spacing s of the piles. 


(Hint: Observe that the spacing of the piles may be 
governed by the load-carrying capacity of either the planks 
or the piles. Consider the piles to act as cantilever beams 
subjected to a trapezoidal distribution of load, and consider 
the planks to act as simple beams between the piles. To be 
on the safe side, assume that the pressure on the bottom 
plank is uniform and equal to the maximum pressure.) 


—* p 3 in. 
pı = 100 lb/ft? 


12 in. 
diam. 
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Side view 
PROB. 5.6-21 


**5.6-22 A beam of square cross section (a — length of 
each side) is bent in the plane of a diagonal (see figure). By 
removing a small amount of material at the top and bottom 
corners, as shown by the shaded triangles in the figure, we 
can increase the section modulus and obtain a stronger 
beam, even though the area of the cross section is reduced. 

(a) Determine the ratio 6 defining the areas that should 
be removed in order to obtain the strongest cross section in 
bending. 

(b) By what percent is the section modulus increased 
when the areas are removed? 





PROB. 5.6-22 


**5.6-23 The cross section of a rectangular beam having 
width b and height h is shown in part (a) of the figure. For 
reasons unknown to the beam designer, it is planned to add 
structural projections of width 5/9 and height d to the top 
and bottom of the beam [see part (b) of the figure]. 

For what values of d is the bending-moment capacity of 
the beam increased? For what values is it decreased? 


i 
i 
j 


(a) (b) 
PROB. 5.6-23 


Nonprismatic Beams 


5.7-1 A tapered cantilever beam AB of length L has square 
cross sections and supports a concentrated load P at the 
free end [see figure part (a)]. The width and height of the 
beam vary linearly from /, at the free end to Apg at the fixed 
end. 

Determine the distance x from the free end A to the 
cross section of maximum bending stress if hg = 3/4. 

(a What is the magnitude Omax of the maximum 
bending stress? What is the ratio of the maximum stress to 
the largest stress B at the support? 

(b) Repeat (a) if load P is now applied as a uniform load 
of intensity g = P/L over the entire beam, A is restrained by a 
roller support and B is a sliding support [see figure, part (b)]. 


Hon PIL 
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support 
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(b) 


PROB. 5.7-1 
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5.7-2 A tall signboard is supported by two vertical beams 
consisting of thin-walled, tapered circular tubes [see figure]. 
For purposes of this analysis, each beam may be represented 
as a cantilever AB of length L — 8.0 m subjected to a lateral 
load P — 2.4 kN at the free end. The tubes have constant 
thickness t = 10.0 mm and average diameters d4 = 90 mm 
and dg — 270 mm at ends A and B, respectively. 

Because the thickness is small compared to the diame- 
ters, the moment of inertia at any cross section may be 
obtained from the formula J = 7d°t/8 (see Case 22, Appen- 
dix D), and therefore, the section modulus may be obtained 
from the formula S = md*t/4. 

(a) At what distance x from the free end does the 
maximum bending stress occur? What is the magnitude 
Omax Of the maximum bending stress? What is the ratio of 
the maximum stress to the largest stress og at the support? 

(b) Repeat (a) if concentrated load P is applied upward 
at A and downward uniform load g(x) = 2P/L is applied over 
the entire beam as shown. What is the ratio of the maximum 
stress to the stress at the location of maximum moment? 





t — 10.0 mm 
d, = 90 mm dp = 270 mm 


(a) 


"ICM 


-— 8.0m 


(b) 


PROB. 5.7-2 
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5.7-3 A tapered cantilever beam AB having rectangular 
cross sections is subjected to a concentrated load P = 50 Ib 
and a couple M, = 800 Ib-in. acting at the free end 
[see figure part (a)]. The width b of the beam is constant and 
equal to 1.0 in., but the height varies linearly from A4 = 2.0 
in. at the loaded end to hg = 3.0 in. at the support. 

(a) At what distance x from the free end does the max- 
imum bending stress Cmax occur? What is the magnitude 
Omax Of the maximum bending stress? What is the ratio of 
the maximum stress to the largest stress og at the support? 

(b) Repeat (a) if, in addition to P and Mp, a triangular dis- 
tributed load with peak intensity qo — 3P/L acts upward over 
the entire beam as shown. What is the ratio of the maximum 
stress to the stress at the location of maximum moment? 












h = 
2 
3.0 in 
S 
(a) 
P = 50 Ib pee 
L 
Mo = 800 lb-in. B 
X 
L=20 in. 
(b) 
PROB. 5.7-3 


*5,7-4 The spokes in a large flywheel are modeled as 
beams fixed at one end and loaded by a force P and a couple 
Mo at the other (see figure). The cross sections of the spokes 
are elliptical with major and minor axes (height and width, 
respectively) having the lengths shown in the figure part (a). 
The cross-sectional dimensions vary linearly from end A to 
end B. 


Considering only the effects of bending due to the 
loads P and Mo, determine the following quantities. 

(a) The largest bending stress o, at end A 

(b) The largest bending stress og at end 5 

(c) The distance x to the cross section of maximum 
bending stress 

(d) The magnitude Omax of the maximum bending 
stress 

(e) Repeat (d) if uniform load g(x) = 10P/3L is added 
to loadings P and Mo, as shown in the figure part (b). 


P=12kN 
Moy = 10 kNem B 
—À 
X 
Leia 


—- j| 
ha = 90 mm hg = 120 mm 


b4 = 60 mm 


4 





X 
Lz1.25 —4 


(b) 


PROB. 5.7-4 


*5,7-5 Refer to the tapered cantilever beam of solid circular 
cross section shown in Fig. 5-24 of Example 5-9. 

(a) Considering only the bending stresses due to the 
load P, determine the range of values of the ratio dg/d, 
for which the maximum normal stress occurs at the 
support. 

(b) What is the maximum stress for this range of values? 


Fully Stressed Beams 


Problems 5.7-6 to 5.7-8 pertain to fully stressed beams of 
rectangular cross section. Consider only the bending 
stresses obtained from the flexure formula and disregard 
the weights of the beams. 


5.7-6 A cantilever beam AB having rectangular cross sections 
with constant width b and varying height A is subjected to 
a uniform load of intensity q (see figure). 

How should the height h, vary as a function of x 
(measured from the free end of the beam) in order to have a 
fully stressed beam? (Express h, in terms of the height hg at 
the fixed end of the beam.) 


COE 
= 


5.7-7 A simple beam ABC having rectangular cross sections 
with constant height h and varying width b, supports a con- 
centrated load P acting at the midpoint (see figure). 

How should the width b, vary as a function of x in order 
to have a fully stressed beam? (Express b, in terms of the 
width bz at the midpoint of the beam.) 


PROB. 5.7-6 








PROB. 5.7-7 
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5.7-8 A cantilever beam AB having rectangular cross sec- 
tions with varying width b, and varying height h, is sub- 
jected to a uniform load of intensity g (see figure). If the 
width varies linearly with x according to the equation 5, = 
bpgx/L, how should the height A, vary as a function of x in 
order to have a fully stressed beam? (Express h, in terms of 
the height Ag at the fixed end of the beam.) 





gg 


PROB. 5.7-8 


Shear Stresses in Rectangular Beams 


5.8-1 The shear stresses 7 in a rectangular beam are given 
by Eq. (5-39): 


in which V is the shear force, Z is the moment of inertia of the 
cross-sectional area, A is the height of the beam, and y, is the 
distance from the neutral axis to the point where the shear 
stress 1s being determined (Fig. 5-30). 

By integrating over the cross-sectional area, show that 
the resultant of the shear stresses is equal to the shear 
force V. 
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5.8-2 Calculate the maximum shear stress Tmax and the 
maximum bending stress Cmax in a wood beam (see figure) 
carrying a uniform load of 22.5 kN/m (which includes the 
weight of the beam) if the length is 1.95 m and the cross 
section is rectangular with width 150 mm and height 
300 mm, and the beam is (a) simply supported as in the 
figure part (a) and (b) has a sliding support at right as in the 


figure part (b). 
NY ||/ 
ANN 
) 300 mm 


150 mm 


22.5 kN/m 








22.5 kN/m 


Lac 


(b) 
PROB. 5.8-2 


5.8-3 Two wood beams, each of rectangular cross section 
(3.0 in. X 4.0 in., actual dimensions) are glued together to 
form a solid beam of dimensions 6.0 in. X 4.0 in. (see figure). 
The beam is simply supported with a span of 8 ft. 

What is the maximum moment Mmax that may be 
applied at the left support if the allowable shear stress in the 
glued joint is 200 psi? (Include the effects of the beam's 
own weight, assuming that the wood weighs 35 Ib/ft^.) 





PROB. 5.8-3 


5,8-4 A cantilever beam of length L — 2 m supports a load 
P — 8.0 kN (see figure). The beam is made of wood with 
cross-sectional dimensions 120 mm X 200 mm. 

Calculate the shear stresses due to the load P at points 
located 25 mm, 50 mm, 75 mm, and 100 mm from the top 
surface of the beam. From these results, plot a graph 
showing the distribution of shear stresses from top to bottom 

P=8.0 "l 


of the beam. 
jw 
| y 200 mm 


NEN E 


120 mm 


PROB. 5.8-4 


5.8-5 A steel beam of length L = 16 in. and cross-sectional 
dimensions b = 0.6 in. and h = 2 in. (see figure) supports a 
uniform load of intensity q — 240 Ib/in., which includes the 
weight of the beam. 

Calculate the shear stresses in the beam (at the cross 
section of maximum shear force) at points located 1/4 in., 
1/2 in., 3/4 in., and 1 in. from the top surface of the 
beam. From these calculations, plot a graph showing 
the distribution of shear stresses from top to bottom of the 
beam. 


q = 240 Ib/in. 





PROB. 5.8-5 


5.8-6 A beam of rectangular cross section (width b and 
height h) supports a uniformly distributed load along its 
entire length L. The allowable stresses in bending and shear 
are G4jow ANd Tanow, respectively. 

(a) If the beam is simply supported, what is the 
span length Lo below which the shear stress governs the 
allowable load and above which the bending stress 
governs? 

(b) If the beam is supported as a cantilever, what is 
the length Lo below which the shear stress governs the 
allowable load and above which the bending stress 
governs? 


5.8-7 A laminated wood beam on simple supports is built up 
by gluing together four 2 in. X 4 in. boards (actual dimen- 
sions) to form a solid beam 4 in. X 8 in. in cross section, as 
shown in the figure. The allowable shear stress in the glued 
joints is 65 psi, and the allowable bending stress in the wood 
is 1800 psi. 

If the beam is 9 ft long, what is the allowable load P 
acting at the third point of the beam? (Include the effects of 
the beam's own weight, assuming that the wood weighs 
35 Ib/ft^.) 





E 3 ft > i 
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PROB. 5.8-7 


5.8-8 A laminated plastic beam of square cross section is built 
up by gluing together three strips, each 10 mm X 30 mm 
in cross section (see figure). The beam has a total 
weight of 3.6 N and is simply supported with span length 
L — 360 mm. 

Considering the weight of the beam (4) calculate the 
maximum permissible CCW moment M that may be placed 
at the right support. 

(a) If the allowable shear stress in the glued joints is 
0.3 MPa. 

(b) If the allowable bending stress in the plastic is 
8 MPa. 


10 mm D 
10 mm 30 mm 
10 mm 


—l mm 
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*5,8-9 A wood beam AB on simple supports with span length 
equal to 10 ft is subjected to a uniform load of intensity 
125 Ib/ft acting along the entire length of the beam, a concen- 
trated load of magnitude 7500 Ib acting at a point 3 ft from the 
right-hand support, and a moment at A of 18,500 ft-Ib (see 
figure). The allowable stresses in bending and shear, respec- 
tively, are 2250 psi and 160 psi. 

(a) From the table in Appendix F, select the lightest 
beam that will support the loads (disregard the weight of the 
beam). 

(b) Taking into account the weight of the beam (weight 
density — 35 Ib/ft^), verify that the selected beam is satis- 
factory, or if it is not, select a new beam. 


18.500 fb — 99 | 


( 125 lb/ft 


PROB. 5.8-9 


*5,8-10 A simply supported wood beam of rectangular 
cross section and span length 1.2 m carries a concentrated 
load P at midspan in addition to its own weight (see figure). 
The cross section has width 140 mm and height 240 mm. 
The weight density of the wood is 5.4 kN/m’. 

Calculate the maximum permissible value of the load P 
if (a) the allowable bending stress is 8.5 MPa, and (b) the 
allowable shear stress is 0.8 MPa. 
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PROB. 5.8-10 


140 mm 
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**5.8-11 A square wood platform, 8 ft X 8 ft in area, rests 
on masonry walls (see figure). The deck of the platform is 
constructed of 2 in. nominal thickness tongue-and-groove 
planks (actual thickness 1.5 in.; see Appendix F) supported 
on two 8-ft long beams. The beams have 4 in. X 6 in. nom- 
inal dimensions (actual dimensions 3.5 in. X 5.5 in.). 

The planks are designed to support a uniformly distrib- 
uted load w (Ib/ft?) acting over the entire top surface of the 
platform. The allowable bending stress for the planks is 
2400 psi and the allowable shear stress is 100 psi. When 
analyzing the planks, disregard their weights and assume 
that their reactions are uniformly distributed over the top 
surfaces of the supporting beams. 

(a) Determine the allowable platform load w, (Ib/ft^) 
based upon the bending stress in the planks. 

(b) Determine the allowable platform load w3 (Ib/ft^) 
based upon the shear stress in the planks. 

(c) Which of the preceding values becomes the allow- 
able load waow on the platform? 

(Hints: Use care in constructing the loading diagram 
for the planks, noting especially that the reactions are dis- 
tributed loads instead of concentrated loads. Also, note that 
the maximum shear forces occur at the inside faces of the 
supporting beams.) 





PROB. 5.8-11 


**5.8-12 A wood beam ABC with simple supports at A and B 
and an overhang BC has height A — 300 mm (see figure). The 
length of the main span of the beam is L — 3.6 m and the 
length of the overhang is L/3 = 1.2 m. The beam supports a 
concentrated load 3P — 18 kN at the midpoint of the main 
span and a moment PL/2 = 10.8 kN - m at the free end of the 
overhang. The wood has weight density y = 5.5 kN/m'. 


(a) Determine the required width 5 of the beam based 
upon an allowable bending stress of 8.2 MPa. 

(b) Determine the required width based upon an allow- 
able shear stress of 0.7 MPa. 





PROB. 5.8-12 


Shear Stresses in Circular Beams 


5.9-1 A wood pole of solid circular cross section (d — diam- 
eter) is subjected to a triangular distributed horizontal force 
of peak intensity qo = 20 lb/in (see figure). The length of 
the pole is L — 6 ft, and the allowable stresses in the wood 
are 1900 psi in bending and 120 psi in shear. 

Determine the minimum required diameter of the pole 
based upon (a) the allowable bending stress and (b) the 
allowable shear stress. 


qo = 20 Ib/in. 


d— 
L 





PROB. 5.9-1 


5,9-2 A simple log bridge in a remote area consists of two par- 
allel logs with planks across them (see figure). The logs are 
Douglas fir with average diameter 300 mm. A truck moves 
slowly across the bridge, which spans 2.5 m. Assume that the 
weight of the truck is equally distributed between the two logs. 

Because the wheelbase of the truck is greater than 2.5 m, 
only one set of wheels is on the bridge at a time. Thus, the 
wheel load on one log is equivalent to a concentrated load W 
acting at any position along the span. In addition, the weight 
of one log and the planks it supports is equivalent to a uni- 
form load of 850 N/m acting on the log. 

Determine the maximum permissible wheel load W 
based upon (a) an allowable bending stress of 7.0 MPa, and 
(b) an allowable shear stress of 0.75 MPa. 





PROB. 5.9-2 


*5.9-3 A sign for an automobile service station is supported 
by two aluminum poles of hollow circular cross section, 
as shown in the figure. The poles are being designed to resist 
a wind pressure of 75 lb/ft” against the full area of the sign. 
The dimensions of the poles and sign are hı = 20 ft, ho = 5 ft, 
and b — 10 ft. To prevent buckling of the walls of the poles, 
the thickness ¢ is specified as one-tenth the outside diameter d. 

(a) Determine the minimum required diameter of the 
poles based upon an allowable bending stress of 7500 psi in 
the aluminum. 

(b) Determine the minimum required diameter based 
upon an allowable shear stress of 2000 psi. 





PROBS. 5.9-3 and 5.9-4 
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*5,9-4 Solve the preceding problem for a sign and poles 
having the following dimensions: h, = 6.0 m, ha = 1.5 m, 
b = 3.0 m, and t = d/10. The design wind pressure is 
3.6 kPa, and the allowable stresses in the aluminum are 
50 MPa in bending and 14 MPa in shear. 


Shear Stresses in Beams with Flanges 


5.10-1 through 5.10-6 A wide-flange beam (see figure) 
having the cross section described below is subjected to a shear 
force V. Using the dimensions of the cross section, calculate the 
moment of inertia and then determine the following quantities: 

(a) The maximum shear stress Tmax in the web. 

(b) The minimum shear stress 7,,;, in the web. 

(c) The average shear stress Taver (obtained by dividing 
the shear force by the area of the web) and the ratio 
Toad Taver’ 

(d) The shear force Vwe» carried in the web and the ratio 
Vwev/ V- 

(Note: Disregard the fillets at the junctions of the web 
and flanges and determine all quantities, including the 
moment of inertia, by considering the cross section to 
consist of three rectangles.) 








PROBS. 5.10-1 through 5.10-6 


5.10-1 Dimensions of cross section: b = 6 in., t = 0.5 in., 
h = 12 in., h, = 10.5 in., and V = 30 k. 


5.10-2 Dimensions of cross section: b = 180 mm, 
t = 12 mm, h = 420 mm, A, = 380 mm, and V = 125 KN. 


5.10-3 Wide-flange shape, W 8 X 28 (see Table E-1, 
Appendix E); V = 10k. 


5.10-4 Dimensions of cross section: b = 220 mm, 
t = 12 mm, A = 600 mm, A, = 570 mm, and V = 200 kN. 


5.10-5 Wide-flange shape, W 18 X 71 (see Table E-1, 
Appendix E); V — 21 k. 


5.10-6 Dimensions of cross section: b = 120 mm, 
t = 7mm, h = 350 mm, h= 330 mm, and V = 60 kN. 


444 CHAPTER 5 Stresses in Beams (Basic Topics) 


5.10-7 A cantilever beam AB of length L = 6.5 ft supports 
a trapezoidal distributed load of peak intensity g, and min- 
imum intensity g/2, that includes the weight of the beam 
(see figure). The beam is a steel W 12 X 14 wide-flange 
shape (see Table E-1(a), Appendix E). 

Calculate the maximum permissible load q based upon 
(a) an allowable bending stress o4j,,, = 18 ksi and (b) an 
allowable shear stress Tanow = 7.5 ksi. (Note: Obtain the 
moment of inertia and section modulus of the beam from 


Table E-1(a)) 
5.10-8 A bridge girder AB on a simple span of length L = 14 


ds 6.5 e 
PROB. 5.10-7 
m supports a distributed load of maximum intensity q at 
midspan and minimum intensity q/2 at supports A and B that 
includes the weight of the girder (see figure). The girder is 
constructed of three plates welded to form the cross section 
shown. 

Determine the maximum permissible load q based 
upon (a) an allowable bending stress Canow = 110 MPa and 
(b) an allowable shear stress Tanow = 50 MPa. 


q 450 mm 
um 


—— 32 mm 


PROB. 5.10-8 


5.10-9 A simple beam with an overhang supports a uniform 
load of intensity g = 1200 Ib/ft and a concentrated load 
P = 3000 Ib at 8 ft to the right of A and also at C (see 
figure). The uniform load includes an allowance for the 
weight of the beam. The allowable stresses in bending and 
shear are 18 ksi and 11 ksi, respectively. 

Select from Table E-2(a), Appendix E, the lightest 
I-beam (S shape) that will support the given loads. 


(Hint: Select a beam based upon the bending stress and 
then calculate the maximum shear stress. If the beam is 
overstressed in shear, select a heavier beam and repeat.) 


P = 3000 Ib 
P = 3000 Ib | 


«— — 8 ft —__> 
q = 1200 lb/ft 


PROB. 5.10-9 


5.10-10 A hollow steel box beam has the rectangular cross 
section shown in the figure. Determine the maximum allow- 
able shear force V that may act on the beam if the allowable 
shear stress is 36 MPa. 


20 
mm 
10mm || | 10mm 40 
20 
nm 
200 mm 


PROB. 5.10-10 


5.10-11 A hollow aluminum box beam has the square cross 
section shown in the figure. Calculate the maximum and 
minimum shear stresses Tmax and Tmin in the webs of the 
beam due to a shear force V = 28 k. 


1.0 in. 


1.0 in. 


19 TET 


PROB. 5.10-11 


5.10-12 The T-beam shown in the figure has cross-sectional 
dimensions as follows: b = 210 mm, t = 16 mm, A = 300 mm, 
and A, = 280 mm. The beam is subjected to a shear force 
V = 68 KN. 

Determine the maximum shear stress Tmax 1n the web of 
the beam. 





—— 


PROBS. 5.10-12 and 5.10-13 


5.10-13 Calculate the maximum shear stress Tnax in the web 
of the T-beam shown in the figure if b = 10 in., t = 0.5 in., 
h = 7 in., hy = 6.2 in., and the shear force V = 5300 Ib. 


Built-Up Beams 


5.11-1 A prefabricated wood I-beam serving as a floor joist 
has the cross section shown in the figure. The allowable load 
in shear for the glued joints between the web and the flanges 
is 65 Ib/in. in the longitudinal direction. 

Determine the maximum allowable shear force Vmax for 
the beam. 








PROB. 5.11-1 
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5.11-2 A welded steel girder having the cross section shown 
in the figure is fabricated of two 300 mm X 25 mm flange 
plates and a 800 mm X 16 mm web plate. The plates are 
joined by four fillet welds that run continuously for the 
length of the girder. Each weld has an allowable load in 
shear of 920 kN/m. 

Calculate the maximum allowable shear force V,,,, for 
the girder. 


y 
25 mm 
- O 800 mm 


25 mm 
300 mm 


PROB. 5.11-2 


5.11-3 A welded steel girder having the cross section 
shown in the figure is fabricated of two 20 in. X 1 in. flange 
plates and a 60 in. X 5/16 in. web plate. The plates are 
joined by four longitudinal fillet welds that run continuously 
throughout the length of the girder. 

If the girder is subjected to a shear force of 280 kips, 
what force F (per inch of length of weld) must be resisted by 
each weld? 





PROB. 5.11-3 
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5.11-4 A box beam of wood is constructed of two 
260 mm X 50 mm boards and two 260 mm X 25 mm boards 
(see figure). The boards are nailed at a longitudinal spacing 
s — 100 mm. 

If each nail has an allowable shear force F — 1200 N, 
what is the maximum allowable shear force Vmax? 





PROB. 5.11-4 


5.11-5 A box beam is constructed of four wood boards as 
shown in the figure part (a). The webs are 8 in. X 1 in. and 
the flanges are 6 in. X 1 in. boards (actual dimensions), 
joined by screws for which the allowable load in shear is 
F — 250 Ib per screw. 

(a) Calculate the maximum permissible longitudinal 
spacing Smax of the screws if the shear force V is 1200 Ib. 

(b) Repeat (a) 1f the flanges are attached to the webs 
using a horizontal arrangement of screws as shown in the 
figure part (b). 


y Flange 












| gg ps ee, 
M C NEIN 


] in. 


(a) 


PROB. 5.11-5 


(b) 


5.11-6 Two wood box beams (beams A and B) have the 
same outside dimensions (200 mm X 360 mm) and the same 
thickness (t = 20 mm) throughout, as shown in the figure on 
the next page. Both beams are formed by nailing, with each 
nail having an allowable shear load of 250 N. The beams are 
designed for a shear force V — 3.2 kN. 


(a) What is the maximum longitudinal spacing s4 for 
the nails in beam A? 

(b) What is the maximum longitudinal spacing sz for 
the nails in beam B? 

(c) Which beam is more efficient in resisting the shear 
force? 








PROB. 5.11-6 


5.11-7 A hollow wood beam with plywood webs has the 
cross-sectional dimensions shown in the figure. The 
plywood is attached to the flanges by means of small nails. 
Each nail has an allowable load in shear of 30 Ib. 

Find the maximum allowable spacing s of the nails at 
cross sections where the shear force V is equal to (a) 200 Ib 
and (b) 300 Ib. 





PROB. 5.11-7 


5.11-8 A beam of T cross section is formed by nailing 
together two boards having the dimensions shown in the figure. 

If the total shear force V acting on the cross section is 
1500 N and each nail may carry 760 N in shear, what is the 
maximum allowable nail spacing s? 


| y 
QUUD. mm 


60 mm 


-[ mm 
60 mm 


PROB. 5.11-8 


5.11-9 The T-beam shown in the figure is fabricated by 
welding together two steel plates. If the allowable load for 
each weld is 1.8 k/in. in the longitudinal direction, what is 
the maximum allowable shear force V? 





PROB. 5.11-9 


8 X 0.52 


Four angles 


exexl 
W 14 x 82 


PROB. 5.11-11 


Beam 2 
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5.11-10 A steel beam is built up from a W 410 X 85 wide 
flange beam and two 180 mm X 9 mm cover plates (see 
figure). The allowable load in shear on each bolt is 9.8 kN. 
What is the required bolt spacing s in the longitudinal direction 
if the shear force V — 110 kN (Note: Obtain the dimensions 
and moment of inertia of the W shape from Table E-1(b).) 


^ 180mm X 9 mm 
cover plates 


[e 


A O 


W 410 x 85 


PROB. 5.11-10 


5.11-11 The three beams shown have approximately the 
same cross-sectional area. Beam 1 is a W 14 X 82 with 
flange plates; Beam 2 consists of a web plate with four 
angles; and Beam 3 is constructed of 2 C shapes with flange 
plates. 

(a) Which design has the largest moment capacity? 

(b) Which has the largest shear capacity? 

(c) Which is the most economical in bending? 

(d) Which is the most economical in shear? 

Assume allowable stress values are: o, = 18 ksi and 7, = 
11 ksi. The most economical beam is that having the largest 
capacity-to-weight ratio. Neglect fabrication costs in answering 
(c) and (d) above. (Note: Obtain the dimensions and properties 
of all rolled shapes from tables in Appendix E.) 


a 4 X 0.375 


C 15 x 50 


14 X 0.675 


7—4x 0375 
Beam 3 


448 CHAPTER 5 Stresses in Beams (Basic Topics) 


5.11-12 Two W 310 X 74 steel wide-flange beams are 
bolted together to form a built-up beam as shown in the 
figure. What is the maximum permissible bolt spacing s if 
the shear force V — 80 kN and the allowable load in shear 
on each bolt is F = 13.5 kN (Note: Obtain the dimensions 
and properties of the W shapes from Table E-1(b).) 


W 310 X 74 


W 310 x 74 





PROB. 5.11-12 
Beams with Axial Loads 


When solving the problems for Section 5.12, assume that 
the bending moments are not affected by the presence of 
lateral deflections. 


5.12-1 While drilling a hole with a brace and bit, you exert 
a downward force P = 25 Ib on the handle of the brace 
(see figure). The diameter of the crank arm is d — 7/16 in. 
and its lateral offset is b — 4-7/8 in. 

Determine the maximum tensile and compressive 
stresses o; and g+, respectively, in the crank. 


Eu Ib 








PROB. 5.12-1 


5.12-2 An aluminum pole for a street light weighs 4600 N 
and supports an arm that weighs 660 N (see figure). 
The center of gravity of the arm is 1.2 m from the axis of the 
pole. A wind force of 300 N also acts in the (— y) direction 
at 9 m above the base. The outside diameter of the pole 
(at its base) 1s 225 mm, and its thickness is 18 mm. 

Determine the maximum tensile and compressive 
stresses g; and g., respectively, in the pole (at its base) due 
to the weights and the wind force. 





PROB. 5.12-2 


5.12-3 A curved bar ABC having a circular axis (radius 
r — |2 in.) is loaded by forces P — 400 Ib (see figure). The 
cross section of the bar is rectangular with height h and 
thickness f. 

If the allowable tensile stress in the bar is 12,000 psi 
and the height h = 1.25 in., what is the minimum required 
thickness tmin? 








PROB. 5.12-3 


5.12-4 A rigid frame ABC is formed by welding two steel 
pipes at B (see figure). Each pipe has cross-sectional area 
A = 11.31 X 10? mm’, moment of inertia J = 46.37 X 
10° mm‘, and outside diameter d = 200 mm. 


Find the maximum tensile and compressive stresses o; 
and g., respectively, in the frame due to the load P = 8.0 kN 
if L= H= 1.4 m. 











PROB. 5.12-4 


5,12-5 A palm tree weighing 1000 Ib is inclined at an angle 
of 60° (see figure). The weight of the tree may be resolved 
into two resultant forces, a force P, — 900 Ib acting at a 
point 12 ft from the base and a force Pa = 100 Ib acting at 
the top of the tree, which is 30 ft long. The diameter at the 
base of the tree is 14 in. 

Calculate the maximum tensile and compressive 
stresses g; and c, respectively, at the base of the tree due to 
its weight. 








Py = 100 Ib 


P, = 900 Ib 


60° 


PROB. 5.12-5 


5.12-6 A vertical pole of aluminum is fixed at the base 
and pulled at the top by a cable having a tensile force T 
(see figure). The cable is attached at the outer edge of a 
stiffened cover plate on top of the pole and makes an angle 
a = 20° at the point of attachment. The pole has length 
L = 2.5 m and a hollow circular cross section with outer 
diameter d; = 280 mm and inner diameter d, = 220 mm. 
The circular cover plate has diameter 1.5d>. 
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Determine the allowable tensile force Tanow in the cable 
if the allowable compressive stress in the aluminum pole is 


90 MPa. 
1.5 d; 
k— 
a NT 
L 
dı 
d 


5.12-7 Because of foundation settlement, a circular tower is 
leaning at an angle o to the vertical (see figure). The struc- 
tural core of the tower is a circular cylinder of height h, 
outer diameter d5, and inner diameter d,. For simplicity in 
the analysis, assume that the weight of the tower is uni- 
formly distributed along the height. 

Obtain a formula for the maximum permissible angle æ 
if there is to be no tensile stress in the tower. 


PROB. 5.12-6 





PROB. 5.12-7 
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5.12-8 A steel bar of solid circular cross section and length 
L = 2.5 m is subjected to an axial tensile force T = 24 kN 
and a bending moment M = 3.5 kN m (see figure). 

(a) Based upon an allowable stress in tension of 110 MPa, 
determine the required diameter d of the bar; disregard the 
weight of the bar itself. 

(b) Repeat (a) including the weight of the bar. 







M 


jocos 


Bec" 
PROB. 5.12-8 


5.12-9 A cylindrical brick chimney of height H weighs 
w = 825 lb/ft of height (see figure). The inner and outer diam- 
eters are d; = 3 ft and d» = 4 ft, respectively. The wind pressure 
against the side of the chimney is p — 10 Ib/ft of projected area. 

Determine the maximum height H if there is to be no 
tension in the brickwork. 





PROB. 5.12-9 


5.12-10 A flying buttress transmits a load P — 25 kN, acting 
at an angle of 60? to the horizontal, to the top of a vertical but- 
tress AB (see figure). The vertical buttress has height A = 5.0 m 


and rectangular cross section of thickness t = 1.5 m and width 
b — 1.0 m (perpendicular to the plane of the figure). The stone 
used in the construction weighs y = 26 kN/m’. 

What is the required weight W of the pedestal and 
statue above the vertical buttress (that is, above section A) to 
avoid any tensile stresses in the vertical buttress? 





! Flying 
à buttress 





PROB. 5.12-10 


5.12-11 A plain concrete wall (i.e., a wall with no steel 
reinforcement) rests on a secure foundation and serves as a 
small dam on a creek (see figure). The height of the wall is 
h = 6.0 ft and the thickness of the wall is t = 1.0 ft. 

(a) Determine the maximum tensile and compressive 
stresses g; and g}, respectively, at the base of the wall when 
the water level reaches the top (d — A). Assume plain con- 
crete has weight density y, = 145 lb/ft’. 

(b) Determine the maximum permissible depth dmax of 
the water if there is to be no tension in the concrete. 








PROB. 5.12-11 


Eccentric Axial Loads 


5.12-12 A circular post, a rectangular post, and a post of 
cruciform cross section are each compressed by loads that 
produce a resultant force P acting at the edge of the cross 
section (see figure). The diameter of the circular post and 
the depths of the rectangular and cruciform posts are the 
same. 





PROB. 5.12-12 


5.12-13 Two cables, each carrying a tensile force 
P — 1200 Ib, are bolted to a block of steel (see figure). The 
block has thickness t = 1 in. and width b = 3 in. 

(a) If the diameter d of the cable is 0.25 in., what are the 
maximum tensile and compressive stresses o; and +, 
respectively, in the block? 

(b) If the diameter of the cable is increased (without 
changing the force P), what happens to the maximum tensile 
and compressive stresses? 





PROB. 5.12-13 


5.12-14 A bar AB supports a load P acting at the centroid of 
the end cross section (see figure). In the middle region of the 
bar the cross-sectional area is reduced by removing one-half 
of the bar. 
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(a) For what width b of the rectangular post will the 
maximum tensile stresses be the same in the circular and 
rectangular posts? 

(b) Repeat (a) for the post with cruciform cross 
section. 

(c) Under the conditions described in parts (a) and (b), 
which post has the largest compressive stress? 





(a) If the end cross sections of the bar are square with 
sides of length b, what are the maximum tensile and 
compressive stresses g, and o, respectively, at cross section 
mn within the reduced region? 

(b) If the end cross sections are circular with diameter 5, 
what are the maximum stresses g, and o;? 





PROB. 5.12-14 
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5.12-15 A short column constructed of a W 12 X 35 wide- 
flange shape is subjected to a resultant compressive load 
P — 25 k having its line of action at the midpoint of one 
flange (see figure). 

(a) Determine the maximum tensile and compressive 
stresses g, and o}, respectively, in the column. 

(b) Locate the neutral axis under this loading condition. 

(c) Recompute maximum tensile and compressive 
stresses if a C 10 X 15.3 is attached to one flange, as shown. 











ps2sk -y 
C 10 X 15.3 
; (Part c only) 
2 
1 ] 
2 
PROB. 5.12-15 


5.12-16 A short column of wide-flange shape is subjected 
to a compressive load that produces a resultant force P = 
55 KN acting at the midpoint of one flange (see figure). 

(a) Determine the maximum tensile and compressive 
stresses c; and o}, respectively, in the column. 

(b) Locate the neutral axis under this loading condition. 

(c) Recompute maximum tensile and compressive stresses 
if a 120 mm X 10 mm cover plate is added to one flange as 
shown. 


P=55kN „y Cover plate 
(120 mm X 10 mm) 
(Part c only) 
P 
8 mm 
200 





PROB. 5.12-16 


5.12-17 A tension member constructed of an L 4 X 4 X 
E inch angle section (see Table E-4(a) in Appendix E) is 
subjected to a tensile load P = 12.5 kips that acts through 
the point where the midlines of the legs intersect [see 
figure part (a)]. 

(a) Determine the maximum tensile stress o, in the 
angle section. 

(b) Recompute the maximum tensile stress if two angels 
are used and P is applied as shown in the figure part (b). 





(a) (b) 
PROB. 5.12-17 


5.12-18 A short length of a C 200 X 17.1 channel is sub- 
jected to an axial compressive force P that has its line of 
action through the midpoint of the web of the channel [see 
figure part (a)]. 

(a) Determine the equation of the neutral axis under this 
loading condition. 

(b) If the allowable stresses in tension and compression 
are 76 MPa and 52 MPa respectively, find the maximum 
permissible load Pmax- 

(c) Repeat (a) and (b) if two L 76 X 76 X 6.4 angles are 
added to the channel as shown in the figure part (b). 

See Table E-3(b) in Appendix E for channel properties 
and Table E-4(b) for angle properties. 


Two L 76 X 76 X 6.4 angles 


y 
C 200 x 17.1 





C 200 x 17.1 
(b) 


(a) 


PROB. 5.12-18 


Stress Concentrations 


The problems for Section 5.13 are to be solved considering 
the stress-concentration factors. 


5.13-1 The beams shown in the figure are subjected to 
bending moments M — 2100 Ib-in. Each beam has a rectan- 


gular cross section with height h = 1.5 in. and width b = 
0.375 in. (perpendicular to the plane of the figure). 

(a) For the beam with a hole at midheight, determine 
the maximum stresses for hole diameters d — 0.25, 0.50, 
0.75, and 1.00 in. 

(b) For the beam with two identical notches (inside 
height hı = 1.25 in.), determine the maximum stresses for 
notch radii R = 0.05, 0.10, 0.15, and 0.20 in. 





PROBS. 5.13-1 through 5.13-4 


5.13-2 The beams shown in the figure are subjected to 
bending moments M — 250 N:m. Each beam has a rectan- 
gular cross section with height h = 44 mm and width 
b — 10 mm (perpendicular to the plane of the figure). 

(a) For the beam with a hole at midheight, determine 
the maximum stresses for hole diameters d — 10, 16, 22, and 
28 mm. 

(b) For the beam with two identical notches (inside 
height ^; = 40 mm), determine the maximum stresses for 
notch radii R = 2, 4, 6, and 8 mm. 
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5.13-3 A rectangular beam with semicircular notches, as 
shown in part (b) of the figure, has dimensions h = 0.88 in. 
and h, = 0.80 in. The maximum allowable bending stress in 
the metal beam is Cmax = 60 ksi, and the bending moment is 
M = 600 Ib-in. 

Determine the minimum permissible width bmin of the 
beam. 


5.13-4 A rectangular beam with semicircular notches, as 
shown in part (b) of the figure, has dimensions = 120 mm 
and h; = 100 mm. The maximum allowable bending stress 
in the plastic beam is Omax = 6 MPa, and the bending 
moment is M = 150 N:m. 

Determine the minimum permissible width bmin of the 
beam. 


5.13-5 A rectangular beam with notches and a hole (see 
figure) has dimensions h = 5.5 in., A, = 5 in., and width 
b — 1.6 in. The beam is subjected to a bending moment 
M = 130 k-in., and the maximum allowable bending stress 
in the material (steel) is Omax = 42,000 psi. 

(a) What is the smallest radius R,,;, that should be used 
in the notches? 

(b) What is the diameter dmax of the largest hole that 
should be drilled at the midheight of the beam? 





PROB. 5.13-5 
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A more advanced theory is required for analysis and design of composite beams and beams with unsymmetric cross sections. 











Stresses in Beams 
(Advanced Topics) 


CHAPTER OVERVIEW 


In Chapter 6, we will consider a number of advanced topics related to 
shear and bending of beams of arbitrary cross section. First, stresses and 
strains in composite beams, that is beams fabricated of more than one 
material, is discussed in Section 6.2. First, we locate the neutral axis 
then find the flexure formula for a composite beam made up of two dif- 
ferent materials. We then study the transformed-section method as an 
alternative procedure for analyzing the bending stresses in a composite 
beam in Section 6.3. Next, we study bending of doubly symmetric 
beams acted on by inclined loads having a line of action through the 
centroid of the cross section (Section 6.4). In this case, there are bending 
moments (M,, M.) about each of the principal axes of the cross section, 
and the neutral axis is no longer perpendicular to the longitudinal plane 
containing the applied loads. The final normal stresses are obtained by 
superposing the stresses obtained from the flexure formulas for each of 
the separate axes of the cross section. Next, we investigate the general 
case of unsymmetric beams in pure bending, removing the restriction of 
at least one axis of symmetry in the cross section (Section 6.5). We 
develop a general procedure for analyzing an unsymmetric beam sub- 
jected to any bending moment M resolved into components along the 
principal centroidal axes of the cross section. Of course, symmetric 
beams are special cases of unsymmetric beams, and therefore, the dis- 
cussions also apply to symmetric beams. If the restriction of pure 
bending is removed and transverse loads are allowed, we note that these 
loads must act through the shear center of the cross section so that twist- 
ing of the beam about a longitudinal axis can be avoided (Sections 6.6 
and 6.9). The distributions of shear stresses in the elements of the cross 
sections of a number of beams of thin-walled open section (such as 
channels, angles, and Z shapes) are calculated and then used to locate 
the shear center for each particular cross-sectional shape (Sections 6.7, 
6.8 and 6.9). As the final topic in the chapter, the bending of elastoplas- 
tic beams is described in which the normal stresses go beyond the linear 
elastic range of behavior (Section 6.10). 
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Chapter 6 is organized as follows: 


6.1 Introduction 457 
6.2 Composite Beams 457 
6.3 Transformed-Section Method 466 
6.4 Doubly Symmetric Beams with Inclined Loads 472 
6.5 Bending of Unsymmetric Beams 479 
6.6 The Shear-Center Concept 487 
6.7 Shear Stresses in Beams of Thin-Walled Open Cross Sections 489 
6.8 Shear Stresses in Wide-Flange Beams 492 
6.9 Shear Centers of Thin-Walled Open Sections 496 
*6.10 Elastoplastic Bending 504 
Chapter Summary & Review 514 
Problems 516 
“Advanced Topics 


6.1 INTRODUCTION 


6.2 COMPOSITE BEAMS 





FIG. 6-1 Examples of composite beams: 


(a) bimetallic beam, (b) plastic-coated 
steel pipe, and (c) wood beam rein- 
forced with a steel plate 


SECTION 6.2 Composite Beams 457 


In this chapter, we continue our study of the bending of beams by exam- 
ining several specialized topics. These subjects are based upon the 
fundamental topics discussed previously in Chapter 5—topics such as 
curvature, normal stresses in beams (including the flexure formula), and 
shear stresses in beams. However, we will no longer require that beams 
be composed of one material only; and we will also remove the restric- 
tion that the beams have a plane of symmetry in which transverse loads 
must be applied. Finally, we will extend the performance into the inelas- 
tic range of behavior for beams made of elastoplastic materials. 

Later, in Chapters 9 and 10, we will discuss two additional subjects 
of fundamental importance in beam design—deflections of beams and 
statically indeterminate beams. 


Beams that are fabricated of more than one material are called com- 
posite beams. Examples are bimetallic beams (such as those used in 
thermostats), plastic coated pipes, and wood beams with steel reinforc- 
ing plates (see Fig. 6-1). 

Many other types of composite beams have been developed in 
recent years, primarily to save material and reduce weight. For instance, 
sandwich beams are widely used in the aviation and aerospace indus- 
tries, where light weight plus high strength and rigidity are required. 
Such familiar objects as skis, doors, wall panels, book shelves, and 
cardboard boxes are also manufactured in sandwich style. 

A typical sandwich beam (Fig. 6-2) consists of two thin faces of 
relatively high-strength material (such as aluminum) separated by a 
thick core of lightweight, low-strength material. Since the faces are at 
the greatest distance from the neutral axis (where the bending stresses 
are highest), they function somewhat like the flanges of an I-beam. The 
core serves as a filler and provides support for the faces, stabilizing 
them against wrinkling or buckling. Lightweight plastics and foams, as 
well as honeycombs and corrugations, are often used for cores. 


Strains and Stresses 


The strains in composite beams are determined from the same basic axiom 
that we used for finding the strains in beams of one material, namely, cross 
sections remain plane during bending. This axiom is valid for pure bending 
regardless of the nature of the material (see Section 5.4). Therefore, the 
longitudinal strains €, in a composite beam vary linearly from top to bot- 
tom of the beam, as expressed by Eq. (5-4), which is repeated here: 


$= “= 9 (6-1) 
p 
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FIG. 6-2 Sandwich beams with: 
(a) plastic core, (b) honeycomb core, 
and (c) corrugated core 


FIG. 6-3 (a) Composite beam of two 
materials, (b) cross section of beam, 

(c) distribution of strains e, throughout 
the height of the beam, and (d) distribu- 
tion of stresses o. in the beam for the 
case where E > E, 


In this equation, y is the distance from the neutral axis, p is the radius of 
curvature, and «x is the curvature. 

Beginning with the linear strain distribution represented by Eq. (6-1), 
we can determine the strains and stresses in any composite beam. 
To show how this is accomplished, consider the composite beam shown 
in Fig. 6-3. This beam consists of two materials, labeled 1 and 2 in the 
figure, which are securely bonded so that they act as a single solid beam. 

As in our previous discussions of beams (Chapter 5), we assume that 
the xy plane is a plane of symmetry and that the xz plane is the neutral 
plane of the beam. However, the neutral axis (the z axis in Fig. 6-3b) does 
not pass through the centroid of the cross-sectional area when the beam 
is made of two different materials. 

If the beam is bent with positive curvature, the strains e, will vary 
as shown in Fig. 6-3c, where e4 is the compressive strain at the top of 
the beam, eg 1s the tensile strain at the bottom, and ec is the strain at the 
contact surface of the two materials. Of course, the strain is zero at 
the neutral axis (the z axis). 

The normal stresses acting on the cross section can be obtained 
from the strains by using the stress-strain relationships for the two 
materials. Let us assume that both materials behave in a linearly elastic 
manner so that Hooke's law for uniaxial stress is valid. Then the stresses 
in the materials are obtained by multiplying the strains by the appropri- 
ate modulus of elasticity. 

Denoting the moduli of elasticity for materials 1 and 2 as E, and £>, 
respectively, and also assuming that E, > Ej, we obtain the stress dia- 
gram shown in Fig. 6-3d. The compressive stress at the top of the beam 
is Q4 = E€, and the tensile stress at the bottom is og = E»eg. 

















FIG. 6-4 Doubly symmetric cross section 
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At the contact surface (C) the stresses in the two materials are 
different because their moduli are different. In material 1 the stress is 
Jic = Eec and in material 2 it is Onc = En€c. 

Using Hooke's law and Eq. (6-1), we can express the normal 
stresses at distance y from the neutral axis in terms of the curvature: 


Oxi — —EyKy Oxo — — E5Ky (6-2a,b) 


in which g, is the stress in material 1 and o5 is the stress in material 2. 
With the aid of these equations, we can locate the neutral axis and obtain 
the moment-curvature relationship. 


Neutral Axis 


The position of the neutral axis (the z axis) is found from the condition 
that the resultant axial force acting on the cross section is zero (see Sec- 
tion 5.5); therefore, 


LET a | oda = 0 (a) 
1 2 


where it is understood that the first integral is evaluated over the cross- 
sectional area of material 1 and the second integral is evaluated over the 
cross-sectional area of material 2. Replacing oy; and o» in the preced- 
ing equation by their expressions from Eqs. (6-2a) and (6-2b), we get 


1 2 


Since the curvature is a constant at any given cross section, it is not 
involved in the integrations and can be cancelled from the equation; 
thus, the equation for locating the neutral axis becomes 


E, | yas ze E| vaa = 0 (6-3) 
1 a 


The integrals in this equation represent the first moments of the two 
parts of the cross-sectional area with respect to the neutral axis. (If there 
are more than two materials—a rare condition—additional terms are 
required in the equation.) 

Equation (6-3) is a generalized form of the analogous equation for 
a beam of one material (Eq. 5-8). The details of the procedure for locat- 
ing the neutral axis with the aid of Eq. (6-3) are illustrated later in 
Example 6-1. 

If the cross section of a beam is doubly symmetric, as in the case of 
a wood beam with steel cover plates on the top and bottom (Fig. 6-4), 
the neutral axis is located at the midheight of the cross section and 
Eq. (6-3) is not needed. 
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Moment-Curvature Relationship 


The moment-curvature relationship for a composite beam of two materi- 
als (Fig. 6-3) may be determined from the condition that the moment 
resultant of the bending stresses is equal to the bending moment M 
acting at the cross section. Following the same steps as for a beam of 
one material (see Eqs. 5-9 through 5-12), and also using Eqs. (6-2a) and 
(6-2b), we obtain 


M -| OxydA = -| o ydA — | Ox2y dA 
A 1 2 


KE; | y^dA + KE; | y^dA (b) 
1 2 


This equation can be written in the simpler form 
M — K(E,l, F E-D) (6-4) 


in which J, and J, are the moments of inertia about the neutral axis (the 
z axis) of the cross-sectional areas of materials 1 and 2, respectively. 
Note that Z = J, + L, where Z is the moment of inertia of the entire 
cross-sectional area about the neutral axis. 

Equation (6-4) can now be solved for the curvature in terms of the 
bending moment: 


"e" RUNE"; NE (6-5) 
p El xir E^ 


This equation is the moment-curvature relationship for a beam of two 
materials (compare with Eq. 5-12 for a beam of one material). The 
denominator on the right-hand side is the flexural rigidity of the com- 
posite beam. 


Normal Stresses (Flexure Formulas) 


The normal stresses (or bending stresses) in the beam are obtained by 
substituting the expression for curvature (Eq. 6-5) into the expressions 
for oy, and 0,2 (Eqs. 6-2a and 6-2b); thus, 


MyE, B MyE, 


—— Ir (6-6a,b) 
DINE ELEL 


Ox] — 


These expressions, known as the flexure formulas for a composite beam, 
give the normal stresses in materials 1 and 2, respectively. If the two materi- 
als have the same modulus of elasticity (E, = E»; = E), then both equations 
reduce to the flexure formula for a beam of one material (Eq. 5-13). 

The analysis of composite beams, using Eqs. (6-3) through (6-6), is 
illustrated in Examples 6-1 and 6-2 at the end of this section. 


FIG. 6-5 Cross section of a sandwich 
beam having two axes of symmetry 
(doubly symmetric cross section) 
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Approximate Theory for Bending of Sandwich Beams 


Sandwich beams having doubly symmetric cross sections and composed 
of two linearly elastic materials (Fig. 6-5) can be analyzed for bending 
using Eqs. (6-5) and (6-6), as described previously. However, we can 
also develop an approximate theory for bending of sandwich beams by 
introducing some simplifying assumptions. 

If the material of the faces (material 1) has a much larger modulus 
of elasticity than does the material of the core (material 2), it is reason- 
able to disregard the normal stresses in the core and assume that the 
faces resist all of the longitudinal bending stresses. This assumption is 
equivalent to saying that the modulus of elasticity E> of the core is zero. 
Under these conditions the flexure formula for material 2 (Eq. 6-6b) 
gives Oy. = O (as expected), and the flexure formula for material 1 
(Eq. 6-6a) gives 


Ox -— , (6-7) 


which is similar to the ordinary flexure formula (Eq. 5-13). The quantity 
I, is the moment of inertia of the two faces evaluated with respect to the 
neutral axis; thus, 


PE 3 
a_i — h: 6-8 
= 2 (aa - 
in which b is the width of the beam, / is the overall height of the beam, 
and h, is the height of the core. Note that he = h — 2t where t is the 
thickness of the faces. 

The maximum normal stresses in the sandwich beam occur at the 
top and bottom of the cross section where y = A/2 and —h/2, respec- 
tively. Thus, from Eq. (6-7), we obtain 

Mh Mh 


Otop — .— p O bottom — p (6-9a,b) 
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FIG. 6-6 Reinforced concrete beam 
with longitudinal reinforcing bars and 
vertical stirrups 


If the bending moment M is positive, the upper face is in compression 
and the lower face is in tension. (These equations are conservative 
because they give stresses in the faces that are higher than those 
obtained from Eqs. 6-6a and 6-6b.) 

If the faces are thin compared to the thickness of the core (that is, if t 
is small compared to he), we can disregard the shear stresses in the faces 
and assume that the core carries all of the shear stresses. Under these 
conditions the average shear stress and average shear strain in the core 
are, respectively, 


EE ——M— 6-10a,b 
Taver b h. Yaver b h. 24 ( a ) 


in which V is the shear force acting on the cross section and G, is the 
shear modulus of elasticity for the core material. (Although the maximum 
shear stress and maximum shear strain are larger than the average values, 
the average values are often used for design purposes.) 


Limitations 


Throughout the preceding discussion of composite beams, we 
assumed that both materials followed Hooke’s law and that the two 
parts of the beam were adequately bonded so that they acted as a 
single unit. Thus, our analysis is highly idealized and represents only 
a first step in understanding the behavior of composite beams and 
composite materials. Methods for dealing with nonhomogeneous and 
nonlinear materials, bond stresses between the parts, shear stresses on 
the cross sections, buckling of the faces, and other such matters 
are treated in reference books dealing specifically with composite 
construction. 

Reinforced concrete beams are one of the most complex types of 
composite construction (Fig. 6-6), and their behavior differs significantly 
from that of the composite beams discussed in this section. Concrete 
is strong in compression but extremely weak in tension. Consequently, its 
tensile strength is usually disregarded entirely. Under those conditions, 
the formulas given in this section do not apply. 

Furthermore, most reinforced concrete beams are not designed on 
the basis of linearly elastic behavior—instead, more realistic design 
methods (based upon load-carrying capacity instead of allowable 
stresses) are used. The design of reinforced concrete members is a 
highly specialized subject that is presented in courses and textbooks 
devoted solely to that subject. 





A composite beam (Fig. 6-7) is constructed from a wood beam (4.0 in. X 6.0 in. 
actual dimensions) and a steel reinforcing plate (4.0 in. wide and 0.5 in. thick). 
The wood and steel are securely fastened to act as a single beam. The beam is 
subjected to a positive bending moment M = 60 k-in. 

Calculate the largest tensile and compressive stresses in the wood 
(material 1) and the maximum and minimum tensile stresses in the steel (mate- 
rial 2) if E, = 1500 ksi and E» = 30,000 ksi. 


Solution 

Neutral axis. The first step in the analysis is to locate the neutral axis of the 
cross section. For that purpose, let us denote the distances from the neutral axis 
to the top and bottom of the beam as hı and hy», respectively. To obtain these 
distances, we use Eq. (6-3). The integrals in that equation are evaluated by taking 
the first moments of areas 1 and 2 about the z axis, as follows: 





FIG. 6-7 Example 6-1. Cross section of a 


= _ E : : : = m : n? 
a © eaa a | vas = yA; = (hı — 3 in.)(4 in. X 6 in.) = (hı — 3 in.)(24 in.^) 


| ydA = YA, = —(6.25 in. — h,)(4 in. X 0.5 in.) = (h, — 6.25 in.)(2 in.) 
o 


in which A, and A» are the areas of parts 1 and 2 of the cross section, y, and y, are 
the y coordinates of the centroids of the respective areas, and h, has units of inches. 

Substituting the preceding expressions into Eq. (6-3) gives the equation for 
locating the neutral axis, as follows: 


B| van e f| yaa =0 
1 2 


or 
(1500 ksi)(/, — 3 in.)(24 in.”) + (30,000 ksi)(h, — 6.25 in.)(2 in?) = 0 


Solving this equation, we obtain the distance h, from the neutral axis to the top 
of the beam: 


hj = 5.031 in. 
Also, the distance h, from the neutral axis to the bottom of the beam is 
hy = 6.5 in. — h = 1.469 in. 


Thus, the position of the neutral axis is established. 

Moments of inertia. The moments of inertia /, and J, of areas A, and A> 
with respect to the neutral axis can be found by using the parallel-axis theorem 
(see Section 12.5 of Chapter 12). Beginning with area 1 (Fig. 6-7), we get 


I~ —( in.)(6 in.)? + (4 in.)(6 in.)(, — 3 in)? = 171.0 in.* 
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similarly, for area 2 we get 
pe E in.)(0.5 in.)? + (4 in.)(0.5 in.)(à4 — 0.25 in.)* = 3.01 in.* 


To check these calculations, we can determine the moment of inertia Z of the 
entire cross-sectional area about the z axis as follows: 


i= 1d in.) + id in.)h5 = 169.8 + 42 = 174.0 in. 


which agrees with the sum of J, and A. 

Normal stresses. The stresses in materials 1 and 2 are calculated from 
the flexure formulas for composite beams (Eqs. 6-6a and b). The largest compres- 
sive stress in material 1 occurs at the top of the beam (A) where y = A, = 5.031 in. 
Denoting this stress by g,4 and using Eq. (6-6a), we get 


|. MAE, 
Eih, + Eh 


A = 


en oe ERU NE in.)(1500 as) __ = —1310 psi 
(1500 ksi)(171.0 in.) + (30,000 ksi)(3.01 in.) 
The largest tensile stress in material 1 occurs at the contact plane between the 
two materials (C) where y = —(hz — 0.5 in.) = —0.969 in. Proceeding as in the 
previous calculation, we get 


(60 k-in.)( — 0.969 in.)(1500 ksi) 


~ (1500 ksi —_____ = 251 psi 
(1500 ksi)(171.0 in.*) + (30,000 ksi)(3.01 in.*) psi = 


Oic 7 


Thus, we have found the largest compressive and tensile stresses in the wood. 
The steel plate (material 2) is located below the neutral axis, and therefore 

it is entirely in tension. The maximum tensile stress occurs at the bottom of the 

beam (B) where y = —h, = —1.469 in. Hence, from Eq. (6-6b) we get 

Em 

Eli + Eh 


—_ ___ (60 k-in.)(= 1.469 in.)(30,000 ksi) 
(1500 ksi)(171.0 in.*) + (30,000 ksi)(3.01 in.*) 


O28 = 


= 7620 psi 4mm 


The minimum tensile stress in material 2 occurs at the contact plane (C) where 
y = —0.969 in. Thus, 


(60 k-in.)(— 0.969 in.)(30,000 ksi) 


= ee ee ee S080 DSi QE 
(1500 ksi)(171.0 in.*) + (30,000 ksi)(3.01 in.*) P 


COC = 
These stresses are the maximum and minimum tensile stresses in the steel. 

Note: At the contact plane the ratio of the stress in the steel to the stress in 
the wood is 


T>c/Tic = 5030 psi/251 psi = 20 


which is equal to the ratio E>/E, of the moduli of elasticity (as expected). 
Although the strains in the steel and wood are equal at the contact plane, the 
stresses are different because of the different moduli. 





A sandwich beam having aluminum-alloy faces enclosing a plastic core (Fig. 6-8) 
is subjected to a bending moment M = 3.0 kN-m. The thickness of the faces is 
t = 5 mm and their modulus of elasticity is E, = 72 GPa. The height of the plastic 
core is he = 150 mm and its modulus of elasticity is E; = 800 MPa. The overall 
dimensions of the beam are h = 160 mm and b = 200 mm. 

Determine the maximum tensile and compressive stresses in the faces and 
the core using: (a) the general theory for composite beams, and (b) the approxi- 
mate theory for sandwich beams. 





N 
LIE 


FIG. 6-8 Example 6-2. Cross section of 


sandwich beam having aluminum-alloy E 
faces and a plastic core = b = 200 WA | 





Solution 

Neutral axis. Because the cross section is doubly symmetric, the neutral 
axis (the z axis in Fig. 6-8) is located at midheight. 

Moments of inertia. The moment of inertia /, of the cross-sectional areas of 
the faces (about the z axis) is 


le UP —h?) = 200mm [cio mm)? — (150 my = (2017 < 10 imme 


and the moment of inertia J of the plastic core is 


200 mm 


a (150 mm)? = 56.250 xX 10° mmî 


P 
I = — (h = 
2 12^ ) 


As a check on these results, note that the moment of inertia of the entire cross- 
sectional area about the z axis (I = bh?/12) is equal to the sum of /, and P. 

(a) Normal stresses calculated from the general theory for composite beams. 
To calculate these stresses, we use Eqs. (6-6a) and (6-6b). As a preliminary 
matter, we will evaluate the term in the denominator of those equations (that is, 
the flexural rigidity of the composite beam): 


ElL, + Eh = (72 GPa)(12.017 X 109 mm^) + (800 MPa)(56.250 X 10° mm?) 


= 910,200 N-m? 
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The maximum tensile and compressive stresses in the aluminum faces are found 

from Eq. (6-62): 

M(h/ZY(E1) 

Ej, + EL 

(3.0 kN:m)(80 mm)(72 GPa) _ 
910,200 N:m* i 


| 
I+ 


(di ) 


5 


+ 19.0 MPa = 


The corresponding quantities for the plastic core (from Eq. 6-6b) are 


Mh, /2)(E>) 
EI, EL 


| 
lar 


(OP: 


(3.0 kKN-m)(75 mm)(800 MPa) 
910,200 N-m? 


| 
lay 


= + 0.198 MPa q 


The maximum stresses in the faces are 96 times greater than the maximum 
stresses in the core, primarily because the modulus of elasticity of the aluminum 
is 90 times greater than that of the plastic. 

(b) Normal stresses calculated from the approximate theory for sandwich 
beams. In the approximate theory we disregard the normal stresses in the core 
and assume that the faces transmit the entire bending moment. Then the 
maximum tensile and compressive stresses in the faces can be found from 
Eqs. (6-9a) and (6-9b), as follows: 


Mh (3.0 KN-m)(80 mm) 
Mec ee dum 
(mi) 2l, 12.017 X 105 mm" j 


As expected, the approximate theory gives slightly higher stresses in the faces 
than does the general theory for composite beams. 


6.3 TRANSFORMED-SECTION METHOD 


The transformed-section method is an alternative procedure for analyz- 
ing the bending stresses in a composite beam. The method is based upon 
the theories and equations developed in the preceding section, and 
therefore it is subject to the same limitations (for instance, it is valid 
only for linearly elastic materials) and gives the same results. Although 
the transformed-section method does not reduce the calculating effort, 
many designers find that it provides a convenient way to visualize and 
organize the calculations. 

The method consists of transforming the cross section of a compos- 
ite beam into an equivalent cross section of an imaginary beam that is 
composed of only one material. This new cross section is called the 











FIG. 6-9. Composite beam of two 
materials: (a) actual cross section, and 
(b) transformed section consisting only 
of material 1 
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transformed section. Then the imaginary beam with the transformed 
section is analyzed in the customary manner for a beam of one material. 
As a final step, the stresses in the transformed beam are converted to 
those in the original beam. 


Neutral Axis and Transformed Section 


If the transformed beam is to be equivalent to the original beam, its neu- 
tral axis must be located in the same place and its moment-resisting 
capacity must be the same. To show how these two requirements are 
met, consider again a composite beam of two materials (Fig. 6-9a). The 
neutral axis of the cross section is obtained from Eq. (6-3), which is 
repeated here: 


5 | van d | ydA =0 (6-11) 
1 2 


In this equation, the integrals represent the first moments of the two 
parts of the cross section with respect to the neutral axis. 
Let us now introduce the notation 


a 2 


= (6-12) 
Ey 


n 


where n is the modular ratio. With this notation, we can rewrite Eq. (6-11) 
in the form 


] ias + [on dA = 0 (6-13) 
1 2 


Since Eqs. (6-11) and (6-13) are equivalent, the preceding equation 
shows that the neutral axis is unchanged if each element of area dA in 
material 2 is multiplied by the factor n, provided that the y coordinate 
for each such element of area is not changed. 

Therefore, we can create a new cross section consisting of two 
parts: (1) area 1 with its dimensions unchanged, and (2) area 2 with 
its width (that is, its dimension parallel to the neutral axis) multiplied 
by n. This new cross section (the transformed section) is shown in 
Fig. 6-9b for the case where E» > E, (and therefore n > 1). Its neu- 
tral axis is in the same position as the neutral axis of the original 
beam. (Note that all dimensions perpendicular to the neutral axis 
remain the same.) 

Since the stress in the material (for a given strain) is proportional to 
the modulus of elasticity (c = Ee), we see that multiplying the width of 
material 2 by n = E/E; is equivalent to transforming it to material 1. 
For instance, suppose that n — 10. Then the area of part 2 of the cross 
section is now 10 times wider than before. If we imagine that this part of 
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the beam is now material 1, we see that it will carry the same force as 
before because its modulus is reduced by a factor of 10 (from E» to Ej) 
at the same time that its area is increased by a factor of 10. Thus, the 
new section (the transformed section) consists only of material 1. 


Moment-Curvature Relationship 


The moment-curvature relationship for the transformed beam must be 
the same as for the original beam. To show that this is indeed the case, 
we note that the stresses in the transformed beam (since it consists only 
of material 1) are given by Eq. (5-7) of Section 5.5: 


g, = —EiKy 


Using this equation, and also following the same procedure as for a 
beam of one material (see Section 5.5), we can obtain the moment- 
curvature relation for the transformed beam: 


u=-| vy dà - — | oyda- | oyaa 
A 1 2 


= Ek | y^dA + Ejk | y^dA = k(E,l, + Enb) 
1 2 


Or 
M = K(E, 1, + E515) (6-14) 


This equation is the same as Eq. (6-4), thereby demonstrating that the 
moment-curvature relationship for the transformed beam is the same as 
for the original beam. 


Normal Stresses 


Since the transformed beam consists of only one material, the normal 
stresses (or bending stresses) can be found from the standard flexure 
formula (Eq. 5-13). Thus, the normal stresses in the beam transformed to 
material 1 (Fig. 6-9b) are 


OF ae ae (6-15) 


where /7 is the moment of inertia of the transformed section with respect 
to the neutral axis. By substituting into this equation, we can calculate the 
stresses at any point in the fransformed beam. (As explained later, 
the stresses in the transformed beam match those in the original beam 
in the part of the original beam consisting of material 1; however, in the 
part of the original beam consisting of material 2, the stresses are differ- 
ent from those in the transformed beam.) 
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We can easily verify Eq. (6-15) by noting that the moment of inertia 
of the transformed section (Fig. 6-9b) is related to the moment of inertia 
of the original section (Fig. 6-9a) by the following relation: 

E»? 


Ip =1, t+ nl, =1, += 
T 1 2 1 E, 


I, (6-16) 


Substituting this expression for /7 into Eq. (6-15) gives 


MyE, 


Dp (a) 
El + Eb 


Ox 


which is the same as Eq. (6-6a), thus demonstrating that the stresses in 
material 1 in the original beam are the same as the stresses in the corre- 
sponding part of the transformed beam. 

As mentioned previously, the stresses in material 2 in the original 
beam are nof the same as the stresses in the corresponding part of 
the transformed beam. Instead, the stresses in the transformed beam 
(Eq. 6-15) must be multiplied by the modular ratio n to obtain the 
stresses in material 2 of the original beam: 


047 -——n (6-17) 


We can verify this formula by noting that when Eq. (6-16) for Iy is sub- 
stituted into Eq. (6-17), we get 


MynE, MyE> 
as EE mr (b) 
Eil EL Eil + EL 


which is the same as Eq. (6-6b). 


General Comments 


In this discussion of the transformed-section method we chose to trans- 
form the original beam to a beam consisting entirely of material 1. It 
is also possible to transform the beam to material 2. In that case the 
stresses in the original beam in material 2 will be the same as the 
stresses in the corresponding part of the transformed beam. However, 
the stresses in material 1 in the original beam must be obtained by 
multiplying the stresses in the corresponding part of the transformed 
beam by the modular ratio n, which in this case is defined as 
n = E,/E). 

It is also possible to transform the original beam into a material hav- 
ing any arbitrary modulus of elasticity E, in which case all parts of the 
beam must be transformed to the fictitious material. Of course, the cal- 
culations are simpler if we transform to one of the original materials. 
Finally, with a little ingenuity it is possible to extend the transformed- 
section method to composite beams of more than two materials. 
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Example 6-3 





FIG. 6-10 Example 6-3. Composite 
beam of Example 6-1 analyzed by the 
transformed-section method: 

(a) cross section of original beam, and 
(b) transformed section (material 1) 


The composite beam shown in Fig. 6-10a is formed of a wood beam (4.0 in. X 6.0 
in. actual dimensions) and a steel reinforcing plate (4.0 in. wide and 0.5 in. thick). 
The beam is subjected to a positive bending moment M = 60 k-in. 

Using the transformed-section method, calculate the largest tensile and 
compressive stresses in the wood (material 1) and the maximum and minimum 
tensile stresses in the steel (material 2) if E, = 1500 ksi and E; = 30,000 ksi. 

Note: This same beam was analyzed previously in Example 6-1 of Sec- 
tion 6.2. 


QDs 











(a) 


Solution 


Transformed section. We will transform the original beam into a beam of 
material 1, which means that the modular ratio is defined as 


E, 30,000 ksi 
n = — = = 
E 1,500 ksi 


The part of the beam made of wood (material 1) is not altered but the part made 
of steel (material 2) has its width multiplied by the modular ratio. Thus, the width 
of this part of the beam becomes 


n(4 in.) = 20(4 in.) = 80 in. 


in the transformed section (Fig. 6-10b). 

Neutral axis. Because the transformed beam consists of only one material, 
the neutral axis passes through the centroid of the cross-sectional area. Therefore, 
with the top edge of the cross section serving as a reference line, and with the 
distance y; measured positive downward, we can calculate the distance h, to the 
centroid as follows: 


— dy A; | Q inJ(4 in.)(6 in.) + (6.25 in.)(80 in.)(0.5 in.) 





i SA; (4 in.)(6 in.) + (80 in.)(0.5 in.) 
299 Can 
= = 5.031 in. 
A ae 


continued 
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QD (b) 


FIG. 6-10 (Repeated) 





Also, the distance hz from the lower edge of the section to the centroid is 


hy = 6.5 in. — hı = 1.469 in. 


Thus, the location of the neutral axis is determined. 

Moment of inertia of the transformed section. Using the parallel-axis 
theorem (see Section 12.5 of Chapter 12), we can calculate the moment of 
inertia Ir of the entire cross-sectional area with respect to the neutral axis as 
follows: 


| La in.)(6 in.)? + (4 in.)(6 in.)(, — 3 in)? 


F — (80 in.)(0.5 in.)? + (80 in.)(0.5 in.) — 0.25 in.)? 


= (710m + 6059855231 310 


Normal stresses in the wood (material 1). The stresses in the transformed 
beam (Fig. 6-10b) at the top of the cross section (A) and at the contact plane 
between the two parts (C) are the same as in the original beam (Fig. 6-10a). 
These stresses can be found from the flexure formula (Eq. 6-15), as follows: 


__ My __ (60 kin.)G.031in) ^ 4 
oe ‘a eine pt 
Z My o (S0kinX-0969i) | — 
Mic epu 231.3 in.^ a 


These are the largest tensile and compressive stresses in the wood (material 1) 
in the original beam. The stress g,4 is compressive and the stress oc is 
tensile. 

Normal stresses in the steel (material 2). The maximum and minimum 
stresses in the steel plate are found by multiplying the corresponding stresses in 
the transformed beam by the modular ratio n (Eq. 6-17). The maximum stress 
occurs at the lower edge of the cross section (5) and the minimum stress occurs 
at the contact plane (C): 


__ My _ _ (S0kin)-l469in) ean ps; 
E a nn ee 
My _ _ (60k-in.)(=0.969 in) . ou 

EC 231.3 in. fec uS 


Both of these stresses are tensile. 

Note that the stresses calculated by the transformed-section method agree 
with those found in Example 6-1 by direct application of the formulas for a com- 
posite beam. 
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6.4 DOUBLY SYMMETRIC BEAMS WITH INCLINED LOADS 





FIG. 6-11 Beam with a lateral load acting 
in a plane of symmetry 





FIG. 6-12 Doubly symmetric beam with 
an inclined load 





FIG. 6-13 Sign conventions for bending 
moments M, and M. 


In our previous discussions of bending we dealt with beams possessing a 
longitudinal plane of symmetry (the xy plane in Fig. 6-11) and support- 
ing lateral loads acting in that same plane. Under these conditions the 
bending stresses can be obtained from the flexure formula (Eq. 5-13) 
provided the material is homogeneous and linearly elastic. 

In this section, we will extend those ideas and consider what hap- 
pens when the beam is subjected to loads that do not act in the plane of 
symmetry, that is, inclined loads (Fig. 6-12). We will limit our discus- 
sion to beams that have a doubly symmetric cross section, that is, both 
the xy and xz planes are planes of symmetry. Also, the inclined loads 
must act through the centroid of the cross section to avoid twisting the 
beam about the longitudinal axis. 

We can determine the bending stresses in the beam shown in 
Fig. 6-12 by resolving the inclined load into two components, one acting 
in each plane of symmetry. Then the bending stresses can be obtained 
from the flexure formula for each load component acting separately, and 
the final stresses can be obtained by superposing the separate stresses. 


Sign Conventions for Bending Moments 


As a preliminary matter, we will establish sign conventions for the bend- 
ing moments acting on cross sections of a beam. For this purpose, we 
cut through the beam and consider a typical cross section (Fig. 6-13). 
The bending moments M, and M, acting about the y and z axes, respec- 
tively, are represented as vectors using double-headed arrows. The 
moments are positive when their vectors point in the positive directions 
of the corresponding axes, and the right-hand rule for vectors gives the 
direction of rotation (indicated by the curved arrows in the figure). 

From Fig. 6-13 we see that a positive bending moment M, produces 
compression on the right-hand side of the beam (the negative z side) and 
tension on the left-hand side (the positive z side). Similarly, a positive 
moment M. produces compression on the upper part of the beam (where y 
is positive) and tension on the lower part (where y is negative). Also, it is 
important to note that the bending moments shown in Fig. 6-13 act on the 
positive x face of a segment of the beam, that is, on a face having its out- 
ward normal in the positive direction of the x axis. 


Normal Stresses (Bending Stresses) 


The normal stresses associated with the individual bending moments M, 


and M. are obtained from the flexure formula (Eq. 5-13). These stresses 


"The directions of the normal and shear stresses in a beam are usually apparent from an 
inspection of the beam and its loading, and therefore we often calculate stresses by ignoring 
sign conventions and using only absolute values. However, when deriving general formulas 
we need to maintain rigorous sign conventions to avoid ambiguity in the equations. 





FIG. 6-14 Cross section of beam 
subjected to bending moments M, 
and M, 





(b) 


FIG. 6-15 Doubly symmetric beam with 
an inclined load P acting at an angle 0 
to the positive y axis 
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are then superposed to give the stresses produced by both moments act- 
ing simultaneously. For instance, consider the stresses at a point in the 
cross section having positive coordinates y and z (point A in Fig. 6-14). 
A positive moment M, produces tension at this point and a positive 
moment M. produces compression; thus, the normal stress at point A is 


Mog M.y 
(p. mL 
I I 


y & 


(6-18) 


in which J, and J, are the moments of inertia of the cross-sectional area 
with respect to the y and z axes, respectively. Using this equation, we 
can find the normal stress at any point in the cross section by substitut- 
ing the appropriate algebraic values of the moments and the coordinates. 


Neutral Axis 


The equation of the neutral axis can be determined by equating the nor- 
mal stress o, (Eq. 6-18) to zero: 


MM (6-19) 
i, [. 
This equation shows that the neutral axis nn is a straight line passing 
through the centroid C (Fig. 6-14). The angle 6 between the neutral axis 


and the z axis 1s determined as follows: 


MJ 
tang = Č = == (6-20) 
TEE 


Depending upon the magnitudes and directions of the bending moments, 
the angle 6 may vary from —90° to +90°. Knowing the orientation of 
the neutral axis is useful when determining the points in the cross sec- 
tion where the normal stresses are the largest. (Since the stresses vary 
linearly with distance from the neutral axis, the maximum stresses occur 
at points located farthest from the neutral axis.) 


Relationship Between the Neutral Axis 
and the Inclination of the Loads 


As we have just seen, the orientation of the neutral axis with respect to 
the z axis is determined by the bending moments and the moments of 
inertia (Eq. 6-20). Now we wish to determine the orientation of the neu- 
tral axis relative to the angle of inclination of the loads acting on the 
beam. For this purpose, we will use the cantilever beam shown in 
Fig. 6-15a as an example. The beam is loaded by a force P acting in the 
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plane of the end cross section and inclined at an angle 0 to the positive y 
axis. This particular orientation of the load is selected because it means 
that both bending moments (M, and M.) are positive when 0 is between 
0 and 90*. 

The load P can be resolved into components P cos 0 in the positive y 
direction and P sin 0 in the negative z direction. Therefore, the bending 
moments M, and M, (Fig. 6- 15b) acting on a cross section located at dis- 
tance x from the fixed support are 


M, = (P sin 0)(L — x) M. = (P cos 0)(L — x) (6-21a,b) 


in which L is the length of the beam. The ratio of these moments is 


M, 
— = tan 0 (6-22) 
M. 

which shows that the resultant moment vector M is at the angle 0 from 
the z axis (Fig. 6-15b). Consequently, the resultant moment vector is 
perpendicular to the longitudinal plane containing the force P. 

The angle 6 between the neutral axis nn and the z axis (Fig. 6-15b) 
is obtained from Eq. (6-20): 





— MyI, — [. 
tan p = = — tan 0 (6-23) 
Md, 1, 


which shows that the angle 6 is generally not equal to the angle 0. Thus, 
except in special cases, the neutral axis is not perpendicular to the 
longitudinal plane containing the load. 

Exceptions to this general rule occur in three special cases: 


1. When the load lies in the xy plane (0 = O or 180°), which means 
that the z axis 1s the neutral axis. 

2. When the load lies in the xz plane (0 = + 90°), which means that 
the y axis is the neutral axis. 

3. When the principal moments of inertia are equal, that is, when 
Lu 


In case (3), all axes through the centroid are principal axes and all 
have the same moment of inertia. The plane of loading, no matter what 
its direction, is always a principal plane, and the neutral axis is always 
perpendicular to it. (This situation occurs with square, circular, and cer- 
tain other cross sections, as described in Section 12.9 of Chapter 12.) 

The fact that the neutral axis is not necessarily perpendicular to the 
plane of the load can greatly affect the stresses in a beam, especially if 
the ratio of the principal moments of inertia is very large. Under these 
conditions the stresses in the beam are very sensitive to slight changes in 
the direction of the load and to irregularities in the alignment of the 
beam itself. This characteristic of certain beams is illustrated later in 
Example 6-5. 





A wood beam AB of rectangular cross section serving as a roof purlin (Figs. 6-16a 
and b) is simply supported by the top chords of two adjacent roof trusses. The 
beam supports the weight of the roof sheathing and the roofing material, plus its 
own weight and any additional loads that affect the roof (such as wind, snow, and 
earthquake loads). 

In this example, we will consider only the effects of a uniformly distributed 
load of intensity q = 3.0 kN/m acting in the vertical direction through the cen- 
troids of the cross sections (Fig. 6-16c). The load acts along the entire length of 
the beam and includes the weight of the beam. The top chords of the trusses have 
a slope of 1 on 2 (œ = 26.57°), and the beam has width b = 100 mm, height 
h — 150 mm, and span L — 1.6 m. 

Determine the maximum tensile and compressive stresses in the beam and 
locate the neutral axis. 






Roof truss 





(a) (b) (c) 


FIG. 6-16 Example 6-4. Wood beam of 
rectangular cross section serving as a 
roof purlin 


Solution 
Loads and bending moments. The uniform load q acting in the vertical 
direction can be resolved into components in the y and z directions (Fig. 6-172): 


qy cos q; = qsina (6-24a,b) 


The maximum bending moments occur at the midpoint of the beam and are 
found from the general formula M = qL?/8; hence, 


I? I? 3 I? I? 
Mm, = -TAII y= = =I CII 25a) 








Both of these moments are positive because their vectors are in the positive 
directions of the y and z axes (Fig. 6-17b). 
Moments of inertia. The moments of inertia of the cross-sectional area with 
respect to the y and z axes are as follows: 
| hb | pi? 


je L- Coo 
» 19 t 12 (aD) 


Bending stresses. The stresses at the midsection of the beam are obtained 
from Eq. (6-18) with the bending moments given by Eqs. (6-25) and the moments 
of inertia given by Eqs. (6-26): 
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(c) 


FIG. 6-17 Solution to Example 6-4. 

(a) Components of the uniform load, (b) 
bending moments acting on a cross sec- 
tion, and (c) Normal stress distribution 





M,z M; qL’sina qL^cos a 
OQ. = — — —— = 
: L 8h62.  8bh/12” 
_ Em a cosa | 
2 bh 




















p K n 2 (6-27) 
The stress at any point in the cross section can be obtained from this equation by 
substituting the coordinates y and z of the point. 

From the orientation of the cross section and the directions of the loads and 
bending moments (Fig. 6-17), it is apparent that the maximum compressive 
stress occurs at point D (where y = h/2 and z = —b/2) and the maximum tensile 
stress occurs at point E (where y = —h/2 and z = b/2). Substituting these coor- 
dinates into Eq. (6-27) and then simplifying, we obtain expressions for the max- 
imum and minimum stresses in the beam: 





Sons 
| .3q (soe, eoa) (6-28) <4 


DI NV EIN h 


Numerical values. The maximum tensile and compressive stresses can be 
calculated from the preceding equation by substituting the given data: 


q = 3.0 kN/m L= 1.6m b = 100 mm h= 150mm a = 26.57? 
The results are 
Og = — Op = 4.01 MPa =a 


Neutral axis. In addition to finding the stresses in the beam, it is often 
useful to locate the neutral axis. The equation of this line is obtained by setting 
the stress (Eq. 6-27) equal to zero: 


sin @ COS Q 


p^ pp 








y=0 (6-29) 


The neutral axis is shown in Fig. 6-17b as line nn. The angle f from the z axis to 
the neutral axis is obtained from Eq. (6-29) as follows: 


2 


tan B = D tan a (6-30) 
Z 


Substituting numerical values, we get 


"T h? , (150 mm)? 
n = ses N — a S 
s p ~~ 000mm? 


[un oss | = 1.125 B=48.4° «mm 
Since the angle $ is not equal to the angle a, the neutral axis is inclined to the 
plane of loading (which is vertical). 

From the orientation of the neutral axis (Fig. 6-17b), we see that points D 
and E are the farthest from the neutral axis, thus confirming our assumption that 
the maximum stresses occur at those points. The part of the beam above and 
to the right of the neutral axis is in compression, and the part to the left and below 
the neutral axis is in tension. 








FIG. 6-18 Example 6-5. Cantilever beam 
with moment of inertia 7, much larger 
than J, 


A 12-foot long cantilever beam (Fig. 6-18a) is constructed from an S 24 X 80 
section (see Table E-2 of Appendix E for the dimensions and properties of this 
beam). A load P = 10 k acts in the vertical direction at the end of the beam. 

Because the beam is very narrow compared to its height (Fig. 6-18b), its 
moment of inertia about the z axis is much larger than its moment of inertia about 
the y axis. 

(a) Determine the maximum bending stresses in the beam if the y axis 
of the cross section is vertical and therefore aligned with the load P (Fig. 6-18a). 

(b) Determine the maximum bending stresses if the beam is inclined at a 
small angle a = 1? to the load P (Fig. 6-18b). (A small inclination can be caused 
by imperfections in the fabrication of the beam, misalignment of the beam during 
construction, or movement of the supporting structure.) 






5 24 X 80 


P= TONS 





(a) (b) 


Solution 

(a) Maximum bending stresses when the load is aligned with the y axis. If 
the beam and load are in perfect alignment, the z axis is the neutral axis and the 
maximum stresses in the beam (at the support) are obtained from the flexure 
formula: 


My  PL(h2) 
Omax — C GEM aa ae 
I [, 


in which M. = —M = —PL and M, = 0 so M = PL is the bending moment at 
the support, / is the height of the beam, and J, is the moment of inertia about the 
z axis. Substituting numerical values, we obtain 


_ L0 VUZ 1012 in./T0(12.00 in.) 


T 2100 in.4 pop 


Omax 


This stress is tensile at the top of the beam and compressive at the bottom of the 
beam. 
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(b) Maximum bending stresses when the load is inclined to the y axis. We 
now assume that the beam has a small inclination (Fig. 6-18b), so that the angle 
between the y axis and the load is a = 1°. 

The components of the load P are P cos a in the negative y direction and 
P sin o in the positive z direction. Therefore, the bending moments at the 
support are 


M = (PFPsma l = ee (Od: een MUZ ane Nee ide n b e eS TES] eto 
M. = —(Pcosa)L = —(10 k)(cos 19)(12 ft)(12 in./ft) = —1440 k-in. 


The angle 6 giving the orientation of the neutral axis nn (Fig. 6-18b) is obtained 
from Eq. (6-20): 


tan g = 2 = MO: _ ($25.13 ein) 0100 in^ 
z MJ,  (—1440k-in.)(42.2 in.^) 





= 0.8684 B= 41? 


This calculation shows that the neutral axis is inclined at an angle of 41? from 
the z axis even though the plane of the load is inclined only 1? from the y axis. 
The sensitivity of the position of the neutral axis to the angle of the load is a con- 
sequence of the large /./I, ratio. 

From the position of the neutral axis (Fig. 6-18b), we see that the maximum 
stresses in the beam occur at points A and B, which are located at the farthest dis- 
tances from the neutral axis. The coordinates of point A are 


za —3.50 in. ya = 12.0 in. 


Therefore, the tensile stress at point A (see Eq. 6-18) is 


"MA My. 
TEE L 
— (—25.13 k-in.)(—3.50 in.) — (= 1440 k-in.)(12.0 in.) 
B 42.2 in. 2100 in.* 
= 2080 psi + 8230 psi = 10,310 psi ga 


The stress at B has the same magnitude but is a compressive stress: 
Op = — 10,310 psi mm 


These stresses are 25% larger than the stress Oj ax = 8230 psi for the same 
beam with a perfectly aligned load. Furthermore, the inclined load produces a 
lateral deflection in the z direction, whereas the perfectly aligned load does not. 

This example shows that beams with 7, much larger than 7, may develop 
large stresses if the beam or its loads deviate even a small amount from their 
planned alignment. Therefore, such beams should be used with caution, because 
they are highly susceptible to overstress and to lateral (that 1s, sideways) 
bending and buckling. The remedy is to provide adequate lateral support for 
the beam, thereby preventing sideways bending. For instance, wood floor joists 
in buildings are supported laterally by installing bridging or blocking between 
the joists. 
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6.5 BENDING OF UNSYMMETRIC BEAMS 


y 





(a) 





(b) 


FIG. 6-19 Unsymmetric beam subjected 
to a bending moment M 





Dsymmetric composite beam made up from 
channel section and old wood beam 





In our previous discussions of bending, we assumed that the beams had 
cross sections with at least one axis of symmetry. Now we will abandon 
that restriction and consider beams having unsymmetric cross sections. 
We begin by investigating beams in pure bending, and then in later sec- 
tions (Sections 6.6 through 6.9) we will consider the effects of lateral 
loads. As in earlier discussions, it is assumed that the beams are made of 
linearly elastic materials. 

Suppose that a beam having an unsymmetric cross section is 
subjected to a bending moment M acting at the end cross section 
(Fig. 6-19a). We would like to know the stresses in the beam and the 
position of the neutral axis. Unfortunately, at this stage of the analysis 
there is no direct way of determining these quantities. Therefore, we will 
use an indirect approach—instead of starting with a bending moment 
and trying to find the neutral axis, we will start with an assumed neutral 
axis and find the associated bending moment. 


Neutral Axis 


We begin by constructing two perpendicular axes (the y and z axes) at an 
arbitrarily selected point in the plane of the cross section (Fig. 6-19b). 
The axes may have any orientation, but for convenience we will orient 
them horizontally and vertically. Next, we assume that the beam is bent 
in such a manner that the z axis is the neutral axis of the cross section. 
Consequently, the beam deflects in the xy plane, which becomes the 
plane of bending. Under these conditions, the normal stress acting on an 
element of area dA located at distance y from the neutral axis (see 
Fig. 6-19b and Eq. 5-7 of Chapter 5) is 


Oy = Ey (6-31) 


The minus sign is needed because the part of the beam above the z axis 
(the neutral axis) is in compression when the curvature is positive. (The 
sign convention for curvature when the beam is bent in the xy plane is 
shown in Fig. 6-20a.) 

The force acting on the element of area dA is o; dA, and the result- 
ant force acting on the entire cross section is the integral of this 
elemental force over the cross-sectional area A. Since the beam is in 
pure bending, the resultant force must be zero; hence, 


f ean - - | En da =0 
A A 


The modulus of elasticity and the curvature are constants at any given 
Cross section, and therefore 


| ydA =0 (6-32) 
A 
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y 
Positive 
curvature Ky 
O 


(a) 


©) 


Positive 
curvature Kz 





(b) 


FIG. 6-20 Sign conventions for curvatures 
K, and «; in the xy and xz planes, 
respectively 


FIG. 6-21 Bending moments M, and M; 
acting about the y and z axes, 
respectively 


This equation shows that the z axis (the neutral axis) passes through the 
centroid C of the cross section. 

Now assume that the beam is bent in such a manner that the y axis is 
the neutral axis and the xz plane is the plane of bending. Then the 
normal stress acting on the element of area dA (Fig. 6-19b) is 


Ox — PER (6-33) 


The sign convention for the curvature «, in the xz plane is shown in 
Fig. 6-20b. The minus sign is needed in Eq. (6-33) because positive cur- 
vature in the xz plane produces compression on the element dA. The 
resultant force for this case is 


f ean - - | Eza =0 
A A 


from which we get 


| zdA=0 (6-34) 
A 


and again we see that the neutral axis must pass through the centroid. 
Thus, we have established that the origin of the y and z axes for an 
unsymmetric beam must be placed at the centroid C. 

Now let us consider the moment resultant of the stresses o. Once 
again we assume that bending takes place with the z axis as the neutral 
axis, in which case the stresses o, are given by Eq. (6-31). The corre- 
sponding bending moments M, and M, about the z and y axes, 
respectively (Fig. 6-21), are 


M, = — | o,y dA = KE | y'dA = KEL (6-35a) 
A 


A 
M, = | 0,z dA = 15 yz dA = -K El, (6-35b) 
A A 


In these equations, 7, is the moment of inertia of the cross-sectional area 
with respect to the z axis and /,. is the product of inertia with respect to 
the y and z axes. 

From Eqs. (6-35a) and (6-35b) we can draw the following conclu- 
sions: (1) If the z axis 1s selected in an arbitrary direction through the 
centroid, it will be the neutral axis only if moments M, and M, act 
about the y and z axes and only if these moments are in the ratio estab- 
lished by Eqs. (6-35a) and (6-35b). (2) If the z axis is selected as a 
principal axis, then the product of inertia J, equals zero and the only 
bending moment is M.. In that case, the z axis is the neutral axis, bend- 
ing takes place in the xy plane, and the moment M. acts in that same 
plane. Thus, bending occurs in a manner analogous to that of a sym- 
metric beam. 

In summary, an unsymmetric beam bends in the same general man- 
ner as a symmetric beam provided the z axis is a principal centroidal 


"Products of inertia are discussed in Section 12.7 of Chapter 12. 





FIG. 6-22 Unsymmetric cross section with 
the bending moment M resolved into 
components M, and M. acting about the 
principal centroidal axes 
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axis and the only bending moment is the moment M. acting about that 
same axis. 

If we now assume that the y axis is the neutral axis, we will arrive at 
similar conclusions. The stresses o, are given by Eq. (6-33) and the 
bending moments are 


M, — | oz dA = -KE | z'dA = -KEL (6-36a) 
A A 

M, = -| oy dA = «e yz dA = KEL, (6-36b) 
A A 


in which J, is the moment of inertia with respect to the y axis. Again we 
observe that if the neutral axis (the y axis in this case) is oriented arbi- 
trarily, moments M, and M. must exist. However, if the y axis is a 
principal axis, the only moment is M, and we have ordinary bending in 
the xz plane. Therefore, we can state that an unsymmetric beam bends 
in the same general manner as a symmetric beam when the y axis is a 
principal centroidal axis and the only bending moment is the moment 
M, acting about that same axis. 

One further observation— since the y and z axes are orthogonal, we 
know that if either axis is a principal axis, then the other axis is automat- 
ically a principal axis. 

We have now arrived at the following important conclusion: When 
an unsymmetric beam is in pure bending, the plane in which the bending 
moment acts is perpendicular to the neutral surface only if the y and z 
axes are principal centroidal axes of the cross section and the bending 
moment acts in one of the two principal planes (the xy plane or the xz 
plane). In such a case, the principal plane in which the bending moment 
acts becomes the plane of bending and the usual bending theory (includ- 
ing the flexure formula) is valid. 

Having arrived at this conclusion, we now have a direct method for 
finding the stresses in an unsymmetric beam subjected to a bending 
moment acting in an arbitrary direction. 


Procedure for Analyzing an Unsymmetric Beam 


We will now describe a general procedure for analyzing an unsymmetric 
beam subjected to any bending moment M (Fig. 6-22). We begin by 
locating the centroid C of the cross section and constructing a set of 
principal axes at that point (the y and z axes in the figure). Next, the 
bending moment M is resolved into components M, and M., positive in 
the directions shown in the figure. These components are 


M, = M sin @ M, = M cos 0 (6-37a,b) 


in which 0 is the angle between the moment vector M and the z axis 
(Fig. 6-22). Since each component acts in a principal plane, it produces 


"Principal axes are discussed in Sections 12.8 and 12.9 of Chapter 12. 
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pure bending in that same plane. Thus, the usual formulas for pure bend- 
ing apply, and we can readily find the stresses due to the moments 
M, and M, acting separately. The bending stresses obtained from the 
moments acting separately are then superposed to obtain the stresses 
produced by the original bending moment M. (Note that this general 
procedure is similar to that described in the preceding section for ana- 
lyzing doubly symmetric beams with inclined loads.) 

The superposition of the bending stresses in order to obtain the 
resultant stress at any point in the cross section is given by Eq. (6-18): 


M,z _M.y  (MsinO); (M cos 0)y 
I I I I 


y Z y Z 


(6-38) 


Ox = 


in which y and z are the coordinates of the point under consideration. 
Also, the equation of the neutral axis nn (Fig. 6-22) is obtained by 
setting g, equal to zero and simplifying: 


sin 0 cos 0 








y=0 (6-39) 


The angle 6 between the neutral axis and the z axis can be obtained 
from the preceding equation, as follows: 


I 
tan B= = tan 0 (6-40) 
Z 


y 


This equation shows that in general the angles 6 and 0 are not equal, 
hence the neutral axis is generally not perpendicular to the plane in 
which the applied couple M acts. The only exceptions are the three spe- 
cial cases described in the preceding section in the paragraph following 
Eq. (6-23). 

In this section we have focused our attention on unsymmetric 
beams. Of course, symmetric beams are special cases of unsymmetric 
beams, and therefore the discussions of this section also apply to sym- 
metric beams. If a beam is singly symmetric, the axis of symmetry is 
one of the centroidal principal axes of the cross section; the other princi- 
pal axis is perpendicular to the axis of symmetry at the centroid. If a 
beam is doubly symmetric, the two axes of symmetry are centroidal 
principal axes. 

In a strict sense the discussions of this section apply only to pure 
bending, which means that no shear forces act on the cross sections. 
When shear forces do exist, the possibility arises that the beam will twist 
about the longitudinal axis. However, twisting is avoided when the shear 
forces act through the shear center, which is described in the next 
section. 

The following examples illustrate the analysis of a beam having one 
axis of symmetry. (The calculations for an unsymmetric beam having no 
axes of symmetry proceed in the same general manner, except that the 
determination of the various cross-sectional properties is much more 
complex.) 





D A 


(9 


M = 15 k-in. 





B E 


FIG. 6-23 Example 6-6. Channel section 
subjected to a bending moment M 
acting at an angle 0 to the z axis 





Y 
c = 0.634 in. 





(a) 


FIG. 6-24 (a) Solution to Example 6-6 


A channel section (C 10 X 15.3) is subjected to a bending moment M — 
15 k-in. oriented at an angle 0 — 10? to the z axis (Fig. 6-23). 

Calculate the bending stresses v4 and oz at points A and B, respectively, and 
determine the position of the neutral axis. 


Solution 
Properties of the cross section. The centroid C is located on the axis of sym- 
metry (the z axis) at a distance 


c = 0.634 in. 


from the back of the channel (Fig. 6-24). The y and z axes are principal cen- 
troidal axes with moments of inertia 


1,—-228in^ 1, = 67.4 in. 
Also, the coordinates of points A, B, D, and E are as follows: 
ya = 5.00 in. ZA = —2.600 in. + 0.634 in. = — 1.966 in. 
yg = —5.00 in. zg = 0.634 in. 
YD — Y» ZD — ZB 
YE — YB SE — ZA 
Bending moments. 'The bending moments about the y and z axes (Fig. 6-24) are 
M, = M sin 0 = (15 k-in.)(sin 10°) = 2.605 k-in. 
M. = M cos 0 = (15 k-in.)(cos 10?) = 14.77 k-in. 


Bending stresses. We now calculate the stress at point A from Eq. (6-38): 


MyZA M-yA 
(PX c eras, EX IIT 
s I, 


(2.605 k-in.)(—1.966 in.) — (14.77 k-in.)(5.00 in.) 
2.28 in.* 67.4 in.* 


= —2246 psi — 1096 psi = —3340 psi 
By a similar calculation we obtain the stress at point B: 


— Mz} — Mzyp 


O, 
EE: ie 


DOSE 67.4 in. 
= 724 psi + 1096 psi = 1820 psi 


These stresses are the maximum compressive and tensile stresses in the beam. 


“See Table E-3, Appendix E, for dimensions and properties of channel sections. 
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FIG. 6-24 (Cont.) (b) Normal stress distri- 
bution in channel section 





Top 
flange 
stresses 






MUS SSS -20 psi 


Bottom 
flange 
stresses 


r 
1820 psi \ , 71150 psi 
Stresses in web 


(b) 


The normal stresses at points D and E also can be computed using the pro- 
cedure shown. 


Op = —372 psi, Gg = — 1150 psi 


The normal stresses acting on the cross section are shown in Fig. 6-24(b). 
Neutral axis. The angle £ that locates the neutral axis (Eq. 6-40) is found as 
follows: 


ip 67.4 in.^ 
tan B = C tan 0 = == 
up DOR 


I 


y 


tan 10° = 5.212 p 79.1? a 


The neutral axis nn is shown in Fig. 6-24, and we see that points A and B are 
located at the farthest distances from the neutral axis, thus confirming that 
74 and o; are the largest stresses in the beam. 

In this example, the angle 6 between the z axis and the neutral axis is much 
larger than the angle 0 (Fig. 6-24) because the ratio /,/J, is large. The angle £ 
varies from 0 to 79.1? as the angle 0 varies from 0 to 10°. As discussed previ- 
ously in Example 6-5 of Section 6.4, beams with large /,/J, ratios are very sen- 
sitive to the direction of loading. Thus, beams of this kind should be provided 
with lateral support to prevent excessive lateral deflections. 





A Z-section is subjected to bending moment M = 3 kN-m at an angle 
0 — —20 degrees to the z axis, as shown. Find the normal stresses at A, 5, D, 
and E (04, Og, Op, and a, respectively) and also find the position of the neu- 
tral axis. Use the following numerical data: h = 200 mm, b = 90 mm, thick- 
ness f = 15 mm. 


Solution 
Properties of the cross section. Use the results of Example 12-7. 


]-—3» 8010 umm ie — 22010 cma? 
T : 
0511922 6, (19:2) pago tans 





Coordinates (y, z) of points A, B, D, D', E and F”. 


0 — —20 aa | radians 





YA = Ë cos(6,,) + (b — 5) sin(6,) Y4 = 121.569 mm 
yB = YA yp ^ — 121.569 mm 
yp = 2 cos(Op1) -4 sin(,1) Yp = 91.971 mm 
yp! = $ cos(6p1) Yp’ = 94.438 mm 
Ve = =p. Y, = —94.438 mm 
YE=~ YD Qc mm 
za = (b - £) cos(@1) — Zsin(6,1) Z4 = 45.024 mm 
ZB = —%A Weis — 45.024 mm 
ZD = E sin(6,) -$ cos(0,1) Zp = —39.969 mm 
zp’ = = sin(6,1) Zp! = —32.887 mm 
ZE = —Zpl Zp! = 32.887 mm 
ge = 4p Zg = 39.969 mm 


Bending moments (KN-m) M = 3 kN-m 


M, = Msin(0) M, = —1.026 kN-m 
M. — Mcos(0) M, = 2.819 kN-m 
Bending stresses at A, B, D, and E (See plots of normal stresses in Fig. 6-25 (b) 
below) 
M,z M 
gi — £s = = = —19.249 — 10.513 = —29.762 MPa 


y 7 
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—29.762 MPa 





Bottom 
flange 


—9.135 MPa stresses 





—5.893 MPa at E" 29.762 MPa 





y 
aoe MPa 
-9.135 MP 


29.762 MPa 





E' 
—5.893 MPa 
Stresses along 
centerline of web 
FIG. 6-25 (a) Z-section subjected to 
bending moment M at angle 0 to Z axis 
(b) Normal stress distribution in Z-section 
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(b) 


FIG. 6-26 Cantilever beam with singly 
symmetric cross section: (a) beam with 
load, and (b) intermediate cross section 
of beam showing stress resultants P and 
Mo, centroid C, and shear center S 
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In the preceding sections of this chapter we were concerned with 
determining the bending stresses in beams under a variety of special 
conditions. For instance, in Section 6.4 we considered symmetrical 
beams with inclined loads, and in Section 6.5 we considered unsymmet- 
rical beams. However, lateral loads acting on a beam produce shear 
forces as well as bending moments, and therefore in this and the next 
three sections we will examine the effects of shear. 

In Chapter 5 we saw how to determine the shear stresses in beams 
when the loads act in a plane of symmetry, and we derived the shear for- 
mula for calculating those stresses for certain shapes of beams. Now we 
will examine the shear stresses in beams when the lateral loads act in a 
plane that is not a plane of symmetry. We will find that the loads must 
be applied at a particular point in the cross section, called the shear 
center, if the beam is to bend without twisting. 

Consider a cantilever beam of singly symmetric cross section sup- 
porting a load P at the free end (see Fig. 6-26a). A beam having the 
cross section shown in Fig. 6-26b is called an unbalanced I-beam. 
Beams of I-shape, whether balanced or unbalanced, are usually loaded 
in the plane of symmetry (the xz plane), but in this case the line of action 
of the force P is perpendicular to that plane. Since the origin of coordi- 
nates is taken at the centroid C of the cross section, and since the z axis 
is an axis of symmetry of the cross section, both the y and z axes are 
principal centroidal axes. 

Let us assume that under the action of the load P the beam bends 
with the xz plane as the neutral plane, which means that the xy plane is 
the plane of bending. Under these conditions, two stress resultants exist 
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FIG. 6-27 Singly symmetric beam with 


load P applied at point A 
y 
P C, S 
P 
(a) 
y 
S 
z C P 


(b) 


FIG. 6-28 (a) Doubly symmetric beam 
with a load P acting through the cen- 
troid (and shear center), and (b) singly 
symmetric beam with a load P acting 
through the shear center 





at intermediate cross sections of the beam (Fig. 6-26b): a bending 
moment M, acting about the z axis and having its moment vector in the 
negative direction of the z axis, and a shear force of magnitude P acting 
in the negative y direction. For a given beam and loading, both M, and P 
are known quantities. 

The normal stresses acting on the cross section have a resultant that 
is the bending moment Mo, and the shear stresses have a resultant that 
is the shear force (equal to P). If the material follows Hooke's law, the 
normal stresses vary linearly with the distance from the neutral axis 
(the z axis) and can be calculated from the flexure formula. Since the 
shear stresses acting on a cross section are determined from the normal 
stresses solely from equilibrium considerations (see the derivation of 
the shear formula in Section 5.8), it follows that the distribution of shear 
stresses over the cross section is also determined. The resultant of these 
shear stresses is a vertical force equal in magnitude to the force P 
and having its line of action through some point S lying on the z axis 
(Fig. 6-26b). This point is known as the shear center (also called the 
center of flexure) of the cross section. 

In summary, by assuming that the z axis is the neutral axis, we can 
determine not only the distribution of the normal stresses but also the 
distribution of the shear stresses and the position of the resultant shear 
force. Therefore, we now recognize that a load P applied at the end of 
the beam (Fig. 6-26a) must act through a particular point (the shear 
center) if bending is to occur with the z axis as the neutral axis. 

If the load is applied at some other point on the z axis (say, at point A 
in Fig. 6-27), it can be replaced by a statically equivalent system consist- 
ing of a force P acting at the shear center and a torque T. The force acting 
at the shear center produces bending about the z axis and the torque pro- 
duces torsion. Therefore, we now recognize that a lateral load acting on 
a beam will produce bending without twisting only if it acts through the 
shear center. 

The shear center (like the centroid) lies on any axis of symmetry, 
and therefore the shear center S and the centroid C coincide for a doubly 
symmetric cross section (Fig. 6-28a). A load P acting through the cen- 
troid produces bending about the y and z axes without torsion, and the 
corresponding bending stresses can be found by the method described in 
Section 6.4 for doubly symmetric beams. 

If a beam has a singly symmetric cross section (Fig. 6-28b), 
both the centroid and the shear center lie on the axis of symmetry. 
A load P acting through the shear center can be resolved into compo- 
nents in the y and z directions. The component in the y direction will 
produce bending in the xy plane with the z axis as the neutral axis, and 
the component in the z direction will produce bending (without torsion) 
in the xz plane with the y axis as the neutral axis. The bending stresses 
produced by these components can be superposed to obtain the stresses 
caused by the original load. 

Finally, if a beam has an unsymmetric cross section (Fig. 6-29), the 
bending analysis proceeds as follows (provided the load acts through the 


P 


FIG. 6-29 Unsymmetric beam with a load 
P acting through the shear center S 
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shear center). First, locate the centroid C of the cross section and deter- 
mine the orientation of the principal centroidal axes y and z. Then 
resolve the load into components (acting at the shear center) in the y 
and z directions and determine the bending moments M, and M; about 
the principal axes. Lastly, calculate the bending stresses using the 
method described in Section 6.5 for unsymmetric beams. 

Now that we have explained the significance of the shear center and 
its use in beam analysis, it is natural to ask, “How do we locate the shear 
center?" For doubly symmetric shapes the answer, of course, is 
simple—it is at the centroid. For singly symmetric shapes the shear 
center lies on the axis of symmetry, but the precise location on that axis 
may not be easy to determine. Locating the shear center is even more 
difficult if the cross section is unsymmetric (Fig. 6-29). In such cases, 
the task requires more advanced methods than are appropriate for this 
book. (A few engineering handbooks give formulas for locating shear 
centers; e.g., see Ref. 2-9.) 

Beams of thin-walled open cross sections, such as wide-flange 
beams, channels, angles, T-beams, and Z-sections, are a special case. Not 
only are they in common use for structural purposes, they also are very 
weak in torsion. Consequently, it is especially important to locate their 
shear centers. Cross sections of this type are considered in the following 
three sections—in Sections 6.7 and 6.8 we discuss how to find the shear 
Stresses in such beams, and in Section 6.9 we show how to locate their 
shear centers. 


6.7 SHEAR STRESSES IN BEAMS OF THIN-WALLED OPEN CROSS SECTIONS 


FIG. 6-30 Typical beams of thin-walled 
open cross section (wide-flange beam or 
I-beam, channel beam, angle section, 
Z-section, and T-beam) 


The distribution of shear stresses in rectangular beams, circular beams, 
and in the webs of beams with flanges was described previously in 
Sections 5.8, 5.9, and 5.10, and we derived the shear formula (Eq. 5-38) 
for calculating the stresses: 


T= ve (6-41) 
Ib 

In this formula, V represents the shear force acting on the cross sec- 
tion, / is the moment of inertia of the cross-sectional area (with respect 
to the neutral axis), b is the width of the beam at the location where 
the shear stress is to be determined, and Q is the first moment of the 
cross-sectional area outside of the location where the stress is being 
found. 


ILLLI 
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FIG. 6-31 Shear stresses in a beam of 
thin-walled open cross section. (The 
y and z axes are principal centroidal 
axes.) 


Now we will consider the shear stresses in a special class of beams 
known as beams of thin-walled open cross section. Beams of this type are 
distinguished by two features: (1) The wall thickness is small compared to 
the height and width of the cross section, and (2) the cross section is open, 
as in the case of an I-beam or channel beam, rather than closed, as in the 
case of a hollow box beam. Examples are shown in Fig. 6-30. Beams of 
this type are also called structural sections or profile sections. 

We can determine the shear stresses in thin-walled beams of open 
cross section by using the same techniques we used when deriving the 
shear formula (Eq. 6-41). To keep the derivation as general as possible, 
we will consider a beam having its cross-sectional centerline mm of 
arbitrary shape (Fig. 6-31a). The y and z axes are principal centroidal 
axes of the cross section, and the load P acts parallel to the y axis 
through the shear center S (Fig. 6-31b). Therefore, bending will occur in 
the xy plane with the z axis as the neutral axis. 

Under these conditions, we can obtain the normal stress at any point 
in the beam from the flexure formula: 

My 


-- TT 6-42 
Ox 7 (6-42) 


Z 


where M, is the bending moment about the z axis (positive as defined in 
Fig. 6-13) and y is a coordinate of the point under consideration. 

Now consider a volume element abcd cut out between two cross sec- 
tions distance dx apart (Fig. 6-31a). Note that the element begins at the 
edge of the cross section and has length s measured along the centerline 
mm (Fig. 6-31b). To determine the shear stresses, we isolate the element as 
shown in Fig. 6-31c. The resultant of the normal stresses acting on face ad 
is the force F; and the resultant on face bc is the force F5. Since the normal 
stresses acting on face ad are larger than those acting on face bc (because 
the bending moment is larger), the force F, will be larger than F5. There- 
fore, shear stresses 7 must act along face cd in order for the element to be in 
equilibrium. These shear stresses act parallel to the top and bottom surfaces 
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of the element and must be accompanied by complementary shear stresses 
acting on the cross-sectional faces ad and bc, as shown in the figure. 

To evaluate these shear stresses, we sum forces in the x direction for 
element abcd (Fig. 6-31c); thus, 


Ttdx + F, —F,=0 or ttdx =F, — F5 (a) 


where t is the thickness of the cross section at face cd of the element. In 
other words, ¢ is the thickness of the cross section at distance s from the 
free edge (Fig. 6-31b). Next, we obtain an expression for the force F4 by 
using Eq. (6-42): 


S M. S 
F, = | oA = — — | ydA (b) 
0 L 0 
where dA is an element of area on side ad of the volume element abcd, y 
is a coordinate to the element dA, and M,, is the bending moment at the 
cross section. An analogous expression is obtained for the force F5: 


S M.> S 
F, = | œdA = ——— | ydA (c) 
0 I, 0 
Substituting these expressions for F; and F into Eq. (a), we get 
Mo-MaVif[ 
T= Ma Ma a)i fy dA (d) 
dx Lt Jo 


The quantity (M,. — M,,)/dx is the rate of change dM/dx of the bending 
moment and is equal to the shear force acting on the cross section (see 
Eq. 4-6): 


dM — Mz HN Mz = V 


dx dx d a) 


The shear force V, is parallel to the y axis and positive in the negative direc- 
tion of the y axis, that is, positive in the direction of the force P (Fig. 6-31). 
This convention is consistent with the sign convention previously adopted 
in Chapter 4 (see Fig. 4-5 for the sign convention for shear forces). 

Substituting from Eq. (6-43) into Eq. (d), we get the following 
equation for the shear stress 7: 


S 


T= Ls y dA (6-44) 
Lt Jo 
This equation gives the shear stresses at any point in the cross section at 
distance s from the free edge. The integral on the right-hand side represents 
the first moment with respect to the z axis (the neutral axis) of the area of 
the cross section from s = 0 to s = s. Denoting this first moment by Q., we 
can write the equation for the shear stresses 7 in the simpler form 


L2 (6-45) 
Lt 





which is analogous to the standard shear formula (Eq. 6-41). 
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The shear stresses are directed along the centerline of the cross section 
and act parallel to the edges of the section. Furthermore, we tacitly 
assumed that these stresses have constant intensity across the thickness t 
of the wall, which is a valid assumption when the thickness is small. (Note 
that the wall thickness need not be constant but may vary as a function of 
the distance s.) 

The shear flow at any point in the cross section, equal to the prod- 
uct of the shear stress and the thickness at that point, is 


fone (6-46) 


Because V, and J, are constants, the shear flow is directly proportional 
to Q.. At the top and bottom edges of the cross section, Q. is zero and 
hence the shear flow is also zero. The shear flow varies continuously 
between these end points and reaches its maximum value where Q. is 
maximum, which is at the neutral axis. 

Now suppose that the beam shown in Fig. 6-31 is bent by loads that 
act parallel to the z axis and through the shear center. Then the beam will 
bend in the xz plane and the y axis will be the neutral axis. In this case we 
can repeat the same type of analysis and arrive at the following equations 
for the shear stresses and shear flow (compare with Eqs. 6-45 and 6-46): 


pM Momma en (6-47a,b) 


Tt = 
Iu i, 

In these equations, V. is the shear force parallel to the z axis and Q, is 
the first moment with respect to the y axis. 

In summary, we have derived expressions for the shear stresses in 
beams of thin-walled open cross sections with the stipulations that the 
shear force must act through the shear center and must be parallel to one 
of the principal centroidal axes. If the shear force is inclined to the y and 
z axes (but still acts through the shear center), it can be resolved into 
components parallel to the principal axes. Then two separate analyses 
can be made, and the results can be superimposed. 

To illustrate the use of the shear-stress equations, we will consider 
the shear stresses in a wide-flange beam in the next section. Later, in 
Section 6.9, we will use the shear-stress equations to locate the shear 
centers of several thin-walled beams with open cross sections. 


6.8 SHEAR STRESSES IN WIDE-FLANGE BEAMS 


We will now use the concepts and equations discussed in the preceding 
section to investigate the shear stresses in wide-flange beams. For discus- 
sion purposes, consider the wide-flange beam of Fig. 6-32a on the next 
page. This beam is loaded by a force P acting in the plane of the web, 


FIG. 6-32 Shear stresses in a wide-flange 
beam 
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that is, through the shear center, which coincides with the centroid of the 
cross section. The cross-sectional dimensions are shown in Fig. 6-32b, 
where we note that b is the flange width, A is the height between center- 
lines of the flanges, t; is the flange thickness, and tẹ is the web thickness. 


Shear Stresses in the Upper Flange 


We begin by considering the shear stresses at section bb in the right- 
hand part of the upper flange (Fig. 6-32b). Since the distance s has its 
origin at the edge of the section (point a), the cross-sectional area 
between point a and section bb is sts. Also, the distance from the cen- 
troid of this area to the neutral axis is h/2, and therefore its first moment 
Q. is equal to st;A/2. Thus, the shear stress 7; in the flange at section bb 
(from Eq. 6-45) is 


_ VQ. _ PGhühi2) — shP 


- 6-48 
LEFT Lt, 2L oe 
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The direction of this stress can be determined by examining the forces 
acting on element A, which is cut out of the flange between point a and 
section bb (see Figs. 6-32a and b). 

The element is drawn to a larger scale in Fig. 6-32c in order to show 
clearly the forces and stresses acting on it. We recognize immediately 
that the tensile force F is larger than the force F5, because the bending 
moment is larger on the rear face of the element than it is on the front 
face. It follows that the shear stress on the left-hand face of element A 
must act toward the reader if the element is to be in equilibrium. From 
this observation it follows that the shear stresses on the front face of 
element A must act toward the left. 

Returning now to Fig. 6-32b, we see that we have completely deter- 
mined the magnitude and direction of the shear stress at section bb, 
which may be located anywhere between point a and the junction of the 
top flange and the web. Thus, the shear stresses throughout the right- 
hand part of the flange are horizontal, act to the left, and have a 
magnitude given by Eq. (6-48). As seen from that equation, the shear 
stresses increase linearly with the distance s. 

The variation of the stresses in the upper flange is shown graphi- 
cally in Fig. 6-32d, and we see that the stresses vary from zero at point a 
(where s = 0) to a maximum value 7, at s = b/2: 





bhP 
= —— 6-49 
Ti AL ( ) 
The corresponding shear flow is 
bht;P 
fi= nt =- (6-50) 


Note that we have calculated the shear stress and shear flow at the junction 
of the centerlines of the flange and web, using only centerline dimensions 
of the cross section in the calculations. This approximate procedure simpli- 
fies the calculations and is satisfactory for thin-walled cross sections. 

By beginning at point c on the left-hand part of the top flange 
(Fig. 6-32b) and measuring s toward the right, we can repeat the same 
type of analysis. We will find that the magnitude of the shear stresses is 
again given by Eqs. (6-48) and (6-49). However, by cutting out an 
element B (Fig. 6-32a) and considering its equilibrium, we find that the 
shear stresses on the cross section now act toward the right, as shown in 
Fig. 6-32d. 


Shear Stresses in the Web 


The next step is to determine the shear stresses acting in the web. Con- 
sidering a horizontal cut at the top of the web (at the junction of the 
flange and web), we find the first moment about the neutral axis to be 
Q- = btth/2, so that the corresponding shear stress is 


— bht;P 


= 6-51 
T2 Hat, ( ) 
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The associated shear flow 1s 





(6-52) 


Note that the shear flow f» is equal to twice the shear flow fj, which is 
expected since the shear flows in the two halves of the upper flange 
combine to produce the shear flow at the top of the web. 

The shear stresses in the web act downward and increase in magni- 
tude until the neutral axis 1s reached. At section dd, located at distance r 
from the neutral axis (Fig. 6-32b), the shear stress ^, in the web is 
calculated as follows: 


2 
o bih a ye (A + : MA, DN i 2) 








2 2 2 24 
bth j 
Ty = a pc 273 (6-53) 
ty 4 ^ Jal. 


When r = h/2 this equation reduces to Eq. (6-51), and when r = 0 it 
gives the maximum shear stress: 


bi 
m i ie ES (6-54) 
t. 0 4]2L 


Again it should be noted that we have made all calculations on the basis 
of the centerline dimensions of the cross section. For this reason, the 
shear stresses in the web of a wide-flange beam calculated from 
Eq. (6-53) may be slightly different from those obtained by the more 
exact analysis made in Chapter 5 (see Eq. 5-46 of Section 5.10). 

The shear stresses in the web vary parabolically, as shown in 
Fig. 6-32d, although the variation is not large. The ratio of Tmax to T2 is 


max lits 
Amex g —¥ (6-55) 
To Abt, 


For instance, if we assume h = 2b and t; = 2t,,, the ratio is Tyax/T = 1.25. 


Shear Stresses in the Lower Flange 


As the final step in the analysis, we can investigate the shear stresses in 
the lower flange using the same methods we used for the top flange. We 
will find that the magnitudes of the stresses are the same as in the top 
flange, but the directions are as shown in Fig. 6-32d. 


General Comments 


From Fig. 6-32d we see that the shear stresses on the cross section "flow" 
inward from the outermost edges of the top flange, then down through 
the web, and finally outward to the edges of the bottom flange. Because 
this flow 1s always continuous in any structural section, it serves as a 
convenient method for determining the directions of the stresses. For 
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instance, if the shear force acts downward on the beam of Fig. 6-32a, we 
know immediately that the shear flow in the web must also be down- 
ward. Knowing the direction of the shear flow in the web, we also know 
the directions of the shear flows in the flanges because of the required 
continuity in the flow. Using this simple technique to get the directions of 
the shear stresses is easier than visualizing the directions of the forces 
acting on elements such as A (Fig. 6-32c) cut out from the beam. 

The resultant of all the shear stresses acting on the cross section is 
clearly a vertical force, because the horizontal stresses in the flanges 
produce no resultant. The shear stresses in the web have a resultant R, 
which can be found by integrating the shear stresses over the height of 


the web, as follows: 
h/2 
r= fra =f TÉ, dr 
0 


Substituting from Eq. (6-53), we get 


du h? P bt; h\kt,P 
R= 2i | (Ae -— ee = (= -- aye (6-56) 
0 beg 4 : tw 6/ 2I. 


The moment of inertia J, can be calculated as follows (using centerline 
dimensions): 


tA bth? 
=~ + 
12 2 


in which the first term is the moment of inertia of the web and the sec- 
ond term is the moment of inertia of the flanges. When this expression 
for Z, is substituted into Eq. (6-56), we get R = P, which demonstrates 
that the resultant of the shear stresses acting on the cross section 1s 
equal to the load. Furthermore, the line of action of the resultant is in 
the plane of the web, and therefore the resultant passes through the 
shear center. 

The preceding analysis provides a more complete picture of the 
shear stresses in a wide-flange or I-beam because it includes the flanges 
(recall that in Chapter 5 we investigated only the shear stresses in the 
web). Furthermore, this analysis illustrates the general techniques for 
finding shear stresses in beams of thin-walled open cross section. Other 
illustrations can be found in the next section, where the shear stresses in 
a channel section and an angle section are determined as part of the 
process of locating their shear centers. 


L 





(6-57) 


6.9 SHEAR CENTERS OF THIN-WALLED OPEN SECTIONS 


In Sections 6.7 and 6.8 we developed methods for finding the shear 
stresses in beams of thin-walled open cross section. Now we will use 
those methods to locate the shear centers of several shapes of beams. 


FIG. 6-33 Shear center S of a channel 
section 











Tmax 
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Only beams with singly symmetric or unsymmetric cross sections will 
be considered, because we already know that the shear center of a dou- 
bly symmetric cross section is located at the centroid. 

The procedure for locating the shear center consists of two principal 
steps: first, evaluating the shear stresses acting on the cross section when 
bending occurs about one of the principal axes, and second, determining 
the resultant of those stresses. The shear center is located on the line of 
action of the resultant. By considering bending about both principal axes, 
we can determine the position of the shear center. 

As in Sections 6.7 and 6.8, we will use only centerline dimensions 
when deriving formulas and making calculations. This procedure is sat- 
isfactory if the beam is thin walled, that is, if the thickness of the beam 
is small compared to the other dimensions of the cross section. 


Channel Section 


The first beam to be analyzed is a singly symmetric channel section 
(Fig. 6-33a). From the general discussion in Section 6.6 we know 
immediately that the shear center is located on the axis of symmetry 
(the z axis). To find the position of the shear center on the z axis, we 
assume that the beam is bent about the z axis as the neutral axis, and 
then we determine the line of action of the resultant shear force V, 
acting parallel to the y axis. The shear center is located where the line 
of action of V, intersects the z axis. (Note that the origin of axes is at 
the centroid C, so that both the y and z axes are principal centroidal 
axes.) 

Based upon the discussions in Section 6.8, we conclude that the 
shear stresses in a channel vary linearly in the flanges and parabolically 
in the web (Fig. 6-33b). We can find the resultant of those stresses if we 
know the maximum stress 7; in the flange, the stress 7» at the top of the 
web, and the maximum stress Tmax in the web. 











(b) (c) (d) 
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To find the stress 7, in the flange, we use Eq. (6-45) with Q. equal 
to the first moment of the flange area about the z axis: 
bth 
& = P) 
in which b is the flange width, tẹ is the flange thickness, and 7 is the 
height of the beam. (Note again that the dimensions b and h are 


measured along the centerline of the section.) Thus, the stress 7, in the 
flange is 





(a) 


VQ.  bhV 
= T NEL (6-58) 
Le 2, 





where Z, is the moment of inertia about the z axis. 
The stress 75 at the top of the web is obtained in a similar manner 
but with the thickness equal to the web thickness instead of the flange 





thickness: 
V bth V. 
T = Ny Ge _ aN) (6-59) 
Lis 97 ON a 
Also, at the neutral axis the first moment of area is 
bth — ht, fh ht. Vh 
= ee | |) Die b 
o 77) 3i [on rar (b) 


Therefore, the maximum stress is 


BO: = (7 m 


Iu Aue 4/20 


Tmax — (6-60) 
The stresses 7, and 7» in the lower half of the beam are equal to the 
corresponding stresses in the upper half (Fig. 6-33b). 

The horizontal shear force F in either flange (Fig. 6-33c) can be 
found from the triangular stress diagrams. Each force is equal to the area 
of the stress triangle multiplied by the thickness of the flange: 


"b hb^tV, 
1 | 7 \ f) "T (6-61) 


Z 


The vertical force F» in the web must be equal to the shear force V,, 
since the forces in the flanges have no vertical components. As a check, 
we can verify that F2 = V, by considering the parabolic stress diagram 
of Fig. 6-33b. The diagram is made up of two parts—a rectangle of area 
Th and a parabolic segment of area 


2 
Tmax T h 
3 | 2) 
Thus, the shear force F5, equal to the area of the stress diagram times the 


web thickness tw, is 


F> — T hts, 3 S(t = T5), 
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Substituting the expressions for 7 and Tmax (Eqs. 6-59 and 6-60) into 
the preceding equation, we obtain 








t,h^  bh°te\V, 
E p (c) 
12 2 fae 
Finally, we note that the expression for the moment of inertia is 
th? — bh?t 
L=—+ (6-62) 


12 2 


in which we again base the calculations upon centerline dimensions. 
Substituting this expression for /, into Eq. (c) for F2, we get 


h=V (d) 


as expected. 

The three forces acting on the cross section (Fig. 6-33c) have a 
resultant V, that intersects the z axis at the shear center S (Fig. 6-33d). 
Hence, the moment of the three forces about any point in the cross 
section must be equal to the moment of the force V, about that same 
point. This moment relationship provides an equation from which the 
position of the shear center may be found. 

As an illustration, let us select the shear center itself as the center of 
moments. In that case, the moment of the three forces (Fig. 6-33c) is 
Fh — Fe, where e is the distance from the centerline of the web 
to the shear center, and the moment of the resultant force V, is zero 
(Fig. 6-33d). Equating these moments gives 


Fh — Foe = 0 (6-63) 


Substituting for F; from Eq. (6-61) and for F- from Eq. (d), and then 

solving for e, we get 

bht 
AT. 





e (6-64) 


When the expression for J, (Eq. 6-62) is substituted, Eq. (6-64) 
becomes 


EE (6-65) 
ht, + 6bt, 


Thus, we have determined the position of the shear center of a channel 
section. 

As explained in Section 6.6, a channel beam will undergo bending 
without twisting whenever it is loaded by forces acting through the 
shear center. If the loads act parallel to the y axis but through some 
point other than the shear center (for example, if the loads act in 
the plane of the web), they can be replaced by a statically equivalent 


900 


FIG. 6-34 Shear center of an 
equal-leg angle section 
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force system consisting of loads through the shear center and twisting 
couples. We then have a combination of bending and torsion of the 
beam. If the loads act along the z axis, we have simple bending 
about the y axis. If the loads act in skew directions through the shear 
center, they can be replaced by statically equivalent loads acting paral- 
lel to the y and z axes. 


Angle Section 


The next shape to be considered is an equal-leg angle section (Fig. 6-34a), 
in which each leg of the angle has length b and thickness t. The z axis is an 
axis of symmetry and the origin of coordinates is at the centroid C; there- 
fore, both the y and z axes are principal centroidal axes. 

To locate the shear center, we will follow the same general proce- 
dure as that described for a channel section, because we wish to 
determine the distribution of the shear stresses as part of the analysis. 
However, as we will see later, the shear center of an angle section can be 
determined by inspection. 

We begin by assuming that the section is subjected to a shear force 
V, acting parallel to the y axis. Then we use Eq. (6-45) to find the corre- 
sponding shear stresses in the legs of the angle. For this purpose we 
need the first moment of the cross-sectional area between point a at the 
outer edge of the beam (Fig. 6-34b) and section bb located at distance s 
from point a. The area is equal to st and its centroidal distance from the 
neutral axis is 


b — 5/2 
V2 


Thus, the first moment of the area is 


(6-66) 








(b) (c) (d) 








(d) 


FIG. 6-34 b, c, d (Repeated) 
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Substituting into Eq. (6-45), we get the following expression for the 
shear stress at distance s from the edge of the cross section: 


M9: = os (2 — z) 
Lt V2 


2 
The moment of inertia 7, can be obtained from Case 24 of Appendix D 
with 6 = 45°: 





(6-67) 


tb? tb? 
[59595 |S 6-68 
Z BB | 6 3 ( ) 


Substituting this expression for J, into Eq. (6-67), we get 


on (i :| 6-69 
TO pU 2 HM) 


This equation gives the shear stress at any point along the leg of the 
angle. The stress varies quadratically with s, as shown in Fig. 6-34c. 

The maximum value of the shear stress occurs at the intersection of 
the legs of the angle and is obtained from Eq. (6-69) by substituting s — b: 


3V, 
Tmax = 
Abt V2 


The shear force F in each leg (Fig. 6-34d) is equal to the area of the 
parabolic stress diagram (Fig. 6-34c) times the thickness t of the legs: 








(6-70) 


ye. oc 5 (6-71) 
3 max V2 





Since the horizontal components of the forces F cancel each other, only 
the vertical components remain. Each vertical component is equal to 
F/ yr or V,/2, and therefore the resultant vertical force is equal to the 
shear force V,, as expected. 

Since the resultant force passes through the intersection point of the 
lines of action of the two forces F (Fig. 6-34d), we see that the shear 
center S is located at the junction of the two legs of the angle. 


Sections Consisting of Two Intersecting Narrow Rectangles 


In the preceding discussion of an angle section we evaluated the shear 
stresses and the forces in the legs in order to illustrate the general 
methodology for analyzing thin-walled open sections. However, if our 
sole objective had been to locate the shear center, it would not have been 
necessary to evaluate the stresses and forces. 

Since the shear stresses are parallel to the centerlines of the legs 
(Fig. 6-34b), we would have known immediately that their resultants are 
two forces F (Fig. 6-34d). The resultant of those two forces is a single 
force that passes through their point of intersection. Consequently, this 
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FIG. 6-35 Shear centers of sections 
consisting of two intersecting narrow 
rectangles 





(a) (b) 


FIG. 6-36 Shear center of a thin-walled 
Z-section 
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point is the shear center. Thus, we can determine the location of the 
shear center of an equal-leg angle section by a simple line of reasoning 
(without making any calculations). 

The same line of reasoning is valid for all cross sections consisting 
of two thin, intersecting rectangles (Fig. 6-35). In each case the result- 
ants of the shear stresses are forces that intersect at the junction of the 
rectangles. Therefore, the shear center S is located at that point. 


Z-Section 


Let us now determine the location of the shear center of a Z-section hav- 
ing thin walls (Fig. 6-36a). The section has no axes of symmetry but is 
symmetric about the centroid C (see Section 12.2 of Chapter 12 for a 
discussion of symmetry about a point). The y and z axes are principal 
axes through the centroid. 

We begin by assuming that a shear force V, acts parallel to 
the y axis and causes bending about the z axis as the neutral axis. Then 
the shear stresses in the flanges and web will be directed as shown in 
Fig. 6-36a. From symmetry considerations we conclude that the forces 
F, in the two flanges must be equal to each other (Fig. 6-36b). The 
resultant of the three forces acting on the cross section (F; in the 
flanges and F5 in the web) must be equal to the shear force V,. The 
forces F, have a resultant 2F acting through the centroid and parallel 
to the flanges. This force intersects the force F at the centroid C, and 
therefore we conclude that the line of action of the shear force V, must 
be through the centroid. 

If the beam is subjected to a shear force V. parallel to the z axis, we 
arrive at a similar conclusion, namely, that the shear force acts through 
the centroid. Since the shear center is located at the intersection of the 
lines of action of the two shear forces, we conclude that the shear center 
of the Z-section coincides with the centroid. 

This conclusion applies to any Z-section that is symmetric about the 
centroid, that is, any Z-section having identical flanges (same width and 
same thickness). Note, however, that the thickness of the web does not 
have to be the same as the thickness of the flanges. 

The locations of the shear centers of many other structural shapes 
are given in the problems at the end of this chapter." 


"The first determination of a shear center was made by S. P. Timoshenko in 1913 
(Ref. 6-1). 





FIG. 6-37 Example 6-8. Shear center of a 
thin-walled semicircular section 


A thin-walled semicircular cross section of radius r and thickness £ is shown in 
Fig. 6-37a. Determine the distance e from the center O of the semicircle to the 
Shear center S. 





(a) (b) 


Solution 

We know immediately that the shear center is located somewhere on the axis 
of symmetry (the z axis). To determine the exact position, we assume that the 
beam is bent by a shear force V, acting parallel to the y axis and producing 
bending about the z axis as the neutral axis (Fig. 6-37b). 

Shear stresses. The first step is to determine the shear stresses 7 acting 
on the cross section (Fig. 6-37b). We consider a section bb defined by the 
distance s measured along the centerline of the cross section from point a. The 
central angle subtended between point a and section bb is denoted 8. 
Therefore, the distance s equals r0, where r is the radius of the centerline and 
0 is measured in radians. 

To evaluate the first moment of the cross-sectional area between point a and 
section bb, we identify an element of area dA (shown shaded in the figure) and 
integrate as follows: 


0 
E | Du | (r cos Str dd) = r^t sin 0 (e) 
O 


in which ¢ is the angle to the element of area and ft is the thickness of the section. 
Thus, the shear stress 7 at section bb is 


VQ.  Wr^sin ð 
PS DM 


ER f 
JST I E) 
Substituting Z, = mr’t/2 (see Case 22 or Case 23 of Appendix D), we get 
2V, sin 9 
Tao o (6-72) 
ait 


When 0 = 0 or 0 = 7r, this expression gives 7 = 0, as expected. When 0 = 77/2, 
it gives the maximum shear stress. 
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Location of shear center. The resultant of the shear stresses must be the ver- 
tical shear force V,. Therefore, the moment Mo of the shear stresses about the 
center O must equal the moment of the force V, about that same point: 


Mo z Ve (g) 


To evaluate Mo, we begin by noting that the shear stress 7 acting on the element 
of area dA (Fig. 6-37b) is 
2V, sin $ 
i — MÀ 


mrt 


as found from Eq. (6-72). The corresponding force is 7 dA, and the moment of 
this force is 


2V, sin $ dA 
dMgo = r(TdÀ) = DECR 
T 


Since dA = trdqd, this expression becomes 
2rV, sin ddd 


TT 


dMo = 


Therefore, the moment produced by the shear stresses is 


"2rV,sin $d$ — 4rV 
m= Jaw, - | 203826 _ ot (h) 
O TT TT 
It follows from Eq. (g) that the distance e to the shear center is 
M, 
P ES oy: (6-73) «mm 
V. m 


M» 
This result shows that the shear center S is located outside of the semicircular 
section. 

Note: The distance from the center O of the semicircle to the centroid C of 
the cross section (Fig. 6-37a) is 2r/7 (from Case 23 of Appendix D), which is 
one-half of the distance e. Thus, the centroid is located midway between the 
shear center and the center of the semicircle. 

The location of the shear center in a more general case of a thin-walled cir- 
cular section is determined in Problem 6.9-13. 


In our previous discussions of bending we assumed that the beams were 
made of materials that followed Hooke’s law (linearly elastic materials). 
Now we will consider the bending of elastoplastic beams when the 
material is strained beyond the linear region. When that happens, the 
distribution of the stresses is no longer linear but varies according to 
the shape of the stress-strain curve. 

Elastoplastic materials were discussed earlier when we analyzed axi- 
ally loaded bars in Section 2.12. As explained in that section, elastoplastic 





FIG. 6-38 Idealized stress-strain diagram 
for an elastoplastic material 





FIG. 6-39 Beam of elastoplastic 
material subjected to a positive bending 
moment M 
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materials follow Hooke's law up to the yield stress oy and then yield plasti- 
cally under constant stress (see the stress-strain diagram of Fig. 6-38). 
From the figure, we see that an elastoplastic material has a region of linear 
elasticity between regions of perfect plasticity. Throughout this section, we 
will assume that the material has the same yield stress oy and same yield 
strain ey in both tension and compression. 

Structural steels are excellent examples of elastoplastic materials 
because they have sharply defined yield points and undergo large strains 
during yielding. Eventually the steels begin to strain harden, and then 
the assumption of perfect plasticity is no longer valid. However, strain 
hardening provides an increase in strength, and therefore the assumption 
of perfect plasticity is on the side of safety. 


Yield Moment 


Let us consider a beam of elastoplastic material subjected to a bending 
moment M that causes bending in the xy plane (Fig. 6-39). When the 
bending moment is small, the maximum stress in the beam is less than 
the yield stress oy, and therefore the beam is in the same condition as a 
beam in ordinary elastic bending with a linear stress distribution, as 
shown in Fig. 6-40b. Under these conditions, the neutral axis passes 
through the centroid of the cross section and the normal stresses are 
obtained from the flexure formula (o = —My/I). Since the bending 
moment is positive, the stresses are compressive above the z axis and 
tensile below it. 

The preceding conditions exist until the stress in the beam at the 
point farthest from the neutral axis reaches the yield stress oy, either in 
tension or in compression (Fig. 6-40c). The bending moment in the 
beam when the maximum stress just reaches the yield stress, called the 
yield moment My, can be obtained from the flexure formula: 


T ER LM (6-74) 
C 


in which c is the distance to the point farthest from the neutral axis and S 
is the corresponding section modulus. 


Plastic Moment and Neutral Axis 


If we now increase the bending moment above the yield moment My, 
the strains in the beam will continue to increase and the maximum strain 
will exceed the yield strain ey. However, because of perfectly plastic 
yielding, the maximum stress will remain constant and equal to oy, as 
pictured in Fig. 6-40d. Note that the outer regions of the beam have 
become fully plastic while a central core (called the elastic core) 
remains linearly elastic. 

If the z axis is not an axis of symmetry (singly symmetric cross sec- 
tion), the neutral axis moves away from the centroid when the yield 
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(a) (b) 


FIG. 6-40 Stress distributions in a beam 
of elastoplastic material 


1158 


(c) (d) (e) (f) 


moment is exceeded. This shift in the location of the neutral axis is not 
large, and in the case of the trapezoidal cross section of Fig. 6-40, it is too 
small to be seen in the figure. If the cross section is doubly symmetric, 
the neutral axis passes through the centroid even when the yield moment 
is exceeded. 

As the bending moment increases still further, the plastic region 
enlarges and moves inward toward the neutral axis until the condition 
shown in Fig. 6-40e is reached. At this stage the maximum strain in the 
beam (at the farthest distance from the neutral axis) is perhaps 10 or 15 
times the yield strain ey and the elastic core has almost disappeared. 
Thus, for practical purposes the beam has reached its ultimate moment- 
resisting capacity, and we can idealize the ultimate stress distribution as 
consisting of two rectangular parts (Fig. 6-40f). The bending moment 
corresponding to this idealized stress distribution, called the plastic 
moment M», represents the maximum moment that can be sustained by 
a beam of elastoplastic material. 

To find the plastic moment Mp, we begin by locating the neutral 
axis of the cross section under fully plastic conditions. For this pur- 
pose, consider the cross section shown in Fig. 6-41a on the next 
page and let the z axis be the neutral axis. Every point in the cross sec- 
tion above the neutral axis is subjected to a compressive stress oy 
(Fig. 6-41b), and every point below the neutral axis is subjected to a 
tensile stress oy. The resultant compressive force C is equal to oy times 
the cross-sectional area A, above the neutral axis (Fig. 6-41a), and the 
resultant tensile force T equals oy times the area A> below the neutral 
axis. Since the resultant force acting on the cross section is zero, it fol- 
lows that 


Te or A= As (a) 


Because the total area A of the cross section is equal to A, + A», we 
see that 


(6-75) 


FIG. 6-41 Location of the neutral axis and 
determination of the plastic moment Mp 
under fully plastic conditions 
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Therefore, under fully plastic conditions, the neutral axis divides the 
cross section into two equal areas. 

As a result, the location of the neutral axis for the plastic moment 
M p may be different from its location for linearly elastic bending. For 
instance, in the case of a trapezoidal cross section that is narrower 
at the top than at the bottom (Fig. 6-41a), the neutral axis for fully 
plastic bending is slightly below the neutral axis for linearly elastic 
bending. 

Since the plastic moment Mp is the moment resultant of the stresses 
acting on the cross section, it can be found by integrating over the cross- 
sectional area A (Fig. 6-41a): 


Mp = -| Oy dA = -f Coda- | oyy dA 
A A1 AD 


= oy iA) - oyj) = SEE O9 (b) 
in which y is the coordinate (positive upward) of the element of area dA 
and y, and y» are the distances from the neutral axis to the centroids c, 
and c» of areas A, and A», respectively. 

An easier way to obtain the plastic moment is to evaluate the 
moments about the neutral axis of the forces C and T (Fig. 6-41b): 


Mp = Cy + Ty (c) 
Replacing T and C by oyA/2, we get 


M, = 2xBQi t 3» (6-76) 
D 
which is the same as Eq. (b). 
The procedure for obtaining the plastic moment is to divide the 
cross section of the beam into two equal areas, locate the centroid of 
each half, and then use Eq. (6-76) to calculate Mp. 
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FIG. 6-42 Rectangular cross section 


Plastic Modulus and Shape Factor 


The expression for the plastic moment can be written in a form similar 
to that for the yield moment (Eq. 6-74), as follows: 


Mp = OyL (6-77) 
in which 
z- Ml y2) (6-78) 


is the plastic modulus (or the plastic section modulus) for the cross 
section. The plastic modulus may be interpreted geometrically as the 
first moment (evaluated with respect to the neutral axis) of the area of 
the cross section above the neutral axis plus the first moment of the area 
below the neutral axis. 

The ratio of the plastic moment to the yield moment is solely a func- 
tion of the shape of the cross section and is called the shape factor /: 


ye alata (6-79) 


This factor is a measure of the reserve strength of the beam after yield- 
ing first begins. It is highest when most of the material is located near 
the neutral axis (for instance, a beam having a solid circular section), 
and lowest when most of the material is away from the neutral axis (for 
instance, a beam having a wide-flange section). Values of f for cross 
sections of rectangular, wide-flange, and circular shapes are given in the 
remainder of this section. Other shapes are considered in the problems at 
the end of the chapter. 


Beams of Rectangular Cross Section 


Now let us determine the properties of a beam of rectangular cross 
section (Fig. 6-42) when the material is elastoplastic. The section modu- 
lus is S = bh^/6, and therefore the yield moment (Eq. 6-74) is 


Oo y bh? 

r= 
in which b is the width and A is the height of the cross section. 
Because the cross section is doubly symmetric, the neutral axis 
passes through the centroid even when the beam is loaded into the plastic 


range. Consequently, the distances to the centroids of the areas above 
and below the neutral axis are 


(6-80) 


_ _ h 
5 Y2 (d) 


FIG. 6-43 Stress distribution in a beam of 
rectangular cross section with an elastic 
core (My = M x Mp) 
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Therefore, the plastic modulus (Eq. 6-78) is 


A(y, t y : 
z= AG ty) BA =) - bk (6-81) 
2 244 4 4 
and the plastic moment (Eq. 6-77) is 
2 
Mp — aybh" (6-82) 
4 
Finally, the shape factor for a rectangular cross section is 
Mp Z 3 
=— == 6-83 
f M, S 2 (6-85) 


which means that the plastic moment for a rectangular beam is 50% 
greater than the yield moment. 

Next, we consider the stresses in a rectangular beam when the 
bending moment M is greater than the yield moment but has not yet 
reached the plastic moment. The outer parts of the beam will be at the 
yield stress oy and the inner part (the elastic core) will have a linearly 
varying stress distribution (Figs. 6-43a and b). The fully plastic zones 
are shaded in Fig. 6-43a, and the distances from the neutral axis to the 
inner edges of the plastic zones (or the outer edges of the elastic core) 
are denoted by e. 

The stresses acting on the cross section have the force resultants C, 
C5, T;, and T5, as shown in Fig. 6-43c. The forces C, and T; in the plas- 
tic zones are each equal to the yield stress times the cross-sectional area 
of the zone: 


C =T = E = e) (e) 


The forces C5 and T» in the elastic core are each equal to the area of the 
stress diagram times the width b of the beam: 


C, = T, =——_b (f) 


T» 
Ti 
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FIG. 6-44 Cross section of a wide-flange 
beam 


Thus, the bending moment (see Fig. 6-43c) is 


h 4e h h a ybe [ 4e 
=l telt OS = =el + e| + —|(|— 
d af e) cf ©) si Ji e) 2 5 


2 2 9 
poU (2 E 2 - MS - 2 My=M<=Mp (6-84) 
Note that when e = A/2, the equation gives M = My, and when e = Q, it 
gives M = 3My/2, which is the plastic moment Mp. 

Equation (6-84) can be used to determine the bending moment 
when the dimensions of the elastic core are known. However, a more 
common requirement is to determine the size of the elastic core when 
the bending moment is known. Therefore, we solve Eq. (6-84) for e in 
terms of the bending moment: 


e=h 22-3 My S M = Mp (6-85) 
Again we note the limiting conditions: When M = My, the equation 
gives e = h/2, and when M = Mp = 3My/2, it gives e = 0, which is the 
fully plastic condition. 


Beams of Wide-Flange Shape 


For a doubly symmetric wide-flange beam (Fig. 6-44), the plastic modu- 
lus Z (Eq. 6-78) is calculated by taking the first moment about the 
neutral axis of the area of one flange plus the upper half of the web and 
then multiplying by 2. The result is 


_ a i hooQ [145A 
z= A eh - £) «e - 25-4) 
h 2 
= bte(h m I) + "E n i) (g) 


With a little rearranging, we can express Z in a more convenient form: 


Z= Hor — (b — tXh — 21)? (6-86) 


After calculating the plastic modulus from Eq. (6-86), we can obtain the 
plastic moment Mp from Eq. (6-77). 

Values of Z for commercially available shapes of wide-flange beams 
are listed in the AISC manual (Ref. 5-4). The shape factor f for wide- 
flange beams is typically in the range 1.1 to 1.2, depending upon the 
proportions of the cross section. 

Other shapes of elastoplastic beams can be analyzed in a manner 
similar to that described for rectangular and wide-flange beams (see the 
following examples and the problems at the end of the chapter). 
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Example 6-9 
y Determine the yield moment, plastic modulus, plastic moment, and shape factor 
for a beam of circular cross section with diameter d (Fig. 6-45). 
Solution 
As a preliminary matter, we note that since the cross section is doubly sym- 
z d metric, the neutral axis passes through the center of the circle for both linearly 
elastic and elastoplastic behavior. 
The yield moment My is found from the flexure formula (Eq. 6-74) as 
follows: 
FIG. 6-45 Example 6-9. Cross section of o. — oy(md^/64) m 
a circular beam (elastoplastic material) My = — = ^ dB — — gy 33 (6-87) «mm 
C 


The plastic modulus Z is found from Eq. (6-78) in which A is the area of 
the circle and y and y» are the distances to the centroids c, and c» of the two 
halves of the circle (Fig. 6-46). Thus, from Cases 9 and 10 of Appendix D, 
we get 


» 


ad^ Eo) 
d A = = = I 
4 C 377 








Now substituting into Eq. (6-78) for the plastic modulus, we find 


FIG. 6-46 Solution to Example 6-9 s x 3 
mcm E dM 





Z 6-88) «mm 
7 6 (6-88) 
Therefore, the plastic moment Mp (Eq. 6-77) is 
od 
Mp = OyL = 6 (6-89) «um 
and the shape factor f (Eq. 6-79) is 
Mp 16 
= — = — ~ 1.70 6-90) «mm 
f now (6-90) 


This result shows that the maximum bending moment for a circular beam of 
elastoplastic material is about 70% larger than the bending moment when the 
beam first begins to yield. 
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FIG. 6-47 Example 6-10. Cross section 
of a hollow box beam (elastoplastic 
material) 


A doubly symmetric hollow box beam (Fig. 6-47) of elastoplastic material 
(ay = 33 ksi) is subjected to a bending moment M of such magnitude that the 
flanges yield but the webs remain linearly elastic. 

Determine the magnitude of the moment M if the dimensions of the cross 
section are b = 5.0 in., b, = 4.0 in., h = 9.0 in., and A, = 7.5 in. 











Solution 

The cross section of the beam and the distribution of the normal stresses are 
shown in Figs. 6-48a and b, respectively. From the figure, we see that the stresses 
in the webs increase linearly with distance from the neutral axis and the stresses 
in the flanges equal the yield stress oy. Therefore, the bending moment M acting 
on the cross section consists of two parts: 

(1) a moment M, corresponding to the elastic core, and 

(2) a moment M, produced by the yield stresses oy in the flanges. 

The bending moment supplied by the core is found from the flexure formula 
(Eq. 6-74) with the section modulus calculated for the webs alone; thus, 


b — bi hi 
ie coom (6-91) 


and 


ay(b — bDhi 


Mi = C5 = 6 


(6-92) 


To find the moment supplied by the flanges, we note that the resultant 
force F in each flange (Fig. 6-48b) is equal to the yield stress multiplied by the 
area of the flange: 











FIG. 6-48 Solution to Example 6-10 





h—h 
F= oui 3 J (h) 


The force in the top flange is compressive and the force in the bottom flange is 
tensile if the bending moment M is positive. Together, the two forces create the 
bending moment M^»: 


Arh 2- hi 
J _ Ibh? = ht) (6-93) 


M, =F 
= L 4 


Therefore, the total moment acting on the cross section, after some rear- 
ranging, is 


Mee ae E e 271 (6-94) 


Substituting the given numerical values, we obtain 
M = 1330 k-in. 


Note: The yield moment My and the plastic moment Mp for the beam in this 
example have the following values (determined in Problem 6.10-13): 


My — 1196 k-in. Mp = 1485 k-in. 


The bending moment M is between these values, as expected. 
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CHAPTER SUMMARY & REVIEW 





In Chapter 6, we considered a number of specialized topics related to the bending of 
beams, including the analysis of composite beams (that is, beams of more than one 
material), beams with inclined loads, unsymmetric beams, shear stresses in thin- 
walled beams, shear centers, and elastoplastic bending. 

some of the major concepts and findings presented in this chapter are as follows: 


1. In the introductory discussion of composite beams, leading to the moment- 
curvature relationship and the flexure formulas for composite beams of two 
materials, we assumed that both materials follow Hooke's law and that the 
two parts of the beam are adequately bonded so that they act as a single unit; 
advanced topics such as nonhomogeneous and nonlinear materials, bond 
stresses between the parts, shear stresses on the cross sections, buckling of 
the faces, and other such matters are not considered. In particular, the formu- 
las presented herein do not apply to reinforced concrete beams which are not 
designed on the basis of linearly elastic behavior. 


2. The transformed-section method offers a convenient way of transforming the 
cross section of a composite beam into an equivalent cross section of an imagi- 
nary beam that is composed of only one material. The neutral axis of the 
transformed beam is located in the same place, and its moment-resisting capac- 
ity is the same as that of the original composite beam. mal stresses are 
computed using the flexure formula but depend on the moment of inertia of the 
transformed section. 


3. If inclined loads act through the centroid of the cross section of beams with two 
axes of symmetry in the cross section, there will be no twisting of the beam 
about the longitudinal axis. For these beams, we determined the bending 
stresses by resolving the inclined load into two components, one acting in each 
plane of symmetry. The bending stresses were obtained from the flexure formula 
for each load component acting separately, and the final stresses obtained by 
superposing the separate stresses. Also, in general, the angle of inclination of the 
neutral axis (6) is not equal to the angle of the inclined loads (0). As a result, 
except in special cases, the neutral axis is not perpendicular to the longitudinal 
plane containing the load. In this case, the stresses in the beam are very sensi- 
tive to slight changes in the direction of the load and to irregularities in the 
alignment of the beam itself. 


4. When the restriction of symmetry about at least one axis of the cross section 
was removed, we found that for pure bending the plane in which the bending 
moment acts is perpendicular to the neutral surface only if the y and z axes are 
principal centroidal axes of the cross section and the bending moment acts in 
one of the two principal planes (the xy plane or the xz plane). We then estab- 
lished a general procedure for computing normal stresses in unsymmetric 
beams acted on by any moment M. First, the centroid is found, and then, normal 
stresses are obtained by superposing results of the flexure formula about the two 
principal centroidal axes. 


5. A lateral load acting on a beam will produce bending without twisting only if it 
acts through the shear center. The shear center (like the centroid) lies on any 








axis of symmetry; the shear center S and the centroid C coincide for a doubly 
symmetric cross section. 


Bams of thin-walled open cross sections (such as wide-flange beams, chan- 
nels, angles, T-beams, and Zsections) are in common use for structural 
purposes, but are very weak in torsion. 


We derived expressions for the shear stresses in beams of thin-walled open 
cross sections for the case of the shear force acting through the shear center 
and parallel to one of the principal centroidal axes. We used these expressions to 
find the shear-stress distributions in the flanges and webs of wide-flange 
beams, channels and angles. We saw that the shear stresses on the cross 
section flow inward from the outermost edges, then down through the web, and 
finally outward to the edges of the bottom flange. 


The procedure for locating the shear center was illustrated for several thin- 
walled open sections. First, the shear stresses acting on the cross section when 
bending occurs about one of the principal axes were computed, and then, the 
resultant force associated with those stresses was determined. The shear center 
was seen to lie on the line of action of the resultant. 


Any Zsection that is symmetric about the centroid (i.e., any Zsection having 
identical flangessame width and same thickness) has its shear center at the 
centroid of the cross section. The locations of the shear centers of many other 
structural shapes are given in both the examples and the problems at the end of 
the chapter. 


Finally, we considered e/astoplastic materials, which follow Hooke's law up to 
the yield stress oy and then yield plastically under constant stress. Structural 
steels are excellent examples of elastoplastic materials, because they have 
sharply defined yield points and undergo large strains during yielding. First, we 
found the yield moment, My = ay * S, using the flexure formula. Then, we con- 
tinued on to the plastic moment, Mp = oy * Z, where S and Z are the section 
modulus and plastic section modulus of the cross section, respectively. My is the 
bending moment in the beam when the maximum stress just reaches the yield 
stress, and Mp is the maximum moment that can be sustained by a beam of 
elastoplastic material. We defined the shape factor f= Mp/M,= ZIS, as a 
measure of the reserve strength of the beam after yielding first begins. 
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PROBLEMS CHAPTER 6 


Composite Beams 


When solving the problems for Section 6.2, assume that the 
component parts of the beams are securely bonded by 
adhesives or connected by fasteners. Also, be sure to use the 
general theory for composite beams described in Section 6.2. 


6.2-1 A composite beam consisting of fiberglass faces and a 
core of particle board has the cross section shown in the 
figure. The width of the beam is 2.0 in., the thickness of the 
faces is 0.10 in., and the thickness of the core is 0.50 in. The 
beam is subjected to a bending moment of 250 Ib-in. acting 
about the z axis. 

Find the maximum bending stresses Oface and Geore in 
the faces and the core, respectively, if their respective 
moduli of elasticity are 4 X 10° psi and 1.5 X 10° psi. 


y 





T 0.10 in. 
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PROB. 6.2-1 


6.2-2 A wood beam with cross-sectional dimensions 
200 mm X 300 mmi is reinforced on its sides by steel plates 
12 mm thick (see figure). The moduli of elasticity for the 
steel and wood are E, = 190 GPa and £, = 11 GPa, res- 
pectively. Also, the corresponding allowable stresses are 
o, = 110 MPa and o,, = 7.5 MPa. 

(a) Calculate the maximum permissible bending 
moment M max when the beam is bent about the z axis. 

(b) Repeat part a if the beam is now bent about its y axis. 


y 
Z 
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a) (b) 





PROB. 6.2-2 


6.2-3 A hollow box beam is constructed with webs of 
Douglas-fir plywood and flanges of pine, as shown in the 
figure in a cross-sectional view. The plywood is 1 in. thick 
and 12 in. wide; the flanges are 2 in. X 4 in. (nominal size). 
The modulus of elasticity for the plywood is 1,800,000 psi 
and for the pine is 1,400,000 psi. 

(a) If the allowable stresses are 2000 psi for the 
plywood and 1750 psi for the pine, find the allowable 
bending moment Mmax when the beam is bent about 
the z axis. 

(b) Repeat part a if the beam is now bent about its y axis. 














intl FS Mn 
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PROB. 6.2-3 


6.2-4 A round steel tube of outside diameter d and an brass 
core of diameter 2d/3 are bonded to form a composite beam, 
as shown in the figure. 

Derive a formula for the allowable bending moment M 
that can be carried by the beam based upon an allowable 
stress c, in the steel. (Assume that the moduli of elasticity 
for the steel and brass are E, and Ep, respectively.) 





PROB. 6.2-4 


6.2-5 A beam with a guided support and 10 ft span supports 
a distributed load of intensity g = 660 Ib/ft over its first half 
(see figure part a) and a moment My = 300 ft-lb at joint B. 
The beam consists of a wood member (nominal dimensions 
6 in. X 12 in., actual dimensions 5.5 in. X 11.5 in. in cross 
section, as shown in the figure part b) that is reinforced by 
0.25-in.-thick steel plates on top and bottom. The moduli of 
elasticity for the steel and wood are E, — 30 X 10 psi and 
E,, = 1.5 X 10° psi, respectively. 

(a) Calculate the maximum bending stresses o; in the 
steel plates and o,, in the wood member due to the applied 
loads. 

(b) If the allowable bending stress in the steel plates is Oas 
= 14,000 psi and that in the wood is aw = 900 psi, find q,,,,. 
(Assume that the moment at B, Mo, remains at 300 ft-lb.) 

(c) If g = 660 Ib/ft and allowable stress values in (b) 
apply, what is Mo max at B? 





PROB. 6.2-5 


6.2-6 A plastic-lined steel pipe has the cross-sectional shape 
shown in the figure. The steel pipe has outer diameter d4 — 
100 mm and inner diameter d; = 94 mm. The plastic liner 
has inner diameter d, — 82 mm. The modulus of elasticity 
of the steel is 75 times the modulus of the plastic. 

Determine the allowable bending moment Maj, if the 
allowable stress in the steel is 35 MPa and in the plastic is 
600 kPa. 











PROB. 6.2-6 
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6.2-7 The cross section of a sandwich beam consisting of 
aluminum alloy faces and a foam core is shown in the 
figure. The width b of the beam is 8.0 in., the thickness t of 
the faces is 0.25 in., and the height A. of the core is 5.5 in. 
(total height h = 6.0 in.). The moduli of elasticity are 
10.5 X 10° psi for the aluminum faces and 12,000 psi for 
the foam core. A bending moment M — 40 k-in. acts about 
the z axis. 

Determine the maximum stresses in the faces and the 
core using (a) the general theory for composite beams, and 
(b) the approximate theory for sandwich beams. 





PROBS. 6.2-7 and 6.2-8 


6.2-8 The cross section of a sandwich beam consisting of 
fiberglass faces and a lightweight plastic core is shown in the 
figure. The width b of the beam is 50 mm, the thickness t of 
the faces is 4 mm, and the height h. of the core is 92 mm 
(total height h = 100 mm). The moduli of elasticity are 
75 GPa for the fiberglass and 1.2 GPa for the plastic. 
A bending moment M = 275 N-m acts about the z axis. 

Determine the maximum stresses in the faces and the 
core using (a) the general theory for composite beams, and 
(b) the approximate theory for sandwich beams. 


*6.2-9 A bimetallic beam used in a temperature-control 
switch consists of strips of aluminum and copper bonded 
together as shown in the figure, which is a cross-sectional 
view. The width of the beam is 1.0 in., and each strip has a 
thickness of 1/16 in. 

Under the action of a bending moment M = 12 Ib-in. 
acting about the z axis, what are the maximum stresses o4 
and o. in the aluminum and copper, respectively? (Assume 
E, = 10.5 X 10° psi and E, = 16.8 X 10? psi.) 
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PROB. 6.2-9 
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*6.2-10 A simply supported composite beam 3m long car- 
ries a uniformly distributed load of intensity q = 3.0 kN/m 
(see figure). The beam is constructed of a wood member, 
100 mm wide by 150 mm deep, reinforced on its lower side 
by a steel plate 8 mm thick and 100 mm wide. 

Find the maximum bending stresses o;, and o; in the 
wood and steel, respectively, due to the uniform load if the 
moduli of elasticity are E,, — 10 GPa for the wood and 
E, — 210 GPa for the steel. 


q = 3.0 kN/m 
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PROB. 6.2-10 


6.2-11 A simply supported wooden l-beam with a 12 ft 
span supports a distributed load of intensity g = 90 Ib/ft 
over its length (see figure part a). The beam is constructed 
with a web of Douglas-fir plywood and flanges of pine 
glued to the web as shown in the figure part b. The plywood 
is 3/8 in. thick; the flanges are 2 in. X 2 in. (actual size). The 
modulus of elasticity for the plywood is 1,600,000 psi and 
for the pine is 1,200,000 psi. 

(a) Calculate the maximum bending stresses in the pine 
flanges and in the plywood web. 

(b) What is qmax if allowable stresses are 1600 psi in the 
flanges and 1200 psi in the web? 


A 12 ft B 


(a) 


2 in. X 2 in. pine flange 





8 in i in. plywood 
(Douglas fir) 
2 in 
2 in. 
(b) 
PROB. 6.2-11 


6.2-12 A simply supported composite beam with a 3.6 m span 
supports a triangularly distributed load of peak intensity go at 
midspan (see figure part a). The beam is constructed of two wood 
joists, each 50 mm X 280 mm, fastened to two steel plates, one 
of dimensions 6 mm X 80 mm and the lower plate of dimen- 
sions 6 mm X 120 mm (see figure part b). The modulus of 
elasticity for the wood is 11 GPa and for the steel is 210 GPa. 

If the allowable stresses are 7 MPa for the wood and 
120 MPa for the steel, find the allowable peak load intensity 
do,max When the beam is bent about the z axis. Neglect the 
weight of the beam. 







6 mm X 80 mm 
steel plate 


50 mm X 280 mm 
wood joist 





(a) (b) 


PROB. 6.2-12 


Transformed-Section Method 


When solving the problems for Section 6.3, assume that 
the component parts of the beams are securely bonded 
by adhesives or connected by fasteners. Also, be sure 
to use the transformed-section method in the solutions. 


6.3-1 A wood beam 8 in. wide and 12 in. deep (nominal 
dimensions) is reinforced on top and bottom by 0.25-in.-thick 
steel plates (see figure part a). 


(a) Find the allowable bending moment M,,,, about 
the z axis if the allowable stress in the wood is 1,100 psi and 
in the steel is 15,000 psi. (Assume that the ratio of the 
moduli of elasticity of steel and wood is 20.) 

(b) Compare the moment capacity of the beam in part a 
with that shown in the figure part b which has two 4 in. X 12 in. 
joists (nominal dimensions) attached to a 1/4 in. X 11.0 in. steel 
plate. 


an. X 11.0 in. 


y 4 
steel plate 
.9 in. 
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0.25 in 


0.25 in 
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PROB. 6.3-1 


6.3-2 A simple beam of span length 3.2 m carries a uniform 
load of intensity 48 KN/m. The cross section of the beam is a 
hollow box with wood flanges and steel side plates, as shown 
in the figure. The wood flanges are 75 mm by 100 mm in 
cross section, and the steel plates are 300 mm deep. 

What is the required thickness f of the steel plates if the 
allowable stresses are 120 MPa for the steel and 
6.5 MPa for the wood? (Assume that the moduli of elasticity 
for the steel and wood are 210 GPa and 10 GPa, respec- 
tively, and disregard the weight of the beam.) 





NS 





PROB. 6.3-2 
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6.3-3 A simple beam that is 18 ft long supports a uniform load 
of intensity g. The beam is constructed of two C 8 X 11.5 sec- 
tions (channel sections or C shapes) on either side of a 4 X 8 
(actual dimensions) wood beam (see the cross section shown 
in the figure part a). The modulus of elasticity of the steel 
(E, = 30,000 ksi) is 20 times that of the wood (£,,). 

(a) If the allowable stresses in the steel and wood are 
12,000 psi and 900 psi, respectively, what is the allowable 
load Ganow? (Note: Disregard the weight of the beam, and 
see Table E-3a of Appendix E for the dimensions and prop- 
erties of the C-shape beam.) 

(b) If the beam is rotated 90° to bend about its y axis 
(see figure part b), and uniform load q = 250 lb/ft is 
applied, find the maximum stresses o; and o,, in the steel 
and wood, respectively. Include the weight of the beam. 
(Assume weight densities of 35 lb/ft? and 490 Ib/ft? for the 
wood and steel, respectively.) 


C8 X 11.5 Z 








Wood beam 


(a) (b) 
PROB. 6.3-3 


6.3-4 The composite beam shown in the figure is simply sup- 
ported and carries a total uniform load of 50 kN/m on a span 
length of 4.0 m. The beam is built of a wood member having 
cross-sectional dimensions 150 mm X 250 mm and two steel 
plates of cross-sectional dimensions 50 mm X 150 mm. 

Determine the maximum stresses o; and o;, in the steel 
and wood, respectively, if the moduli of elasticity are 
E, = 209 GPa and E„ = 11 GPa. (Disregard the weight of 
the beam.) 


50 kN/m 





PROB. 6.3-4 
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6.3-5 The cross section of a beam made of thin strips of 
aluminum separated by a lightweight plastic is shown in the 
figure. The beam has width b = 3.0 in., the aluminum strips 
have thickness f = 0.1 in., and the plastic segments have 
heights d — 1.2 in. and 3d — 3.6 in. The total height of the 
beam is h = 6.4 in. 

The moduli of elasticity for the aluminum and plastic are 
E, = 11 X 10° psi and E, = 440 X 10? psi, respectively. 

Determine the maximum stresses o; and o, in the alu- 
minum and plastic, respectively, due to a bending moment 
of 6.0 k-in. 


h = 4t + 5d 





PROBS. 6.3-5 and 6.3-6 


6.3-6 Consider the preceding problem if the beam 
has width b = 75 mm, the aluminum strips have thickness 
t = 3 mm, the plastic segments have heights d = 40 mm 
and 3d = 120 mm, and the total height of the beam is h = 212 
mm. Also, the moduli of elasticity are E, = 75 GPa 
and E, = 3 GPa, respectively. 

Determine the maximum stresses o; and o; in the 
aluminum and plastic, respectively, due to a bending 
moment of 1.0 KN-m. 


6.3-7 A simple beam that is 18 ft long supports a uniform 
load of intensity q. The beam is constructed of two angle 
sections, each L 6 X 4 X 1/2, oneither side of a 2 in. X 8 in. 
(actual dimensions) wood beam (see the cross section 
shown in the figure part a). The modulus of elasticity of the 
steel is 20 times that of the wood. 

(a) If the allowable stresses in the steel and wood are 
12,000 psi and 900 psi, respectively, what 1s the allowable 
load ganow? (Note: Disregard the weight of the beam, 
and see Table E-5a of Appendix E for the dimensions and 
properties of the angles.) 

(b) Repeat part a if a 1 in. X 10 in. wood flange (actual 
dimensions) is added (see figure part b). 








(a) 


Wood flange 





PROB. 6.3-7 


6.3-8 The cross section of a composite beam made of 
aluminum and steel is shown in the figure. The moduli of 
elasticity are E, = 75 GPa and E, = 200 GPa. 

Under the action of a bending moment that produces a 
maximum stress of 50 MPa in the aluminum, what is the 
maximum stress g, in the steel? 





PROB. 6.3-8 


6.3-9 A beam is constructed of two angle sections, each L 5 X 
3 X 1/2, which reinforce a 2 X 8 (actual dimensions) wood 
plank (see the cross section shown in the figure). The modulus 
of elasticity for the wood is E,, = 1.2 X 10° psi and for the 
steel is E, = 30 X 10° psi. 

Find the allowable bending moment Manow for the 
beam if the allowable stress in the wood is o,, = 1100 psi 
and in the steel is o; = 12,000 psi. (Note: Disregard the 
weight of the beam, and see Table E-5a of Appendix E for 
the dimensions and properties of the angles.) 


2 X 8 wood plank 






Steel angles 
PROB. 6.3-9 


6.3-10 The cross section of a bimetallic strip is shown in 
the figure. Assuming that the moduli of elasticity for metals 
A and B are E, = 168 GPa and Eg = 90 GPa, respectively, 
determine the smaller of the two section moduli for the 
beam. (Recall that section modulus is equal to bending 
moment divided by maximum bending stress.) In which 
material does the maximum stress occur? 





PROB. 6.3-10 


6.3-11 A W 12 X 50 steel wide-flange beam and a segment 
of a 4-inch thick concrete slab (see figure) jointly resist a 
positive bending moment of 95 k-ft. The beam and slab are 
joined by shear connectors that are welded to the steel 
beam. (These connectors resist the horizontal shear at the 
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contact surface.) The moduli of elasticity of the steel and the 
concrete are in the ratio 12 to 1. 

Determine the maximum stresses o; and o, in the 
steel and concrete, respectively. (Note: See Table E-1a of 
Appendix E for the dimensions and properties of the steel 
beam.) 








PROB. 6.3-11 


*6.3-12 A wood beam reinforced by an aluminum channel 
section is shown in the figure. The beam has a cross section 
of dimensions 150 mm by 250 mm, and the channel has a 
uniform thickness of 6 mm. 

If the allowable stresses in the wood and aluminum are 
8.0 MPa and 38 MPa, respectively, and if their moduli of 
elasticity are in the ratio 1 to 6, what is the maximum allow- 
able bending moment for the beam? 
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PROB. 6.3-12 


Beams with Inclined Loads 


When solving the problems for Section 6.4, be sure to draw 
a sketch of the cross section showing the orientation of the 
neutral axis and the locations of the points where the 
stresses are being found. 
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6.4-1 A beam of rectangular cross section supports an 
inclined load P having its line of action along a diagonal of 
the cross section (see figure). Show that the neutral axis lies 
along the other diagonal. 
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PROB. 6.4-1 


6.4-2 A wood beam of rectangular cross section (see 
figure) 1s simply supported on a span of length L. The lon- 
gitudinal axis of the beam is horizontal, and the cross 
section is tilted at an angle a. The load on the beam is a 
vertical uniform load of intensity q acting through the 
centroid C. 

Determine the orientation of the neutral axis and calculate 
the maximum tensile stress Omax 1f b = 80 mm, h = 140 mm, 
L = 1.75 m, a = 22.5°, and q = 7.5 kN/m. 





PROBS. 6.4-2 and 6.4-3 


6.4-3 Solve the preceding problem for the following data: 
b = 61n., h = 10 in., L = 12.0 ft, tan a = 1/3, and q = 325 
lb/ft. 


6.4-4 A simply supported wide-flange beam of span 
length L carries a vertical concentrated load P acting 
through the centroid C at the midpoint of the span (see 
figure). The beam is attached to supports inclined at an 
angle a to the horizontal. 


Determine the orientation of the neutral axis and calcu- 
late the maximum stresses at the outside corners of the cross 
section (points A, B, D, and E) due to the load P. Data for 
the beam are as follows: W 250 X 44.8 section, L = 3.5 m, 
P = 18 KN, and a = 26.57°. (Note: See Table E-1b of 
Appendix E for the dimensions and properties of the beam.) 








PROBS. 6.4-4 and 6.4-5 


6.4-5 Solve the preceding problem using the following data: 
W 8 X 21 section, L = 84 in., P = 4.5 k, and a = 22.5°. 


6.4-6 A wood cantilever beam of rectangular cross section 
and length L supports an inclined load P at its free end (see 
figure). 

Determine the orientation of the neutral axis and cal- 
culate the maximum tensile stress Cmax due to the load P. 
Data for the beam are as follows: b = 80 mm, ^ = 140 mm, 
L = 2.0 m, P = 575 N, and a = 30°. 





-—b— 


PROBS. 6.4-6 and 6.4-7 


6.4-7 Solve the preceding problem for a cantilever beam 
with data as follows: b = 4 in., h = 9 in., L = 10.0 ft, P = 
325 lb, and o = 45°. 


6.4-8 A steel beam of l-section (see figure) is simply sup- 
ported at the ends. Two equal and oppositely directed 
bending moments Mp act at the ends of the beam, so that the 
beam is in pure bending. The moments act in plane mm, 
which is oriented at an angle o to the xy plane. 

Determine the orientation of the neutral axis and calcu- 
late the maximum tensile stress Cmax due to the moments 
Mo. Data for the beam are as follows: S 200 X 27.4 section, 
Mo —4kN:m., and a = 24°. (Note: See Table E-2b of 
Appendix E for the dimensions and properties of the beam.) 





PROB. 6.4-8 


6.4-9 A cantilever beam of wide-flange cross section and 
length L supports an inclined load P at its free end (see 
figure). 

Determine the orientation of the neutral axis and calcu- 
late the maximum tensile stress Cmax due to the load P. 

Data for the beam are as follows: W 10 X 45 section, 
L = 8.0 ft, P = 1.5 k, and a = 55°. (Note: See Table E-1 of 
Appendix E for the dimensions and properties of the 
beam.) 





PROBS. 6.4-9 and 6.4-10 


6.4-10 Solve the preceding problem using the following 
data: W 310 X 129 section, L = 1.8 m, P = 9.5 kN, and 
a — 60*. (Note: See Table E-1b of Appendix E for the 
dimensions and properties of the beam.) 
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*6.4-11 A cantilever beam of W 12 X 14 section and length 
L = 9 ft supports a slightly inclined load P = 500 Ib at the 
free end (see figure). 

(a) Plot a graph of the stress o, at point A as a function 
of the angle of inclination a. 

(b) Plot a graph of the angle 6, which locates the neu- 
tral axis nn, as a function of the angle o. (When plotting the 
graphs, let œ vary from 0 to 10°.) (Note: See Table E-1 of 
Appendix E for the dimensions and properties of the 
beam.) 





PROB. 6.4-11 


6.4-12 A cantilever beam built up from two channel 
shapes, each C 200 X 17.1, and of length L supports an 
inclined load P at its free end (see figure). 

Determine the orientation of the neutral axis and calculate 
the maximum tensile stress 04,4, due to the load P. Data for 
the beam are as follows: L = 4.5 m, P = 500 N, and «a = 30°. 


C 200 Xx 17.1 


PROB. 6.4-12 
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6.4-13 A built-up steel beam of l-section with channels 
attached to the flanges (see figure part a) 1s simply sup- 
ported at the ends. Two equal and oppositely directed 
bending moments Mp act at the ends of the beam, so that the 
beam is in pure bending. The moments act in plane mm, 
which is oriented at an angle o to the xy plane. 

(a) Determine the orientation of the neutral axis and 
calculate the maximum tensile stress Gmax due to the 
moments Mo. 

(b) Repeat part a if the channels are now with their 
flanges pointing away from the beam flange, as shown in 
figure part b. Data for the beam are as follows: S 6 X 12.5 
section with C 4 X 5.4 sections attached to the flanges, 
Mo = 45 k-in., and a = 40°. (Note: See Tables E-2a and 
E-3a of Appendix E for the dimensions and properties of the 
S and C shapes.) 





PROB. 6.4-13 


Bending of Unsymmetric Beams 


When solving the problems for Section 6.5, be sure to draw 
a Sketch of the cross section showing the orientation of the 
neutral axis and the locations of the points where the 
stresses are being found. 


6.5-1 A beam of channel section is subjected to a bending 
moment M having its vector at an angle 0 to the z axis (see 
figure). 

Determine the orientation of the neutral axis and cal- 
culate the maximum tensile stress o, and maximum com- 
pressive stress o. in the beam. 

Use the following data: C 8 X 11.5 section, 
M — 20 k-in., tan 0 — 1/3. (Note: See Table E-3 of 
Appendix E for the dimensions and properties of the 
channel section.) 





PROBS. 6.5-1 and 6.5-2 


6.5-2 A beam of channel section is subjected to a bending 
moment M having its vector at an angle 0 to the z axis (see 
figure). 

Determine the orientation of the neutral axis and calcu- 
late the maximum tensile stress o; and maximum compressive 
stress g, in the beam. Use a C 200 X 20.5 channel section 
with M = 0.75 kN-m and 0 = 20°. 


6.5-3 An angle section with equal legs is subjected to a 
bending moment M having its vector directed along the 1—1 
axis, as shown in the figure on the next page. 


Determine the orientation of the neutral axis and cal- 
culate the maximum tensile stress o; and maximum 
compressive stress o, if the angle is an L 6 X 6 X 3/4 
section and M = 20 k-in. (Note: See Table E-4 of Appen- 
dix E for the dimensions and properties of the angle 
section.) 





PROBS. 6.5-3 and 6.5-4 


6.5-4 An angle section with equal legs is subjected to a 
bending moment M having its vector directed along the 1—1 
axis, as shown in the figure. 

Determine the orientation of the neutral axis and calcu- 
late the maximum tensile stress o; and maximum 
compressive stress o, if the section is an L 152 X 152 X 
12.7 section and M = 2.5 kN-m. (Note: See Table E-4b of 
Appendix E for the dimensions and properties of the angle 
section.) 


6.5-5 A beam made up of two unequal leg angles is sub- 
jected to a bending moment M having its vector at an angle 
0 to the z axis (see figure part a). 

(a) For the position shown in the figure, determine 
the orientation of the neutral axis and calculate the 
maximum tensile stress o, and maximum compressive 
stress o, in the beam. Assume that 0 = 30° and M = 
30 k-in. 
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Lintel beam supporting 
brick facade 





(b) 


PROBS. 6.5-5 


(b) The two angles are now inverted and attached back- 
to-back to form a lintel beam which supports two courses of 
brick facade (see figure part b). Find the new orientation of 
the neutral axis and calculate the maximum tensile stress 
o, and maximum compressive stress o, in the beam using 
0 = 30° and M = 30 k-in. 
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6.5-6 The Z-section of Example 12-7 is subjected to M — 5 
kN-m, as shown. 

Determine the orientation of the neutral axis and calculate 
the maximum tensile stress o, and maximum compressive stress 
g, in the beam. Use the following numerical data: height h = 
200 mm, width b = 90 mm, constant thickness t = 15 mm, and 
0, = 19.2°. Use I, = 32.6 X 10°mm* and J, = 2.4 X 10° mm* 
from Example 12-7. 








iT 
PROB. 6.5-6 


6.5-7 The cross section of a steel beam is constructed of a 
W 18 X 71 wide-flange section with a 6 in X 1/2 in. cover 
plate welded to the top flange and a C 10 X 30 channel 
section welded to the bottom flange. This beam is subjected 
to a bending moment M having its vector at an angle 0 to the 
z axis (see figure). 

Determine the orientation of the neutral axis and calcu- 
late the maximum tensile stress o; and maximum 
compressive stress c. in the beam. Assume that 0 = 30? and 
M = 75 k-in. (Note: The cross sectional properties of this 
beam were computed in Examples 12-2 and 12-5.) 





PROB. 6.5-7 


6.5-8 The cross section of a steel beam is shown in the 
figure. This beam is subjected to a bending moment M 
having its vector at an angle 0 to the z axis. 

Determine the orientation of the neutral axis and 
calculate the maximum tensile stress o; and maximum com- 
pressive stress o, in the beam. Assume that 0 = 22.5? and 
M = 4.5 kN-m. Use cross sectional properties uS = 93.14 X 


10^ mm*, 1, = 152.7 X 10^ mm", and 6, = 27.3*. 








PROB. 6.5-8 


*6.5-9 A beam of semicircular cross section of radius r is 
subjected to a bending moment M having its vector at an 
angle 0 to the z axis (see figure). 

Derive formulas for the maximum tensile stress o; and 
the maximum compressive stress g, in the beam for 0 = O, 
45°, and 90°. (Note: Express the results in the form a M/r^, 
where a is a numerical value.) 





PROB. 6.5-9 


6.5-10 A built-up beam supporting a condominium balcony is 
made up of a structural T (one half of a W 200 X 31.3) for the 
top flange and web and two angles (2L 102 X 76 X 6.4, long 
legs back-to-back) for the bottom flange and web, as shown. 
The beam is subjected to a bending moment M having its 
vector at an angle 0 to the z axis (see figure). 

Determine the orientation of the neutral axis and calculate 
the maximum tensile stress o; and maximum compressive 
stress g, in the beam. Assume that 0 = 30? and M = 15 kN-m. 

Use the following numerical properties: c; — 4.111 mm, 
Co = 4.169 mm, b, = 134 mm, L, = 76 mm, A = 4144 mm’, 
I, = 3.88 X 10? mmî, and J, = 34.18 X 10° mm*. 





Bilt up beam 





PROB. 6.5-10 


6.5-11 A steel post (E = 30 X 10° psi) having thickness 
t = 1/8 in. and height L = 72 in. supports a stop sign (see 
figure). The stop sign post is subjected to a bending 
moment M having its vector at an angle 0 to the z axis. 
Determine the orientation of the neutral axis and calculate 
the maximum tensile stress o; and maximum compressive 
stress g, in the beam. Assume that 0 = 30? and M = 5.0 k-in. 
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Use the following numerical properties for the post: 
A = 0.578 in’, c, = 0.769 in., c; = 0.731 in., I, = 0.44867 
inf, and J, = 0.16101 in’. 


Circular cutout, 


Section A-A 5/8 in. Y A=0 375 in. 


Post, t = 0.125 in. 








sign 0.5in. 1.0in. 1.0m. 0.5.1n. 

















vation view of post 





Steel post 


PROB. 6.5-11 
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6.5-12 A C 200 X 17.1 channel section has an angle with 
equal legs attached as shown; the angle serves as a lintel 
beam. The combined steel section is subjected to a bending 
moment M having its vector directed along the z axis, as 
shown in the figure. The centroid C of the combined section 
is located at distances x, and y, from the centroid (C,) of the 
channel alone. Principal axes x, and y, are also shown in the 
figure and properties Ls dy, and 6, are given below. 

Find the orientation of the neutral axis and calculate the 
maximum tensile stress c; and maximum compressive stress 
oif the angle is an L 76 X 76 X 6.4 section and M = 3.5 
kN-m. Use the following properties for principal axes for 
the combined section: J, = 18.49 x 10° mm* I, = 1.602 
X 10° mm*, 6,=7.448° (CW), x.= 10.70 mm, 
y. = 24.07 mm. 


yı 





L 76 X 76 X 6.4 
lintel 


PROB. 6.5.12 


C 200 X 17.1 


Shear Stresses in Wide-Flange Beams 

When solving the problems for Section 6.8, assume that the 
cross sections are thin-walled. Use centerline dimensions for 
all calculations and derivations, unless otherwise specified. 


6.8-1 A simple beam of W 10 X 30 wide-flange cross sec- 
tion supports a uniform load of intensity q — 3.0 k/ft on a 
span of length L — 12 ft (see figure). The dimensions of the 
cross section are h = 10.5 in., b = 5.81 in., f; = 0.510 in., 
and t,, = 0.300 in. 

(a) Calculate the maximum shear stress Tmax on cross 
section A—A located at distance d = 2.5 ft from the end of 
the beam. 


(b) Calculate the shear stress 7 at point 5 on the cross 
section. Point B is located at a distance a = 1.5 in. from the 
edge of the lower flange. 











2 


6.8-2 Solve the preceding problem for a W 250 X 44.8 
wide-flange shape with the following data: L = 3.5 m, 
q = 45 kN/m, h = 267 mm, b= 148 mm, f; = 13 mm, 
ty = 7.62 mm, d = 0.5 m, and a = 50 mm. 


u 


PROBS. 6.8-1 and 6.8-2 





6.8-3 A beam of wide-flange shape, W 8 X 28, has the 
cross section shown in the figure. The dimensions are b = 
6.54 in., h = 8.06 in., ty = 0.285 in., and f; = 0.465 in. The 
loads on the beam produce a shear force V — 7.5 k at the 
Cross section under consideration. 

(a) Using centerline dimensions, calculate the max- 
imum shear stress Tmax in the web of the beam. 

(b) Using the more exact analysis of Section 5.10 in 
Chapter 5, calculate the maximum shear stress in the web of 
the beam and compare it with the stress obtained in part a. 





PROBS. 6.8-3 and 6.8-4 


6.8-4 Solve the preceding problem for a W 200 X 41.7 
shape with the following data: b = 166 mm, h = 205 mm, 
ty = 7.24 mm, te = 11.8 mm, and V = 38 kN. 


Shear Centers of Thin-Walled Open Sections 


When locating the shear centers in the problems for Section 
6.9, assume that the cross sections are thin-walled and use 
centerline dimensions for all calculations and derivations. 


6.9-1 Calculate the distance e from the centerline of the web 
of a C 15 X 40 channel section to the shear center S (see 
figure). (Note: For purposes of analysis, consider the flanges 
to be rectangles with thickness fy equal to the average flange 
thickness given in Table E-3a in Appendix E.) 





PROBS. 6.9-1 and 6.9-2 


6.9-2 Calculate the distance e from the centerline of the web 
of a C 310 X 45 channel section to the shear center S (see 
figure). (Note: For purposes of analysis, consider the flanges 
to be rectangles with thickness f; equal to the average flange 
thickness given in Table E-3b in Appendix E.) 


6.9-3 The cross section of an unbalanced wide-flange beam is 
shown in the figure. Derive the following formula for the dis- 
tance h; from the centerline of one flange to the shear center S: 


|... tbh 
‘bi + tb) 
Also, check the formula for the special cases of a T-beam 


(b> = t, = 0) and a balanced wide-flange beam (t, = ft, and 
b> = bı). 
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6.9-4 The cross section of an unbalanced wide-flange 
beam is shown in the figure. Derive the following formula 
for the distance e from the centerline of the web to the shear 
center S: 


3te(b3 — b1) 
e = — 
ht, + 6te(by + b2) 
Also, check the formula for the special cases of a channel 


section (5b, = 0 and b, = b) and a doubly symmetric beam 
(bı = by = b/2). 








PROB. 6.9-4 


6.9-5 The cross section of a channel beam with double 
flanges and constant thickness throughout the section is 
shown in the figure. 

Derive the following formula for the distance e from 
the centerline of the web to the shear center S: 


| 3b*(hy + h$) 
^^ RB F 6b. + hA 





PROB. 6.9-3 


PROB. 6.9-5 
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6.9-6 The cross section of a slit circular tube of constant 
thickness is shown in the figure. 

(a) Show that the distance e from the center of the circle 
to the shear center S is equal to 2r in the figure part a. 

(b) Find an expression for e if flanges with the same 
thickness as that of the tube are added, as shown in the 
figure part b. 





PROB. 6.9-6 


6.9-7 The cross section of a slit square tube of constant 
thickness is shown in the figure. Derive the following 
formula for the distance e from the corner of the cross 
section to the shear center S: 





PROB. 6.9-7 


6.9-8 The cross section of a slit rectangular tube of con- 
stant thickness is shown in the figures. 

(a) Derive the following formula for the distance e from the 
centerline of the wall of the tube in figure part (a) to the shear 
b(2h + 3b) 

2(h + 3b) 

(b) Find an expression for e if flanges with the 
same thickness as that of the tube are added as shown in 
figure part (b). 


center S: e = 


Flange 
(h/4 X t) 


N| 


N|> 








PROB. 6.9-8 


*6.9-9 A U-shaped cross section of constant thickness is 
shown in the figure. Derive the following formula for the 
distance e from the center of the semicircle to the shear 
center S: 


_ 2Qr^ * b? + abr) 
4b + mr 
Also, plot a graph showing how the distance e (expressed 


as the nondimensional ratio e/r) varies as a function of the 
ratio b/r. (Let b/r range from 0 to 2.) 





PROB. 6.9-9 


*6.9-10 Derive the following formula for the distance e 
from the centerline of the wall to the shear center S for the 
C-section of constant thickness shown in the figure: 


" 3bh"(b + 2a) — 8ba* 
h^(h + 6b + 6a) + 4a?(2a — 3h) 


Also, check the formula for the special cases of a channel 
section (a = 0) and a slit rectangular tube (a = A/2). 











PROB. 6.9-10 


*6.9-11 Derive the following formula for the distance 
e from the centerline of the wall to the shear center S 
for the hat section of constant thickness shown in the 
figure: 


"m 3bh*(b + 2a) — 8ba* 
h^(h + 6b + 6a) + 4a?(2a + 3h) 


Also, check the formula for the special case of a channel 
section (a = 0). 
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PROB. 6.9-11 


6.9-12 The cross section of a sign post of constant thick- 
ness is shown in the figure. 

Derive the formula for the distance e from the center- 
line of the wall of the post to the shear center S: 


e = itba (4a* + 3ab sin(B) + 3ab 


+ 2sin(B)b’) oer 


Z 


where /, = moment of inertia about the z axis 
Also, compare this formula with that given in Problem 


6.9-11 for the special case of 9 = 0 here and a = A/2 in both 
formulas. 


b sin(B) 





b sin(B) 





PROB. 6.9-12 
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*6.9-13 A cross section in the shape of a circular arc of con- 
stant thickness is shown in the figure. Derive the following 
formula for the distance e from the center of the arc to the 
shear center S: 


"- 2r(sin B — D cos B) 
p — sin £ cos B 


in which f is in radians. Also, plot a graph showing how 
the distance e varies as 9 varies from O to 7. 





PROB. 6.9-13 


Elastoplastic Bending 


The problems for Section 6.10 are to be solved using the 
assumption that the material is elastoplastic with yield 
stress Oy. 


6.10-1 Determine the shape factor f for a cross section in 
the shape of a double trapezoid having the dimensions 
shown in the figure. 

Also, check your result for the special cases of a rhombus 
(b, = 0) and a rectangle (b, = bp). 





n| 





n> 











PROB. 6.10-1 


6.10-2 (a) Determine the shape factor f for a hollow circu- 
lar cross section having inner radius rı and outer radius r2 
(see figure). (b) If the section is very thin, what is the shape 
factor? 


Mp) 


PROB. 6.10-2 


6.10-3 A propped cantilever beam of length L — 54 in. with 
a sliding support supports a uniform load of intensity q 
(see figure). The beam is made of steel (oy = 36 ksi) and 
has a rectangular cross section of width b — 4.5 in. and 
height h = 6.0 in. 

What load intensity q will produce a fully plastic 
condition in the beam? 





Sliding support 
n 


Lo sano 


PROB. 6.10-3 


6.10-4 A steel beam of rectangular cross section is 40 mm 
wide and 80 mm high (see figure). The yield stress of the 
steel is 210 MPa. 

(a) What percent of the cross-sectional area is occupied 
by the elastic core if the beam is subjected to a bending 
moment of 12.0 kN-m acting about the z axis? 

(b) What is the magnitude of the bending moment that 
will cause 50% of the cross section to yield? 








PROB. 6.10-4 


6.10-5 Calculate the shape factor ffor the wide-flange beam 
shown in the figure if h = 12.2 in., b = 8.08 in., t; = 0.64 
in., and tą = 0.37 in. 


y 
I 
Z C h 
—>| -— t 
tf W 


pg 


PROBS. 6.10-5 and 6.10-6 
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6.10-6 Solve the preceding problem for a wide-flange 
beam with h = 404 mm, b = 140 mm, f; = 11.2 mm, and 
ty = 6.99 mm. 


6.10-7 Determine the plastic modulus Z and shape factor f 
fora W 12 X 14 wide-flange beam. (Note: Obtain the cross- 
sectional dimensions and section modulus of the beam from 
Table E-1a in Appendix E.) 


6.10-8 Solve the preceding problem for a W 250 X 89 
wide-flange beam. (Note: Obtain the cross-sectional dimen- 
sions and section modulus of the beam from Table E-1b in 
Appendix E.) 


6.10-9 Determine the yield moment My, plastic moment 
Mp, and shape factor f for a W 16 X 100 wide-flange beam 
if oy = 36 ksi. (Note: Obtain the cross-sectional dimensions 
and section modulus of the beam from Table E-la in 
Appendix E.) 


6.10-10 Solve the preceding problem for a W 410 X 85 wide- 
flange beam. Assume that oy = 250 MPa. (Note: Obtain the 
cross-sectional dimensions and section modulus of the beam 
from Table E-1b in Appendix E.) 


6.10-11 A hollow box beam with height h = 16 in., width 
b = 8 in., and constant wall thickness t = 0.75 in. is shown 
in the figure. The beam is constructed of steel with yield 
stress oy = 32 ksi. 

Determine the yield moment My, plastic moment Mp, 
and shape factor f. 


Z h 


o 


PROBS. 6.10-11 and 6.10-12 
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6.10-12 Solve the preceding problem for a box beam with 
dimensions h = 0.5 m, b = 0.18 m, and t = 22 mm. The 
yield stress of the steel is 210 MPa. 


6.10-13 A hollow box beam with height h = 9.5 in., inside 
height A, = 8.0 in., width b = 5.25 in., and inside width 
b, — 4.5 in. is shown in the figure. 


Assuming that the beam is constructed of steel with 
yield stress oy = 42 ksi, calculate the yield moment My, 
plastic moment Mp, and shape factor f. 


Z h 


a 


PROBS. 6.10-13 through 6.10-16 


6.10-14 Solve the preceding problem for a box beam with 
dimensions h = 200 mm, h, = 160 mm, b = 150 mm, and 
b, = 130 mm. Assume that the beam is constructed of steel 
with yield stress ay = 220 MPa. 


6.10-15 The hollow box beam shown in the figure is sub- 
jected to a bending moment M of such magnitude that the 
flanges yield but the webs remain linearly elastic. 

(a) Calculate the magnitude of the moment M if the 
dimensions of the cross section are h = 15 in., A, = 12.75 in., 
b —9in., and b, —7.5in. Also, the yield stress is 
oy = 33 ksi. 


(b) What percent of the moment M is produced by the 
elastic core? 


6.10-16 Solve the preceding problem for a box beam with 
dimensions h = 400 mm, h, = 360 mm, b = 200 mm, and 
b, = 160 mm, and with yield stress ay = 220 MPa. 


6.10-17 A W 10 X 60 wide-flange beam is subjected to a 
bending moment M of such magnitude that the flanges yield 
but the web remains linearly elastic. 

(a) Calculate the magnitude of the moment M if the 
yield stress is oy = 36 ksi. 

(b) What percent of the moment M is produced by the 
elastic core? 


6.10-18 A singly symmetric beam of T-section (see figure) 
has cross-sectional dimensions b = 140 mm, a = 190.8 mm, 
ty = 6.99 mm, and f; = 11.2 mm. 

Calculate the plastic modulus Z and the shape 
factor f. 








PROB. 6.10-18 
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*6.10-19 A wide-flange beam of unbalanced cross section *6.10-20 Determine the plastic moment Mp for a beam 


has the dimensions shown in the figure. having the cross section shown in the figure if ay = 210 MPa. 
Determine the plastic moment Mp if oy = 36 ksi. 






120 150 
mm mm 





250 mm 


30 mm 





PROB. 6.10-19 PROB. 6.10-20 





Photoelasticity is an experimental method that can be used to find the complex state of stress near a bolt connecting two plates. 











Analysis of Stress 
and Strain 


CHAPTER OVERVIEW 


Chapter 7 is concerned with finding normal and shear stresses acting on 
inclined sections cut through a member, because these stresses may be 
larger than those on a stress element aligned with the cross section. In 
two dimensions, a stress element displays the state of plane stress at a 
point (normal stresses o, oy, and shear stress 7,,) (Section 7.2), and 
transformation equations (Section 7.3) are needed to find the stresses act- 
ing on an element rotated by some angle 0 from that position. The 
resulting expressions for normal and shear stresses can be reduced 
to those examined in Section 2.6 for uniaxial stress (o, 7 0, oy = 0, 
io Orand in Section oS for pure shear ao eu O0 
Maximum values of stress are needed for design, and the transformation 
equations can be used to find these principal stresses and the planes on 
which they act (Section 7.3). There are no shear stresses acting on the 
principal planes, but a separate analysis can be made to find the maxi- 
mum shear stress (Tmax) and the inclined plane on which it acts. 
Maximum shear stress is shown to be equal to one-half of the difference 
between the principal normal stresses (01, 02). A graphical representation 
of the transformation equations for plane stress, known as Mohr's Circle, 
provides a convenient way of calculating stresses on any inclined plane 
of interest and those on principal planes, in particular (Section 7.4). 
Mohr's Circle also can be used to represent strains (Section 7.7) and 
moments of inertia. In Section 7.5, normal and shear strains (€,, €y, Yxy) 
are studied, and Hooke's law for plane stress is derived, which relates 
elastic moduli E and G and Poisson's ratio v for homogeneous and 
isotropic materials. The general expressions for Hooke's law can be sim- 
plified to the stress-strain relationships for biaxial stress, uniaxial stress, 
and pure shear. Further examination of strains leads to an expression for 
unit volume change (or dilatation e) as well as the strain-energy density 
in plane stress (Section 7.5). Next, triaxial stress is discussed (Section 
7.6). Special cases of triaxial stress, known as spherical stress and hydro- 
static stress are then explained: for spherical stress, the three normal 
stresses are equal and tensile, while for hydrostatic stress, they are equal 
and compressive. Finally, the transformation equations for plane strain 
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(Section 7.7) are derived, relating strains on inclined sections to those in 
the reference axes directions, and then compared to plane stress. The 
plane-strain transformation equations are needed for evaluation of strain 
measurements obtained using strain gages in field or laboratory experi- 
ments of actual structures. 


The discussions in Chapter 7 are organized as follows: 


7.1 Introduction 539 
7.2 Plane Stress 540 
7.3 Principal Stresses and Maximum Shear Stresses 548 
7.4 Mohr's Circle for Plane Stress 558 
7.5 Hooke’s Law for Plane Stress 575 
7.6 Triaxial Stress 580 
7.7 Plane Strain 584 
Chapter Summary & Review 600 
Problems 602 


7.1 INTRODUCTION 


SECTION 7.1 Introduction 539 


Normal and shear stresses in beams, shafts, and bars can be calculated 
from the basic formulas discussed in the preceding chapters. For 
instance, the stresses in a beam are given by the flexure and shear formulas 
(o = My/I and 7 = VOQ/Ib), and the stresses in a shaft are given by the 
torsion formula (7 = Tp/Ip). The stresses calculated from these formulas 
act on cross sections of the members, but larger stresses may occur on 
inclined sections. Therefore, we will begin our analysis of stresses and 
strains by discussing methods for finding the normal and shear stresses 
acting on inclined sections cut through a member. 

We have already derived expressions for the normal and shear 
stresses acting on inclined sections in both uniaxial stress and pure shear 
(see Sections 2.6 and 3.5, respectively). In the case of uniaxial stress, we 
found that the maximum shear stresses occur on planes inclined at 45? 
to the axis, whereas the maximum normal stresses occur on the cross 
sections. In the case of pure shear, we found that the maximum tensile 
and compressive stresses occur on 45? planes. In an analogous manner, 
the stresses on inclined sections cut through a beam may be larger than 
the stresses acting on a cross section. To calculate such stresses, we need 
to determine the stresses acting on inclined planes under a more general 
stress state known as plane stress (Section 7.2). 

In our discussions of plane stress we will use stress elements to 
represent the state of stress at a point in a body. Stress elements were dis- 
cussed previously in a specialized context (see Sections 2.6 and 3.5), but 
now we will use them in a more formalized manner. We will begin our 
analysis by considering an element on which the stresses are known, and 
then we will derive the transformation equations that give the stresses 
acting on the sides of an element oriented in a different direction. 

When working with stress elements, we must always keep in mind 
that only one intrinsic state of stress exists at a point in a stressed body, 
regardless of the orientation of the element being used to portray that 
state of stress. When we have two elements with different orientations at 
the same point in a body, the stresses acting on the faces of the two 
elements are different, but they still represent the same state of stress, 
namely, the stress at the point under consideration. This situation is 
analogous to the representation of a force vector by its components— 
although the components are different when the coordinate axes are 
rotated to a new position, the force itself is the same. 

Furthermore, we must always keep in mind that stresses are not 
vectors. This fact can sometimes be confusing, because we customarily 
represent stresses by arrows just as we represent force vectors by arrows. 
Although the arrows used to represent stresses have magnitude and 
direction, they are not vectors because they do not combine according to 
the parallelogram law of addition. Instead, stresses are much more com- 
plex quantities than are vectors, and in mathematics they are called ten- 
sors. Other tensor quantities in mechanics are strains and moments of 
inertia. 
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7.2 PLANE STRESS 


FIG. 7-1 Elements in plane stress: 

(a) three-dimensional view of an 
element oriented to the xyz axes, 

(b) two-dimensional view of the same 
element, and (c) two-dimensional view 
of an element oriented to the x,y,z, axes 


The stress conditions that we encountered in earlier chapters when 
analyzing bars in tension and compression, shafts in torsion, and beams 
in bending are examples of a state of stress called plane stress. To 
explain plane stress, we will consider the stress element shown in 
Fig. 7-1a. This element is infinitesimal in size and can be sketched either 
as a cube or as a rectangular parallelepiped. The xyz axes are parallel to 
the edges of the element, and the faces of the element are designated by 
the directions of their outward normals, as explained previously in 
Section 1.6. For instance, the right-hand face of the element is referred to 
as the positive x face, and the left-hand face (hidden from the viewer) is 
referred to as the negative x face. Similarly, the top face is the positive y 
face, and the front face is the positive z face. 

When the material is in plane stress in the xy plane, only the x and y 
faces of the element are subjected to stresses, and all stresses act parallel 
to the x and y axes, as shown in Fig. 7-la. This stress condition is very 
common because it exists at the surface of any stressed body, except at 
points where external loads act on the surface. When the element shown 
in Fig. 7-1a is located at the free surface of a body, the z axis is normal 
to the surface and the z face is in the plane of the surface. 

The symbols for the stresses shown in Fig. 7-1a have the following 
meanings. A normal stress c has a subscript that identifies the face on 
which the stress acts; for instance, the stress o, acts on the x face of 
the element and the stress o, acts on the y face of the element. Since the 
element is infinitesimal in size, equal normal stresses act on the oppo- 
site faces. The sign convention for normal stresses 1s the familiar one, 
namely, tension is positive and compression is negative. 

A shear stress 7 has two subscripts—the first subscript denotes the 
face on which the stress acts, and the second gives the direction on that 
face. Thus, the stress 7,, acts on the x face in the direction of the y axis 
(Fig. 7-1a), and the stress 7, acts on the y face in the direction of the x axis. 





(b) (c) 
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FIG. 7-1 (Repeated) 
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The sign convention for shear stresses is as follows. A shear stress is 
positive when it acts on a positive face of an element in the positive direc- 
tion of an axis, and it is negative when it acts on a positive face of an 
element in the negative direction of an axis. Therefore, the stresses 7,, and 
T,x Shown on the positive x and y faces in Fig. 7-la are positive shear 
stresses. Similarly, on a negative face of the element, a shear stress is posi- 
tive when it acts in the negative direction of an axis. Hence, the stresses 7; 
and 7,, shown on the negative x and y faces of the element are also positive. 

This sign convention for shear stresses is easy to remember if we 
state it as follows: 


A shear stress is positive when the directions associated with its sub- 
scripts are plus-plus or minus-minus; the stress is negative when the 
directions are plus-minus or minus-plus. 


The preceding sign convention for shear stresses is consistent with 
the equilibrium of the element, because we know that shear stresses on 
opposite faces of an infinitesimal element must be equal in magnitude 
and opposite in direction. Hence, according to our sign convention, 
a positive stress 7,, acts upward on the positive face (Fig. 7-1a) and 
downward on the negative face. In a similar manner, the stresses 7,, act- 
ing on the top and bottom faces of the element are positive although 
they have opposite directions. 

We also know that shear stresses on perpendicular planes are equal 
in magnitude and have directions such that both stresses point toward, or 
both point away from, the line of intersection of the faces. In as much as 
7,, and 7,, are positive in the directions shown in the figure, they are 
consistent with this observation. Therefore, we note that 


yx (7-1) 


This relationship was derived previously from equilibrium of the 
element (see Section 1.6). 

For convenience in sketching plane-stress elements, we usually draw 
only a two-dimensional view of the element, as shown in Fig. 7-1b. 
Although a figure of this kind is adequate for showing all stresses acting 
on the element, we must still keep in mind that the element is a solid 
body with a thickness perpendicular to the plane of the figure. 


Stresses on Inclined Sections 


We are now ready to consider the stresses acting on inclined sections, 
assuming that the stresses oy, oy, and 7, (Figs. 7-1a and b) are known. To 
portray the stresses acting on an inclined section, we consider a new stress 
element (Fig. 7-1c) that is located at the same point in the material as the 
original element (Fig. 7-1b). However, the new element has faces that are 
parallel and perpendicular to the inclined direction. Associated with this 
new element are axes x1, y,, and z,, such that the zı axis coincides with the 
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FIG. 7-2 Wedge-shaped stress element in 
plane stress: (a) stresses acting on the 
element, and (b) forces acting on the 
element (free-body diagram) 


z axis and the x,y, axes are rotated counterclockwise through an angle 0 
with respect to the xy axes. 

The normal and shear stresses acting on this new element are 
denoted Ors Oys Tepp Wd Ts using the same subscript designations 
and sign conventions described previously for the stresses acting on the 
xy element. The previous conclusions regarding the shear stresses still 


apply, so that 


T. 


tuper a 


Y1X1 (7:2) 


From this equation and the equilibrium of the element, we see that the 
shear stresses acting on all four side faces of an element in plane stress 
are known if we determine the shear stress acting on any one of those 
faces. 

The stresses acting on the inclined x,y, element (Fig. 7-1c) can be 
expressed in terms of the stresses on the xy element (Fig. 7-1b) by 
using equations of equilibrium. For this purpose, we choose a wedge- 
shaped stress element (Fig. 7-2a) having an inclined face that is the 
same as the x, face of the inclined element shown in Fig. 7-1c. The 
other two side faces of the wedge are parallel to the x and y axes. 

In order to write equations of equilibrium for the wedge, we need to 
construct a free-body diagram showing the forces acting on the faces. 
Let us denote the area of the left-hand side face (that is, the negative x 
face) as Ag. Then the normal and shear forces acting on that face are 
0,AÀo and 7,,Ao, as shown in the free-body diagram of Fig. 7-2b. The 
area of the bottom face (or negative y face) is Ao tan 0, and the area of 
the inclined face (or positive x, face) is Ag sec 0. Thus, the normal and 
shear forces acting on these faces have the magnitudes and directions 
shown in Fig. 7-2b. 

The forces acting on the left-hand and bottom faces can be resolved 
into orthogonal components acting in the x; and y, directions. Then we 
can obtain two equations of equilibrium by summing forces in those 
directions. The first equation, obtained by summing forces in the x, 
direction, 1s 


OX, Ao Sec 0 — a. Ao cos 0 — 7, Ao sin é 


— 0, A, tan 0sin 0 — 7,,Aotan 0cos 0 = 0 
In the same manner, summation of forces in the y, direction gives 


T, y,Ào Sec 0 + Ga, Áo sin 6 — 7, Ào cos 0 


— 0, Ag tan 0cos 0 + 5, Ao tan 0sin 0 = O 
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Using the relationship 7,, = 7,,, and also simplifying and rearranging, 
we obtain the following two equations: 


UC gre cos? 0 + T, sin? 0 + 2 sin 0 cos 0 (7-3a) 


Tı = — (Ox — 05) sin 8 cos O + Try (cos 0 — sin 8) (7-3b) 


Equations (7-3a) and (7-3b) give the normal and shear stresses acting on 
the x, plane in terms of the angle 0 and the stresses oy, oy, and 7,, acting 
on the x and y planes. 

For the special case when 0 = 0, we note that Eqs. (7-3a) and (7-3b) 
give Oy, = 0, and Ty, = Ty, as expected. Also, when 0 — 90^, the 
equations give o,, = oy and Thy, = —7,, = —7,,. In the latter case, 
since the x, axis is vertical when 0 = 90°, the stress 7,,,, will be positive 
when it acts to the left. However, the stress 7,, acts to the right, and 


therefore Tey — — T. 


Transformation Equations for Plane Stress 
Equations (7-3a) and (7-3b) for the stresses on an inclined section can 
be expressed in a more convenient form by introducing the following 
trigonometric identities (see Appendix C): 

cos? 0 = 5a + cos 20) sin? 0 = zü — cos 20) 


sin 0 cos 0 = 5 sin 20 


When these substitutions are made, the equations become 


DATI Open 
nes EN T = cos DET Sno (7-4a) 


Or SE 


"A SIM opt COs 2O (7-4b) 





Tay» — 


These equations are usually called the transformation equations for 
plane stress because they transform the stress components from one set 
of axes to another. However, as explained previously, the intrinsic state 
of stress at the point under consideration is the same whether repre- 
sented by stresses acting on the xy element (Fig. 7-1b) or by stresses 
acting on the inclined x,y, element (Fig. 7-1c). 

Since the transformation equations were derived solely from equi- 
librium of an element, they are applicable to stresses in any kind of 
material, whether linear or nonlinear, elastic or inelastic. 
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FIG. 7-3 Graph of normal stress o,, and 
shear stress 7,,,, versus the angle 0 (for 
oO, = 026, and 7, 0.90) 


An important observation concerning the normal stresses can be 
obtained from the transformation equations. As a preliminary matter, we 
note that the normal stress oy, acting on the y; face of the inclined 
element (Fig. 7-1c) can be obtained from Eq. (7-4a) by substituting 
0 + 90° for 0. The result is the following equation for o: 


O tO 0 — 0 
E. UE EE ia m D cos 20 TESI) (7-3) 


Summing the expressions for o;, and o,, (Eqs. 7-4a and 7-5), we obtain 
the following equation for plane stress: 
(7-6) 


Oy, G 


y 79. 6 


yY 
This equation shows that the sum of the normal stresses acting on per- 
pendicular faces of plane-stress elements (at a given point in a stressed 
body) is constant and independent of the angle 6. 

The manner in which the normal and shear stresses vary is shown 
in Fig. 7-3, which is a graph of o,, and 7,,,, versus the angle 0 (from 
Eqs. 7-4a and 7-4b). The graph is plotted for the particular case of 
0, = 0.20, and 7,, = 0.80,. We see from the plot that the stresses vary 
continuously as the orientation of the element is changed. At certain 
angles, the normal stress reaches a maximum or minimum value; at 
other angles, it becomes zero. Similarly, the shear stress has maximum, 
minimum, and zero values at certain angles. A detailed investigation of 
these maximum and minimum values is made in Section 7.3. 


Special Cases of Plane Stress 


The general case of plane stress reduces to simpler states of stress under 
special conditions. For instance, if all stresses acting on the xy element 
(Fig. 7-1b) are zero except for the normal stress o,, then the element is 
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y in uniaxial stress (Fig. 7-4). The corresponding transformation 
equations, obtained by setting o, and Ty, equal to zero in Eqs. (7-4a) and 
(7-4b), are 
Ox Ox 
— c ac 


Ox 
Ug c E (1+ cos 20) Ton 


=e = (sin20)  (7-7a,b) 


FIG. 7-4 Element in uniaxial stress , : . : : 
These equations agree with the equations derived previously in Sec- 


tion 2.6 (see Eqs. 2-29a and 2-29b), except that now we are using a 
more generalized notation for the stresses acting on an inclined plane. 

Another special case is pure shear (Fig. 7-5), for which the trans- 
formation equations are obtained by substituting o, = 0 and o, = 0 into 
Eqs. (7-4a) and (7-4b): 


D. = Tay S 2O T 


X1X1 


= Ty COS 20 (7-8a,b) 


1 





Again, these equations correspond to those derived earlier (see 
Eqs. 3-30a and 3-30b in Section 3.5). 

FIG. 7-5 Element in pure shear Finally, we note the special case of biaxial stress, in which the 
xy element is subjected to normal stresses in both the x and y directions 
but without any shear stresses (Fig. 7-6). The equations for biaxial stress 
are obtained from Eqs. (7-4a) and (7-4b) simply by dropping the terms 
containing 7,,, as follows: 


gy + 0, Ox — Oy 
= M + — cos 20 (7-9a) 


Ox 7 


O, . 
a aa sin 20 (7-9b) 


Biaxial stress occurs in many kinds of structures, including thin-walled 
pressure vessels (see Sections 8.2 and 8.3). 





FIG. 7-6 Element in biaxial stress | Oy 
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Example 7-1 





An element in plane stress is subjected to stresses o; = 16,000 psi, o, = 
6,000 psi, and 7,, = 7,, = 4,000 psi, as shown in Fig. 7-7a. 
Determine the stresses acting on an element inclined at an angle 0 = 45°. 








, a X1 
y 
1" = 6,000 psi EN - 15,000 ^ 
Tyx 
-— É IN 
iN 4,000 psi a ORTU p A 
T, |? Ls = 16,000 psi 
X 


FIG. 7-7 Example 7-1. (a) Element in 
plane stress, and (b) element inclined 
at an angle 0 = 45° (a) (b) 


Solution 
Transformation equations. To determine the stresses acting on an inclined ele- 
ment, we will use the transformation equations (Eqs. 7-4a and 7-4b). From the given 
numerical data, we obtain the following values for substitution into those equations: 
O rO 9 


~ = 11,000 psi Ec ID) j| — 4,000 psi 
=A. psi 5 = 5, psi Dou psi 


sin 20 = sin 90° = 1 cos 20 = cos 90° = 0 
Substituting these values into Eqs. (7-4a) and (7-4b), we get 
o, Eg, Te 
2 
= 11,000 psi + (5,000 psi)(0) + (4,000 psi)(1) = 15,000 psi «tm 








Ox, = 





Txiyi cd cx 
= — (5,000 psi)(1) + (4,000 psi)(0) = —5,000 psi e 
In addition, the stress o, may be obtained from Eq. (7-5): 
mU 0x — Oy 
oa a MEE COS 2g n Si 0 


= 11,000 psi — (5,000 psi)(O) — (4,000 psi)(1) = 7,000 psi = 


Stress elements. From these results we can readily obtain the stresses acting 
on all sides of an element oriented at 0 = 45°, as shown in Fig. 7-7b. The arrows 
show the true directions in which the stresses act. Note especially the directions 
of the shear stresses, all of which have the same magnitude. Also, observe that the 
sum of the normal stresses remains constant and equal to 22,000 psi (see Eq. 7-6). 

Note: The stresses shown in Fig. 7-7b represent the same intrinsic state of 
stress as do the stresses shown in Fig. 7-7a. However, the stresses have different 
values because the elements on which they act have different orientations. 











Ja- As 


31.0 MPa Ki 


(b) 


FIG. 7-8 Example 7-2. (a) Element in 
plane stress, and (b) element inclined at 
an angle 0 = —15° 


A plane-stress condition exists at a point on the surface of a loaded structure, 
where the stresses have the magnitudes and directions shown on the stress element 
of Fig. 7-8a. 

Determine the stresses acting on an element that is oriented at a clockwise 
angle of 15° with respect to the original element. 


Solution 
The stresses acting on the original element (Fig. 7-8a) have the following 
values: 


g, = —46 MPa o, = 12 MPa qo OME 


An element oriented at a clockwise angle of 15? is shown in Fig. 7-8b, 
where the x, axis is at an angle 0 — — 15? with respect to the x axis. (As an alter- 
native, the xı axis could be placed at a positive angle 0 = 75°.) 

Stress transformation equations. We can readily calculate the stresses on the 
x1 face of the element oriented at 0 — — 15? by using the transformation equa- 
tions (Eqs. 7-4a and 7-4b). The calculations proceed as follows: 


-— = 
M - —17 MPa s —29 MPa 


sin 20 = sin (—30°) = —0.5 cos 20 = cos (—30°) = 0.8660 
Substituting into the transformation equations, we get 


0. T O O O 
- - Z ^ cos 20 + Tosin 20 


o eem e 
: 2 2 
= —]7 MPa + (—29 MPa)(0.8660) + (—19 MPa)( —0.5) 
= —32.6 MPa 
To O 
n _ sin 20 + Tycos 20 


= —(— 29 MPa)(- 0.5) + (—19 MPa)(0.8660) 
= — 31.0 MPa 
The normal stress acting on the y; face (Eq. 7-5) is 


OTO, Ox — Oy 
cos 20 — Tsin 20 


= 3 3 
= —]7 MPa — (—29 MPa)(0.8660) — (—19 MPa)(—0.5) 
— —].4 MPa 


This stress can be verified by substituting 0 — 75? into Eq. (7-4a). As a further 
check on the results, we note that oy, + oy, = 0, + O}. 

The stresses acting on the inclined element are shown in Fig. 7-8b, where 
the arrows indicate the true directions of the stresses. Again we note that both 
stress elements shown in Fig. 7-8 represent the same state of stress. 
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7.3 PRINCIPAL STRESSES AND MAXIMUM SHEAR STRESSES 





(a) Photo of a crane-hook 





(b) Photoelastic fringe pattern 


FIG. 7-9 Photoelastic fringe pattern 
displays principal stresses in a model 
of a crane-hook 





FIG. 7-10 Geometric representation of 
Eq. (7-11) 


The transformation equations for plane stress show that the normal 
stresses gy, and the shear stresses 7,,,, vary continuously as the axes are 
rotated through the angle 0. This variation is pictured in Fig. 7-3 for a 
particular combination of stresses. From the figure, we see that both the 
normal and shear stresses reach maximum and minimum values at 90? 
intervals. Not surprisingly, these maximum and minimum values are 
usually needed for design purposes. For instance, fatigue failures of 
structures such as machines and aircraft are often associated with the 
maximum stresses, and hence their magnitudes and orientations should 
be determined as part of the design process (see Fig. 7-9). 


Principal Stresses 


The maximum and minimum normal stresses, called the principal 
stresses, can be found from the transformation equation for the normal 
stress o}, (Eq. 7-4a). By taking the derivative of o, with respect to 0 
and setting it equal to zero, we obtain an equation from which we can 
find the values of 0 at which o, is a maximum or a minimum. The 
equation for the derivative is 


dox u m 
ds —(0,, — oy) sin 20 + 27, cos 20 = 0 (7-10) 
from which we get 
27x 
tan 20, — — vm) 
QR 


The subscript p indicates that the angle 0, defines the orientation of the 
principal planes, that is, the planes on which the principal stresses act. 

Two values of the angle 26, in the range from 0 to 360° can be 
obtained from Eq. (7-11). These values differ by 180°, with one value 
between 0 and 180? and the other between 180° and 360°. Therefore, the 
angle 6, has two values that differ by 90°, one value between 0 and 90° 
and the other between 90° and 180°. The two values of 6, are known as 
the principal angles. For one of these angles, the normal stress oy, is a 
maximum principal stress; for the other, it is a minimum principal stress. 
Because the principal angles differ by 90°, we see that the principal 
stresses occur on mutually perpendicular planes. 

The principal stresses can be calculated by substituting each of the 
two values of 6, into the first stress-transformation equation (Eq. 7-4a) 
and solving for o% . By determining the principal stresses in this manner, 
we not only obtain the values of the principal stresses but we also learn 
which principal stress 1s associated with which principal angle. 

We can also obtain general formulas for the principal stresses. To do 
so, refer to the right triangle in Fig. 7-10, which is constructed from 
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Eq. (7-11). Note that the hypotenuse of the triangle, obtained from the 
Pythagorean theorem, is 


(7-12) 


The quantity R is always a positive number and, like the other two sides 
of the triangle, has units of stress. From the triangle we obtain two addi- 
tional relations: 


cos 26, = E sin 26, = E (7-13a,b) 


Now we substitute these expressions for cos 26, and sin 26, into 
Eq. (7-4a) and obtain the algebraically larger of the two principal 
stresses, denoted by c: 


O, + g. 0. — G9. 
= — 3 cos 26, + Try sin 26, 


- Ox t Oy 4 s pe =) 4 ro( 2 


=o = 


2 2 2R R 


After substituting for R from Eq. (7-12) and performing some algebraic 
manipulations, we obtain 


Ox tO O, — 0, \2 " 
Oo, = — F [I TOES (7-14) 
The smaller of the principal stresses, denoted by o>, may be found from 
the condition that the sum of the normal stresses on perpendicular planes 
is constant (see Eq. 7-6): 


Oi t O = O, t O 


d (7-15) 
Substituting the expression for a, into Eq. (7-15) and solving for o5, we 
get 
O2 — Oy T 0, — 01 
E O; + Oy — (= “ae 72 (7-16) 
2 
This equation has the same form as the equation for o but differs by the 
presence of the minus sign before the square root. 
The preceding formulas for a; and o» can be combined into a single 
formula for the principal stresses: 





E WC 2 
uo O : Oy m 2 x + 72 (7-17) 


The plus sign gives the algebraically larger principal stress and the 
minus sign gives the algebraically smaller principal stress. 
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FIG. 7-11 Elements in uniaxial and 
biaxial stress 
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Principal Angles 


Let us now denote the two angles defining the principal planes as 6,, 
and @,,, corresponding to the principal stresses o, and o», respec- 
tively. Both angles can be determined from the equation for tan 26, 
(Eq. 7-11). However, we cannot tell from that equation which angle is 
0,, and which is 6,,. A simple procedure for making this determina- 
tion is to take one of the values and substitute it into the equation for 
Oy, (Eq. 7-4a). The resulting value of o}, will be recognized as either 
7, Or 9» (assuming we have already found o, and o» from Eq. 7-17), 
thus correlating the two principal angles with the two principal 
stresses. 

Another method for correlating the principal angles and principal 
stresses is to use Eqs. (7-13a) and (7-13b) to find 6,, since the only 
angle that satisfies both of those equations is 0,,. Thus, we can rewrite 
those equations as follows: 


Tx 
sin 20,, — —- (7-18a,b) 


Only one angle exists between 0 and 360° that satisfies both of these 
equations. Thus, the value of 6,, can be determined uniquely from 
Eqs. (7-18a) and (7-18b). The angle 6,,, corresponding to o», defines a 
plane that is perpendicular to the plane defined by 6,,. Therefore, 6,, 


can be taken as 90° larger or 90° smaller than 6,,. 


Shear Stresses on the Principal Planes 


An important characteristic of the principal planes can be obtained from 
the transformation equation for the shear stresses (Eq. 7-4b). If we set 
the shear stress 7,,,, equal to zero, we get an equation that is the same as 
Eq. (7-10). Therefore, if we solve that equation for the angle 20, we get 
the same expression for tan 20 as before (Eq. 7-11). In other words, the 
angles to the planes of zero shear stress are the same as the angles to the 
principal planes. 

Thus, we can make the following important observation: The shear 


stresses are zero on the principal planes. 


Special Cases 


The principal planes for elements in uniaxial stress and biaxial stress 
are the x and y planes themselves (Fig. 7-11), because tan 20, = 0 (see 
Eq. 7-11) and the two values of 0, are 0 and 90°. We also know that the x 
and y planes are the principal planes from the fact that the shear stresses 
are zero on those planes. 


| y 
——9 yx 
um 
5 
4—— 
Ti 
(a) 


O) =— 





{WN 


(b) 


FIG. 7-12 (a) Element in pure shear, and 
(b) principal stresses. 


FIG. 7-13 Elements in plane stress: 
(a) original element, and (b) element 
oriented to the three principal planes 
and three principal stresses 
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For an element in pure shear (Fig. 7-12a), the principal planes are 
oriented at 45° to the x axis (Fig. 7-12b), because tan 26, is infinite and 
the two values of 6, are 45° and 135°. If 7,, 1s positive, the principal 
stresses are g, = 7,, and 9» = —7,, (see Section 3.5 for a discussion of 
pure shear). 


The Third Principal Stress 


The preceding discussion of principal stresses refers only to rotation of 
axes in the xy plane, that is, rotation about the z axis (Fig. 7-13a). 
Therefore, the two principal stresses determined from Eq. (7-17) are 
called the in-plane principal stresses. However, we must not overlook 
the fact that the stress element is actually three-dimensional and has 
three (not two) principal stresses acting on three mutually perpendicu- 
lar planes. 

By making a more complete three-dimensional analysis, it can be 
shown that the three principal planes for a plane-stress element are the two 
principal planes already described plus the z face of the element. These 
principal planes are shown in Fig. 7-13b, where a stress element has been 
oriented at the principal angle 6,,, which corresponds to the principal 
stress v. The principal stresses a, and o» are given by Eq. (7-17), and the 
third principal stress (73) equals zero. 

By definition, v, is algebraically larger than o5, but o4 may be 
algebraically larger than, between, or smaller than e; and o>. Of course, 
it is also possible for some or all of the principal stresses to be equal. 
Note again that there are no shear stresses on any of the principal 
planes." 





"The determination of principal stresses is an example of a type of mathematical analysis 
known as eigenvalue analysis, which is described in books on matrix algebra. The stress- 
transformation equations and the concept of principal stresses are due to the French mathe- 
maticians A. L. Cauchy (1789—1857) and Barré de Saint-Venant (1797—1886) and to the 
Scottish scientist and engineer W. J. M. Rankine (1820—1872); see Refs. 7-1, 7-2, and 7-3, 
respectively. 
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Maximum Shear Stresses 


Having found the principal stresses and their directions for an element in 
plane stress, we now consider the determination of the maximum shear 
stresses and the planes on which they act. The shear stresses 7,,,, acting 
on inclined planes are given by the second transformation equation 
(Eq. 7-4b). Taking the derivative of 7,,,, with respect to 0 and setting it 
equal to zero, we obtain 


1X1 


d X : 
m = —(0, — 0,) cos 20 — 27,, sin 20 = 0 (7-19) 
from which 
tn 26), = = ee 


xy 


The subscript s indicates that the angle 0, defines the orientation of the 
planes of maximum positive and negative shear stresses. 

Equation (7-20) yields one value of 0, between O and 90° and 
another between 90° and 180°. Furthermore, these two values differ by 
90°, and therefore the maximum shear stresses occur on perpendicular 
planes. Because shear stresses on perpendicular planes are equal in 
absolute value, the maximum positive and negative shear stresses differ 
only in sign. 

Comparing Eq. (7-20) for 6, with Eq. (7-11) for 6, shows that 

1 


(an28, = — = —cot 26 7-21 
€ tan 26, iim l ) 





From this equation we can obtain a relationship between the angles 0, 
and 0,. First, we rewrite the preceding equation in the form 


sin 20, cos 20, — 








cos 26, sin 26, i 
Multiplying by the terms in the denominator, we get 
sin 20, sin 26, + cos 20, cos 20, = 0 

which is equivalent to the following expression (see Appendix C): 

cos (20, — 26.) = 0 
Therefore, 

20, =20; UU. 
and 

0, — 0, + 45° (7-22) 


This equation shows that the planes of maximum shear stress occur at 
45° to the principal planes. 


SECTION 7.3 Principal Stresses and Maximum Shear Stresses 553 


The plane of the maximum positive shear stress Tmax is defined by 
the angle 6,,, for which the following equations apply: 


cos 26, = - sin26, = — ———"*  (7.23a,b) 


in which œR is given by Eq. (7-12). Also, the angle 6,, is related to the 
angle 0,, (see Eqs. 7-18a and 7-18b) as follows: 


0, = p, — 45° (7-24) 


The corresponding maximum shear stress is obtained by substituting the 
expressions for cos 26,, and sin 26,, into the second transformation 
equation (Eq. 7-4b), yielding 


Tmax — E =: Jj ub T2 (7-25) 


The maximum negative shear stress Tmin has the same magnitude but 
Opposite sign. 

Another expression for the maximum shear stress can be obtained 
from the principal stresses oc; and o5, both of which are given by 
Eq. (7-17). Subtracting the expression for o» from that for o, and then 
comparing with Eq. (7-25), we see that 


UI (7-26) 


Thus, the maximum shear stress is equal to one-half the difference of the 
principal stresses. 

The planes of maximum shear stress also contain normal stresses. 
The normal stress acting on the planes of maximum positive shear 
stress can be determined by substituting the expressions for the angle 6,, 
(Eqs. 7-23a and 7-23b) into the equation for o,, (Eq. 7-4a). The result- 
ing stress is equal to the average of the normal stresses on the x and y 
planes: 


nr i RM (7-27) 


This same normal stress acts on the planes of maximum negative shear 
stress. 

In the particular cases of uniaxial stress and biaxial stress 
(Fig. 7-11), the planes of maximum shear stress occur at 45° to the x 
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FIG. 7-13 (Repeated) 


and y axes. In the case of pure shear (Fig. 7-12), the maximum shear 
stresses occur on the x and y planes. 


In-Plane and Out-of-Plane Shear Stresses 


The preceding analysis of shear stresses has dealt only with in-plane 
shear stresses, that is, stresses acting in the xy plane. To obtain the max- 
imum in-plane shear stresses (Eqs. 7-25 and 7-26), we considered 
elements that were obtained by rotating the xyz axes about the z axis, 
which is a principal axis (Fig. 7-13a). We found that the maximum shear 
stresses occur on planes at 45? to the principal planes. The principal 
planes for the element of Fig. 7-13a are shown in Fig. 7-13b, where c 
and o» are the principal stresses. Therefore, the maximum in-plane shear 
stresses are found on an element obtained by rotating the x,y,z, axes 
(Fig. 7-13b) about the zı axis through an angle of 45°. These stresses are 
given by Eq. (7-25) or Eq. (7-26). 

We can also obtain maximum shear stresses by 45? rotations about 
the other two principal axes (the x, and y, axes in Fig. 7-13b). As a result, 
we obtain three sets of maximum positive and maximum negative 
shear stresses (compare with Eq. 7-26): 


01 


— g, 
EL (7-28a,b,c) 


rua = 


in which the subscripts indicate the principal axes about which the 45° 
rotations take place. The stresses obtained by rotations about the x, and 
yı axes are called out-of-plane shear stresses. 

The algebraic values of e; and o» determine which of the preceding 
expressions gives the numerically largest shear stress. If c; and o? have 
the same sign, then one of the first two expressions is numerically 
largest; if they have opposite signs, the last expression is largest. 








An element in plane stress is subjected to stresses oy = 12,300 psi, a = —4,200 
psi, and 7,,, = —4,700 psi, as shown in Fig. 7-14a. 

(a) Determine the principal stresses and show them on a sketch of a prop- 
erly oriented element. 

(b) Determine the maximum shear stresses and show them on a sketch of a 
properly oriented element. (Consider only the in-plane stresses.) 


4,200 psi 4,050 psi 











4,050 psi 


^ 
sonos 


g = 13,540 psi 
12,300 psi 
E 








4,700 psi 9,400 psi 


(a) (b) (c) 


FIG. 7-14 Example 7-3. (a) Element in 
plane stress, (b) principal stresses, and 
(c) maximum shear stresses 


Solution 
(a) Principal stresses. The principal angles 6, that locate the principal 
planes can be obtained from Eq. (7-11): 


2g S 2(— 4,700 psi) — 0,5697 


S MES Up ec ol MN 
pne 12,300 psi — (— 4,200 psi) 


Qn Rr. 


Solving for the angles, we get the following two sets of values: 


26, = 150.35 and 6, = 752? 
26, = 330.3° and 6, = 165.2° 


The principal stresses may be obtained by substituting the two values of 20, 
into the transformation equation for o}, (Eq. 7-4a). As a preliminary calculation, 
we determine the following quantities: 


continued 
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g, = 13,540 psi 
m 


(b) 


FIG. 7-14b (Repeated) 


E 


OPE 
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p mr OE 12,300 psi — 4,200 psi i 

= ee = 4,050 psi 
2 D 

Oy ; Oy _ 12,300 4,200 psi = 8.250 psi 


Now we substitute the first value of 26, into Eq. (7-4a) and obtain 


erc (6 SU: 
raa r 


! 2 2 
= 4,050 psi + (8,250 psi)(cos 150.3?) — (4,700 psi)(sin 150.3?) 
— — 5,440 psi 


In a similar manner, we substitute the second value of 20, and obtain o; M 13,540 
psi. Thus, the principal stresses and their corresponding principal angles are 


o OoOo psa and NO M al 


uoc ara Wests ando cure 


Note that 6,, and 6,, differ by 90° and that a; + 02 = 0, + Oy. 

The principal stresses are shown on a properly oriented element in Fig. 7-14b. 
Of course, no shear stresses act on the principal planes. 

Alternative solution for the principal stresses. The principal stresses may 
also be calculated directly from Eq. (7-17): 


MOON 9. —0,P 5 
E at 2 d 


= 4,050 psi + V (8,250 psi)? + (—4,700 psi)? 


0,5 = 4,050 psi + 9,490 psi 












4,050 psi 


4,050 psi 


N 
nne 


9,400 psi 


(c) 


FIG. 7-14c (Repeated) 


Therefore, 


o = 13,540 psi 0 = —5,440 psi 
The angle 6,, to the plane on which o; acts is obtained from Eqs. (7-18a) 
and (7-18b): 


0, — Oy — 8,250 psi 


= - = 0.869 
2R 9,490 psi 


COS PASS = 


* 20 Txy — 4,700 psi 
sın iE. a 
m R 9,490 psi 


= — 0.495 
in which R is given by Eq. (7-12) and is equal to the square-root term in the 
preceding calculation for the principal stresses a, and o». 

The only angle between O and 360° having the specified sine and cosine 
iS 26, = 330.3°; hence, 0. — 165.2?. This angle is associated with the 
algebraically larger principal stress o; = 13,540 psi. The other angle is 90° 
larger or smaller than 6,,; hence, 6,, = 75.2°. This angle corresponds to the 
smaller principal stress o? = —5,440 psi. Note that these results for the principal 
stresses and principal angles agree with those found previously. 

(b) Maximum shear stresses. The maximum in-plane shear stresses are 
given by Eq. (7-25): 


= V (8,250 psi)? + (—4,700 psi)? = 9,490 psi 


The angle 6, to the plane having the maximum positive shear stress is calcu- 
lated from Eq. (7-24): 


DU M uq 


It follows that the maximum negative shear stress acts on the plane for which 
go 120 22 0 UL 

The normal stresses acting on the planes of maximum shear stresses are 
calculated from Eq. (7-27): 


Gn Os, 
Oaver = ED — 4,050 psi 


Finally, the maximum shear stresses and associated normal stresses are shown 
on the stress element of Fig. 7-14c. 

As an alternative approach to finding the maximum shear stresses, we can use 
Eq. (7-20) to determine the two values of the angles 0,, and then we can use the 
second transformation equation (Eq. 7-4b) to obtain the corresponding shear stresses. 
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7.4 MOHR'S CIRCLE FOR PLANE STRESS 


The transformation equations for plane stress can be represented in 
graphical form by a plot known as Mohr’s circle. This graphical repre- 
sentation is extremely useful because it enables you to visualize the 
relationships between the normal and shear stresses acting on various 
inclined planes at a point in a stressed body. It also provides a means for 
calculating principal stresses, maximum shear stresses, and stresses on 
inclined planes. Furthermore, Mohr's circle is valid not only for stresses 
but also for other quantities of a similar mathematical nature, including 
strains and moments of inertia." 


Equations of Mohr's Circle 


The equations of Mohr's circle can be derived from the transformation 
equations for plane stress (Eqs. 7-4a and 7-4b). The two equations are 
repeated here, but with a slight rearrangement of the first equation: 


+ 2 
Oy, — a = ES cos 20 + 7,, sin 20 (7-29a) 


Tay, 7 


= Ps sin 20 + Ty cos 20 (7-29b) 
From analytic geometry, we might recognize that these two equations 
are the equations of a circle in parametric form. The angle 20 is the 
parameter and the stresses o}; and 7,,,, are the coordinates. However, 
it is not necessary to recognize the nature of the equations at this stage— 
if we eliminate the parameter, the significance of the equations will 
become apparent. 

To eliminate the parameter 20, we square both sides of each equa- 
tion and then add the two equations. The equation that results is 


a, + a,\" 
an E + 72 


This equation can be written in simpler form by using the following 
notation from Section 7.3 (see Eqs. 7-27 and 7-12, respectively): 


ES 2 
= = ; =) +72% (7-30) 


+ — 2 
Üaver — = 2 TY R= [5 5 =) F ee (7-3 1a,b) 


Equation (7-30) now becomes 


2 


(7-32) 


2 a = 
(0... u Tae) + T y — R 


"Mohr's circle is named after the famous German civil engineer Otto Christian Mohr 
(1835-1918), who developed the circle in 1882 (Ref. 7-4). 


FIG. 7-15 Two forms of Mohr's circle: 
(a) 7,,,, is positive downward and the 
angle 20 is positive counterclockwise, 
and (b) Ty y, is positive upward and the 
angle 20 is positive clockwise. (Note: 
The first form is used in this book.) 
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which is the equation of a circle in standard algebraic form. The coordi- 
nates are oy, and 7,,,,, the radius is R, and the center of the circle has 


coordinates 94, = Ogver and 7,,,, = 0. 


Two Forms of Mohr's Circle 


Mohr's circle can be plotted from Eqs. (7-29) and (7-32) in either of 
two forms. In the first form of Mohr's circle, we plot the normal stress 
Ox, positive to the right and the shear stress 7,,,, positive downward, as 
shown in Fig. 7-15a. The advantage of plotting shear stresses positive 
downward is that the angle 20 on Mohr's circle will be positive when 
counterclockwise, which agrees with the positive direction of 20 in the 
derivation of the transformation equations (see Figs. 7-1 and 7-2). 

In the second form of Mohr's circle, 7,,,, is plotted positive upward 
but the angle 20 is now positive clockwise (Fig. 7-15b), which is oppo- 
site to its usual positive direction. 

Both forms of Mohr's circle are mathematically correct, and either 
one can be used. However, it 1s easier to visualize the orientation of the 
stress element if the positive direction of the angle 20 is the same in 
Mohr's circle as 1t 1s for the element itself. Furthermore, a counterclock- 
wise rotation agrees with the customary right-hand rule for rotation. 

Therefore, we will choose the first form of Mohr’s circle (Fig. 7-15a) 
in which positive shear stress is plotted downward and a positive angle 20 
is plotted counterclockwise. 
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(b) 


FIG. 7-16 Construction of Mohr's circle 
for plane stress 


Construction of Mohr's Circle 


Mohr's circle can be constructed in a variety of ways, depending upon 
which stresses are known and which are to be found. For our immediate 
purpose, which is to show the basic properties of the circle, let us 
assume that we know the stresses o}, oy, and 7,, acting on the x and y 
planes of an element in plane stress (Fig. 7-16a). As we will see, this 
information is sufficient to construct the circle. Then, with the circle 
drawn, we can determine the stresses 2,,, Oy, and 7,,,, acting on an 
inclined element (Fig. 7-16b). We can also obtain the principal stresses 
and maximum shear stresses from the circle. 

With oi, o,, and Ty, known, the procedure for constructing 
Mohr's circle is as follows (see Fig. 7-16c): 


1. Draw a set of coordinate axes with o, as abscissa (positive to the 
right) and 7,,,, as ordinate (positive downward). 

2. Locate the center C of the circle at the point having coordinates 

Ox, = Oaver aNd 7,,,, = 0 (see Eqs. 7-31a and 7-32). 

3. Locate point A, representing the stress conditions on the x face 
of the element shown in Fig. 7-16a, by plotting its coordinates 
Ox, = Ox and 7,,, = 7,,. Note that point A on the circle corre- 
sponds to 0 — 0. Also, note that the x face of the element 
(Fig. 7-16a) is labeled “A” to show its correspondence with point 
A on the circle. 

4. Locate point B, representing the stress conditions on the y face 
of the element shown in Fig. 7-16a, by plotting its coordinates 


1— OO 






I— — 59g — t. B@=90") 





Py 




















(c) 
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s ey *| B(0 = 90°) 











Ox, = Oy and 7,,, = —7,,. Note that point B on the circle 

(b) corresponds to 0 = 90°. In addition, the y face of the element 
(Fig. 7-16a) is labeled “B” to show its correspondence with point 
B on the circle. 

5. Draw a line from point A to point B. This line is a diameter of the 
circle and passes through the center C. Points A and B, representing 
the stresses on planes at 90? to each other (Fig. 7-16a), are at oppo- 
site ends of the diameter (and therefore are 180? apart on the circle). 

6. Using point C as the center, draw Mohr's circle through points A and B. 
The circle drawn in this manner has radius R (Eq. 7-31b), as shown in 


the next paragraph. 


FIG. 7-16 (Repeated) 


Now that we have drawn the circle, we can verify by geometry that 
lines CA and CB are radii and have lengths equal to R. We note that the 
abscissas of points C and A are (a, + 0,)/2 and o;, respectively. The 
difference in these abscissas is (oy — o,)/2, as dimensioned in the fig- 
ure. Also, the ordinate to point A is 7,,. Therefore, line CA is the 
hypotenuse of a right triangle having one side of length (o. — 0,)/2 and 
the other side of length 7,,. Taking the square root of the sum of the 
squares of these two sides gives the radius R: 
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(b) 


FIG. 7-16 (Repeated) 


which is the same as Eq. (7-31b). By a similar procedure, we can show 
that the length of line CB is also equal to the radius R of the circle. 


Stresses on an Inclined Element 


Now we will consider the stresses o,,, 0,,, and 7,,,, acting on the faces 
of a plane-stress element oriented at an angle 0 from the x axis 
(Fig. 7-16b). If the angle 0 is known, these stresses can be determined 
from Mohr's circle. The procedure is as follows. 

On the circle (Fig. 7-16c), we measure an angle 20 counterclock- 
wise from radius CA, because point A corresponds to 0 = 0 and is the 
reference point from which we measure angles. The angle 20 locates 
point D on the circle, which (as shown in the next paragraph) has coor- 
dinates o,, and 7,,,,. Therefore, point D represents the stresses on the 
x1 face of the element of Fig. 7-16b. Consequently, this face of the ele- 
ment is labeled “D” in Fig. 7-16b. 

Note that an angle 20 on Mohr's circle corresponds to an angle 0 on 
a stress element. For instance, point D on the circle is at an angle 20 from 
point A, but the x; face of the element shown in Fig. 7-16b (the face 
labeled *D") is at an angle 0 from the x face of the element shown in 
Fig. 7-16a (the face labeled “A’’). Similarly, points A and B are 180° apart 
on the circle, but the corresponding faces of the element (Fig. 7-16a) are 
90? apart. 

To show that the coordinates o,, and 7,,,, of point D on the circle 
are indeed given by the stress-transformation equations (Eqs. 7-4a and 
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7-4b), we again use the geometry of the circle. Let 6 be the angle 
between the radial line CD and the o,, axis. Then, from the geometry of 
the figure, we obtain the following expressions for the coordinates of 
point D: 


go 


Oy 
= E DA + Rcos B D 


=RsinB  (7-33ajb) 


Noting that the angle between the radius CA and the horizontal axis is 
20+ D, we get 


UU l Ta 
OSR ~~ sin (26+ B) — 


Expanding thle cosine and sine expressions (see Appendix C) gives 


— 0 


cos 20 cos B — sin 20 sin B = a c (a) 
2R 
sin 20 cos B + cos 20 sin B = a (b) 


Multiplying the first of these equations by cos 20 and the second by 
sin 20 and then adding, we obtain 


cos B = zia cos 20 + 7,, sin 26) (c) 


Also, multiplying Eq. (a) by sin 20 and Eq. (b) by cos 20 and then sub- 
tracting, we get 


Df =p 
sn B = = cu BURU TOL UDS 20 (d) 


When these expressions for cos f and sin # are substituted into 
Eqs. (7-33a) and (7-33b), we obtain the stress-transformation equa- 
tions for a, and 7,,,, (Eqs. 7-4a and 7-4b). Thus, we have shown that 
point D on Mohr’s circle, defined by the angle 26, represents the 
stress conditions on the x, face of the stress element defined by the 
angle 0 (Fig. 7-16b). 

Point D', which is diametrically opposite point D on the circle, is 
located by an angle 20 (measured from line CA) that is 180? greater than 
the angle 20 to point D. Therefore, point D' on the circle represents the 
stresses on a face of the stress element (Fig. 7-16b) at 90? from the face 
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represented by point D. Thus, point D' on the circle gives the stresses 
oy, and —7,,,, on the y, face of the stress element (the face labeled 
“D'” in Fig. 7-16b). 

From this discussion we see how the stresses represented by 
points on Mohr's circle are related to the stresses acting on an ele- 
ment. The stresses on an inclined plane defined by the angle 0 (Fig. 
7-16b) are found on the circle at the point where the angle from the 
reference point (point A) is 20. Thus, as we rotate the x,y, axes coun- 
terclockwise through an angle 0 (Fig. 7-16b), the point on Mohr's 
circle corresponding to the x; face moves counterclockwise through 
an angle 20. Similarly, if we rotate the axes clockwise through an 
angle, the point on the circle moves clockwise through an angle twice 
as large. 


Principal Stresses 


The determination of principal stresses is probably the most important 
application of Mohr's circle. Note that as we move around Mohr's circle 
(Fig. 7-16c), we encounter point P, where the normal stress reaches its 
algebraically largest value and the shear stress is zero. Hence, point P, 
represents a principal stress and a principal plane. The abscissa o, of 
point P, gives the algebraically larger principal stress and its angle 26,, 
from the reference point A (where 0 — 0) gives the orientation of the 
principal plane. The other principal plane, associated with the alge- 
braically smallest normal stress, is represented by point P5, diametrically 
opposite point P. 

From the geometry of the circle, we see that the algebraically larger 
principal stress is 


- 0C + CP, == +R 
0j = i~ 2 


which, upon substitution of the expression for R (Eq. 7-31b), agrees 
with the earlier equation for this stress (Eq. 7-14). In a similar manner, 
we can verify the expression for the algebraically smaller principal 
Stress 9». 

The principal angle 6,, between the x axis (Fig. 7-16a) and the 
plane of the algebraically larger principal stress is one-half the angle 
20,,, which is the angle on Mohr's circle between radii CA and CP). 
The cosine and sine of the angle 26,, can be obtained by inspection 
from the circle: 


Oy — Oy 
COS 20,, — JR 


. m Txy 
sin 26,,, = R 
These equations agree with Eqs. (7-18a) and (7-18b), and so once 
again we see that the geometry of the circle matches the equations 





A Counterclockwise shear stresses 
(c) 


FIG. 7-17 Alternative sign convention for 
shear stresses: (a) clockwise shear 
stress, (b) counterclockwise shear stress, 
and (c) axes for Mohr's circle. (Note 
that clockwise shear stresses are plotted 
upward and counterclockwise shear 
stresses are plotted downward.) 


SECTION 7.4  Mohr's Circle for Plane Stress 565 


derived earlier. On the circle, the angle 26,, to the other principal 
point (point P5) is 180° larger than 26,,; hence, 6,, = 0,, + 90°, as 
expected. 


Maximum Shear Stresses 


Points $; and S5, representing the planes of maximum positive and 
maximum negative shear stresses, respectively, are located at the bot- 
tom and top of Mohr's circle (Fig. 7-16c). These points are at angles 
20 — 90? from points P, and P5, which agrees with the fact that the 
planes of maximum shear stress are oriented at 45? to the principal 
planes. 

The maximum shear stresses are numerically equal to the radius R 
of the circle (compare Eq. 7-31b for R with Eq. 7-25 for Tmax). Also, the 
normal stresses on the planes of maximum shear stress are equal to 
the abscissa of point C, which is the average normal stress Gaver (see 
Eq. 7-31a). 


Alternative Sign Convention for Shear Stresses 


An alternative sign convention for shear stresses is sometimes used 
when constructing Mohr's circle. In this convention, the direction of a 
shear stress acting on an element of the material is indicated by the 
sense of the rotation that it tends to produce (Figs. 7-17a and b). If the 
shear stress 7 tends to rotate the stress element clockwise, it 1s called a 
clockwise shear stress, and 1f 1t tends to rotate 1t counterclockwise, it 1s 
called a counterclockwise stress. Then, when constructing Mohr's circle, 
clockwise shear stresses are plotted upward and counterclockwise shear 
stresses are plotted downward (Fig. 7-17c). 

It is important to realize that the alternative sign convention pro- 
duces a circle that is identical to the circle already described 
(Fig. 7-16c). The reason is that a positive shear stress 7,,,, is also a 
counterclockwise shear stress, and both are plotted downward. Also, a 
negative shear stress 7,,,, is a clockwise shear stress, and both are 
plotted upward. 

Thus, the alternative sign convention merely provides a different 
point of view. Instead of thinking of the vertical axis as having negative 
shear stresses plotted upward and positive shear stresses plotted down- 
ward (which is a bit awkward), we can think of the vertical axis as 
having clockwise shear stresses plotted upward and counterclockwise 
shear stresses plotted downward (Fig. 7-17c). 


1X1 


General Comments about the Circle 


From the preceding discussions in this section, it is apparent that we can 
find the stresses acting on any inclined plane, as well as the principal 
stresses and maximum shear stresses, from Mohr's circle. However, 
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only rotations of axes in the xy plane (that is, rotations about the z axis) 
are considered, and therefore all stresses on Mohr's circle are in-plane 
stresses. 

For convenience, the circle of Fig. 7-16 was drawn with oy, oy, and 
Txy AS positive stresses, but the same procedures may be followed if one 
or more of the stresses is negative. If one of the normal stresses is 
Inegative, part or all of the circle will be located to the left of the origin, 
as illustrated in Example 7-6 that follows. 

Point A in Fig. 7-16c, representing the stresses on the plane 0 = 0, 
may be situated anywhere around the circle. However, the angle 26 is 
always measured counterclockwise from the radius CA, regardless of 
where point A is located. 

In the special cases of uniaxial stress, biaxial stress, and pure shear, 
the construction of Mohr's circle is simpler than in the general case of 
plane stress. These special cases are illustrated in Example 7-4 and in 
Problems 7.4-1 through 7.4-9. 

Besides using Mohr's circle to obtain the stresses on inclined 
planes when the stresses on the x and y planes are known, we can also 
use the circle in the opposite manner. If we know the stresses 9,,, 0,,, 
and 7,,,, acting on an inclined element oriented at a known angle 
0, we can easily construct the circle and determine the stresses Oy, Oy, 
and 7,, for the angle 0 = 0. The procedure is to locate points D 
and D' from the known stresses and then draw the circle using line 
DD' as a diameter. By measuring the angle 20 in a negative 
sense from radius CD, we can locate point A, corresponding to the x 
face of the element. Then we can locate point B by constructing a 
diameter from A. Finally, we can determine the coordinates of points 
A and B and thereby obtain the stresses acting on the element for 
which 0 = 0. 

If desired, we can construct Mohr's circle to scale and measure 
values of stress from the drawing. However, it is usually preferable to 
obtain the stresses by numerical calculations, either directly from the 
various equations or by using trigonometry and the geometry of the 
circle. 

Mohr's circle makes it possible to visualize the relationships 
between stresses acting on planes at various angles, and it also serves as 
a simple memory device for calculating stresses. Although many graphi- 
cal techniques are no longer used in engineering work, Mohr's circle 
remains valuable because it provides a simple and clear picture of an 
otherwise complicated analysis. 

Mohr's circle is also applicable to the transformations for plain 
strain and moments of inertia of plane areas, because these quantities 
follow the same transformation laws as do stresses (see Sections 7.7, 
12.8, and 12.9). 
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Example 7-4 


At a point on the surface of a pressurized cylinder, the material is subjected to 
biaxial stresses o, = 90 MPa and o; = 20 MPa, as shown on the stress element 
of Fig. 7-18a. 

Using Mohr's circle, determine the stresses acting on an element inclined at 
an angle 0 = 30°. (Consider only the in-plane stresses, and show the results on a 
sketch of a properly oriented element.) 


Solution 

Construction of Mohr's circle. We begin by setting up the axes for 
the normal and shear stresses, with o,., positive to the right and Ty y, positive 
downward, as shown in Fig. 7-18b. Then we place the center C of the circle 
on the o,, axis at the point where the stress equals the average normal stress 
(Eq. 7-31a): 


"e 0x + 0, | 90 MPa + 20 MPa 
aver 2 E. 2 





— 55 MPa 


Point A, representing the stresses on the x face of the element (0 — 0), has 
coordinates 


0 


9, = 90 MPa TX 


io 


, 
B jesse 


AN 


EE A 
<< O —»> x 
| ™ 

(a) 


FIG. 7-18 Example 7-4. (a) Element in 
plane stress, and (b) the corresponding 
Mohr’s circle. (Note: All stresses on the 
circle have units of MPa.) 











continued 
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FIG. 7-19 Example 7-4 (continued). 
Stresses acting on an element oriented at 
an angle 0 — 30? 


Similarly, the coordinates of point B, representing the stresses on the y face 
(0 = 90°), are 


c, -20MPa 7, =0 


Di 
Now we draw the circle through points A and B with center at C and radius R 
(see Eq. 7-31b) equal to 


m = 5h E [ous = 20 MPa) "m 
2 2 
Stresses on an element inclined at 0 = 30°. The stresses acting on a plane 
oriented at an angle 0 = 30? are given by the coordinates of point D, which is at 
an angle 20 — 60? from point A (Fig. 7-18b). By inspection of the circle, we see 
that the coordinates of point D are 


(Point D) Ox, = Over + R cos 60? 


1 


= 55 MPa + (35 MPa)(cos 60°) = 72.5 MPa Sa 


Tx iy] 


= —R sin 60° = —(35 MPa)(sin 60°) = —30.3 MPa uem 


In a similar manner, we can find the stresses represented by point D', which cor- 
responds to an angle 0 = 120? (or 20 = 240°): 


(Point D) cg s R cos o0 


55 MPa — (35 MPa)(cos 60°) = 37.5 MPa E mon! 


7,5, 7 R sin 60° = (35 MPa)(sin 60°) = 30.3 MPa ex 


These results are shown in Fig. 7-19 on a sketch of an element oriented at an 
angle 0 = 30°, with all stresses shown in their true directions. Note that the 
sum of the normal stresses on the inclined element is equal to o; + oy, or 
110 MPa. 
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Example 7-5 





An element in plane stress at the surface of a large machine is subjected to stresses 
9, = 15,000 psi, o, = 5,000 psi, and 7,, = 4,000 psi, as shown in Fig. 7-20a. 

Using Mohr's circle, determine the following quantities: (a) the stresses 
acting on an element inclined at an angle 0 = 40°, (b) the principal stresses, and 
(c) the maximum shear stresses. (Consider only the in-plane stresses, and show 
all results on sketches of properly oriented elements.) 


$5 (Os, = 64.3?) 








D (0 = 409) 
i 
| 5.000 psi 


we M 
4,000 psi 


15,000 psi 
— O —> z 





(a) 
FIG. 7-20 Example 7-5. (a) Element in 
plane stress, and (b) the corresponding 
Mohr's circle. (Note: All stresses on the 
circle have units of psi.) (b) 





15,000 ——» 


Solution 

Construction of Mohr's circle. The first step in the solution is to set up the 
axes for Mohr's circle, with o, positive to the right and T, y, positive downward 
(Fig. 7-20b). The center C of the circle is located on the o;, axis at the point 
where g, equals the average normal stress (Eq. 7-31a): 


4 15,000 psi + 5,000 psi | 
Dayer ELE 2 me c 10,000 psi 


Point A, representing the stresses on the x face of the element (0 — 0), has 
coordinates 


94, = 15,000 psi Ty, = 4,000 psi 


Similarly, the coordinates of point B, representing the stresses on the y face 
(0 = 90°) are 


gy, = 5,000 psi e. — 4,000 psi 


ii 
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(c) 


FIG. 7-21 Example 7-5 (continued). 

(a) Stresses acting on an element 
oriented at 0 = 40°, (b) principal stresses, 
and (c) maximum shear stresses 
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The circle is now drawn through points A and B with center at C. The radius of 
the circle, from Eq. (7-31b), is 





15,000 psi — 5,000 psi ? G : 
s —— —]| + (4,000 psi)* = 6,403 psi 


2 


(a) Stresses on an element inclined at 0 = 40°. The stresses acting on a 
plane oriented at an angle 0 = 40° are given by the coordinates of point D, which 
is at an angle 20 = 80° from point A (Fig. 7-20b). To evaluate these coordinates, 
we need to know the angle between line CD and the o,, axis (that is, angle 
DCP), which in turn requires that we know the angle between line CA and the 
O, axis (angle ACP). These angles are found from the geometry of the circle, 
as follows: 


4,000 psi 


— 0.8 
5,000 psi 


tan ACP, — ACP, — 38.66? 


DCP, = 80° — ACP, = 80° — 38:669 = 41.34? 


Knowing these angles, we can determine the coordinates of point D directly from 
the Figure 7-21a: 


(Point D) ox, = 10,000 psi + (6,403 psi)(cos 41.34?) = 14,810 psi. <== 


1 


Tx1 yy E 


— (6,403 psi)(sin 41.34?) — —4,230 psi m 


In an analogous manner, we can find the stresses represented by point D', which 
corresponds to a plane inclined at an angle 0 — 130? (or 20 — 260?): 


(Point D ^) ax, = 10,000 psi — (6,403 psi)(cos 41.34?) = 5,190 psi «emm 


"aem (6,403 psi)(sin 41.34?) — 4,230 psi = 


These stresses are shown in Fig. 7-21a on a sketch of an element oriented at an 
angle 0 = 40° (all stresses are shown in their true directions). Also, note that the 
sum of the normal stresses is equal to o, + oy, or 20,000 psi. 

(b) Principal stresses. The principal stresses are represented by points P, 
and P> on Mohr's circle (Fig. 7-20b). The algebraically larger principal stress 
(point P) is 


d, = 10,000 psi + 6,400 psi = 16,400 psi Zz 
















5,190 psi 10,000 psi 


UNS ^ 3,600 psi 


02409 P, 


D' 
4,230 psi 





eee ae 
51 
(a) (b) (c) 


FIG. 7-21 (Repeated) 


as seen by inspection of the circle. The angle 26,, to point P, from point A is the 
angle ACP, on the circle, that is, 


Ze ee 193° 


Thus, the plane of the algebraically larger principal stress is oriented at an angle 
O = 17.57 as shown in Fig. 7-2 ib. 

The algebraically smaller principal stress (represented by point P5) is 
obtained from the circle in a similar manner: 


1 


o> = 10,000 psi — 6,400 psi = 3,600 psi 


The angle 26,, to point P2 on the circle is 38.66° + 180° = 218.66^; thus, the 
second principal plane is defined by the angle 6,, = 109.3°. The principal 
stresses and principal planes are shown in Fig. 7-21b, and again we note that the 
sum of the normal stresses is equal to 20,000 psi. 

(c) Maximum shear stresses. The maximum shear stresses are represented 
by points $, and $5 on Mohr's circle; therefore, the maximum in-plane shear 
stress (equal to the radius of the circle) is 


Tmax ^ 6,400 psi 


The angle ACS, from point A to point S, is 90? — 38.66? = 51.34°, and therefore 
the angle 26,, for point 5, is 
Zp a 

This angle is negative because it is measured clockwise on the circle. The corre- 
sponding angle 6,, to the plane of the maximum positive shear stress is one-half 
that value, or Dx = —25.7°, as shown in Figs. 7-20b and 7-21c. The maximum 
negative shear stress (point $5 on the circle) has the same numerical value as the 
maximum positive stress (6,400 psi). 

The normal stresses acting on the planes of maximum shear stress are equal 
to Cavers Which is the abscissa of the center C of the circle (10,000 psi). These 
stresses are also shown in Fig. 7-21c. Note that the planes of maximum shear 
stress are oriented at 45? to the principal planes. 
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Example 7-6 





(a) 


FIG. 7-22 Example 7-6. (a) Element in 
plane stress, and (b) the corresponding 
Mohr’s circle. (Note: All stresses on the 
circle have units of MPa.) 


At a point on the surface of a generator shaft the stresses are øp = —50 MPa, 
0, = 10 MPa, and 7, = —40 MPa, as shown in Fig. 7-22a. 

Using Mohr's circle, determine the following quantities: (a) the stresses 
acting on an element inclined at an angle 0 = 45°, (b) the principal stresses, and 
(c) the maximum shear stresses. (Consider only the in-plane stresses, and show 
all results on sketches of properly oriented elements.) 


Solution 

Construction of Mohr's circle. The axes for the normal and shear stresses 
are shown in Fig. 7-22b, with c,, positive to the right and 7, y, positive down- 
ward. The center C of the circle is located on the o;, axis at the point where the 
stress equals the average normal stress (Eq. 7-31a): 


0, + Oy | —50 MPa + 10 MPa 
Üaver — 2 3x 9 = —20 MPa 


Point A, representing the stresses on the x face of the element (0 = 0), has 
coordinates 


GU MIB E —40 MPa 


eo 


Similarly, the coordinates of point B, representing the stresses on the y face 
(0 = 90°), are 


gr. — 10 MPa a 


= 40 MPa 


el 






D (0 = 45°) 


B (0 = 90°) 
(8, = 71.6°) 


(b) 





The circle is now drawn through points A and B with center at C and radius R 
(from Eq. 7-31b) equal to 


T | —50 MPa — 10 MPa 


p 
j ) + (—40 MPa)? = 50 MPa 


(a) Stresses on an element inclined at 0 = 45°. The stresses acting on a 
plane oriented at an angle 0 = 45° are given by the coordinates of point D, which 
is at an angle 20 = 90° from point A (Fig. 7-22b). To evaluate these coordinates, 
we need to know the angle between line CD and the negative o,, axis (that is, 
angle DCP;), which in turn requires that we know the angle between line CA and 
the negative o,, axis (angle ACP5). These angles are found from the geometry of 
the circle as follows: 


tan ACP, = - m z E ACP, = 53.13? 
a 


DCP, = 90° — ACP, = 90° — 53.13° = 36.87° 





Knowing these angles, we can obtain the coordinates of point D directly from 
Figure 7-23a: 


(Point D) gy, = —20 MPa — (50 MPa)(cos 36.857") = —60 MPa 
Ta OME Gm 30.87 = 20 ME 


In an analogous manner, we can find the stresses represented by point D', which 
corresponds to a plane inclined at an angle 0 = 135? (or 20 = 270°): 


(Point D ^) o, = —20 MPa + (50 MPa)(cos 36.87?) = 20 MPa 


1 


T... = (—50 MPa) (sin 36.87°) = —30 MPa 


epa 


These stresses are shown in Fig. 7-23a on a sketch of an element oriented at an 
angle 0 — 45? (all stresses are shown in their true directions). Also, note that the 
sum of the normal stresses is equal to oy + oy, or —40 MPa. 

(b) Principal stresses. The principal stresses are represented by points 
P, and P, on Mohr's circle. The algebraically larger principal stress (represented 
by point P) is 


g, = —20 MPa + 50 MPa = 30 MPa 


continued 
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(a) 
FIG. 7-23 Example 7-6 (continued). 
(a) Stresses acting on an element 
oriented at 0 = 45°, (b) principal 
stresses, and (c) maximum shear 
stresses 





as seen by inspection of the circle. The angle 26,, to point P, from point A is the 
angle ACP, measured counterclockwise on the circle, that is, 


A MOD pod os Miss 22. Ao Oe «4 


Thus, the plane of the algebraically larger principal stress is oriented at an angle 
vo es oo. 

The algebraically smaller principal stress (point P5) is obtained from the 
circle in a similar manner: 


Oy = —20 MPa — 50 MPa = —70 MPa n 


The angle 26,, to point P5 on the circle is 53.13^; thus, the second principal plane 
is defined by the angle 6,, = 26.6°. 

The principal stresses and principal planes are shown in Fig. 7-23b, and again 
we note that the sum of the normal stresses is equal to o; + o5, or —40 MPa. 

(c) Maximum shear stresses. The maximum positive and negative shear 
stresses are represented by points Sı and S on Mohr’s circle (Fig. 7-22b). Their 
magnitudes, equal to the radius of the circle, are 


Tmax = 50 MPa 4m 


The angle ACS, from point A to point S, is 90° + 53.13? = 143.13°, and there- 
fore the angle 26,, for point 5; is 


T = R 


The corresponding angle 0,, to the plane of the maximum positive shear stress is 
one-half that value, or 6,, = 71.6°, as shown in Fig. 7-23c. The maximum nega- 
tive shear stress (point S5 on the circle) has the same numerical value as the pos- 
itive stress (50 MPa). 

The normal stresses acting on the planes of maximum shear stress are equal 
to Cavers Which is the coordinate of the center C of the circle (—20 MPa). These 
stresses are also shown in Fig. 7-23c. Note that the planes of maximum shear 
stress are oriented at 45? to the principal planes. 
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7.5 HOOKE'S LAW FOR PLANE STRESS 





FIG. 7-24 Element of material in plane 
stress (a, = 0) 





FIG. 7-25 Element of material subjected 
to normal strains €,, €, and e. 





FIG. 7-26 Shear strain y, 


The stresses acting on inclined planes when the material is subjected to 
plane stress (Fig. 7-24) were discussed in Sections 7.2, 7.3, and 7.4. The 
stress-transformation equations derived in those discussions were obtained 
solely from equilibrium, and therefore the properties of the materials were 
not needed. Now, in this section, we will investigate the strains in the 
material, which means that the material properties must be considered. 
However, we will limit our discussion to materials that meet two impor- 
tant conditions: first, the material is uniform throughout the body and has 
the same properties in all directions (homogeneous and isotropic mate- 
rial), and second, the material follows Hooke's law (linearly elastic 
material). Under these conditions, we can readily obtain the relationships 
between the stresses and strains in the body. 

Let us begin by considering the normal strains e,, e,, and e, in plane 
stress. The effects of these strains are pictured in Fig. 7-25, which shows 
the changes in dimensions of a small element having edges of lengths a, 
b, and c. All three strains are shown positive (elongation) in the figure. 
The strains can be expressed in terms of the stresses (Fig. 7-24) by super- 
imposing the effects of the individual stresses. 

For instance, the strain e, in the x direction due to the stress o; is 
equal to oa; /E, where E is the modulus of elasticity. Also, the strain e, 
due to the stress oy is equal to — vo,/E, where v is Poisson's ratio (see 
Section 1.5). Of course, the shear stress 7,, produces no normal strains 
in the x, y, or z directions. Thus, the resultant strain in the x direction is 


€, = n — VOy) (7-34a) 
In a similar manner, we obtain the strains in the y and z directions: 
|. 1 | p 
EU ric — VO) €, — gem + o) (7-34b,c) 


These equations may be used to find the normal strains (in plane stress) 
when the stresses are known. 

The shear stress 7,, (Fig. 7-24) causes a distortion of the element 
such that each z face becomes a rhombus (Fig. 7-26). The shear strain 
Yxy is the decrease in angle between the x and y faces of the element and 
is related to the shear stress by Hooke's law in shear, as follows: 

Tx 
Yo = (7-35) 
where G is the shear modulus of elasticity. Note that the normal stresses o; 
and g, have no effect on the shear strain y,,. Consequently, Eqs. (7-34) and 
(7-35) give the strains (in plane stress) when all stresses (05, o5, and 7,,) 
act simultaneously. 
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y 
i T f 
— ——À 
(a) 


(b) 


FIG. 7-11 (Repeated) 





X 





The first two equations (Eqs. 7-34a and 7-34b) give the strains 

e, and e, in terms of the stresses. These equations can be solved simulta- 
neously for the stresses in terms of the strains: 
E E 

Ui cc e Ve) (——— ——,(e6;F ve) (364b) 

lay t 
In addition, we have the following equation for the shear stress in terms 
of the shear strain: 


Ta GOV (7-37) 


Equations (7-36) and (7-37) may be used to find the stresses (in plane 
stress) when the strains are known. Of course, the normal stress o; in the z 
direction is equal to zero. 

Equations (7-34) through (7-37) are known collectively as Hooke's 
law for plane stress. They contain three material constants (E, G, and v), 
but only two are independent because of the relationship 


C 
2(1 + p) 


which was derived previously in Section 3.6. 


(7-38) 


Special Cases of Hooke's Law 


In the special case of biaxial stress (Fig. 7-11b), we have 7,, = 0, and 
therefore Hooke's law for plane stress simplifies to 


& = 7 (Oe — VO,) s 7G VO) 
e —— (o + 0) (7-392, b.c) 
= — (e^ ve) o= 3 (e, + ve) (7-40a,b) 


These equations are the same as Eqs. (7-34) and (7-36) because the 
effects of normal and shear stresses are independent of each other. 

For uniaxial stress, with o; = 0 (Fig. 7-11a), the equations of Hooke’s 
law simplify even further: 





Oo, = Ee, (7-41a,b,c) 


Finally, we consider pure shear (Fig. 7-12a), which means that o; = 
9, = 0. Then we obtain 


pu eu 92 = —— (7-A2a,b) 


In all three of these special cases, the normal stress o. is equal to zero. 





FIG. 7-25 (Repeated) 





S 


SECTION 7.5 Hooke’s Law for Plane Stress 577 


Volume Change 


When a solid object undergoes strains, both its dimensions and its vol- 
ume will change. The change in volume can be determined if the normal 
strains in three perpendicular directions are known. To show how this is 
accomplished, let us again consider the small element of material shown 
in Fig. 7-25. The original element is a rectangular parallelepiped having 
sides of lengths a, b, and c in the x, y, and z directions, respectively. The 
strains €,, €,, and e. produce the changes in dimensions shown by the 
dashed lines. Thus, the increases in the lengths of the sides are ae,, be,, 
and ce,. 
The original volume of the element is 


Vo — abc (a) 


and its final volume is 


Vi = (a + ae)(b + bec + ce) 
= abc(1 + €e) + eX1 + e) (b) 


By referring to Eq. (a), we can express the final volume of the element 
(Eq. b) in the form 


V, = Vol + &X1 + e&X1 + €) (7-43a) 


Upon expanding the terms on the right-hand side, we obtain the follow- 
ing equivalent expression: 


V; — Vil t e te te tee, t ee + ee, t eee) (7-43b) 


The preceding equations for V, are valid for both large and small strains. 

If we now limit our discussion to structures having only very small 
strains (as is usually the case), we can disregard the terms in Eq. (7-43b) 
that consist of products of small strains. Such products are themselves 
small in comparison to the individual strains €,, €, and €. Then the 
expression for the final volume simplifies to 


V1 = Vo(1 + e + e + €) (7-44) 
and the volume change is 
AV — Vi — Vo = Vo(e, + €, aF €.) (7-45) 


This expression can be used for any volume of material provided the 
strains are small and remain constant throughout the volume. Note also 
that the material does not have to follow Hooke's law. Furthermore, the 
expression is not limited to plane stress, but is valid for any stress condi- 
tions. (As a final note, we should mention that shear strains produce no 
change in volume.) 
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FIG. 7-24 (Repeated) 





FIG. 7-25 (Repeated) 


The unit volume change e, also known as the dilatation, is defined 
as the change in volume divided by the original volume; thus, 


—— te (7-46) 
Vo d i 


By applying this equation to a differential element of volume and then 
integrating, we can obtain the change in volume of a body even when 
the normal strains vary throughout the body. 

The preceding equations for volume changes apply to both tensile and 
compressive strains, inasmuch as the strains €,, €, and e. are algebraic 
quantities (positive for elongation and negative for shortening). With this 
sign convention, positive values for AV and e represent increases in vol- 
ume, and negative values represent decreases. 

Let us now return to materials that follow Hooke's law and are sub- 
jected only to plane stress (Fig. 7-24). In this case the strains €,, e,, and 
e. are given by Eqs. (7-34a, b, and c). Substituting those relationships 
into Eq. (7-46), we obtain the following expression for the unit volume 
change in terms of stresses: 





AV  1-—2v 
Vo E 


€ (Ox t 0) (7-47) 


Note that this equation also applies to biaxial stress. 


In the case of a prismatic bar in tension, that is, uniaxial stress, 
Eq. (7-47) simplifies to 
_AV_& 
Vo E 
From this equation we see that the maximum possible value of Poisson’s 
ratio for common materials is 0.5, because a larger value means that the 


volume decreases when the material is in tension, which is contrary to 
ordinary physical behavior. 


e (1 — 2v) (7-48) 


Strain-Energy Density in Plane Stress 


The strain-energy density u is the strain energy stored in a unit volume 
of the material (see the discussions in Sections 2.7 and 3.9). For an ele- 
ment in plane stress, we can obtain the strain-energy density by referring 
to the elements pictured in Figs. 7-25 and 7-26. Because the normal and 
shear strains occur independently, we can add the strain energies from 
these two elements to obtain the total energy. 

Let us begin by finding the strain energy associated with the normal 
strains (Fig. 7-25). Since the stress acting on the x face of the element is 
o, (see Fig. 7-24), we find that the force acting on the x face of the ele- 
ment (Fig. 7-25) is equal to o; bc. Of course, as the loads are applied to 
the structure, this force increases gradually from zero to its maximum 
value. At the same time, the x face of the element moves through the 
distance ae,. Therefore, the work done by this force is 





FIG. 7-26 (Repeated) 
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5 (ocbe\(ae, 


provided Hooke’s law holds for the material. Similarly, the force oac 
acting on the y face does work equal to 


> (a ac)(be,) 


The sum of these two terms gives the strain energy stored in the element: 


abc 
ES (0 6 t 6) 


Thus, the strain-energy density (strain energy per unit volume) due to 
the normal stresses and strains is 


Hi = ; Ge. t 06) (c) 


The strain-energy density associated with the shear strains (Fig. 7-26) 
was evaluated previously in Section 3.9 (see Eq. d of that section): 


Txy Vx 
ipe = (d) 


By combining the strain-energy densities for the normal and shear 
strains, we obtain the following formula for the strain-energy density 
in plane stress: 


1 
u = D (Geer Ge Tey) (7-49) 
Substituting for the strains from Eqs. (7-34) and (7-35), we obtain the 
strain-energy density in terms of stresses alone: 
2 
“= 2z (02 + o2 — 2v0,0,) + e (7-50) 
In a similar manner, we can substitute for the stresses from Eqs. (7-36) 
and (7-37) and obtain the strain-energy density in terms of strains alone: 


LE (à 
2(1 — v?) 

To obtain the strain-energy density in the special case of biaxial 
stress, we simply drop the shear terms in Eqs. (7-49), (7-50), and (7-51). 


For the special case of uniaxial stress, we substitute the following 
values 





Gy 


(e? + e; TEE m ES (7-51) 


u = 


= —~ VE, Yxy — 0 


u = — u = — (e,f) 
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7.6 TRIAXIAL STRESS 


(b) 


FIG. 7-27 Element in triaxial stress 





These equations agree with Eqs. (2-44a) and (2-44b) of Section 2.7. 
Also, for pure shear we substitute 


gc oes) €é,=6,=0 


into Eqs. (7-50) and (7-51) and obtain 


2 2 
ut Cy 
L ee — —— —— wh 
u= OG u 5 (g.h) 


These equations agree with Eqs. (3-55a) and (3-55b) of Section 3.9. 


An element of material subjected to normal stresses ox, o,, and o; acting 
in three mutually perpendicular directions is said to be in a state of 
triaxial stress (Fig. 7-27a). Since there are no shear stresses on the x, y, 
and z faces, the stresses oy, oy, and c; are the principal stresses in the 
material. 

If an inclined plane parallel to the z axis is cut through the element 
(Fig. 7-27b), the only stresses on the inclined face are the normal stress o 
and shear stress 7, both of which act parallel to the xy plane. These 
stresses are analogous to the stresses o,, and 7,,,, encountered in our 
earlier discussions of plane stress (see, for instance, Fig. 7-2a). Because 
the stresses ø and 7 (Fig. 7-27b) are found from equations of force equi- 
librium in the xy plane, they are independent of the normal stress o.. 
Therefore, we can use the transformation equations of plane stress, as 
well as Mohr's circle for plane stress, when determining the stresses c 
and 7 in triaxial stress. The same general conclusion holds for the normal 
and shear stresses acting on inclined planes cut through the element 
parallel to the x and y axes. 


Maximum Shear Stresses 


From our previous discussions of plane stress, we know that the maxi- 
mum shear stresses occur on planes oriented at 45? to the principal planes. 
Therefore, for a material in triaxial stress (Fig. 7-27a), the maximum 
shear stresses occur on elements oriented at angles of 45? to the x, y, and 
z axes. For example, consider an element obtained by a 45? rotation about 
the z axis. The maximum positive and negative shear stresses acting on 
this element are 


Ox — T 


5 7 (7-52a) 


( asl: = = 


Similarly, by rotating about the x and y axes through angles of 45°, we 
obtain the following maximum shear stresses: 





FIG. 7-28 Mohr's circles for an element 
in triaxial stress 
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a E 2 (Taa) = = Eu = (7-52b,c) 


Care E a 
The absolute maximum shear stress is the numerically largest of the 
stresses determined from Eqs. (7-52a, b, and c). It is equal to one-half 
the difference between the algebraically largest and algebraically small- 
est of the three principal stresses. 

The stresses acting on elements oriented at various angles to the x, y, 
and z axes can be visualized with the aid of Mohr’s circles. For elements 
oriented by rotations about the z axis, the corresponding circle is labeled 
A in Fig. 7-28. Note that this circle is drawn for the case in which 
0 > 0, and both c; and o; are tensile stresses. 

In a similar manner, we can construct circles B and C for elements 
oriented by rotations about the x and y axes, respectively. The radii of 
the circles represent the maximum shear stresses given by Eqs. (7-52a, 
b, and c), and the absolute maximum shear stress is equal to the radius 
of the largest circle. The normal stresses acting on the planes of maxi- 
mum shear stresses have magnitudes given by the abscissas of the 
centers of the respective circles. 

In the preceding discussion of triaxial stress we only considered 
stresses acting on planes obtained by rotating about the x, y, and z axes. 
Thus, every plane we considered is parallel to one of the axes. For 
instance, the inclined plane of Fig. 7-27b is parallel to the z axis, and its 
normal is parallel to the xy plane. Of course, we can also cut through 
the element in skew directions, so that the resulting inclined planes 
are skew to all three coordinate axes. The normal and shear stresses 
acting on such planes can be obtained by a more complicated three- 
dimensional analysis. However, the normal stresses acting on skew 
planes are intermediate in value between the algebraically maximum 
and minimum principal stresses, and the shear stresses on those planes 
are smaller (in absolute value) than the absolute maximum shear stress 
obtained from Eqs. (7-52a, b, and c). 


Hooke's Law for Triaxial Stress 


If the material follows Hooke's law, we can obtain the relationships 
between the normal stresses and normal strains by using the same procedure 
as for plane stress (see Section 7.5). The strains produced by the stresses 
Oy, Oy, and og; acting independently are superimposed to obtain the 
resultant strains. Thus, we readily arrive at the following equations for 
the strains in triaxial stress: 


e, = = E ar) (7-53a) 
O; Vy 

e, — E) = ri T.) (7-53b) 

e, = = - mc 05) (7-536) 
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In these equations, the standard sign conventions are used; that is, tensile 
stress o and extensional strain e are positive. 

The preceding equations can be solved simultaneously for the 
stresses in terms of the strains: 


E 
O; = a naan — p)e, + v(€, T €.) (7-54a) 
=> E = = - 
9, — d X 25 (1 — ve, + v(e + €)| Q-54b) 
E 


0, = ET E — p)e, + v(e, + 6,) (7-54c) 
Equations (7-53) and (7-54) represent Hooke’s law for triaxial stress. 

In the special case of biaxial stress (Fig. 7-11b), we can obtain the 
equations of Hooke's law by substituting o; = 0 into the preceding 
equations. The resulting equations reduce to Eqs. (7-39) and (7-40) of 
Section 7.5. 


Unit Volume Change 


The unit volume change (or dilatation) for an element in triaxial stress is 
obtained in the same manner as for plane stress (see Section 7.5). If the 
element is subjected to strains €,, €,, and €, we may use Eq. (7-46) for 
the unit volume change: 


e— e, t e, t e, (7-55) 


This equation is valid for any material provided the strains are small. 
If Hooke's law holds for the material, we can substitute for the 
strains €,, €,, and e. from Eqs. (7-53a, b, and c) and obtain 


| 1-—2v 





€ (o + o, + 9 (7-56) 
Equations (7-55) and (7-56) give the unit volume change in triaxial 
stress in terms of the strains and stresses, respectively. 


Strain-Energy Density 


The strain-energy density for an element in triaxial stress is obtained by 
the same method used for plane stress. When stresses o, and o, act 
alone (biaxial stress), the strain-energy density (from Eq. 7-49 with the 
shear term discarded) is 


u = 5 Ge. t 9,€,) 


When the element is in triaxial stress and subjected to stresses Oy, Oy, 
and c., the expression for strain-energy density becomes 





FlG. 7-29 Element in spherical stress 
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u = > Ge. *:05€6, + 07€.) (7-57a) 
Substituting for the strains from Eqs. (7-53a, b, and c), we obtain the 
strain-energy density in terms of the stresses: 


u = (m? + Ts + o?) = (0,0, + 9,0, + 0,0,) (7-57b) 
In a similar manner, but using Eqs. (7-54a, b, and c), we can express the 
strain-energy density in terms of the strains: 


E 


-— Č [f(1 — D z 2 
u = x1 + D1 — 2») [(l — DE, + €, tez) 


+ PEE t EE, + ee) (7-57c) 


When calculating from these expressions, we must be sure to substitute 
the stresses and strains with their proper algebraic signs. 


Spherical Stress 


A special type of triaxial stress, called spherical stress, occurs whenever 
all three normal stresses are equal (Fig. 7-29): 
C= 0, 0 = 05 (7-58) 

Under these stress conditions, any plane cut through the element will 
be subjected to the same normal stress oy and will be free of shear 
stress. Thus, we have equal normal stresses in every direction and no 
shear stresses anywhere in the material. Every plane is a principal 
plane, and the three Mohr’s circles shown in Fig. 7-28 reduce to a 
single point. 

The normal strains in spherical stress are also the same in all direc- 
tions, provided the material is homogeneous and isotropic. If Hooke’s 
law applies, the normal strains are 


a= Fi mE (7-59) 


as obtained from Eqs. (7-53a, b, and c). 

Since there are no shear strains, an element in the shape of a cube 
changes in size but remains a cube. In general, any body subjected to 
spherical stress will maintain its relative proportions but will expand or 
contract in volume depending upon whether go is tensile or compressive. 

The expression for the unit volume change can be obtained from 
Eq. (7-55) by substituting for the strains from Eq. (7-59). The result is 


— 3a9(1 — 2») 


e = 36o = E (7-60) 
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Equation (7-60) is usually expressed in more compact form by introduc- 
ing a new quantity K called the volume modulus of elasticity, or bulk 
modulus of elasticity, which is defined as follows: 


"E A 
SCl c2») 


With this notation, the expression for the unit volume change becomes 


(7-61) 


Jo 


= — 7-62 
c=] (7-62) 
and the volume modulus is 
cc (7-63) 
€ 


Thus, the volume modulus can be defined as the ratio of the spherical 
stress to the volumetric strain, which is analogous to the definition of the 
modulus Æ in uniaxial stress. Note that the preceding formulas for e and K 
are based upon the assumptions that the strains are small and Hooke’s law 
holds for the material. 

From Eq. (7-61) for K, we see that if Poisson’s ratio v equals 1/3, the 
moduli K and E are numerically equal. If v = 0, then K has the value E/3, 
and if v = 0.5, K becomes infinite, which corresponds to a rigid material 
having no change in volume (that is, the material is incompressible). 

The preceding formulas for spherical stress were derived for an 
element subjected to uniform tension in all directions, but of course 
the formulas also apply to an element in uniform compression. In the 
case of uniform compression, the stresses and strains have negative 
signs. Uniform compression occurs when the material is subjected to 
uniform pressure in all directions; for example, an object submerged in 
water or rock deep within the earth. This state of stress is often called 
hydrostatic stress. 

Although uniform compression is relatively common, a state of 
uniform tension is difficult to achieve. It can be realized by suddenly and 
uniformly heating the outer surface of a solid metal sphere, so that the 
outer layers are at a higher temperature than the interior. The tendency of 
the outer layers to expand produces uniform tension in all directions at 
the center of the sphere. 


The strains at a point in a loaded structure vary according to the orien- 
tation of the axes, in a manner similar to that for stresses. In this section 
we will derive the transformation equations that relate the strains in 
inclined directions to the strains in the reference directions. These 
transformation equations are widely used in laboratory and field investi- 
gations involving measurements of strains. 


FIG. 7-30 Strain components €,, €,, and 
Yxy in the xy plane (plane strain) 





(a) 
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Strains are customarily measured by strain gages; for example, 
gages are placed in aircraft to measure structural behavior during flight, 
and gages are placed in buildings to measure the effects of earthquakes. 
Since each gage measures the strain in one particular direction, it is 
usually necessary to calculate the strains in other directions by means of 
the transformation equations. 


Plane Strain Versus Plane Stress 


Let us begin by explaining what is meant by plane strain and how it 
relates to plane stress. Consider a small element of material having sides 
of lengths a, b, and c in the x, y, and z directions, respectively (Fig. 7-30a). 
If the only deformations are those in the xy plane, then three strain compo- 
nents may exist—the normal strain e, in the x direction (Fig. 7-30b), the 
normal strain e, in the y direction (Fig. 7-30c), and the shear strain y, 
(Fig. 7-30d). An element of material subjected to these strains (and only 
these strains) is said to be in a state of plane strain. 

It follows that an element in plane strain has no normal strain e, in 
the z direction and no shear strains y,, and y,, in the xz and yz planes, 
respectively. Thus, plane strain is defined by the following conditions: 


e, = 0 Vez = O 35570 (7-64a,b,c) 


The remaining strains (€,, €,, and *,,) may have nonzero values. 

From the preceding definition, we see that plane strain occurs when 
the front and rear faces of an element of material (Fig. 7-30a) are fully 
restrained against displacement in the z direction—an idealized condi- 
tion that is seldom reached in actual structures. However, this does not 
mean that the transformation equations of plane strain are not useful. It 
turns out that they are extremely useful because they also apply to the 
strains in plane stress, as explained in the following paragraphs. 

The definition of plane strain (Eqs. 7-64a, b, and c) is analogous to 
that for plane stress. In plane stress, the following stresses must be zero: 


o, = 0 Tz = 0 Ta =U (7-65a,b,c) 








(b) (c) (d) 
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FIG. 7-31 Comparison of plane stress and 
plane strain 


whereas the remaining stresses (0%, ©, and 7,) may have nonzero val- 
ues. A comparison of the stresses and strains in plane stress and plane 
strain is given in Fig. 7-31. 

It should not be inferred from the similarities in the definitions of 
plane stress and plane strain that both occur simultaneously. In general, an 
element in plane stress will undergo a strain in the z direction (Fig. 7-31); 
hence, it is not in plane strain. Also, an element in plane strain usually 
will have stresses g, acting on it because of the requirement that €, = 0; 
therefore, it is not in plane stress. Thus, under ordinary conditions plane 
stress and plane strain do not occur simultaneously. 

An exception occurs when an element in plane stress is subjected to 
equal and opposite normal stresses (that is, when o, = —oy,) and 
Hooke's law holds for the material. In this special case, there is no 
normal strain in the z direction, as shown by Eq. (7-34c), and therefore 
the element is in a state of plane strain as well as plane stress. Another 
special case, albeit a hypothetical one, is when a material has Poisson's 
ratio equal to zero (v — 0); then every plane stress element is also in 
plane strain because e, = 0 (Eq. 7-34c)." 





Plane stress Plane strain 














9, -0 Txz = 0 Ty, = 0 Tx, = 0 Ty, = 0 
Stresses 

Ox, Oy, and Ty May have Tx, Fy, 07, and Ty May have 

nonzero values nonzero values 

yx; = 0 Vyz = 0 €,=0 Vez 70 yy; = 9 
Strains 

Ex, €y, €;, and Yxy may have Ex, Ey» and y, May have 

nonzero values nonzero values 

















"In the discussions of this chapter we are omitting the effects of temperature changes 
and prestrains, both of which produce additional deformations that may alter some of our 
conclusions. 





O * 


FIG. 7-32 Axes x, and y, rotated through 
an angle 0 from the xy axes 
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Application of the Transformation Equations 


The stress-transformation equations derived for plane stress in the xy 
plane (Eqs. 7-4a and 7-4b) are valid even when a normal stress o; is 
present. The explanation lies in the fact that the stress o. does not enter 
the equations of equilibrium used in deriving Eqs. (7-4a) and (7-4b). 
Therefore, the transformation equations for plane stress can also be 
used for the stresses in plane strain. 

An analogous situation exists for plane strain. Although we will 
derive the strain-transformation equations for the case of plane strain in 
the xy plane, the equations are valid even when a strain e, exists. The 
reason is simple enough—the strain e, does not affect the geometric 
relationships used in the derivations. Therefore, the transformation 
equations for plane strain can also be used for the strains in plane 
stress. 

Finally, we should recall that the transformation equations for plane 
stress were derived solely from equilibrium and therefore are valid for 
any material, whether linearly elastic or not. The same conclusion 
applies to the transformation equations for plane strain— since they are 
derived solely from geometry, they are independent of the material 
properties. 


Transformation Equations for Plane Strain 


In the derivation of the transformation equations for plane strain, we 
will use the coordinate axes shown in Fig. 7-32. We will assume that the 
normal strains €, and e, and the shear strain y,, associated with the xy 
axes are known (Fig. 7-30). The objectives of our analysis are to deter- 
mine the normal strain €,, and the shear strain y,,,,, associated with the 
xıyı axes, which are rotated counterclockwise through an angle 0 from 
the xy axes. (It is not necessary to derive a separate equation for the 
normal strain e,, because it can be obtained from the equation for e, by 
substituting 0 + 90? for 0.) 

Normal strain €,,. To determine the normal strain e,, in the x; 
direction, we consider a small element of material selected so that the x, 
axis 1s along a diagonal of the z face of the element and the x and y axes 
are along the sides of the element (Fig. 7-33a). The figure shows a two- 
dimensional view of the element, with the z axis toward the viewer. Of 
course, the element is actually three dimensional, as in Fig. 7-30a, with 
a dimension in the z direction. 

Consider first the strain e, in the x direction (Fig. 7-33a). This strain 
produces an elongation in the x direction equal to e,dx, where dx is the 
length of the corresponding side of the element. As a result of this elon- 
gation, the diagonal of the element increases in length by an amount 


€. dx cos 0 (a) 


as shown in Fig. 7-33a. 
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FIG. 7-33 Deformations of an element in 
plane strain due to (a) normal strain e,, 
(b) normal strain e,, and (c) shear 
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strain Yyy 


Next, consider the strain e, in the y direction (Fig. 7-33b). This 
strain produces an elongation in the y direction equal to e, dy, where dy 
is the length of the side of the element parallel to the y axis. As a result 
of this elongation, the diagonal of the element increases in length by an 
amount 


€, dy sin 0 (b) 


which is shown in Fig. 7-33b. 

Finally, consider the shear strain Y, in the xy plane (Fig. 7-33c). 
This strain produces a distortion of the element such that the angle at the 
lower left corner of the element decreases by an amount equal to the 
shear strain. Consequently, the upper face of the element moves to 
the right (with respect to the lower face) by an amount y,,dy. This 
deformation results in an increase in the length of the diagonal equal to 


Vey dy cos 0 (c) 
as shown in Fig. 7-33c. 
The total increase Ad in the length of the diagonal is the sum of the 


preceding three expressions; thus, 


Ad = e, dxcos 0 + e,dysin 0 + Y% dy cos 0 (d) 














y Vy dy COS x 
Yxy dy 


0 
e 
A 
E i 
d / 
/ 
dy 








FIG. 7-34 Shear strain Y, y, associated 
with the x;y; axes 
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The normal strain e,, in the x; direction is equal to this increase in length 
divided by the initial length ds of the diagonal: 


d d 
e, 7 = eL cos 6+ e, sin Ø + Yay =- cos 6 (e) 


Observing that dx/ds — cos 0 and dy/ds — sin 0, we obtain the follow- 
ing equation for the normal strain: 


Ex, = Ecos” 0 + esin” 0 + ysin 0cos 0 (7-66) 


Thus, we have obtained an expression for the normal strain in the x 
direction in terms of the strains e, €, and y,, associated with the xy 
axes. 

As mentioned previously, the normal strain e,, in the y, direction is 
obtained from the preceding equation by substituting 0 + 90° for 0. 

Shear strain y,,,,. Now we turn to the shear strain y,,,,, associated 
with the x;y, axes. This strain is equal to the decrease in angle between 
lines in the material that were initially along the x, and y; axes. To clarify 
this idea, consider Fig. 7-34, which shows both the xy and x,y, axes, 
with the angle 0 between them. Let line Oa represent a line in the 
material that initially was along the x, axis (that is, along the diagonal of 
the element in Fig. 7-33). The deformations caused by the strains €,, €y, 
and Yw (Fig. 7-33) cause line Oa to rotate through a counterclockwise 
angle o from the xı axis to the position shown in Fig. 7-34. Similarly, 
line Ob was originally along the y; axis, but because of the deformations 
it rotates through a clockwise angle 6. The shear strain y,,,, is the 
decrease in angle between the two lines that originally were at right 
angles; therefore, 


Yxiy4 == qQ RU p (7-67) 


Thus, in order to find the shear strain y,,,,, we must determine the 
angles «o and f. 

The angle œ can be found from the deformations pictured in 
Fig. 7-33 as follows. The strain e, (Fig. 7-33a) produces a clockwise rota- 
tion of the diagonal of the element. Let us denote this angle of rotation as 
a,. The angle a, is equal to the distance e, dx sin 0 divided by the length 
ds of the diagonal: 


a, = pi d (f) 
ds 


similarly, the strain e, produces a counterclockwise rotation of the diag- 
onal through an angle a> (Fig. 7-33b). This angle is equal to the distance 
€, dy cos 0 divided by ds: 
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d 
0 = €, EA cosé (g) 


Finally, the strain Yyy produces a clockwise rotation through an angle a3 
(Fig. 7-33c) equal to the distance yy, dy sin 0 divided by ds: 


d 
ap (h) 
S 


Therefore, the resultant counterclockwise rotation of the diagonal 
(Fig. 7-33), equal to the angle a shown in Fig. 7-34, is 


a= —a,t a5 — a5 
d d 
= -e C sin 0+ e, 7. cos 6 — y. ^ sin 6 (1) 


Again observing that dx/ds = cos 0 and dy/ds = sin 0, we obtain 
a= —(6. — €)sin 8 cos 8 — Yyy sin? 0 (7-68) 


The rotation of line Ob (Fig. 7-34), which initially was at 90? to line 
Oa, can be found by substituting 0 + 90? for 0 in the expression for a. 
The resulting expression is counterclockwise when positive (because « 
is counterclockwise when positive), hence it is equal to the negative of 
the angle 6 (because f is positive when clockwise). Thus, 


b 


(e. — €) sin (0 + 90°) cos (0 + 90°) + Yy sin? (0 + 90°) 
—(€,— €,) sin 0 cos 0 + Ya cos^ 6 (7-69) 


Adding « and £ gives the shear strain y,,,, (see Eq. 7-67): 
Yay" —2(6,— €,)sin 8 cos 0 -F- Yy (cos? 0 — sin? 0) (J) 


To put the equation in a more useful form, we divide each term by 2: 


Yuy 


5 SSS = Ey) SIN COS esr E (cos? 0 — sin* 0) (7-70) 


We have now obtained an expression for the shear strain y,.,,,, associ- 
ated with the x;y, axes in terms of the strains €, €,, and y,, associated 
with the xy axes. 

Transformation equations for plane strain. The equations for 
plane strain (Eqs. 7-66 and 7-70) can be expressed in terms of the angle 
20 by using the following trigonometric identities: 


cos? 0 = 5a + cos 20) sin? 0 = >a — cos 20) 
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l. 
m sin 0 cos 0 = — sin 20 
TABLE 7-1 CORRESPONDING VARIABLES IN 2 
THE TRANSFORMATION EQUATIONS FOR 
PLANE STRESS (EQS. 7-4a AND b) AND Thus, the transformation equations for plane strain become 


PLANE STRAIN (EQS. 7-71a AND b) 


€, t € E- E E 








and 





€x € ` X 
“5 7 3 ? sin 20 + E cos 20 (7-71b) 





These equations are the counterparts of Eqs. (7-4a) and (7-4b) for plane 
stress. 

When comparing the two sets of equations, note that €, corresponds 
to Ox, Yx,y,/2 corresponds to 7,,,, € corresponds to Oy, e, corresponds to 
oy, and y,,/2 corresponds to 7,,. The corresponding variables in the two 
sets of transformation equations are listed in Table 7-1. 

The analogy between the transformation equations for plane stress 
and those for plane strain shows that all of the observations made in 
Sections 7.2, 7.3, and 7.4 concerning plane stress, principal stresses, 
maximum shear stresses, and Mohr’s circle have their counterparts in 
plane strain. For instance, the sum of the normal strains in perpendicular 
directions is a constant (compare with Eq. 7-6): 


€,, TE 


wy oe ee Es Su (7-72) 


This equality can be verified easily by substituting the expressions for e, 
(from Eq. 7-71a) and e,, (from Eq. 7-71a with 0 replaced by 0 + 90°). 


Principal Strains 


Principal strains exist on perpendicular planes with the principal angles 
0, calculated from the following equation (compare with Eq. 7-11): 


fan o Pe (7-73) 


The principal strains can be calculated from the equation 








= = 2 D 
quce ER. [s 3 4 (2) (1-74) 
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which corresponds to Eq. (7-17) for the principal stresses. The two prin- 
cipal strains (in the xy plane) can be correlated with the two principal 
directions using the technique described in Section 7.3 for the principal 
stresses. (This technique is illustrated later in Example 7-7.) Finally, 
note that in plane strain the third principal strain is e, = 0. Also, the 
shear strains are zero on the principal planes. 


Maximum Shear Strains 


The maximum shear strains in the xy plane are associated with axes at 
45? to the directions of the principal strains. The algebraically maximum 
shear strain (in the xy plane) is given by the following equation (com- 
pare with Eq. 7-25): 


Ymax _ (s m 2E Eai (1-75) 


The minimum shear strain has the same magnitude but is negative. In 
the directions of maximum shear strain, the normal strains are 





y 
aver — 7-16 
e ; (7-16) 


which is analogous to Eq. (7-27) for stresses. The maximum out-of-plane 
shear strains, that is, the shear strains in the xz and yz planes, can be 
obtained from equations analogous to Eq. (7-75). 

An element in plane stress that is oriented to the principal directions 
of stress (see Fig. 7-13b) has no shear stresses acting on its faces. There- 
fore, the shear strain y,,,, for this element is zero. It follows that the 
normal strains in this element are the principal strains. Thus, at a given 
point in a stressed body, the principal strains and principal stresses 
occur in the same directions. 


Mohr’s Circle for Plane Strain 


Mohr’s circle for plane strain is constructed in the same manner as the 
circle for plane stress, as illustrated in Fig. 7-35. Normal strain e,, is plot- 
ted as the abscissa (positive to the right) and one-half the shear strain 
(y4,/2) 1s plotted as the ordinate (positive downward). The center C of 
the circle has an abscissa equal to €,,,, (Eq. 7-76). 

Point A, representing the strains associated with the x direction 
(0 = 0), has coordinates e, and y,,/2. Point B, at the opposite end 
of a diameter from A, has coordinates €, and —y,,/2, 
representing the strains associated with a pair of axes rotated through 


an angle 0 — 90*. 


FIG. 7-35 Mohr's circle for plane strain 
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The strains associated with axes rotated through an angle 0 are 
given by point D, which is located on the circle by measuring an 
angle 20 counterclockwise from radius CA. The principal strains are 
represented by points P, and P5, and the maximum shear strains by 
points Sı and S5. All of these strains can be determined from the geome- 
try of the circle or from the transformation equations. 


Strain Measurements 


An electrical-resistance strain gage is a device for measuring nor- 
mal strains on the surface of a stressed object. These gages are quite 
small, with lengths typically in the range from one-eighth to one- 
half of an inch. The gages are bonded securely to the surface of the 
object so that they change in length in proportion to the strains in 
the object itself. 

Each gage consists of a fine metal grid that is stretched or shortened 
when the object is strained at the point where the gage is attached. The 
grid is equivalent to a continuous wire that goes back and forth from one 
end of the grid to the other, thereby effectively increasing its length 
(Fig. 7-36). The electrical resistance of the wire is altered when it 
stretches or shortens—then this change in resistance is converted into a 
measurement of strain. The gages are extremely sensitive and can 
measure strains as small as 1 X 107°. 


€] 770 — —» 






€, ——— —  B(0 = 90°) 
ra 
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FIG. 7-36 Three electrical-resistance 
strain gages arranged as a 45? strain 
rosette (magnified view). 


Since each gage measures the normal strain in only one direction, 
and since the directions of the principal stresses are usually unknown, 
it is necessary to use three gages in combination, with each 
gage measuring the strain in a different direction. From three such 
measurements, it is possible to calculate the strains in any direction, 
as illustrated in Example 7-8. 

A group of three gages arranged in a particular pattern is called a 
strain rosette. Because the rosette is mounted on the surface of the 
body, where the material is in plane stress, we can use the transforma- 
tion equations for plane strain to calculate the strains in various 
directions. (As explained earlier in this section, the transformation 
equations for plane strain can also be used for the strains in 
plane stress.) 


Calculation of Stresses from the Strains 


The strain equations presented in this section are derived solely from 
geometry, as already pointed out. Therefore, the equations apply to any 
material, whether linear or nonlinear, elastic or inelastic. However, if it 
is desired to determine the stresses from the strains, the material proper- 
ties must be taken into account. 

If the material follows Hooke’s law, we can find the stresses using 
the appropriate stress-strain equations from either Section 7.5 (for plane 
stress) or Section 7.6 (for triaxial stress). 

As a first example, suppose that the material is in plane 
stress and that we know the strains €,, €, and y,,, perhaps from strain- 
gage measurements. Then we can use the stress-strain equations for 
plane stress (Eqs. 7-36 and 7-37) to obtain the stresses in the material. 

Now consider a second example. Suppose we have determined the 
three principal strains €,;, €2, and e3 for an element of material (if the 
element is in plane strain, then e4 = 0). Knowing these strains, we can 
find the principal stresses using Hooke's law for triaxial stress (see 
Eqs. 7-54a, b, and c). Once the principal stresses are known, we can find 
the stresses on inclined planes using the transformation equations for 
plane stress (see the discussion at the beginning of Section 7.6). 





(a) 45° strain gages three-element rosette 
(b) Three-element strain-gage rosettes 


prewired 





An element of material in plane strain undergoes the following strains: 


p 340 102" 


6=110X10° y= 180x 10? 


These strains are shown highly exaggerated in Fig. 7-37a, which shows the 
deformations of an element of unit dimensions. Since the edges of the element 
have unit lengths, the changes in linear dimensions have the same magnitudes as 
the normal strains €, and e,. The shear strain Yyy is the decrease in angle at the 
lower-left corner of the element. 

Determine the following quantities: (a) the strains for an element oriented at 
an angle 0 = 30°, (b) the principal strains, and (c) the maximum shear strains. 
(Consider only the in-plane strains, and show all results on sketches of properly 
oriented elements.) 


p 
110x 10-9 


I. 


180 x 10-9 





(a) 


Du 
80 x eÀ 
\ 


d 





m 
E 370 x 1056 


(c) 


FIG. 7-37 Example 7-7. Element of 
material in plane strain: (a) element 
oriented to the x and y axes, (b) element 
oriented at an angle 0 = 30°, 

(c) principal strains, and (d) maximum 
shear strains. (Note: The edges of the 
elements have unit lengths.) 


X 


= | 340 x 10-6 


Q0, = 19.0? 








yı 
90 x n 
Oe 
9 = 30° 
eA 1d 
110 x 10-6 A 360 x 10-6 


» 8; = 64.0° 
2x 225 x 10-6 
225 10-6 
Tur 
290 x 10-6 X 
(d) 


continued 
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Solution 

(a) Element oriented at an angle 0 = 30°. The strains for an element oriented 
at an angle 0 to the x axis can be found from the transformation equations (Eqs. 
7-71a and 7-71b). As a preliminary matter, we make the following calculations: 


& t€,  (340-- 110)10 ^ 
2 2 


= 225 x 10 ° 


xm em | (OX c TUI 
2 2 


= 115 x 10 6 


=a 90x 19-5 


Now substituting into Eqs. (7-71a) and (7-71b), we get 





Ex, 2225, -= S cos 20 + 2 sin 20 
= (225 x 10 5) + (115 x 107®)(cos 60°) + (90 x 10 9)(sin 60°) 
= 360 x 107° qm 
Vey Coa €, Vey 





= sin 20 + — cos 20 
2 D 2) 


= —(115 x 10 °)(sin 60°) + (90 X 10 °)(cos 60°) 
——55 x 10° 


Therefore, the shear strain 1s 


= —6 
Mean = — HORE TUO Gaal 


The strain €,, can be obtained from Eq. (7-72), as follows: 


€,, = €, + e,- e, = (340 + 110 — 360)10 = 90 x 10° uu 


The strains €,,, €,,, and Y, y, are shown in Fig. 7-37b for an element oriented at 
0 — 30*. Note that the angle at the lower-left corner of the element increases 
because Yy y, is negative. 

(b) Principal strains. The principal strains are readily determined from 


Eq. (7-74), as follows: 


€x té dom E Vx = 
te GF) 
— p «gigs (iS ye Se ted Um E 


= 995 x 10 f = 146 x 1079 





Thus, the principal strains are 


eE W0 ae e 30 l0 





Di 
80 x » 
\ 





d yı 
X1 ita 
225 x 10-6 
a m 
370 x 10-6 / 
O x 290 x 10-6 x 
(c) (d) 


FIG. 7-37c and d (Repeated) 


in which e, denotes the algebraically larger principal strain and e»; denotes 
the algebraically smaller principal strain. (Recall that we are considering only 
in-plane strains in this example.) 

The angles to the principal directions can be obtained from Eq. (7-73): 


Vey 0 180 E 
tan 20, = = =" _ = 0.7826 
o mc TTD 


y 





The values of 20, between 0 and 360° are 38.0° and 218.0°, and therefore the 
angles to the principal directions are 


0, = 19.0° and 109.0° 


To determine the value of 6, associated with each principal strain, we sub- 
stitute 6, = 19.0? into the first transformation equation (Eq. 7-71a) and solve for 
the strain: 


EE €. t € 


oc rM TNR ek 
2 2 


1 3 
= (225 X 10 ©) + (115 X 10 9)(cos 38.09) + (90 x 10 9)(sin 38.09) 
= 370 x 10 ° 


This result shows that the larger principal strain e; is at the angle 6,, = 19.0°. 
The smaller strain €; acts at 90° from that direction (8,, = 109.0°). Thus, 


e; — 370 X 10° and 6, = 19.0? 


e; - 80X 10° and 6, = 109.0 


Nole URW) t= EE. 
The principal strains are portrayed in Fig. 7-37c. There are, of course, no 
shear strains on the principal planes. 
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(c) Maximum shear strain. The maximum shear strain is calculated from 
Eq. (7-75): 





Ymax __ [s T66 


; Vey Y 6 E 
: L2 [e| = 146 x 10 y = 290 X 10 4m 


The element having the maximum shear strains is oriented at 45? to the principal 
directions; therefore, 0, = 19.0? + 45? = 64.0? and 26, = 128.0°. By substitut- 
ing this value of 20, into the second transformation equation (Eq. 7-71b), we can 
determine the sign of the shear strain associated with this direction. The calcula- 
tions are as follows: 


Msn ES iem €, 


2 





sin 20 + P cos 20 


— (115 X 10 Sy(sin 128.09) + (90 x 10° °)(cos 128.09) 


— 146 x 10 6 


This result shows that an element oriented at an angle 6,, = 64.0° has the maxi- 
mum negative shear strain. 

We can arrive at the same result by observing that the angle 6,, to the direc- 
tion of maximum positive shear strain is always 45° less than 6,,. Hence, 


Ue = pan cg SEN isi cs Mong 


um 
Che eae OTO «c 


The shear strains corresponding to 0, and 6, are Ymax = 290 X 10 and 
67min = -290 X Ome. respectively. 

The normal strains on the element having the maximum and minimum 
shear strains are 


eTe 





212258 (nS um 


€aver 7 


A sketch of the element having the maximum in-plane shear strains is shown in 
Fig. 7-37d. 

In this example, we solved for the strains by using the transformation equa- 
tions. However, all of the results can be obtained just as easily from Mohr’s 
circle. 


Example 7-8 








(b) 


FIG. 7-38 Example 7-8. (a) 45? strain 
rosette, and (b) element oriented at an 
angle 0 to the xy axes 
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A 45? strain rosette (also called a rectangular rosette) consists of three electrical- 
resistance strain gages arranged to measure strains in two perpendicular direc- 
tions and also at a 45? angle between them, as shown in Fig. 7-38a. The rosette 
is bonded to the surface of the structure before it is loaded. Gages A, B, and C 
measure the normal strains €}, €p, and e, in the directions of lines Oa, Ob, and 
Oc, respectively. 

Explain how to obtain the strains €,,, €, and Y, y, associated with an ele- 
ment oriented at an angle 0 to the xy axes (Fig. 7-38b). 


Solution 

At the surface of the stressed object, the material is in plane stress. Since the 
strain-transformation equations (Eqs. 7-71a and 7-71b) apply to plane stress as 
well as to plane strain, we can use those equations to determine the strains in any 
desired direction. 

Strains associated with the xy axes. We begin by determining the strains 
associated with the xy axes. Because gages A and C are aligned with the x and y 
axes, respectively, they give the strains e, and e, directly: 


E= €, €, = €, (7-TTa,b) 


To obtain the shear strain y,,, we use the transformation equation for normal 
strains (Eq. 7-71a): 


€,, = pom cos 26 +“ sin 26 





For an angle 0 = 45°, we know that €, = e; (Fig. 7-38a); therefore, the pre- 
ceding equation gives 











Sre M 90°) + 29" (i 90°) 
E€, = COS sin 
4 2 2 2 


Solving for y, we get 
Uo c t a (7-78) 


Thus, the strains €,, €,, and y,, are easily determined from the given strain-gage 
readings. 

Strains associated with the x,y, axes. Knowing the strains €, €,, and Yyy, 
we can calculate the strains for an element oriented at any angle 0 (Fig. 7-38b) 
from the strain-transformation equations (Eqs. 7-71a and 7-71b) or from Mohr's 
circle. We can also calculate the principal strains and the maximum shear strains 
from Eqs. (7-74) and (7-75), respectively. pem 
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CHAPTER SUMMARY & REVIEW 


In Chapter 7, we investigated the state of stress at a point on a stressed body and 
then displayed it on a stress element. In two dimensions, plane stress was discussed 
and we derived transformation equations that gave different, but equivalent, expres- 
sions of the state of normal and shear stresses at that point. Principal normal stresses 
and maximum shear stress, and their orientations, were seen to be the most 
important information for design. A graphical representation of the transformation 
equations, Mohr's circle, was found to be a convenient way of exploring various 
representations of the state of stress at a point, including those orientations of the 
stress element at which principal stresses and maximum shear stress occur. Later, 
strains were introduced and Hooke's law for plane stress was derived (for homoge- 
neous and isotropic materials) and then specialized to obtain stress-strain 
relationships for biaxial stress, uniaxial stress, and pure shear. The stress state in 
three dimensions, referred to as triaxial stress, was then introduced along with 
Hooke's law for triaxial stress. Spherical stress and hydrostatic stress were defined as 
special cases of triaxial stress. Finally, plain strain was defined for use in experimen- 
tal stress analysis and compared to plane stress. The major concepts presented in 
this chapter may be summarized as follows: 


1. The stresses on inclined sections cut through a body, such as a beam, may be 
larger than the stresses acting on a stress element aligned with the cross section. 


2. Stresses are tensors, not vectors, so we used equilibrium of a wedge element to 
transform the stress components from one set of axes to another. Since the trans- 
formation equations were derived solely from equilibrium of an element, they are 
applicable to stresses in any kind of material, whether linear, nonlinear, elastic, or 
inelastic. 


3. If we use two elements with different orientations to display the state of plane 
stress at the same point in a body, the stresses acting on the faces of the two 
elements are different, but they still represent the same intrinsic state of stress 
at that point. 


4. From equilibrium, we showed that the shear stresses acting on all four side 
faces of a stress element in plane stress are known if we determine the shear 
stress acting on any one of those faces. 


5. The sum of the normal stresses acting on perpendicular faces of plane-stress 
elements (at a given point in a stressed body) is constant and independent of the 
angle 6. 


6. The maximum and minimum normal stresses (called the principal stresses) can 
be found from the transformation equation for normal stress. We also can find 
the principal planes, at orientation 65, on which they act. The shear stresses are 
zero on the principal planes, the planes of maximum shear stress occur at 45? to 
the principal planes, and the maximum shear stress is equal to one-half the 
difference of the principal stresses. 


7. The transformation equations for plane stress can be represented in graphical 
form by a plot known as Mohr's circle which displays the relationship between 
normal and shear stresses acting on various inclined planes at a point in a 
stressed body. It also is used for calculating principal stresses, maximum shear 
stresses, and the orientations of the elements on which they act. 





10. 


11. 


Zz 





Hooke’s law for plane stress provides the relationships between normal strains 
and stresses for homogeneous and isotropic materials which follow Hooke’s law. 
These relationships contain three material constants (E, G, and v). 


The unit volume change e, or the dilatation of a solid body, is defined as the 
change in volume divided by the original volume and is equal to the sum of the 
normal strains in three perpendicular directions. 


The strain-energy density for plane stress, or the strain energy stored in a unit 
volume of the material, is computed as one-half of the sum of the products of 
stress times corresponding strain, provided Hooke's law holds for the material. 


A state of triaxial stress exists in an element if it is subjected to normal stresses 
in three mutually perpendicular directions and there are no shear stresses on the 
faces of the element; the stresses are seen to be the principal stresses in the 
material. A special type of triaxial stress (called spherical stress) occurs when 
all three normal stresses are equal and tensile. If all three stress are equal and 
compressive, the triaxial stress state is referred to as hydrostatic stress. 


Finally, transformation equations for plane strain may be derived for use in 
interpretation of experimental measurements made with strain gages. Plane 
strains at any orientation can be represented in graphical form using Mohr's 
circle for plane strain. Plane stress and plane strain are compared in Fig. 7-31, 
and under ordinary conditions do not occur simultaneously. The transformation 
equations for plane strain were derived solely from geometry and are independ- 
ent of the material properties. At a given point in a stressed body, the principal 
strains and principal stresses occur in the same directions. Lastly, the transfor- 
mation equations for plane stress also can be used for the stresses in plane 
strain, and the transformation equations for plane strain also can be used for the 
strains in plane stress. 
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PROBLEMS CHAPTER 7 


Plane Stress 


7.2-1 An element in plane stress is subjected to stresses 
0 = 4750 psi, oy = 1200 psi, and 7,, = 950 psi, as shown 
in the figure. 

Determine the stresses acting on an element oriented at 
an angle 0 — 60? from the x axis, where the angle 0 is posi- 
tive when counterclockwise. Show these stresses on a 
sketch of an element oriented at the angle 0. 


| 1200 psi 
—— 
950 psi 
<<— |—. 
4750 psi 
i 


PROB. 7.2-1 


7.2-2 Solve the preceding problem for an element in plane 
stress subjected to stresses a, = 100 MPa, o, = 80 MPa, 
and 7,, — 28 MPa, as shown in the figure. 

Determine the stresses acting on an element oriented at 
an angle 0 — 30? from the x axis, where the angle 0 is posi- 
tive when counterclockwise. Show these stresses on a 
sketch of an element oriented at the angle 0. 


| 80 MPa 
—— 
28 MPa 
| 
100 MPa 
—— 


PROB. 7.2-2 


7.2-3 Solve Problem 7.2-1 for an element in plane stress 
subjected to stresses o; = —5700 psi, o, = —2300 psi, and 
Txy = 2500 psi, as shown in the figure. 

Determine the stresses acting on an element oriented at 
an angle 0 — 50? from the x axis, where the angle 0 is posi- 
tive when counterclockwise. Show these stresses on a 
sketch of an element oriented at the angle 0. 


| 2300 psi 
2500 psi 
5700 psi 
< 


PROB. 7.2-3 


7.2-4 The stresses acting on element A in the web of a train 
rail are found to be 40 MPa tension in the horizontal 
direction and 160 MPa compression in the vertical direction 
(see figure). Also, shear stresses of magnitude 54 MPa act in 
the directions shown. 

Determine the stresses acting on an element oriented at a 
counterclockwise angle of 52° from the horizontal. Show 
these stresses on a sketch of an element oriented at this angle. 





|^ MPa 
| |2 MPa 
—— = 
54 MPa 
— 
Side Cross 
View Section 
PROB. 7.2-4 


7.2-5 Solve the preceding problem if the normal and shear 
stresses acting on element A are 6500 psi, 18,500 psi, and 
3800 psi (in the directions shown in the figure). 

Determine the stresses acting on an element oriented at a 
counterclockwise angle of 30° from the horizontal. Show 
these stresses on a sketch of an element oriented at this angle. 


j^ psi 


| [- psi 
——À A ——à 


3800 psi 





Side Cross 
View Section 
PROB. 7.2-5 


7.2-8 An element in plane stress from the fuselage of an air- 
plane is subjected to compressive stresses of magnitude 
27 MPa in the horizontal direction and tensile stresses of 
magnitude 5.5 MPa in the vertical direction (see figure). 
Also, shear stresses of magnitude 10.5 MPa act in the direc- 
tions shown. 

Determine the stresses acting on an element oriented 
at a clockwise angle of 35? from the horizontal. Show 
these stresses on a sketch of an element oriented at this 
angle. 


| 5.5 MPa 
< 
| 27 MPa 
=> < 
10.5 MPa 
—3À- 


PROB. 7.2-6 


7.2-7 The stresses acting on element B in the web of a wide- 
flange beam are found to be 14,000 psi compression in the 
horizontal direction and 2600 psi compression in the vertical 
direction (see figure). Also, shear stresses of magnitude 
3800 psi act in the directions shown. 


Determine the stresses acting on an element oriented at 
a counterclockwise angle of 40? from the horizontal. Show 
these stresses on a sketch of an element oriented at this 
angle. 





po psi 
o 
| 14,000 psi 
—y — 
3800 psi 
Side Cross 
View Section | 
PROB. 7.2-7 


7.2-8 Solve the preceding problem if the normal and shear 
stresses acting on element B are 46 MPa, 13 MPa, and 
2] MPa (in the directions shown in the figure) and the angle 
is 42.5? (clockwise). 
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|" MPa 
—— 
21 MPa 
——— 
| | 46 MPa 
< 


PROB. 7.2-8 


7.2-9 The polyethylene liner of a settling pond is subjected to 
stresses g, = 350 psi, a = 112 psi, and 7,, = —120 psi, as 
shown by the plane-stress element in the first part of the figure. 

Determine the normal and shear stresses acting on a 
seam oriented at an angle of 30? to the element, as shown 
in the second part of the figure. Show these stresses on a 
sketch of an element having its sides parallel and perpendi- 
cular to the seam. 





350 psi 
— O —— a 


120 psi 





PROB. 7.2-9 


7.2-10 Solve the preceding problem if the normal and shear 
stresses acting on the element are o, = 2100 kPa, oy, = 
300 kPa, and 7,, — —560 kPa, and the seam is oriented at an 
angle of 22.5? to the element. 


i 
| 300 kPa 


— 








PROB. 7.2-10 
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7.2-11 A rectangular plate of dimensions 3.0 in. X 5.0 in. 
is formed by welding two triangular plates (see figure). The 
plate is subjected to a tensile stress of 500 psi in the long 
direction and a compressive stress of 350 psi in the short 
direction. 

Determine the normal stress o;, acting perpendicular 
to the line of the weld and the shear stress 7, acting paral- 
lel to the weld. (Assume that the normal stress o, is 
positive when it acts in tension against the weld and the 
shear stress 7, is positive when it acts counterclockwise 
against the weld.) 


350 psi 








PROB. 7.2-11 


7.2-12 Solve the preceding problem for a plate of dimen- 
sions 100 mm X 250 mm subjected to a compressive stress 
of 2.5 MPa in the long direction and a tensile stress of 
12.0 MPa in the short direction (see figure). 


12.0 MPa 





PROB. 7.2-12 


7.2-13 At a point on the surface of a machine the material 
is in biaxial stress with oy = 3600 psi and oy = —1600 psi, 
as shown in the first part of the figure. The second part of 
the figure shows an inclined plane aa cut through the same 
point in the material but oriented at an angle 0. 

Determine the value of the angle 0 between zero and 
90? such that no normal stress acts on plane aa. Sketch a 
stress element having plane aa as one of its sides and show 
all stresses acting on the element. 


y 


| 1600 psi a 


i 
pa 
3600 psi 
— O — 





X 


PROB. 7.2-13 


7.2-14 Solve the preceding problem for o, = 32 MPa and 
a, = —50 MPa (see figure). 





PROB. 7.2-14 


7.2-15 An element in plane stress from the frame of a rac- 
ing car is oriented at a known angle 0 (see figure). On this 
inclined element, the normal and shear stresses have the 
magnitudes and directions shown in the figure. 

Determine the normal and shear stresses acting on an 
element whose sides are parallel to the xy axes, that is, 
determine Oy, oy, and 7,,. Show the results on a sketch of an 
element oriented at 0 = O°. 







2475 psi 
3950 psi v / ZI -— 
Sao psi 






A 


PROB. 7.2-15 


7.2-16 Solve the preceding problem for the element shown 
in the figure. 


24.3 MPa 





PROB. 7.2-16 


7.2-17 A plate in plane stress is subjected to normal stresses 
o, and o, and shear stress 7,,, as shown in the figure. At 
counterclockwise angles 0 — 35? and 0 — 75? from the x 
axis, the normal stress is 4800 psi tension. 

If the stress o, equals 2200 psi tension, what are the 


9 
stresses oy and To 





i 
—— 
b» 
| | o = 2200 psi 
— O —> — 
—— 


PROB. 7.2-17 


7.2-18 The surface of an airplane wing is subjected to plane 
stress with normal stresses o and o, and shear stress 7,,, as 
shown in the figure. At a counterclockwise angle 0 — 32? 
from the x axis, the normal stress 1s 37 MPa tension, and at 
an angle 0 = 48°, it is 12 MPa compression. 

If the stress ø, equals 110 MPa tension, what are the 
stresses o, and 7,,? 
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l 
= 
Ty 
o, = 110 MPa 
| O x 


PROB. 7.2-18 


7.2-19 At a point in a structure subjected to plane 
stress, the stresses are oy = —4100 psi, oy = 2200 psi, and 
Txy = 2900 psi (the sign convention for these stresses is 
shown in Fig. 7-1). A stress element located at the same 
point in the structure (but oriented at a counterclockwise 
angle 0, with respect to the x axis) is subjected to the 
stresses shown in the figure (op, Tp, and 1800 psi). 
Assuming that the angle 0; is between zero and 90°, cal- 
culate the normal stress o;, the shear stress 7,, and the angle 6, 








A 


6i 


Kon 


0 psi 






PROB. 7.2-19 


Principal Stresses and Maximum Shear Stresses 


When solving the problems for Section 7.3, consider only 
the in-plane stresses (the stresses in the xy plane). 


7.3-1 An element in plane stress is subjected to stresses 
0, = 4750 psi, o, = 1200 psi, and 7,, = 950 psi (see the 
figure for Problem 7.2-1). 

Determine the principal stresses and show them on a 


sketch of a properly oriented element. 
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7.3-2 An element in plane stress is subjected to stresses 
ao, = 100 MPa, o, = 80 MPa, and 7,, = 28 MPa (see the 
figure for Problem 7.2-2). 

Determine the principal stresses and show them on a 
sketch of a properly oriented element. 


7.3-3 An element in plane stress is subjected to stresses 
og, = —5700 psi oy, = —2300 psi, and 7,, = 2500 psi 
(see the figure for Problem 7.2-3). 

Determine the principal stresses and show them on a 
sketch of a properly oriented element. 


7.3-4 The stresses acting on element A in the web of a train 
rail are found to be 40 MPa tension in the horizontal direc- 
tion and 160 MPa compression in the vertical direction 
(see figure). Also, shear stresses of magnitude 54 MPa act in 
the directions shown (see the figure for Problem 7.2-4). 

Determine the principal stresses and show them on a 
sketch of a properly oriented element. 


7.3-5 The normal and shear stresses acting on element A are 
6500 psi, 18,500 psi, and 3800 psi (in the directions shown 
in the figure) (see the figure for Problem 7.2-5). 

Determine the maximum shear stresses and associated 
normal stresses and show them on a sketch of a properly ori- 
ented element. 


7.3-8 An element in plane stress from the fuselage of an 
airplane is subjected to compressive stresses of magnitude 
27 MPa in the horizontal direction and tensile stresses of 
magnitude 5.5 MPa in the vertical direction. Also, shear 
stresses of magnitude 10.5 MPa act in the directions shown 
(see the figure for Problem 7.2-6). 

Determine the maximum shear stresses and associated 
normal stresses and show them on a sketch of a properly 
oriented element. 


7.3-7 The stresses acting on element B in the web of a wide- 
flange beam are found to be 14,000 psi compression in the 
horizontal direction and 2600 psi compression in the vertical 
direction. Also, shear stresses of magnitude 3800 psi act in 
the directions shown (see the figure for Problem 7.2-7). 

Determine the maximum shear stresses and associated 
normal stresses and show them on a sketch of a properly 
oriented element. 


7.3-8 The normal and shear stresses acting on element B are 
0, = —46 MPa, o, = —13 MPa, and 7, = 21 MPa (see figure 
for Problem 7.2-8). 

Determine the maximum shear stresses and associated 
normal stresses and show them on a sketch of a properly 
oriented element. 


7.3-9 A shear wall in a reinforced concrete building is 
subjected to a vertical uniform load of intensity q and a 
horizontal force H, as shown in the first part of the figure. 


(The force H represents the effects of wind and earthquake 
loads.) As a consequence of these loads, the stresses at 
point A on the surface of the wall have the values shown in 
the second part of the figure (compressive stress equal to 
1100 psi and shear stress equal to 480 psi). 

(a) Determine the principal stresses and show them on 
a sketch of a properly oriented element. 

(b) Determine the maximum shear stresses and associ- 
ated normal stresses and show them on a sketch of a 
properly oriented element. 


| 100 psi 


480psi «4 Y 





PROB. 7.3-9 


7.3-10 A propeller shaft subjected to combined torsion and 
axial thrust is designed to resist a shear stress of 56 MPa and 
a compressive stress of 85 MPa (see figure). 

(a) Determine the principal stresses and show them on 
a sketch of a properly oriented element. 

(b) Determine the maximum shear stresses and associ- 
ated normal stresses and show them on a sketch of a 
properly oriented element. 


N 


PROB. 7.3-10 


7.3-11 through 7.3-16 An element in plane stress (see 
figure) is subjected to stresses oy, 0y, and Tyy. 


(a) Determine the principal stresses and show them on 
a sketch of a properly oriented element. 

(b) Determine the maximum shear stresses and associ- 
ated normal stresses and show them on a sketch of a 
properly oriented element. 


, 

L 
Ge 

I 


PROBS. 7.3-11 through 7.3-16 





T.3-11 c, = 2500 psi, o, = 1020 psi, Ty, = —900 psi 
7.3-12 o, = 2150 kPa, o, = 375 kPa, 7,, = —460 kPa 
1.3-13 o, = 14,500 psi, oy = 1070 psi, 7,, = 1900 psi 


7.3-14 c, = 16.5 MPa, o, = —91 MPa, 7, = —39 MPa 
1.3-15 c, = —3300 psi, o, = — 11,000 psi, 7,, = 4500 psi 
7.3-16 c, = —108 MPa, o, = 58 MPa, 7, = —58 MPa 


7.3-17 At a point on the surface of a machine component, 
the stresses acting on the x face of a stress element are 
0 = 5900 psi and 7,, = 1950 psi (see figure). 

What is the allowable range of values for the stress o, 
if the maximum shear stress is limited to 79 = 2500 psi? 


Ty = 1950 psi 
-= g, = 5900 Hs 





Te 


PROB. 7.3-17 
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7.3-18 At a point on the surface of a machine component 
the stresses acting on the x face of a stress element are 
0, = 42 MPa and 7,, = 33 MPa (see figure). 

What is the allowable range of values for the stress 
o, if the maximum shear stress is limited to To = 35 MPa? 





PROB. 7.3-18 


7.3-19 An element in plane stress is subjected to stresses 
9, = 5700 psi and 7,, = —2300 psi (see figure). It is known 
that one of the principal stresses equals 6700 psi in tension. 
(a) Determine the stress o;. 
(b) Determine the other principal stress and the orien- 
tation of the principal planes, then show the principal 


stresses on a sketch of a properly oriented element. 


i 
S 
| a | 5700 psi 
— O —— 
— —- — 2300 psi 


PROB. 7.3-19 
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7.3-20 An element in plane stress is subjected to stresses 
gx = —50 MPa and 7,, = 42 MPa (see figure). It is known 
that one of the principal stresses equals 33 MPa in tension. 
(a) Determine the stress o;. 
(b) Determine the other principal stress and the orien- 
tation of the principal planes, then show the principal 
stresses on a sketch of a properly oriented element. 


y 
y 


P 


42 MPa 

| v 

—— O — x 
| 


Mohr's Circle 





PROB. 7.3-20 


The problems for Section 7.4 are to be solved using Mohr's 
circle. Consider only the in-plane stresses (the stresses in 
the xy plane). 


7.4-1 An element in uniaxial stress is subjected to tensile 
stresses gy = 11,375 psi, as shown in the figure. Using 
Mohr's circle, determine: 

(a) The stresses acting on an element oriented at a 
counterclockwise angle 0 — 24? from the x axis. 

(b) The maximum shear stresses and associated normal 
stresses. 

Show all results on sketches of properly oriented 
elements. 





11,375 psi 
i x 


PROB. 7.4-1 


7.4-2 An element in uniaxial stress is subjected to tensile 
stresses o, = 49 MPa, as shown in the figure Using Mohr's 
circle, determine: 

(a) The stresses acting on an element oriented at an 
angle 0 = —27° from the x axis (minus means clockwise). 

(b The maximum shear stresses and associated 
normal stresses. 

Show all results on sketches of properly oriented 
elements. 


49 MPa 





PROB. 7.4-2 


7.4-3 An element in uniaxial stress is subjected to com- 
pressive stresses of magnitude 6100 psi, as shown in the 
figure. Using Mohr's circle, determine: 

(a) The stresses acting on an element oriented at a 
slope of 1 on 2 (see figure). 

(b) The maximum shear stresses and associated normal 
stresses. 

Show all results on sketches of properly oriented 
elements. 





6100psi ^ 





PROB. 7.4-3 


7.4-4 An element in biaxial stress is subjected to stresses 
0, = —48 MPa and o, = 19 MPa, as shown in the figure. 
Using Mohr's circle, determine: 

(a) The stresses acting on an element oriented at a 
counterclockwise angle 0 — 25? from the x axis. 

(b) The maximum shear stresses and associated normal 
stresses. 

Show all results on sketches of properly oriented 
elements. 





PROB. 7.4-4 


7.4-5 An element in biaxial stress is subjected to stresses 
0, = 6250 psi and o, = —1750 psi, as shown in the figure. 
Using Mohr's circle, determine: 

(a) The stresses acting on an element oriented at a 
counterclockwise angle 0 — 55? from the x axis. 

(b) The maximum shear stresses and associated normal 
stresses. 

Show all results on sketches of properly oriented 
elements. 


i 
= psi 


6250 psi 
— O ——- 





PROB. 7.4-5 


7.4-8 An element in biaxial stress is subjected to stresses 
0x = —29 MPa and o, = 57 MPa, as shown in the figure. 
Using Mohr's circle, determine: 

(a) The stresses acting on an element oriented at a 
slope of 1 on 2.5 (see figure). 

(b) The maximum shear stresses and associated normal 
stresses. 

Show all results on sketches of properly oriented 
elements. 
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PROB. 7.4-6 


7.4-7 An element in pure shear is subjected to stresses 
T, = 2700 psi, as shown in the figure. Using Mohr's circle, 
determine: 

(a) The stresses acting on an element oriented at a 
counterclockwise angle 0 — 52? from the x axis. 

(b) The principal stresses. 

Show all results on sketches of properly oriented 
elements. 





i 

— 2700 psi 

| HI 
c 


PROB. 7.4-7 


7.4-8 An element in pure shear is subjected to stresses 
UV = —14.5 MPa, as shown in the figure. Using Mohr’s 
circle, determine: 

(a) The stresses acting on an element oriented at a 
counterclockwise angle 0 — 22.5? from the x axis 

(b) The principal stresses. 

Show all results on sketches of properly oriented 
elements. 


i 
—i 
| LL | 
— ——— 14.5 MPa 


PROB. 7.4-8 
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7.4-9 An element in pure shear is subjected to stresses 
T, = 3750 psi, as shown in the figure. Using Mohr's circle, 
determine: 

(a) The stresses acting on an element oriented at a 
slope of 3 on 4 (see figure). 

(b) The principal stresses. 

Show all results on sketches of properly oriented 
elements. 





3750 psi 


PROB. 7.4-9 


7.4-10 through 7.4-15 An element in plane stress is 
subjected to stresses oy, Oy, and 7,, (see figure). 

Using Mohr's circle, determine the stresses acting on 
an element oriented at an angle 0 from the x axis. Show 
these stresses on a sketch of an element oriented at the 
angle 0. (Note: The angle 0 is positive when counterclock- 
wise and negative when clockwise.) 





PROBS. 7.4-10 through 7.4-15 
7.4-10 c, = 27 MPa, o, = 14 MPa, 7,, = 6 MPa, 0 = 40? 


1.4-11 c, = 3500 psi, o, = 12,200 psi, Tą, = —3300 psi, 
0 = —51° 


1.4-.12 o, = —47 MPa, o, = —186 MPa, 7, = —29 MPa, 
0 = =33° 


7.4-13 c, = —1720 psi, o, = —680 psi, 7 


; y = 320 psi, 
0 = 14^ 


1.4-14 c0, = 33 MPa, o, = —9 MPa, Tą, = 29 MPa, 


0 = 35? 
1.4-15 c, = —5700 psi, o, = 950 psi, 7, = —2100 psi, 
0 — 65? 


7.4-16 through 7.4-23 An element in plane stress is sub- 
jected to stresses oy, oy, and 7,, (see figure). 

Using Mohr's circle, determine (a) the principal 
stresses and (b) the maximum shear stresses and associated 
normal stresses. Show all results on sketches of properly 
oriented elements. 





PROBS. 7.4-16 through 7.4-23 

1.4-16 c, = —29.5 MPa, o, = 29.5 MPa, 7,, = 27 MPa 
T.4-17 c, = 7300 psi, o, = 0 psi, 7, = 1300 psi 

7.4-18 c, = 0 MPa, o, = —23.4 MPa, 7,, = —9.6 MPa 
7.4-19 c, = 2050 psi, o, = 6100 psi, Ty = 2750 psi 
7.4-20 c, = 2900 kPa, o, = 9100 kPa, 7, = —3750 kPa 
1.4-21 o, = —11,500 psi, o, = — 18,250 psi, 7, = —7200 psi 
1.4-22 c, = —3.3 MPa, o, = 8.9 MPa, 7,, = —14.1 MPa 
7.4-23 c, = 800 psi, a, = —2200 psi, 7,, = 2900 psi 


Hooke's Law for Plane Stress 


When solving the problems for Section 7.5, assume that the 
material is linearly elastic with modulus of elasticity E and 
Poisson's ratio v. 


7.5-1 A rectangular steel plate with thickness t = 0.25 in. is 
subjected to uniform normal stresses o; and o,, as shown in 
the figure. Strain gages A and B, oriented in the x and 
y directions, respectively, are attached to the plate. The gage 
readings give normal strains e, — 0.0010 (elongation) and 
€, — —0.0007 (shortening). 

Knowing that E — 30 X 10? psi and v — 0.3, deter- 
mine the stresses cg, and o, and the change Ar in the 
thickness of the plate. 








PROBS. 7.5-1 and 7.5-2 


7.5-2 Solve the preceding problem if the thickness of the steel 
plate is t= 10 mm, the gage readings are e, = 480 x 10 ° 
(elongation) and e, — 130 X 10? (elongation), the modulus 
is E = 200 GPa, and Poisson’s ratio is v = 0.30. 


7.9-3 Assume that the normal strains e, and e, for an element 
in plane stress (see figure) are measured with strain gages. 
(a) Obtain a formula for the normal strain e, in the z 
direction in terms of €,, €,, and Poisson’s ratio v. 
(b) Obtain a formula for the dilatation e in terms of 
Ex, €, and Poisson's ratio v. 





PROB. 7.5-3 


7.5-4 A magnesium plate in biaxial stress is subjected 
to tensile stresses o, = 24 MPa and o; = 12 MPa (see 
figure). The corresponding strains in the plate are e, — 
440 X 10 ° and e, = 80 x 10 ®. 

Determine Poisson's ratio v and the modulus of elas- 
ticity E for the material. 





PROBS. 7.5-4 through 7.5-7 
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7.9-5 Solve the preceding problem for a steel plate with 
ay = 10,800 psi (tension), o, = —5,400 psi (compression), €, = 
420 x 10 9 (elongation), and e, = —300 X 107° (shortening). 


7.5-6 A rectangular plate in biaxial stress (see figure) is sub- 
jected to normal stresses o, = 90 MPa (tension) and 
a, = —20 MPa (compression). The plate has dimensions 
400 x 800 xX 20 mm and is made of steel with 
E — 200 GPa and v — 0.30. 

(a) Determine the maximum in-plane shear strain Ymax 
in the plate. 

(b) Determine the change At in the thickness of the plate. 

(c) Determine the change AV in the volume of the plate. 


7.9-7 Solve the preceding problem for an aluminum plate 
with o = 12,000 psi (tension), ay = —3,000 psi (compres- 
sion), dimensions 20 X 30 X 0.5 in., E = 10.5 X 10° psi, 
and v = 0.33. 


7.5-8 A brass cube 50 mm on each edge is compressed in two 
perpendicular directions by forces P — 175 kN (see figure). 

Calculate the change AV in the volume of the cube and 
the strain energy U stored in the cube, assuming 
E = 100 GPa and v = 0.34. 


P 2175 kN 





PROB. 7.5-8 


7.5-9 A 4.0-inch cube of concrete (E = 3.0 X 10° psi, 
v = 0.1) is compressed in biaxial stress by means of a 
framework that is loaded as shown in the figure. 

Assuming that each load F equals 20 k, determine the 
change AV in the volume of the cube and the strain energy 
U stored in the cube. 





PROB. 7.5-9 
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7.5-10 A square plate of width b and thickness t is loaded 
by normal forces P, and P,, and by shear forces V, as shown 
in the figure. These forces produce uniformly distributed 
stresses acting on the side faces of the plate. 

Calculate the change AV in the volume of the plate and 
the strain energy U stored in the plate if the dimensions 
are b = 600 mm and t = 40 mm, the plate is made of 
magnesium with E = 45 GPa and v = 0.35, and the forces 
are P, = 480 kN, P, = 180 kN, and V = 120 KN. 





PROBS. 7.5-10 and 7.5-11 


7.5-11 Solve the preceding problem for an aluminum plate 
with b = 12 in., t = 1.0 in., E = 10,600 ksi, v = 0.33, P, = 
90 k, P, = 20 k, and V = 15 k. 


*7.5-12 A circle of diameter d = 200 mm is etched on a brass 
plate (see figure). The plate has dimensions 400 Xx 400 x 20 
mm. Forces are applied to the plate, producing uniformly 
distributed normal stresses oj, = 42 MPa and o, = 14 MPa. 

Calculate the following quantities: (a) the change in 
length Aac of diameter ac; (b) the change in length Abd of 
diameter bd; (c) the change At in the thickness of the plate; 
(d) the change AV in the volume of the plate, and (e) the 
strain energy U stored in the plate. (Assume E = 100 GPa 
and v = 0.34.) 








PROB. 7.5-12 


Triaxial Stress 


When solving the problems for Section 7.6, assume that the 
material is linearly elastic with modulus of elasticity E and 
Poisson's ratio v. 


7.6-1 An element of aluminum in the form of a rectan- 
gular parallelepiped (see figure) of dimensions 
a = 6.0 in., b = 4.0 in, and c = 3.0 in. is subjected to 


triaxial stresses gy = 12,000 psi, oy, = —4,000 psi, 
and o, = —1,000 psi acting on the x, y, and z faces, 
respectively. 


Determine the following quantities: (a) the maxi- 
mum shear stress Tmax in the material; (b) the changes 
Aa, Ab, and Ac in the dimensions of the element; (c) the 
change AV in the volume; and (d) the strain energy 
U stored in the element. (Assume E = 10,400 ksi and 
p = 0.33.) 





PROBS. 7.6-1 and 7.6-2 


7.6-2 Solve the preceding problem if the element is steel 
(E = 200 GPa, v = 0.30) with dimensions a = 300 mm, b 
= 150 mm, and c = 150 mm and the stresses are 
0, = —60 MPa, o, = —40 MPa, and o; = —40 MPa. 


7.6-3 A cube of cast iron with sides of length a = 4.0 in. 
(see figure) is tested in a laboratory under triaxial stress. 
Gages mounted on the testing machine show that the 
compressive strains in the material are e, = —225 X 10 ? 
and e, = e, = —37.5 X 10°°. 

Determine the following quantities: (a) the normal 
stresses Oy, 0,, and o; acting on the x, y, and z faces of the 
cube; (b) the maximum shear stress Tmax in the material; 
(c) the change AV in the volume of the cube; and (d) the 
strain energy U stored in the cube. (Assume E = 14,000 ksi 
and rv = 0.25.) 





PROBS. 7.6-3 and 7.6-4 


7.6-4 Solve the preceding problem if the cube is granite (E — 
60 GPa, v — 0.25) with dimensions a — 75 mm and compres- 
sive strains e, = —720 X 10 ? and e, = e, = —270 x 10 9. 


7.6-5 An element of aluminum in triaxial stress (see figure) 
is subjected to stresses o, — 5200 psi (tension), 
0, = —4750 psi (compression), and o; = —3090 psi (com- 
pression). It is also known that the normal strains in the 
x and y directions are e, = 713.8 x 10 (elongation) and 
&, 7-502. X 10-9 (shortening). 

What is the bulk modulus K for the aluminum? 





PROBS. 7.6-5 and 7.6-6 


7.6-8 Solve the preceding problem if the material is nylon 
subjected to compressive stresses g, = —4.5 MPa, o, = 
—3.6 MPa, and co; = —2.1 MPa, and the normal strains are 
e, = —740 X 10 ? and E, = 32075 107° (shortenings). 


7.6-7 A rubber cylinder R of length L and cross-sectional 
area A is compressed inside a steel cylinder S by a force F 
that applies a uniformly distributed pressure to the rubber 
(see figure). 


(a) Derive a formula for the lateral pressure p between 
the rubber and the steel. (Disregard friction between the 


CHAPTER 7 Problems 613 


rubber and the steel, and assume that the steel cylinder is 
rigid when compared to the rubber.) 

(b) Derive a formula for the shortening 6 of the rubber 
cylinder. 





PROB. 7.6-7 


7.6-8 A block R of rubber is confined between plane parallel 
walls of a steel block S (see figure). A uniformly distributed 
pressure po is applied to the top of the rubber block by a force F. 

(a) Derive a formula for the lateral pressure p between 
the rubber and the steel. (Disregard friction between the 
rubber and the steel, and assume that the steel block is rigid 
when compared to the rubber.) 

(b) Derive a formula for the dilatation e of the rubber. 

(c) Derive a formula for the strain-energy density u of 
the rubber. 





PROB. 7.6-8 


7.6-9 A solid spherical ball of brass (E — 15 X 10? psi, 
v = 0.34) is lowered into the ocean to a depth of 10,000 ft. 
The diameter of the ball is 11.0 in. 

Determine the decrease A d in diameter, the decrease 
AV in volume, and the strain energy U of the ball. 
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7.6-10 A solid steel sphere (E = 210 GPa, v = 0.3) is sub- 
jected to hydrostatic pressure p such that its volume is 
reduced by 0.4%. 

(a) Calculate the pressure p. 

(b) Calculate the volume modulus of elasticity K for 
the steel. 

(c) Calculate the strain energy U stored in the sphere if 
its diameter is d = 150 mm. 


7.6-11 A solid bronze sphere (volume modulus of elasticity 
K = 14.5 X 10° psi) is suddenly heated around its outer sur- 
face. The tendency of the heated part of the sphere to expand 
produces uniform tension in all directions at the center of 
the sphere. 

If the stress at the center is 12,000 psi, what is the 
strain? Also, calculate the unit volume change e and the 
strain-energy density u at the center. 


Plane Strain 


When solving the problems for Section 7.7, consider only 
the in-plane strains (the strains in the xy plane) unless 
stated otherwise. Use the transformation equations of plane 
strain except when Mohr’s circle is specified (Problems 
7.7-23 through 7.7-28). 


7.1-1 A thin rectangular plate in biaxial stress is subjected 
to stresses o, and o,, as shown in part (a) of the figure. 
The width and height of the plate are b = 8.0 in. and 
h — 4.0 in., respectively. Measurements show that the 
normal strains in the x and y directions are e, = 195 X 
10? and ge EX 10 5, respectively. 

With reference to part (b) of the figure, which shows a 
two-dimensional view of the plate, determine the following 
quantities: (a) the increase Ad in the length of diagonal Od; 
(b) the change Ad in the angle ¢ between diagonal Od and 
the x axis; and (c) the change Ay in the angle y between 
diagonal Od and the y axis. 








9E Lá 7 
(b) 
PROBS. 7.7-1 and 7.7-2 


7.7-2 Solve the preceding problem if b= 160 mm, 
h = 60 mm, e, = 410 X 10 5, and e, = —320 x 10 ®. 


7.7-3 A thin square plate in biaxial stress is subjected to 
stresses o; and o,, as shown in part (a) of the figure. The 
width of the plate is b = 12.0 in. Measurements show 
that the normal strains in the x and y directions are e, — 
427 X 10 ? and é, = 113: X 10 5, respectively. 

With reference to part (b) of the figure, which shows 
a two-dimensional view of the plate, determine the fol- 
lowing quantities: (a) the increase Ad in the length of 
diagonal Od; (b) the change Ad in the angle between 
diagonal Od and the x axis; and (c) the shear strain y asso- 
ciated with diagonals Od and cf (that is, find the decrease 
in angle ced). 





(a) (b) 


PROBS. 7.7-3 and 7.7-4 


7.7-4 Solve the preceding problem if b = 225 mm, e, = 
845 X 10 5, and e, = 211 X 10 ®. 


7.7-5 An element of material subjected to plane strain 
(see figure) has strains as follows: e, = 220 X 107°, €, — 
480 X 10 5, and Yy = 180 x 10 5. 

Calculate the strains for an element oriented at an 
angle 0 — 50? and show these strains on a sketch of a prop- 
erly oriented element. 


X 





PROBS. 7.7-5 through 7.7-10 


7.7-6 Solve the preceding problem for the following data: 
€, = 420 X 10 5, e, = —170 X 10 5, Yy = 310 x 1075, 
and 0 — 37.5*. 


7.7-7 The strains for an element of material in plane strain 
(see figure) are as follows: e. = 480 X 107°, E, = 
140 X 10 5, and y,, = —350 x 10 *. 

Determine the principal strains and maximum shear 
strains, and show these strains on sketches of properly 
oriented elements. 


7.7-8 Solve the preceding problem for the following strains: 
e = 120 X 10 5, & = —450 X 10 5, and y, = 
—360 X 10°. 


7.7-9 An element of material in plane strain (see figure) is 
subjected to strains e, = 480 X 10 5, e, = 70 X 10 5, and 
y, = 420 X 107°. 

Determine the following quantities: (a) the strains for 
an element oriented at an angle 0 = 75°, (b) the principal 
strains, and (c) the maximum shear strains. Show the 
results on sketches of properly oriented elements. 


7.1-10 Solve the preceding problem for the following data: 
& = -1120 X 10$, & = —430 x 10$, 34, = 
780 X 10 5, and 0 = 45°. 


7.7-11 A steel plate with modulus of elasticity E = 30 X 
10? psi and Poisson's ratio v — 0.30 is loaded in biaxial 
stress by normal stresses o, and o; (see figure). A strain 
gage is bonded to the plate at an angle $ = 30°. 

If the stress ø, is 18,000 psi and the strain measured 
by the gage is e = 407 X 10 $, what is the maximum in- 
plane shear stress (Tmax)xy and shear strain (Ymax)xy? What 
is the maximum shear strain (Ymax)x- in the xz plane? 
What is the maximum shear strain (Ymax)yz in the yz 
plane? 
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4C 


PROBS. 7.7-11 and 7.7-12 


7.7-12 Solve the preceding problem if the plate is 
made of aluminum with E = 72 GPa and v = 1/3, the 
stress 9 is 86.4 MPa, the angle $ is 21°, and the strain e 
is 946 x 10 6. 


7.7-13 An element in plane stress is subjected to 
stresses o; = —8400 psi, o, = 1100 psi, and 7, = 
—1700 psi (see figure). The material is aluminum with 
modulus of elasticity Æ = 10,000 ksi and Poisson’s 
ratio v = 0.33. 

Determine the following quantities: (a) the strains for 
an element oriented at an angle 0 = 30°, (b) the principal 
strains, and (c) the maximum shear strains. Show the 
results on sketches of properly oriented elements. 





PROBS. 7.7-13 AND 7.7-14 


7.7-14 Solve the preceding problem for the following 
data: oy = —150 MPa, o, = —210 MPa, 7, = —16 MPa, 
and 0 = 50°. The material is brass with E = 100 GPa and 
p = 0.34. 
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7.7-15 During a test of an airplane wing, the strain gage 
readings from a 45? rosette (see figure) are as follows: 
gage A, 520 X 10 $; gage B, 360 X 10 5; and gage C, 
—80 x 10 5. 

Determine the principal strains and maximum shear 
strains, and show them on sketches of properly oriented 
elements. 





PROBS. 7.7-15 and 7.7-16 


7.7-16 A 45? strain rosette (see figure) mounted on the 
surface of an automobile frame gives the following 
readings: gage A, 310 X 10 $; gage B, 180 X 10 5; and 
gage C, —160 x 10 9. 

Determine the principal strains and maximum shear 
strains, and show them on sketches of properly oriented 
elements. 


7.1-17 A solid circular bar of diameter d = 1.5 in. is sub- 
jected to an axial force P and a torque T (see figure). Strain 
gages A and B mounted on the surface of the bar give read- 
ings e, = 100 x 10° and e = —55 x 10 °. The bar is 
made of steel having E = 30 x 10° psi and v = 0.29. 

(a) Determine the axial force P and the torque T. 

(b) Determine the maximum shear strain Ymax and the 
maximum shear stress Tmax in the bar. 





PROB. 7.7-17 


7.7-18 A cantilever beam of rectangular cross section 
(width b = 25 mm, height h = 100 mm) is loaded by a force 
P that acts at the midheight of the beam and is inclined at an 
angle o to the vertical (see figure). Two strain gages are 
placed at point C, which also is at the midheight of the 
beam. Gage A measures the strain in the horizontal direction 
and gage B measures the strain at an angle 6 = 60° to the 
horizontal. The measured strains are e, = 125 X 10 ? and 
€, = —375 x 10 €. 

Determine the force P and the angle o, assuming the 
material is steel with E = 200 GPa and v = 1/3. 








PROBS. 7.7-18 and 7.7-19 


7.7-19 Solve the preceding problem if the cross-sectional 
dimensions are b = 1.0 in. and h = 3.0 in., the gage angle 
is B = 75°, the measured strains are e, = 171 X 10 ° and 


€, = —266 x 10 ©, and the material is a magnesium alloy 
with modulus E = 6.0 X 10° psi and Poisson’s ratio 
p = 0.35. 


7.7-20 A 60? strain rosette, or delta rosette, consists of three 
electrical-resistance strain gages arranged as shown in the 
figure. Gage A measures the normal strain e, in the direction 
of the x axis. Gages B and C measure the strains €, and e, in 
the inclined directions shown. 

Obtain the equations for the strains €,, €,, and Yyy asso- 
ciated with the xy axes. 





PROB. 7.7-20 


7.7-21 On the surface of a structural component in a space 
vehicle, the strains are monitored by means of three strain 
gages arranged as shown in the figure. During a certain 
maneuver, the following strains were recorded: €, = 
1100 X 10 5, e, = 200 X 10 5, and e, = 200 x 10°. 

Determine the principal strains and principal stresses 
in the material, which is a magnesium alloy for which 
E = 6000 ksi and v = 0.35. (Show the principal strains 
and principal stresses on sketches of properly oriented 
elements.) 





PROB. 7.7-21 


7.7-22 The strains on the surface of an experimental device 
made of pure aluminum (E = 70 GPa, v = 0.33) and tested 
in a space shuttle were measured by means of strain gages. 
The gages were oriented as shown in the figure, and the 
measured strains were e€, = 1100 X 10 °, e, = 1496 X 
10 5, and e, = —39.44 X 10°. 

What is the stress g, in the x direction? 
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PROB. 7.7-22 


7.7-23 Solve Problem 7.7-5 by using Mohr's 
plane strain. 


7.7-24 Solve Problem 7.7-6 by using Mohr's 
plane strain. 


7.7-25 Solve Problem 7.7-7 by using Mohr's 
plane strain. 


7.7-26 Solve Problem 7.7-8 by using Mohr's 
plane strain. 


7.7-27 Solve Problem 7.7-9 by using Mohr's 
plane strain. 


7.7-28 Solve Problem 7.7-10 by using Mohr’s 
plane strain. 


circle for 


circle for 


circle for 


circle for 


circle for 


circle for 











Airships such as this blimp rely on internal pressure to maintain their shape using a gas 
lighter than air for buoyant lift. 











Applications of Plane Stress 
(Pressure Vessels, Beams, 
and Combined Loadings) 


CHAPTER OVERVIEW 


Chapter 8 deals with a number of applications of plane stress, a topic dis- 
cussed in detail in Sections 7.2 through 7.5 of the previous chapter. Plane 
stress is a common stress condition that exists in all ordinary structures, 
including buildings, machines, vehicles, and aircraft. First, thin-wall shell 
theory is presented describing the behavior of spherical (Section 8.2) and 
cylindrical (Section 8.3) pressure vessels under internal pressure and hav- 
ing walls whose thickness ¢ is small compared with radius r of the cross 
section (1.e., r/t > 10). We will determine the stresses and strains in the 
walls of these structures due to the internal pressures from the compressed 
gases or liquids. Only positive internal pressure (not the effects of external 
loads, reactions, the weight of the contents, and the weight of the struc- 
ture) is considered. Linear-elastic behavior is assumed, and the formulas 
for membrane stresses in spherical tanks and hoop and axial stresses in 
cylindrical tanks are only valid in regions of the tank away from stress 
concentrations caused by openings and support brackets or legs. Next, the 
variation in principal stresses and maximum shear stresses in beams is 
investigated (Section 8.4), building upon the discussions of stresses in 
beams in Chapter 5. The variation in these stress quantities across the 
beam can be displayed using either stress trajectories or stress contours. 
Stress trajectories give the directions of the principal stresses, while stress 
contours connect points of equal principal stress at points throughout the 
beam. Finally, stresses at points of interest in structures under combined 
loadings (axial, shear, torsion, bending, and possibly internal pressure) are 
assessed (Section 8.5). Our objective is to determine the maximum normal 
and shear stresses at various points in these structures. Linear-elastic 
behavior is assumed so that superposition can be used to combine normal 
and shear stresses due to various loadings, all of which contribute to the 
state of plane stress at that point. 


Chapter 8 is organized as follows: 


8.1 Introduction 621 


8.2 Spherical Pressure Vessels 621 
619 


620 CHAPTER 8 Applications of Plane Stress 


8.3 Cylindrical Pressure Vessels 627 
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Problems 663 
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8.1 INTRODUCTION 


We will now investigate some practical examples of structures and com- 
ponents in states of plane stress or strain, building upon the concepts 
presented in Chapter 7. First, stresses and strains in the walls of thin pres- 
sure vessels are examined. Next, the variations in stresses at various 
points of interest in beams will be considered. Finally, structures acted 
upon by combined loadings will be evaluated to find the maximum nor- 
mal and shear stresses which govern their design. 


8.2 SPHERICAL PRESSURE VESSELS 


Pressure vessels are closed structures containing liquids or gases under 
pressure. Familiar examples include tanks, pipes, and pressurized cabins 
in aircraft and space vehicles. When pressure vessels have walls that are 
thin in comparison to their overall dimensions, they are included within 
a more general category known as shell structures. Other examples of 
shell structures are roof domes, airplane wings, and submarine hulls. 

In this section we consider thin-walled pressure vessels of spherical 
shape, like the compressed-air tank shown in Fig. 8-1. The term thin-walled 
is not precise, but as a general rule, pressure vessels are considered to be 
thin-walled when the ratio of radius r to wall thickness t (Fig. 8-2) is greater 
than 10. When this condition is met, we can determine the stresses in the 
walls with reasonable accuracy using statics alone. 

We assume in the following discussions that the internal pressure p 
(Fig. 8-2) exceeds the pressure acting on the outside of the shell. 
Otherwise, the vessel may collapse inward due to buckling. 

A sphere is the theoretically ideal shape for a vessel that resists 
internal pressure. We only need to contemplate the familiar soap bubble to 
recognize that a sphere is the “natural” shape for this purpose. To deter- 
mine the stresses in a spherical vessel, let us cut through the sphere on a 
vertical diametral plane (Fig. 8-3a) and isolate half of the shell and its 
fluid contents as a single free body (Fig. 8-3b). Acting on this free body 
are the tensile stresses ø in the wall of the vessel and the fluid pressure p. 
This pressure acts horizontally against the plane circular area of fluid 
remaining inside the hemisphere. Since the pressure is uniform, the 
resultant pressure force P (Fig. 8-3b) is 





Thin-walled spherical pressure vessel used for 
storage of propane in this oil refinery 


P = prr’) (a) 


where r is the inner radius of the sphere. 

Note that the pressure p is not the absolute pressure inside the vessel 
but is the net internal pressure, or the gage pressure. Gage pressure 
is the internal pressure above the pressure acting on the outside of the 
vessel. If the internal and external pressures are the same, no stresses are 
developed in the wall of the vessel—only the excess of internal pressure 
FIG. 8-1 Spherical pressure vessel over external pressure has any effect on these stresses. 
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FIG. 8-2 Cross section of spherical 
pressure vessel showing inner radius r, 
wall thickness f, and internal pressure p 


Because of the symmetry of the vessel and its loading (Fig. 8-3b), 
the tensile stress ø is uniform around the circumference. Furthermore, 
since the wall is thin, we can assume with good accuracy that the stress 
is uniformly distributed across the thickness f. The accuracy of this 
approximation increases as the shell becomes thinner and decreases as it 
becomes thicker. 

The resultant of the tensile stresses ø in the wall is a horizontal 
force equal to the stress ø times the area over which it acts, or 


o(277,,t) 
where ft is the thickness of the wall and r, is its mean radius: 


(b) 


t 
Fn 5 rt 
2 


Thus, equilibrium of forces in the horizontal direction (Fig. 8-3b) gives 


> one =) o(27T7,,t) n pr^) =0 (c) 


from which we obtain the tensile stresses in the wall of the vessel: 


pr^ 
O0 — 
2rd 





(d) 


Since our analysis is valid only for thin shells, we can disregard the 
small difference between the two radii appearing in Eq. (d) and replace r 
by r,, or replace r,, by r. While either choice is satisfactory for this 
approximate analysis, it turns out that the stresses are closer to the theo- 
retically exact stresses if we use the inner radius r instead of the mean 
radius r,,. Therefore, we will adopt the following formula for calculating 
the tensile stresses in the wall of a spherical shell: 


EN dd 


ur 


(8-1) 


As is evident from the symmetry of a spherical shell, we obtain the same 
equation for the tensile stresses when we cut a plane through the center 
of the sphere in any direction whatsoever. Thus, we reach the following 
conclusion: 7he wall of a pressurized spherical vessel is subjected to 
uniform tensile stresses o in all directions. This stress condition is repre- 
sented in Fig. 8-3c by the small stress element with stresses o acting in 
mutually perpendicular directions. 

Stresses that act tangentially to the curved surface of a shell, such as 
the stresses ø shown in Fig. 8-3c, are known as membrane stresses. The 
name arises from the fact that these are the only stresses that exist in 
true membranes, such as soap films. 


FIG. 8-3 Tensile stresses ø in the wall 
of a spherical pressure vessel 


FIG. 8-4 Stresses in a spherical pressure 
vessel at (a) the outer surface and 
(b) the inner surface 
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P= prr? 





(b) (c) 





Stresses at the Outer Surface 


The outer surface of a spherical pressure vessel is usually free of any 
loads. Therefore, the element shown in Fig. 8-3c is in biaxial stress. To 
aid in analyzing the stresses acting on this element, we show it again in 
Fig. 8-4a, where a set of coordinate axes is oriented parallel to the sides of 
the element. The x and y axes are tangential to the surface of the sphere, 
and the z axis is perpendicular to the surface. Thus, the normal stresses 
2, and o, are the same as the membrane stresses g, and the normal 
stress g, is Zero. No shear stresses act on the sides of this element. 

If we analyze the element of Fig. 8-4a by using the transforma- 
tion equations for plane stress (see Fig. 7-1 and Eqs. 7-4a and 7-4b of 
Section 7.2), we find 
—0 


Oa =o and Wy 


as expected. In other words, when we consider elements obtained by 
rotating the axes about the z axis, the normal stresses remain constant 
and there are no shear stresses. Every plane is a principal plane and 
every direction is a principal direction. Thus, the principal stresses for 
the element are 


pr 


z aml (8-2a,b) 


O=- O~ 


The stresses a and o» lie in the xy plane and the stress o3 acts in the z 
direction. 

To obtain the maximum shear stresses, we must consider out- 
of-plane rotations, that is, rotations about the x and y axes (because all 
in-plane shear stresses are zero). Elements oriented by making 45? 
rotations about the x and y axes have maximum shear stresses equal 
to o/2 and normal stresses equal to o/2. Therefore, 
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o pr 
Tmax — D = At (8-3) 
These stresses are the largest shear stresses in the element. 


Stresses at the Inner Surface 


At the inner surface of the wall of a spherical vessel, a stress element 
(Fig. 8-4b) has the same membrane stresses o, and o, as does an 
element at the outer surface (Fig. 8-4a). In addition, a compressive stress 
c. equal to the pressure p acts in the z direction (Fig. 8-4b). This com- 
pressive stress decreases from p at the inner surface of the sphere to zero 
at the outer surface. 

The element shown in Fig. 8-4b is in triaxial stress with principal 
stresses 


03— -p (e.f) 


The in-plane shear stresses are zero, but the maximum out-of-plane 
shear stress (obtained by a 45? rotation about either the x or y axis) is 





Tmax — m 
2 4t 2 2 


ctp pr p p 
2t 


Ic 7 (g) 


When the vessel is thin-walled and the ratio r/t is large, we can disre- 
gard the number 1 in comparison with the term r/2t. In other words, the 
principal stress o5 in the z direction is small when compared with the 
principal stresses a, and o>. Consequently, we can consider the stress 
state at the inner surface to be the same as at the outer surface (biaxial 
stress). This approximation is consistent with the approximate nature of 
thin-shell theory, and therefore we will use Eqs. (8-1), (8-2), and (8-3) to 
obtain the stresses in the wall of a spherical pressure vessel. 


General Comments 


Pressure vessels usually have openings in their walls (to serve as inlets 
and outlets for the fluid contents) as well as fittings and supports that exert 
forces on the shell (Fig. 8-1). These features result in nonuniformities in 
the stress distribution, or stress concentrations, that cannot be analyzed by 
the elementary formulas given here. Instead, more advanced methods of 
analysis are needed. Other factors that affect the design of pressure vessels 
include corrosion, accidental impacts, and temperature changes. 

Some of the limitations of thin-shell theory as applied to pressure 
vessels are listed here: 


1. The wall thickness must be small in comparison to the other dimen- 
sions (the ratio r/t should be 10 or more). 

2. The internal pressure must exceed the external pressure (to avoid 
inward buckling). 





Example 8-1 





FIG. 8-5 Example 8-1. Spherical pressure 
vessel. (Attachments and supports are 
not shown.) 
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3. The analysis presented in this section is based only on the effects of 
internal pressure (the effects of external loads, reactions, the weight 
of the contents, and the weight of the structure are not considered). 

4. The formulas derived in this section are valid throughout the wall of 
the vessel except near points of stress concentrations. 


The following example illustrates how the principal stresses and 
maximum shear stresses are used in the analysis of a spherical shell. 


A compressed-air tank having an inner diameter of 18 inches and a wall thickness 
of 1/4 inch is formed by welding two steel hemispheres (Fig. 8-5). 

(a) If the allowable tensile stress in the steel is 14,000 psi, what is the 
maximum permissible air pressure p, in the tank? 

(b) If the allowable shear stress in the steel is 5,700 psi, what is the 
maximum permissible pressure pp? 

(c) If the normal strain at the outer surface of the tank is not to exceed 
0.0003, what is the maximum permissible pressure p.? (Assume that Hooke’s 
law is valid and that the modulus of elasticity for the steel is 29 X 10° psi and 
Poisson's ratio is 0.28.) 

(d) Tests on the welded seam show that failure occurs when the tensile 
load on the welds exceeds 8.1 kips per inch of weld. If the required factor of 
safety against failure of the weld is 2.5, what is the maximum permissible 
pressure p? 

(e) Considering the four preceding factors, what is the allowable pressure 
Pallow in the tank? 


Solution 

(a) Allowable pressure based upon the tensile stress in the steel. The maximum 
tensile stress in the wall of the tank is given by the formula ø = pr/2t (see Eq. 8-1). 
Solving this equation for the pressure in terms of the allowable stress, we get 


— 2toanow _ 2(0.25 in.)(14,000 psi) 


ENDS dem 
P OUI bus 


Da 
Thus, the maximum allowable pressure based upon tension in the wall of the tank 
is pa = 777 psi. (Note that in a calculation of this kind, we round downward, not 
upward.) 

(b) Allowable pressure based upon the shear stress in the steel. The max- 
imum shear stress in the wall of the tank is given by Eq. (8-3), from which we 
get the following equation for the pressure: 

E AtTanow 4(0.25 in.)(5,700 psi) 


T e = 633.3 psi a 


d : 9pm. 


Therefore, the allowable pressure based upon shear is pp = 633 psi. 
(c) Allowable pressure based upon the normal strain in the steel. The 
normal strain is obtained from Hooke's law for biaxial stress (Eq. 7-39a): 


continued 
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1 
€x — mo T VO,) (h) 
Substituting o, = o, = c = pr/2t (see Fig. 8-4a), we obtain 
r 
€, — —(1 — ») ^ ——(1 — ») (8-4) 
This equation can be solved for the pressure pe: 


DE 25 in. x 10° psi)(0. 
_ 2UE€ now | 20.25 in.)(29 x 10° psi)(0.0003) _ 6713 i, 


Ee aay (9.0 in.\(1 — 0.28) 


Thus, the allowable pressure based upon the normal strain in the wall is 
pc = 671 psi. 

(d) Allowable pressure based upon the tension in the welded seam. The 
allowable tensile load on the welded seam is equal to the failure load divided by 
the factor of safety: 


Ti ailure : | : : . 
mean UE iR AONB 
n 29 


The corresponding allowable tensile stress is equal to the allowable load on a 
one-inch length of weld divided by the cross-sectional area of a one-inch length 
of weld: 


Tanow( 1.0 in. in.Y 1.0 i 
mu, c RE EY) (ESL To UI) = ayant 
(1.0 in) (1.0 in.)(0.25 in.) 


Finally, we solve for the internal pressure by using Eq. (8-1): 


_ 2tOmow _ 2(0.25 in.)(12,960 psi) 


S0 O aS am 
7 Sig. PO 


Pa 


This result gives the allowable pressure based upon tension in the welded seam. 
(e) Allowable pressure. Comparing the preceding results for pa, Pp, Pe, and pa, 
we see that shear stress in the wall governs and the allowable pressure in the tank is 


Pallow — 633 psi mal 


This example illustrates how various stresses and strains enter into the design of 
a spherical pressure vessel. 

Note: When the internal pressure is at its maximum allowable value 
(633 psi), the tensile stresses in the shell are 


SrO poai In 11,400 psi 
2t 2025 in.) 

Thus, at the inner surface of the shell (Fig. 8-4b), the ratio of the principal stress 

in the z direction (633 psi) to the in-plane principal stresses (12,000 psi) is only 

0.056. Therefore, our earlier assumption that we can disregard the principal stress 

05 in the z direction and consider the entire shell to be in biaxial stress is justified. 


SECTION 8.3  Cylindrical Pressure Vessels 627 


8.3 CYLINDRICAL PRESSURE VESSELS 


(a) 





(b) 


FIG. 8-6 Cylindrical pressure vessels with 
circular cross sections 





Cylindrical storage tanks in a petrochemical 
plant 


Cylindrical pressure vessels with a circular cross section (Fig. 8-6) 
are found in industrial settings (compressed air tanks and rocket 
motors), in homes (fire extinguishers and spray cans), and in the 
countryside (propane tanks and grain silos). Pressurized pipes, such 
as water-supply pipes and penstocks, are also classified as cylindrical 
pressure vessels. 

We begin our analysis of cylindrical vessels by determining the 
normal stresses in a thin-walled circular tank AB subjected to internal 
pressure (Fig. 8-7a). A stress element with its faces parallel and perpen- 
dicular to the axis of the tank is shown on the wall of the tank. The 
normal stresses a, and o acting on the side faces of this element are 
the membrane stresses in the wall. No shear stresses act on these faces 
because of the symmetry of the vessel and its loading. Therefore, the 
stresses a; and c^ are principal stresses. 

Because of their directions, the stress a is called the circumferential 
stress or the hoop stress, and the stress o» is called the longitudinal 
stress or the axial stress. Each of these stresses can be calculated from 
equilibrium by using appropriate free-body diagrams. 


Circumferential Stress 


To determine the circumferential stress o}, we make two cuts (mn and 
Pq) perpendicular to the longitudinal axis and distance b apart (Fig. 8-72). 
Then we make a third cut in a vertical plane through the longitudinal 
axis of the tank, resulting in the free body shown in Fig. 8-7b. This 
free body consists not only of the half-circular piece of the tank but 
also of the fluid contained within the cuts. Acting on the longitudinal 
cut (plane mpqn) are the circumferential stresses o, and the internal 
pressure p. 

Stresses and pressures also act on the left-hand and right-hand faces 
of the free body. However, these stresses and pressures are not shown in 
the figure because they do not enter the equation of equilibrium that we 
will use. As in our analysis of a spherical vessel, we will disregard the 
weight of the tank and its contents. 

The circumferential stresses o, acting in the wall of the vessel have 
a resultant equal to o4 (2bt), where ft is the thickness of the wall. Also, 
the resultant force P, of the internal pressure is equal to 2pbr, where r is 
the inner radius of the cylinder. Hence, we have the following equation 
of equilibrium: 


gi (2bt) — 2pbr = 0 
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FIG. 8-7 Stresses in a circular cylindrical 
pressure vessel 





From this equation we obtain the following formula for the circumferential 
stress in a pressurized cylinder: 


DUE (8-5) 


This stress is uniformly distributed over the thickness of the wall, 
provided the thickness is small compared to the radius. 


Longitudinal Stress 


The longitudinal stress o> is obtained from the equilibrium of a free 
body of the part of the vessel to the left of cross section mn (Fig. 8-7c). 
Again, the free body includes not only part of the tank but also its con- 
tents. The stresses o» act longitudinally and have a resultant force equal 
to a»(27rt). Note that we are using the inner radius of the shell in place 
of the mean radius, as explained in Section 8.2. 

The resultant force P» of the internal pressure is a force equal to 
prr’. Thus, the equation of equilibrium for the free body is 


a»(2Trt) — par^ = 0 


Solving this equation for o», we obtain the following formula for the 
longitudinal stress in a cylindrical pressure vessel: 


mes 


E» RD 


0» 
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This stress is equal to the membrane stress in a spherical vessel 
(Eq. 8-1). 

Comparing Eqs. (8-5) and (8-6), we see that the circumferential 
stress in a cylindrical vessel is equal to twice the longitudinal stress: 


T = 20» (8-7) 


From this result we note that a longitudinal welded seam in a pressur- 
ized tank must be twice as strong as a circumferential seam. 


Stresses at the Outer Surface 


The principal stresses o4 and o» at the outer surface of a cylindrical ves- 
sel are shown on the stress element of Fig. 8-8a. Since the third principal 
stress (acting in the z direction) is zero, the element is in biaxial stress. 
The maximum in-plane shear stresses occur on planes that are 
rotated 45? about the z axis; these stresses are 
( ) Oi — O0» O1 pr 
T. = ——————— Z= — Z= — 
ees 2 4 4t 
The maximum out-of-plane shear stresses are obtained by 45? rotations 
about the x and y axes, respectively; thus, 


(8-8) 


0; _ pr O2 _ pr 

Tmax)x ^ A ^ A. Tmax)y ^ A — 4. 

(Tmax) 2 2 (Tmax) 2 4t 

Comparing the preceding results, we see that the absolute maximum 


shear stress is 


(8-9a,b) 


O pr 
=a 8-10 
T Ey a 


This stress occurs on a plane that has been rotated 45° about the x axis. 


Stresses at the Inner Surface 


The stress conditions at the inner surface of the wall of the vessel are 
shown in Fig. 8-8b. The principal stresses are 


GS. O2 —— O3 = —p (a,b,c) 


The three maximum shear stresses, obtained by 45° rotations about the 
x, y, and z axes, are 


05 CO r 
ade ed NE EN 1n 


2 u 2 (Q9 


(Taah lm a or 


o-o pr,p 
2 or 


(Tmar) = —— = — (f) 
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FlG. 8-8 Stresses in a circular 
cylindrical pressure vessel at (a) the 
outer surface and (b) the inner 
surface 








The first of these three stresses 1s the largest. However, as explained in the 
discussion of shear stresses in a spherical shell, we may disregard the addi- 
tional term p/2 in Eqs. (d) and (e) when the shell is thin-walled. Equations 
(d), (e), and (f) then become the same as Eqs. (8-9) and (8-8), respectively. 

Therefore, in all of our examples and problems pertaining to 
cylindrical pressure vessels, we will disregard the presence of the 
compressive stress in the z direction. (This compressive stress varies 
from p at the inner surface to zero at the outer surface.) With this 
approximation, the stresses at the inner surface become the same as the 
stresses at the outer surface (biaxial stress). As explained in the discussion 
of spherical pressure vessels, this procedure is satisfactory when we 
consider the numerous other approximations in this theory. 


General Comments 


The preceding formulas for stresses in a circular cylinder are valid in 
parts of the cylinder away from any discontinuities that cause stress 
concentrations, as discussed previously for spherical shells. An obvious 
discontinuity exists at the ends of the cylinder where the heads are 
attached, because the geometry of the structure changes abruptly. Other 
stress concentrations occur at openings, at points of support, and 
wherever objects or fittings are attached to the cylinder. The stresses at 
such points cannot be determined solely from equilibrium equations; 
instead, more advanced methods of analysis (such as shell theory and 
finite-element analysis) must be used. 

Some of the limitations of the elementary theory for thin-walled 
shells are listed in Section 8.2. 


Example 8-2 





FIG. 8-9 Example 8-2. Cylindrical 
pressure vessel with a helical weld 


FIG. 8-10 Solution to Example 8-2 
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A cylindrical pressure vessel is constructed from a long, narrow steel plate by 
wrapping the plate around a mandrel and then welding along the edges of the 
plate to make a helical joint (Fig. 8-9). The helical weld makes an angle 
a = 55° with the longitudinal axis. The vessel has inner radius r = 1.8 m and 
wall thickness t = 20 mm. The material is steel with modulus E = 200 GPa and 
Poisson's ratio v = 0.30. The internal pressure p is 800 kPa. 

Calculate the following quantities for the cylindrical part of the vessel: 
(a) the circumferential and longitudinal stresses o, and o», respectively; (b) the 
maximum in-plane and out-of-plane shear stresses; (c) the circumferential and 
longitudinal strains e; and e», respectively; and (d) the normal stress o, and shear 
stress 7,, acting perpendicular and parallel, respectively, to the welded seam. 


Solution 
(a) Circumferential and longitudinal stresses. The circumferential and 

longitudinal stresses a, and o», respectively, are pictured in Fig. 8-10a, where 

they are shown acting on a stress element at point A on the wall of the vessel. The 

magnitudes of the stresses can be calculated from Eqs. (8-5) and (8-6): 

_ pr _ (800 kPa)(1.8 m) 


DY _ 0i 
ZP MP = — = — = 36 MP uum 
f 2 LU ee i 





(a) 
D 


prem 


p — 36 MPa 
<1 — —À 





(b) (c) 


continued 
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The stress element at point A is shown again in Fig. 8-10b, where the x axis is in 
the longitudinal direction of the cylinder and the y axis is in the circumferential 
direction. Since there is no stress in the z direction (o4 = 0), the element is in 
biaxial stress. 

Note that the ratio of the internal pressure (800 kPa) to the smaller in-plane 
principal stress (36 MPa) is 0.022. Therefore, our assumption that we may disre- 
gard any stresses in the z direction and consider all elements in the cylindrical 
shell, even those at the inner surface, to be in biaxial stress is justified. 

(b) Maximum shear stresses. The largest in-plane shear stress is obtained 
from Eq. (8-8): 


Oi OD 01 pr 
S E IBONIP um 
2 4 At i 


(Tmax)z = 
Because we are disregarding the normal stress in the z direction, the largest 
out-of-plane shear stress is obtained from Eq. (8-9a): 


Tnx = = = 36 MPa dem 
2. 2 


This last stress is the absolute maximum shear stress in the wall of the vessel. 

(c) Circumferential and longitudinal strains. Since the largest stresses are 
well below the yield stress of steel (see Table H-3, Appendix H), we may assume 
that Hooke's law applies to the wall of the vessel. Then we can obtain the strains 
in the x and y directions (Fig. 8-10b) from Eqs. (7-39a) and (7-39b) for biaxial 
stress: 


a VO.) (g,h) 


We note that the strain e, is the same as the principal strain e» in the longitudinal 
direction and that the strain e, is the same as the principal strain e, in the cir- 
cumferential direction. Also, the stress o; is the same as the stress o», and the 
stress g, is the same as the stress v. Therefore, the preceding two equations can 
be written in the following forms: 


= (1 - 2) = - 29) (8-11a) 
P QE F on 
O1 pr 
=—2-y=5e-2 8-11b 
& —- 3g 9 7E V) ( ) 


Substituting numerical values, we find 


0» 


E 2 86 MP3)[1— 2(0.30)] _ » 
UE JUNGEN = 72 < Ilt 4 
(72 MPa)(2 — 0.30) 


EUN CN e = —6 
€ 2E (2) 2(200 GPa) 306 x 10 a 


These are the longitudinal and circumferential strains in the cylinder. 





FIG. 8-10c (Repeated) 
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(d) Normal and shear stresses acting on the welded seam. The stress element 
at point B in the wall of the cylinder (Fig. 8-10a) is oriented so that its sides are 
parallel and perpendicular to the weld. The angle 0 for the element is 


0 = 90° — q = 35° 


as shown in Fig. 8-10c. Either the stress-transformation equations or Mohr's 
circle may be used to obtain the normal and shear stresses acting on the side faces 
of this element. 

Stress-transformation equations. The normal stress oy, and the shear stress 
7,,5,, acting on the xı face of the element (Fig. 8-10c) are obtained from 
Eqs. (7-4a) and (7-4b), which are repeated here: 





VUES di (5s o=- es 
SES = T us C» COS Oe cst (8-12a) 
TELE 
To E Sim 20 Ge e USD (8-12b) 


Subsütuüung o, — o ODIT MUR SNC MUT Ty ~= 0, we obtain 


a 20) i 
Cs e — COS T ae 
Bor ls 


proe 
Xp — m sin 20 (8-13a,b) 


These equations give the normal and shear stresses acting on an inclined plane 
oriented at an angle 0 with the longitudinal axis of the cylinder. 

Substituting pr/4t = 18 MPa and 0 = 35? into Eqs. (8-13a) and (8-13b), 
we obtain 


Ox, = 41.8 MPa Tey, = 16.9 MPa 


SOT 


These stresses are shown on the stress element of Fig. 8-10c. 

To complete the stress element, we can calculate the normal stress o, acting 
on the y, face of the element from the sum of the normal stresses on 
perpendicular faces (Eq. 7-6): 


oo a or Oey, (8-14) 


Substituting numerical values, we get 


CO Op — o ~ 172 MPa + 36 MPa — 47.8 MPa = 60.2 MPa 


as shown in Fig. 8-10c. 


continued 
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FIG. 8-11 Mohr's circle for the biaxial 
stress element of Fig. 8-10b. (Note: All 
stresses on the circle have units of MPa.) 





FIG. 8-12 Side view of a helix 






B(0 = 90°) 


X1 


i 


From the figure, we see that the normal and shear stresses acting perpendicular 
and parallel, respectively, to the welded seam are 


0, = 47.8 MPa T„ = 16.9 MPa a 


Mohr’s circle. The Mohr’s circle construction for the biaxial stress element 
of Fig. 8-10b is shown in Fig. 8-11. Point A represents the stress ga» = 36 MPa on 
the x face (0 = 0) of the element, and point B represents the stress o; = 72 MPa 
on the y face (0 = 90°). The center C of the circle is at a stress of 54 MPa, and the 
radius of the circle is 


_ 72 MPa — 36 MPa 
2 


R = 18 MPa 


A counterclockwise angle 20 = 70° (measured on the circle from point A) 
locates point D, which corresponds to the stresses on the x, face (0 = 35°) of the 
element. The coordinates of point D (from the geometry of the circle) are 


Gz = +t MEA Recos 70 — OTME (16 MRa)(cos 70) 41: 5 MEa 
To koin P c Us MEJ smn T0 — 18x Ra e 


These results are the same as those found earlier from the stress-transformation 
equations. 

Note: When seen in a side view, a helix follows the shape of a sine curve 
(Fig. 8-12). The pitch of the helix is 


p= «dtan 0 (8-15) 


where d is the diameter of the circular cylinder and 0 is the angle between a 
normal to the helix and a longitudinal line. The width of the flat plate that wraps 
into the cylindrical shape is 


w = ard sin 0 (8-16) 


Thus, if the diameter of the cylinder and the angle 0 are given, both the pitch and 
the plate width are established. For practical reasons, the angle 01s usually in the 
range from 20° to 35°. 
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8.4 MAXIMUM STRESSES IN BEAMS 


The stress analysis of a beam usually begins by finding the normal and 
shear stresses acting on cross sections. For instance, when Hooke's law 
holds, we can obtain the normal and shear stresses from the flexure and 
shear formulas (Eqs. 5-13 and 5-38, respectively, of Chapter 5): 
My VQ 
o= o quee 
I Ib 
In the flexure formula, ø is the normal stress acting on the cross section, M 
is the bending moment, y is the distance from the neutral axis, and Z is the 
moment of inertia of the cross-sectional area with respect to the neutral 
axis. (The sign conventions for M and y in the flexure formula are shown in 
Figs. 5-9 and 5-10 of Chapter 5.) 

In the case of the shear formula, 7 is the shear stress at any point 
in the cross section, V is the shear force, Q is the first moment of the 
cross-sectional area outside of the point in the cross section where the 
stress 1s being found, and b is the width of the cross section. (The shear 
formula is usually written without regard to signs because the direc- 
tions of the shear stresses are apparent from the directions of the loads.) 

The normal stresses obtained from the flexure formula have their max- 
imum values at the farthest distances from the neutral axis, whereas the 
shear stresses obtained from the shear formula usually have their highest 
values at the neutral axis. The normal stresses are calculated at the cross 
section of maximum bending moment, and the shear stresses are calculated 
at the cross section of maximum shear force. [n most circumstances, these 
are the only stresses that are needed for design purposes. 

However, to obtain a more complete picture of the stresses in a 
beam, we need to determine the principal stresses and maximum shear 
stresses at various points in the beam. We will begin by discussing the 
stresses in a rectangular beam. 


(8-17a,b) 


Beams of Rectangular Cross Section 


We can gain an understanding of how the stresses in a beam vary by 
considering the simple beam of rectangular cross section shown in 
Fig. 8-13a. For the purposes of this discussion, we choose a cross sec- 
tion to the left of the load and then select five points (A, B, C, D, and E) 
on the side of the beam. Points A and E are at the top and bottom of the 
beam, respectively, point C is at the midheight of the beam, and points 5 
and D are in between. 

If Hooke's law applies, the normal and shear stresses at each of 
these five points can be readily calculated from the flexure and shear 
formulas. Since these stresses act on the cross section, we can picture 
them on stress elements having vertical and horizontal faces, as shown 
in Fig. 8-13b. Note that all elements are in plane stress, because there 
are no stresses acting perpendicular to the plane of the figure. 
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cross section: (a) simple beam with 


points A, B, C, D, and E on the side of i as im =j 
the beam; (b) normal and shear stresses 


FIG. 8-13 Stresses in a beam of rectangular N 


NV. 
acting on stress elements at points A, B, L N 
C, D, and E; (c) principal stresses; and 
(d) maximum shear stresses (b) (c) (d) 


At point A the normal stress is compressive and there are no shear 
stresses. Similarly, at point E the normal stress is tensile and again 
there are no shear stresses. Thus, the elements at these locations are in 
uniaxial stress. At the neutral axis (point C) the element is in pure 
shear. At the other two locations (points B and D), both normal and 
shear stresses act on the stress elements. 

To find the principal stresses and maximum shear stresses at each 
point, we may use either the transformation equations of plane stress or 
Mohr's circle. The directions of the principal stresses are shown in 
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Fig. 8-13c, and the directions of the maximum shear stresses are shown 
in Fig. 8-13d. (Note that we are considering only the in-plane stresses.) 

Now let us examine the principal stresses in more detail. From the 
sketches in Fig. 8-13c, we can observe how the principal stresses change 
as we go from top to bottom of the beam. Let us begin with the compres- 
sive principal stress. At point A the compressive stress acts in the 
horizontal direction and the other principal stress is zero. As we move 
toward the neutral axis the compressive principal stress becomes inclined, 
and at the neutral axis (point C) it acts at 45? to the horizontal. At point D 
the compressive principal stress is further inclined from the horizontal, 
and at the bottom of the beam its direction becomes vertical (except that 
its magnitude is now zero). 

Thus, the direction and magnitude of the compressive principal 
stress vary continuously from top to bottom of the beam. If the chosen 
cross section is located in a region of large bending moment, the largest 
compressive principal stress occurs at the top of the beam (point A), and 
the smallest compressive principal stress (zero) occurs at the bottom of 
the beam (point E). If the cross section is located in a region of small 
bending moment and large shear force, then the largest compressive 
principal stress is at the neutral axis. 

Analogous comments apply to the tensile principal stress, which also 
varies in both magnitude and direction as we move from point A to point E. 
At point A the tensile stress is zero and at point E it has its maximum 
value. (Graphs showing how the principal stresses vary in magnitude for 
a particular beam and particular cross section are given later in Fig. 8-19 
of Example 8-3.) 

The maximum shear stresses (Fig. 8-13d) at the top and bottom of 
the beam occur on 45? planes (because the elements are in uniaxial stress). 
At the neutral axis, the maximum shear stresses occur on horizontal and 
vertical planes (because the element is in pure shear). At all points, the 
maximum shear stresses occur on planes oriented at 45? to the principal 
planes. In regions of high bending moment, the largest shear stresses occur 
at the top and bottom of the beam; in regions of low bending moment and 
high shear force, the largest shear stresses occur at the neutral axis. 

By investigating the stresses at many cross sections of the beam, we 
can determine how the principal stresses vary throughout the beam. Then 
we can construct two systems of orthogonal curves, called stress trajecto- 
ries, that give the directions of the principal stresses. Examples of stress 
trajectories for rectangular beams are shown in Fig. 8-14. Part (a) of the 
figure shows a cantilever beam with a load acting at the free end, and part 
(b) shows a simple beam with a uniform load. Solid lines are used for ten- 
sile principal stresses and dashed lines for compressive principal stresses. 
The curves for tensile and compressive principal stresses always intersect 
at right angles, and every trajectory crosses the longitudinal axis at 45?. At 
the top and bottom surfaces of the beam, where the shear stress is zero, the 
trajectories are either horizontal or vertical." 


"Stress trajectories were originated by the German engineer Karl Culmann (1821-1881); 
see Ref. 8-1. 
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FIG. 8-14 Principal-stress trajectories 
for beams of rectangular cross section: 
(a) cantilever beam, and (b) simple 
beam. (Solid lines represent tensile 
principal stresses and dashed lines 
represent compressive principal 
stresses.) 


FIG. 8-15 Stress contours for a cantilever 
beam (tensile principal stresses only) 








(b) 


Another type of curve that may be plotted from the principal 
stresses is a stress contour, which is a curve connecting points of 
equal principal stress. Stress contours for a cantilever beam of rectan- 
gular cross section are shown in Fig. 8-15 (for tensile principal 
stresses only). The contour of largest stress is at the upper left part of 
the figure. As we move downward in the figure, the tensile stresses 
represented by the contours become smaller and smaller. The contour 
line of zero tensile stress is at the lower edge of the beam. Thus, the 
largest tensile stress occurs at the support, where the bending moment 
has its largest value. 

Note that stress trajectories (Fig. 8-14) give the directions of the 
principal stresses but give no information about the magnitudes of the 
stresses. In general, the magnitudes of the principal stresses vary as we 
move along a trajectory. In contrast, the magnitudes of the principal 
stresses are constant as we move along a stress contour (Fig. 8-15), but 
the contours give no information about the directions of the stresses. In 
particular, the principal stresses are neither parallel nor perpendicular to 
a stress contour. 

The stress trajectories and contours of Figs. 8-14 and 8-15 were plotted 
from the flexure and shear formulas (Eqs. 8-17a and b). Stress concentra- 
tions near the supports and near the concentrated loads, as well as the direct 
compressive stresses caused by the uniform load bearing on the top of the 
beam (Fig. 8-14b), were disregarded in plotting these figures. 


uil 


FIG. 8-16 Stresses in a wide-flange beam 
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FIG. 8-13(b) (Repeated) 
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Wide-Flange Beams 


Beams having other cross-sectional shapes, such as wide-flange beams, 
can be analyzed for the principal stresses in a manner similar to that 
described previously for rectangular beams. For instance, consider the 
simply supported wide-flange beam shown in Fig. 8-16a. Proceeding as 
for a rectangular beam, we identify points A, B, C, D, and E from top to 
bottom of the beam (Fig. 8-16b). Points B and D are in the web where it 
meets the flange, and point C is at the neutral axis. We can think of these 
points as being located either on the side of the beam (Figs. 8-16b and c) 
or inside the beam along a vertical axis of symmetry (Fig. 8-16d). The 
stresses determined from the flexure and shear formulas are the same at 
both sets of points. 

Stress elements at points A, B, C, D, and E (as seen in a side view of 
the beam) are shown in parts (e) through (1) of Fig. 8-16. These elements 
have the same general appearance as those for a rectangular beam 
(Fig. 8-13b). 

The largest principal stresses usually occur at the top and bottom of 
the beam (points A and E) where the stresses obtained from the flexure 
formula have their largest values. However, depending upon the relative 
magnitudes of the bending moment and shear force, the largest stresses 
sometimes occur in the web where it meets the flange (points B and D). 
The explanation lies in the fact that the normal stresses at points B and D 
are only slightly smaller than those at points A and E, whereas the shear 
stresses (which are zero at points A and E) may be significant at points B 
and D because of the thin web. (Note: Figure 5-38 in Chapter 5 shows 
how the shear stresses vary in the web of a wide-flange beam.) 
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FIG. 8-16 (Repeated) 


The maximum shear stresses acting on a cross section of a wide- 
flange beam always occur at the neutral axis, as shown by the shear 
formula (Eq. 8-17b). However, the maximum shear stresses acting on 
inclined planes usually occur either at the top and bottom of the beam 
(points A and E) or in the web where it meets the flange (points B and D) 
because of the presence of normal stresses. 

When analyzing a wide-flange beam for the maximum stresses, 
remember that high stresses may exist near supports, points of loading, 
fillets, and holes. Such stress concentrations are confined to the region 
very close to the discontinuity and cannot be calculated by elementary 
beam formulas. 

The following example illustrates the procedure for determining 
the principal stresses and maximum shear stresses at a selected cross 
section in a rectangular beam. The procedures for a wide-flange beam 
are similar. 
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Example 8-3 


FIG. 8-17 Example 8-3. Beam of 
rectangular cross section 
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FIG. 8-18 Plane-stress element at cross 
section mn of the beam of Fig. 8-17 
(Example 8-3) 
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A simple beam AB with span length L = 6 ft supports a concentrated load P = 
10,800 Ib acting at distance c — 2 ft from the right-hand support (Fig. 8-17). The 
beam is made of steel and has a rectangular cross section of width 5 — 2 in. and 
height h = 6 in. 

Investigate the principal stresses and maximum shear stresses at cross 
section mn, located at distance x = 9 in. from end A of the beam. (Consider 
only the in-plane stresses.) 


DE P = 10,800 Ib 





L=6t = 


Py = = = 3,600 Ib 


Solution 

We begin by using the flexure and shear formulas to calculate the stresses 
acting on cross section mn. Once those stresses are known, we can determine the 
principal stresses and maximum shear stresses from the equations of plane stress. 
Finally, we can plot graphs of these stresses to show how they vary over the 
height of the beam. 

As a preliminary matter, we note that the reaction of the beam at support A is 
R4 = P/3 = 3600 Ib, and therefore the bending moment and shear force at section 
mn are 


M = Rax = (3600 Ib)(9 in.) = 32,400 Ib-in. V = R, = 3600 Ib 


Normal stresses on cross section mn. These stresses are found from the 
flexure formula (Eq. 8-172), as follows: 


My 12My  12(2,4001b-in)y — 


E I bI? (2 in.X6 in. iur a 





in which y has units of inches (in.) and ø, has units of pounds per square inch 
(psi). The stresses calculated from Eq. (a) are positive when in tension and 
negative when in compression. For instance, note that a positive value of y 
(upper half of the beam) gives a negative stress, as expected. 

A stress element cut from the side of the beam at cross section mn (Fig. 8-17) 
is shown in Fig. 8-18. For reference purposes, a set of xy axes is associated with 
the element. The normal stress o; and the shear stress Ty, are shown acting on the 
element in their positive directions. (Note that in this example there is no normal 
stress g, acting on the element.) 


continued 
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Shear stresses on cross section mn. The shear stresses are given by the shear 
formula (Eq. 8-17b) in which the first moment Q for a rectangular cross section is 


DE e RR i 
o - of} y 2 | ae 2 a 


Thus, the shear formula becomes 
vO Dv (b\(h* i 6V (E J 
— BRE cn E = —~|— - 8-19 
= T — GRD Bl NE l S 


The shear stresses 7,, acting on the x face of the stress element (Fig. 8-18) are 
positive upward, whereas the actual shear stresses 7 (Eq. 8-19) act downward. 
Therefore, the shear stresses Ty, are given by the following formula: 





6V (he 
= N 8-20 
Try bh? | 4 y ( ) 
Substituting numerical values into this equation gives 
6(3600 1b) (£ in)? z) 2 
ee = = —50(9 — b 
: (2 in.)(6 in.)? 4 ) l y) (0) 


in which y has units of inches (in.) and 7,,, has units of pounds per square inch (psi). 

Calculation of stresses. For the purpose of calculating the stresses at 
cross section mn, let us divide the height of the beam into six equal intervals 
and label the corresponding points from A to G, as shown in the side view of 
the beam (Fig. 8-19a). The y coordinates of these points are listed in column 
2 of Table 8-1 and the corresponding stresses o and 7,, (calculated from Eqs. 
a and b, respectively) are listed in columns 3 and 4. These stresses are plotted 
in Figs. 8-19b and 8-19c. The normal stresses vary linearly from a 
compressive stress of —2700 psi at the top of the beam (point A) to a tensile 
stress of 2700 psi at the bottom of the beam (point G). The shear stresses have 
a parabolic distribution with the maximum stress at the neutral axis (point D). 

Principal stresses and maximum shear stresses. The principal stresses at 
each of the seven points A through G may be determined from Eq. (7-17): 





(8-21) 


go = 


GEO [5 225 2 
w es 


Since there is no normal stress in the y direction (Fig. 8-18), this equation 


simplifies to 
T. T, \* 
X Xx 2) 
Cio = > ni a JI ps (8-22) 


Also, the maximum shear stresses (from Eq. 7-25) are 


Aer 2 
Tae = [5 MENT (8-23) 


which simplifies to 


T V? > 
Tmax = ay ey (8-24) 


FIG. 8-19 Stresses in the beam of 

Fig. 8-17 (Example 8-3). (a) Points A, 
B, C, D, E, F, and G at cross section 
mn; (b) normal stresses c acting on 
cross section mn; (c) shear stresses 7, 
acting on cross section mn; (d) principal 
tensile stresses g4; (e) principal com- 
pressive stresses o>; and (f) maximum 
shear stresses Tmax. (Note: All stresses 
have units of psi.) 
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22700 
—1800 
—900 
0 
Ox 
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900 —400 


1800 


2700 





1599 
934 


934 
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TABLE 8-1 STRESSES AT CROSS SECTION mn IN THE BEAM OF FIG. 8-17 


(1) 


Point 


Qum aw e 


(2) 


y 
(in.) 


9 
D 
1 
0 
me 
=? 
3 


(3) 
Ox 
(psi) 
—2700 
— 1800 
—900 


(4) 
Txy 
(psi) 
0 
—250 
— 400 
—450 
— 400 


x50 
0 


(5) 


(6) 
0» 
(psi) 
22 7100 
— 1834 
= 1052 
— 450 
E52 
— 34. 

0 


(7) 


Tmax 
(psi) 
1350 
934 
602 
450 
602 
934 
1350 
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Thus, by substituting the values of o; and 7,, (from Table 8-1) into Eqs. (8-22) 
and (8-24), we can calculate the principal stresses a, and o» and the maximum 
shear stress Tmax. These quantities are listed in the last three columns of 
Table 8-1 and are plotted in Figs. 8-19d, e, and f. 

The tensile principal stresses a, increase from zero at the top of the beam to 
a maximum of 2700 psi at the bottom (Fig. 8-19d). The directions of the stresses 
also change, varying from vertical at the top to horizontal at the bottom. At mid- 
height, the stress a; acts on a 45° plane. Similar comments apply to the com- 
pressive principal stress o>, except in reverse. For instance, the stress is largest 
at the top of the beam and zero at the bottom (Fig. 8-19e). 

The maximum shear stresses at cross section mn occur on 45° planes at 
the top and bottom of the beam. These stresses are equal to one-half of the 
normal stresses o; at the same points. At the neutral axis, where the normal 
stress g, is Zero, the maximum shear stresses occur on the horizontal and ver- 
tical planes. 

Note 1: If we consider other cross sections of the beam, the maximum 
normal and shear stresses will be different from those shown in Fig. 8-19. For 
instance, at a cross section between section zn and the concentrated load 
(Fig. 8-17), the normal stresses o are larger than shown in Fig. 8-19b because 
the bending moment is larger. However, the shear stresses 7,, are the same as 
those shown in Fig. 8-19c because the shear force doesn't change in that region 
of the beam. Consequently, the principal stresses e; and o» and maximum shear 
stresses Tmax Will vary in the same general manner as shown in Figs. 8-19d, e, 
and f but with different numerical values. 

The largest tensile stress anywhere in the beam is the normal stress at the 
bottom of the beam at the cross section of maximum bending moment. This 
stress is 


(Giens)max = 14,400 psi 


The largest compressive stress has the same numerical value and occurs at the 
top of the beam at the same cross section. 

The largest shear stress 7,, acting on a cross section of the beam occurs to 
the right of the load P (Fig. 8-17) because the shear force is larger in that region 
of the beam (V = Rg = 7200 Ib). Therefore, the largest value of 7,,, which 
occurs at the neutral axis, 1s 


Ciena = 900 psi 


The largest shear stress anywhere in the beam occurs on 45° planes at either 
the top or bottom of the beam at the cross section of maximum bending 
moment: 


14,400 psi | 
E. PS. = 7200 psi 


Note 2: In the practical design of ordinary beams, the principal stresses and 
maximum shear stresses are rarely calculated. Instead, the tensile and compressive 
stresses to be used in design are calculated from the flexure formula at the cross 
section of maximum bending moment, and the shear stress to be used in design is 
calculated from the shear formula at the cross section of maximum shear force. 
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(a) 


Pressure vessel 





(b) 





FIG. 8-20 Examples of structures 
subjected to combined loadings: 

(a) wide-flange beam supported by a 
cable (combined bending and axial 
load), (b) cylindrical pressure vessel 
supported as a beam, and (c) shaft in 
combined torsion and bending 
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In previous chapters we analyzed structural members subjected to a 
single type of loading. For instance, we analyzed axially loaded bars in 
Chapters 1 and 2, shafts in torsion in Chapter 3, and beams in bending 
in Chapters 4, 5, and 6. We also analyzed pressure vessels earlier in this 
chapter. For each type of loading, we developed methods for finding 
stresses, strains, and deformations. 

However, in many structures the members are required to resist 
more than one kind of loading. For example, a beam may be subjected 
tothe simultaneous action of bending moments and axial forces 
(Fig. 8-20a), a pressure vessel may be supported so that it also func- 
tions as a beam (Fig. 8-20b), or a shaft in torsion may carry a bending 
load (Fig. 8-20c). Known as combined loadings, situations similar to 
those shown in Fig. 8-20 occur in a great variety of machines, build- 
ings, vehicles, tools, equipment, and many other kinds of structures. 

A structural member subjected to combined loadings can often be 
analyzed by superimposing the stresses and strains caused by each load 
acting separately. However, superposition of both stresses and strains is 
permissible only under certain conditions, as explained in earlier chap- 
ters. One requirement is that the stresses and strains must be linear 
functions of the applied loads, which in turn requires that the material 
follow Hooke's law and the displacements remain small. 

A second requirement is that there must be no interaction between 
the various loads, that 1s, the stresses and strains due to one load must 
not be affected by the presence of the other loads. Most ordinary struc- 
tures satisfy these two conditions, and therefore the use of superposition 
is very common in engineering work. 


Method of Analysis 


While there are many ways to analyze a structure subjected to more than 
one type of load, the procedure usually includes the following steps: 


1. Select a point in the structure where the stresses and strains are to be 
determined. (The point is usually selected at a cross section where 
the stresses are large, such as at a cross section where the bending 
moment has its maximum value.) 

2. For each load on the structure, determine the stress resultants at the 
cross section containing the selected point. (The possible stress 
resultants are an axial force, a twisting moment, a bending moment, 
and a shear force.) 

3. Calculate the normal and shear stresses at the selected point due to 
each of the stress resultants. Also, if the structure is a pressure ves- 
sel, determine the stresses due to the internal pressure. (The stresses 
are found from the stress formulas derived previously; for instance, 
o = PIA, T= Tp/Ip, a: = Myll, T = VO/Ib, and o = pr/t.) 

4. Combine the individual stresses to obtain the resultant stresses at 
the selected point. In other words, obtain the stresses o, oy, and 7,, 
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FIG. 8-21 Cantilever bar subjected to 
combined torsion and bending: (a) loads 
acting on the bar, (b) stress resultants at 
a cross section, and (c) stresses at points 
A and B 


acting on a stress element at the point. (Note that in this chapter we 
are dealing only with elements in plane stress.) 

S. Determine the principal stresses and maximum shear stresses at the 
selected point, using either the stress-transformation equations or 
Mohr's circle. If required, determine the stresses acting on other 
inclined planes. 

6. Determine the strains at the point with the aid of Hooke's law for 
plane stress. 

7. Select additional points and repeat the process. Continue until 
enough stress and strain information is available to satisfy the 
purposes of the analysis. 


Illustration of the Method 


To illustrate the procedure for analyzing a member subjected to com- 
bined loadings, we will discuss in general terms the stresses in the 
cantilever bar of circular cross section shown in Fig. 8-21a. This bar is 
subjected to two types of load—a torque T and a vertical load P, both 
acting at the free end of the bar. 

Let us begin by arbitrarily selecting two points A and B for investi- 
gation (Fig. 8-21a). Point A is located at the top of the bar and point B is 
located on the side. Both points are located at the same cross section. 

The stress resultants acting at the cross section (Fig. 8-21b) are a 
twisting moment equal to the torque 7, a bending moment M equal to 
the load P times the distance b from the free end of the bar to the cross 
section, and a shear force V equal to the load P. 

The stresses acting at points A and B are shown in Fig. 8-21c. The 
twisting moment T produces torsional shear stresses 


Tr IT 
Eje ee 3 (a) 





in which r is the radius of the bar and Ip = zr^/2 is the polar moment of 

inertia of the cross-sectional area. The stress 7, acts horizontally to the 

left at point A and vertically downward at point B, as shown in the figure. 
The bending moment M produces a tensile stress at point A: 


Mr 4M 
=== (b) 


I Tr 





OA 


in which / = r*/4 is the moment of inertia about the neutral axis. How- 
ever, the bending moment produces no stress at point B, because B is 
located on the neutral axis. 

The shear force V produces no shear stress at the top of the bar 
(point A), but at point B the shear stress is as follows (see Eq. 5-42 in 
Chapter 5): 


_4v_ 4V 
3A  3mr^ 





(c) 


T? 


in which A = rr is the cross-sectional area. 


FIG. 8-21 (Repeated) 


FIG. 8-22 Stress element at point A 
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The stresses oy, and 7, acting at point A (Fig. 8-21c) are shown 
acting on a stress element in Fig. 8-22a. This element is cut from the top 
of the bar at point A. A two-dimensional view of the element, obtained 
by looking vertically downward on the element, is shown in Fig. 8-22b. 
For the purpose of determining the principal stresses and maximum 
shear stresses, we construct x and y axes through the element. The x axis 
is parallel to the longitudinal axis of the circular bar (Fig. 8-21a) and the 
y axis is horizontal. Note that the element is in plane stress with 
d= 04,0, = 0,200.5, = Fi 

A stress element at point B (also in plane stress) is shown in Fig. 8-23a. 
The only stresses acting on this element are the shear stresses, equal to 7, + 
T, (see Fig. 8-21c). A two-dimensional view of the stress element is 
shown in Fig. 8-23b, with the x axis parallel to the longitudinal axis of the 
bar and the y axis in the vertical direction. The stresses acting on the ele- 
ment are g, = oy = Oand Ty = —(7 t 72). 

Now that we have determined the stresses acting at points A and 
B and constructed the corresponding stress elements, we can use the 
transformation equations of plane stress (Sections 7.2 and 7.3) or 
Mohr’s circle (Section 7.4) to determine principal stresses, maximum 
shear stresses, and stresses acting in inclined directions. We can 
also use Hooke’s law (Section 7.5) to determine the strains at points 
A and B. 

The procedure described previously for analyzing the stresses at 
points A and B (Fig. 8-21a) can be used at other points in the bar. Of 
particular interest are the points where the stresses calculated from the 
flexure and shear formulas have maximum or minimum values, called 
critical points. For instance, the normal stresses due to bending are 
largest at the cross section of maximum bending moment, which is at 
the support. Therefore, points C and D at the top and bottom of the beam 
at the fixed end (Fig. 8-21a) are critical points where the stresses should 
be calculated. Another critical point is point B itself, because the shear 
stresses are a maximum at this point. (Note that in this example the 
shear stresses do not change if point B is moved along the bar in the 
longitudinal direction.) 
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FIG. 8-23 Stress element at point B 
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As a final step, the principal stresses and maximum shear stresses at 
the critical points can be compared with one another in order to deter- 
mine the absolute maximum normal and shear stresses in the bar. 

This example illustrates the general procedure for determining the 
stresses produced by combined loadings. Note that no new theories are 
involved—only applications of previously derived formulas and con- 
cepts. Since the variety of practical situations seems to be endless, we 
will not derive general formulas for calculating the maximum stresses. 
Instead, we will treat each structure as a special case. 


Selection of Critical Points 


If the objective of the analysis is to determine the largest stresses 
anywhere in the structure, then the critical points should be selected at 
cross sections where the stress resultants have their largest values. 
Furthermore, within those cross sections, the points should be selected 
where either the normal stresses or the shear stresses have their largest 
values. By using good judgment in the selection of the points, we often 
can be reasonably certain of obtaining the absolute maximum stresses 
in the structure. 

However, it is sometimes difficult to recognize in advance where 
the maximum stresses in the member are to be found. Then it may be 
necessary to investigate the stresses at a large number of points, perhaps 
even using trial-and-error in the selection of points. Other strategies may 
also prove fruitful—such as deriving equations specific to the problem 
at hand or making simplifying assumptions to facilitate an otherwise 
difficult analysis. 

The following examples illustrate the methods used to calculate 
stresses in structures subjected to combined loadings. 
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FIG. 8-24 Example 8-4. Rotor shaft of a 
helicopter (combined torsion and axial 
force) 





The rotor shaft of a helicopter drives the rotor blades that provide the lifting force 
to support the helicopter in the air (Fig. 8-24a). As a consequence, the shaft is 
subjected to a combination of torsion and axial loading (Fig. 8-24b). 

For a 50-mm diameter shaft transmitting a torque T = 2.4 kN-m and a 
tensile force P — 125 kN, determine the maximum tensile stress, maximum 
compressive stress, and maximum shear stress in the shaft. 


Solution 

The stresses in the rotor shaft are produced by the combined action of the 
axial force P and the torque T (Fig. 8-24b). Therefore, the stresses at any point 
on the surface of the shaft consist of a tensile stress og and shear stresses To, as 
shown on the stress element of Fig. 8-24c. Note that the y axis is parallel to the 
longitudinal axis of the shaft. 

The tensile stress o equals the axial force divided by the cross-sectional 
area: 


n 2 ee TT a 
i m (50 mm)? 





63.66 MP 
A qd? i 


The shear stress 79 is obtained from the torsion formula (see Eqs. 3-11 and 3-12 
of Section 3.3): 


_ Tr. 16T _ 16(2.4kN-m) 


0 i. mad 60mm) 





= 97.78 MPa 


The stresses o and 7 act directly on cross sections of the shaft. 

Knowing the stresses oy and 7), we can now obtain the principal stresses and 
maximum shear stresses by the methods described in Section 7.3. The principal 
stresses are obtained from Eq. (7-17): 


Ere mU S 
O12 = Rue ar [7 does (d) 


Substitutme o — 0, — m 060 MEn mdr ~ m e MPr vwe 
get 
go 32 MPa + 103 MPa or Oj = 135 MPa (pc —71 MPa 


These are the maximum tensile and compressive stresses in the rotor shaft. 
The maximum in-plane shear stresses (Eq. 7-25) are 


Oy — Oy \” 
Tmax — [Am zn 2 (e) 


This term was evaluated previously, so we see immediately that 


Tmax = 103 MPa 


Because the principal stresses a, and o have opposite signs, the maximum 
in-plane shear stresses are larger than the maximum out-of-plane shear stresses 
(see Eqs. 7-28a, b, and c and the accompanying discussion). Therefore, the max- 
imum shear stress in the shaft is 103 MPa. 
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Example 8-5 





A thin-walled cylindrical pressure vessel with a circular cross section is sub- 
jected to internal gas pressure p and simultaneously compressed by an axial 
load P — 12 k (Fig. 8-25a). The cylinder has inner radius r — 2.1 in. and wall 
thickness t = 0.15 in. 

Determine the maximum allowable internal pressure p4j4,, based upon an 
allowable shear stress of 6500 psi in the wall of the vessel. 


Solution 

The stresses in the wall of the pressure vessel are caused by the combined 
action of the internal pressure and the axial force. Since both actions produce 
uniform normal stresses throughout the wall, we can select any point on the sur- 
face for investigation. At a typical point, such as point A (Fig. 8-25a), we isolate 
a stress element as shown in Fig. 8-25b. The x axis is parallel to the longitudinal 
axis of the pressure vessel and the y axis is circumferential. Note that there are 
no shear stresses acting on the element. 

Principal stresses. The longitudinal stress co, is equal to the tensile stress o» 
produced by the internal pressure (see Fig. 8-7a and Eq. 8-6) minus the com- 
pressive stress produced by the axial force; thus, 


proc pc pr Ẹ 
e Unc EE e (f 
2t A D DUE 


in which A = 27rt is the cross-sectional area of the cylinder. (Note that for con- 
venience we are using the inner radius r in all calculations.) 

The circumferential stress g, is equal to the tensile stress c; produced by the 
internal pressure (Fig. 8-7a and Eq. 8-5): 











Ohy = E (g) 
(a) 
Note that g, is algebraically larger than o;. 
Since no shear stresses act on the element (Fig. 8-25), the normal stresses o; 
K and g, are also the principal stresses: 
Oy 
o,=0,= E- m= = 4 (h,i) 
; i t 2 2p OPE 
T, Now substituting numerical values, we obtain 
——— O =k 
(he DD da 
= — = —— = 14.0 
2 7 f 0.15 in, i 
| > EE ne PO Wk 
^ 2t mrt 2(0.15in.)  2r(2.1in.)(0.15 in.) 


FIG. 8-25 Example 8-5. Pressure vessel = 7.0p — 6063 psi 


subjected to combined internal pressure in which oj, o», and p have units of pounds per square inch (psi). 
and axial force 
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In-plane shear stresses. The maximum in-plane shear stress (Eq. 7-26) is 


o MI 
Tmax =; — 5 (14-0p — 7.0p + 6063 psi) = 3.5p + 3032 psi 


Since Tmax is limited to 6500 psi, the preceding equation becomes 
6500 psi = 3.5p + 3032 psi 


from which we get 


3468 psi 
= E E = 990.9 psi or (Patow)1 = 990 psi 
because we round downward. 


Out-of-plane shear stresses. The maximum out-of-plane shear stress (see 
Eqs. 7-28a and 7-28b) is either 


O2 01 
Tmax ip 2 or Tmax LES 2 


From the first of these two equations we get 
6500 psi = 3.5p — 3032 psi or (panow)» = 2720 psi 
From the second equation we get 
6500 psi = 7.0p or (Patiow)3 = 928 psi 


Allowable internal pressure. Comparing the three calculated values for the 
allowable pressure, we see that (Pajow)3 governs, and therefore the allowable 
internal pressure 1s 


Pallow — 928 psi = 


At this pressure the principal stresses are a; = 13,000 psi and o» = 430 psi. 
These stresses have the same signs, thus confirming that one of the out-of-plane 
shear stresses must be the largest shear stress (see the discussion following 
Eqs. 7-28a, b, and c). 

Note: In this example, we determined the allowable pressure in the vessel 
assuming that the axial load was equal to 12 k. Amore complete analysis would 
include the possibility that the axial force may not be present. (As it turns out, 
the allowable pressure does not change if the axial force is removed from this 
example.) 
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Example 8-6 


A sign of dimensions 2.0 m X 1.2 m is supported by a hollow circular pole 
having outer diameter 220 mm and inner diameter 180 mm (Fig. 8-26). The sign 
is offset 0.5 m from the centerline of the pole and its lower edge is 6.0 m above 
the ground. 

Determine the principal stresses and maximum shear stresses at points A and B 
at the base of the pole due to a wind pressure of 2.0 kPa against the sign. 





Solution 

Stress resultants. The wind pressure against the sign produces a resultant 
force W that acts at the midpoint of the sign (Fig. 8-27a) and is equal to the pres- 
sure p times the area A over which it acts: 


W = pA = (2.0 kPa)(2.0 m X 1.2 m) = 4.8 kN 


The line of action of this force is at height h = 6.6 m above the ground and at 
distance b — 1.5 m from the centerline of the pole. 

The wind force acting on the sign is statically equivalent to a lateral force W 
and a torque 7 acting on the pole (Fig. 8-27b). The torque is equal to the force W 
times the distance b: 





T = Wb = (4.8 kN) (1.5 m) = 7.2 kN-m 


EODD The stress resultants at the base of the pole (Fig. 8-27c) consist of a bending 
pos moment M, a torque T, and a shear force V. Their magnitudes are 
mm 


FIG. 8-26 Example 8-6. Wind pressure M = Wh = (4.8 KN)(6.6 m) = 31.68 KN-m 


against a sign (combined bending, T = 7.2 kN-m V= W = 4.8 kN 

torsion, and shear of the pole) 
Examination of these stress resultants shows that maximum bending stresses 
occur at point A and maximum shear stresses at point B. Therefore, A and B are 
critical points where the stresses should be determined. (Another critical point 
is diametrically opposite point A, as explained in the Note at the end of this 
example.) 

Stresses at points A and B. The bending moment M produces a tensile stress 

74 at point A (Fig. 8-27d) but no stress at point B (which is located on the neutral 
axis). The stress g4 is obtained from the flexure formula: 


_ M(df2) 
I 


OA 


in which d; is the outer diameter (220 mm) and Z is the moment of inertia of the 
cross section. The moment of inertia is 
TT 


i= zi = 4 = Z| 220 mm)* — (180 my = 63.46 X 10 5 m4 


in which d; is the inner diameter. Therefore, the stress o4 is 


= Md»,  (31.68kN:m)220mm) _ 
|. 2  . 2(6046X10 9m*?) Seng cae 





OA 
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W= 4.8 kN 


ESAE T=7.2kN-m 





(a) (b) 











(c) (d) 
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FIG. 8-27 Solution to Example 8-6 (e) (f) 


The torque 7 produces shear stresses 7, at points A and B (Fig. 8-27d). We 
can calculate these stresses from the torsion formula: 


. T(d52) 
Tp 
Ip 
in which Zp is the polar moment of inertia: 
ily = E (ut z " = e SOS MO Sm 
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Thus, 


LCs ec ATO ILU 


Ze m DOOM i Ome) T VE 


= 


Finally, we calculate the shear stresses at points A and B due to the shear 
force V. The shear stress at point A is zero, and the shear stress at point B 
(denoted 7, in Fig. 8-27d) is obtained from the shear formula for a circular tube 
(Eq. 5-44 of Section 5.9): 








AV ra + rr, + rt 
EE m : (J) 


= 2A ri ri 


in which r and r, are the outer and inner radii, respectively, and A is the cross- 
sectional area: 


d d 
ry => = 110 mm r= > = 90mm 


A= a. r) 2570mm 
Substituting numerical values into Eq. (j), we obtain 


T = 0.76 MPa 


The stresses acting on the cross section at points A and B have now been 
calculated. 

Stress elements. The next step is to show these stresses on stress elements 
(Figs. 8-27e and f). For both elements, the y axis is parallel to the longitudinal 
axis of the pole and the x axis is horizontal. At point A the stresses acting on the 
element are 


g, = 0 Oy = 04 = 54.91 MPa 7 


Xy 


= T7, = 6.24 MPa 
At point B the stresses are 


=7, + 7, = 624 MPa + 0.76 MPa = 7.00 MPa 


| 
9 

| 
c 


Ox Txy 


since there are no normal stresses acting on the element, point B is in pure 
shear. 

Now that all stresses acting on the stress elements (Figs. 8-27e and f) are 
known, we can use the equations given in Section 7.3 to determine the principal 
stresses and maximum shear stresses. 


SECTION 8.5 Combined Loadings 655 


Principal stresses and maximum shear stresses at point A. The principal 
stresses are obtained from Eq. (7-17), which is repeated here: 
Ge Gy (= 5 


01 32 = 2 2 T Txy (k) 


Substituting o, = 0, oy = 54.91 MPa, and Ty, = 6.24 MPa, we get 
045 = 27.) MPa = 25:2 MPa 
or 
Gi 357 MPa 05 = —0.7 MPa EE 


The maximum in-plane shear stresses may be obtained from Eq. (7-25): 


— 2, 
Tmax — [S d "s (I) 


This term was evaluated previously, so we see immediately that 
Tmax = 28.2 MPa E 


Because the principal stresses o} and o» have opposite signs, the maximum in- 
plane shear stresses are larger than the maximum out-of-plane shear stresses (see 
Eqs. 7-28a, b, and c and the accompanying discussion). Therefore, the maximum 
shear stress at point A is 28.2 MPa. 

Principal stresses and maximum shear stresses at point B. The stresses at 
this point are o, = 0, o, = 0, and 7,, = 7.0 MPa. Since the element is in pure 
shear, the principal stresses are 


o, = 7.0 MPa o = —7.0 MPa ea 
and the maximum in-plane shear stress is 
po — O MPa a 


The maximum out-of-plane shear stresses are half this value. 

Note: If the largest stresses anywhere in the pole are needed, then we must 
also determine the stresses at the critical point diametrically opposite point A, 
because at that point the compressive stress due to bending has its largest value. 
The principal stresses at that point are 


g, = 0.7 MPa o = —55.7 MPa 


and the maximum shear stress is 28.2 MPa. Therefore, the largest tensile stress in 
the pole is 55.7 MPa, the largest compressive stress is —55.7 MPa, and the largest 
shear stress is 28.2 MPa. (Keep in mind that only the effects of the wind pressure 
are considered in this analysis. Other loads, such as the weight of the structure, 
also produce stresses at the base of the pole.) 
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Example 8-7 


d=9in. | P,; =3,240 Ib 


P» = 800 Ib 


h = 52 in. 





t=0.5 in. 
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FIG. 8-28 Example 8-7. Loads on a post 
(combined axial load, bending, and 
shear) 


A tubular post of square cross section supports a horizontal platform (Fig. 8-28). 
The tube has outer dimension b = 6 in. and wall thickness t = 0.5 in. The plat- 
form has dimensions 6.75 in. X 24.0 in. and supports a uniformly distributed 
load of 20 psi acting over its upper surface. The resultant of this distributed load 
is a vertical force P;: 


P, = (20 psi)(6.75 in. X 24.0 in.) = 3240 Ib 


This force acts at the midpoint of the platform, which is at distance d — 9 in. 
from the longitudinal axis of the post. A second load P5 — 800 Ib acts horizon- 
tally on the post at height h = 52 in. above the base. 

Determine the principal stresses and maximum shear stresses at points 
A and B at the base of the post due to the loads P, and P3. 


Solution 

Stress resultants. The force P, acting on the platform (Fig. 8-28) is statically 
equivalent to a force P, and a moment M, = Pd acting at the centroid 
of the cross section of the post (Fig. 8-29a). The load P» is also shown in 
this figure. 

The stress resultants at the base of the post due to the loads P, and P; 
and the moment M, are shown in Fig. 8-29b. These stress resultants are the 
following: 


1. An axial compressive force P, = 3240 Ib 
2. A bending moment M, produced by the force P;: 


Mı = Pid = (3240 Ib)(9 in.) = 29,160 Ib-in. 


3. A shear force P» = 800 Ib 
4. A bending moment M, produced by the force P3: 


M» = P5h = (800 Ib)(52 in.) = 41,600 Ib-in. 


Examination of these stress resultants (Fig. 8-29b) shows that both M; and M5 
produce maximum compressive stresses at point A and the shear force produces 
maximum shear stresses at point B. Therefore, A and B are critical points where 
the stresses should be determined. (Another critical point is diagonally opposite 
point A, as explained in the Note at the end of this example.) 

Stresses at points A and B. 

(1) The axial force P; (Fig. 8-29b) produces uniform compressive stresses 
throughout the post. These stresses are 


HL 
= i 


in which A is the cross-sectional area of the post: 


Op 


A =b — (b — 20? = At(b — f) 
= 4(0.5 in.)(6 in. — 0.5 in.) = 11.00 in.” 
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(b) (c) 

D 
[i 

o = Op t Oy, + Om, = 4090 psi | Op = Op, + OM, = 1860 psi 
— 
A B 
x x 
O O 
| | Tp, = 160 psi 
FIG. 8-29 Solution to Example 8-7 (d) (e) 
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Therefore, the axial compressive stress is 


.. P, 32401b 


mte = 35er 
DIN FO ae Ps 


The stress ap, is shown acting at points A and B in Fig. 8-29c. 
(2) The bending moment M, (Fig. 8-29b) produces compressive stresses oy, 
at points A and B (Fig. 8-29c). These stresses are obtained from the flexure formula: 


= Mbi?)  Mib 
I 2I 


Om, 


in which 7 is the moment of inertia of the cross-sectional area: 


Wa oom 


"n — 
[p 12 12 


(6 in.)^ — (5 in)" = 5092 te 


Thus, the stress om, is 


n Mib _ (29,160 Ib-in.)(6 in.) 
NOT 2(55.92 in.*) 








= 1564 psi 


(3) The shear force P» (Fig. 8-29b) produces a shear stress at point B but not 
at point A. From the discussion of shear stresses in the webs of beams with 
flanges (Section 5.10), we know that an approximate value of the shear stress can 
be obtained by dividing the shear force by the web area (see Eq. 5-50 in Section 
5.10). Thus, the shear stress produced at point 5 by the force P» is 


METUIT. ORE 800 Ib 
72 Aue 2t(b—2t0 2(0.5 in.)(6 in. — 1 in.) 








= 160 psi 


The stress 7p, acts at point B in the direction shown in Fig. 8-29c. 

If desired, we can calculate the shear stress 7p, from the more accurate 
formula of Eq. (5-482) in Section 5.10. The result of that calculation is Tp, = 163 
psi, which shows that the shear stress obtained from the approximate formula is 
satisfactory. 

(4) The bending moment M^» (Fig. 8-29b) produces a compressive stress at 
point A but no stress at point B. The stress at A is 


_ M2(b/2) _ Mob (41,600 Ib-in.)(6 in.) 
re 27 2 (55.92 in.^) 





— 2232 psi 


This stress is also shown in Fig. 8-29c. 

Stress elements. The next step is to show the stresses acting on stress 
elements at points A and B (Figs. 8-29d and e). Each element is oriented so that 
the y axis is vertical (that is, parallel to the longitudinal axis of the post) and the 
x axis is horizontal. At point A the only stress is a compressive stress g4 in the y 
direction (Fig. 8-29d): 


OA — OP, F OM, sh: Om, 
= 295 psi + 1564 psi + 2232 psi = 4090 psi (compression) 


Thus, this element is in uniaxial stress. 





FIG. 8-30 Notation for an element in 


At point B the compressive stress in the y direction (Fig. 8-29e) is 


Og = Op, + Oy, = 295 psi + 1564 psi = 1860 psi (compression) 
and the shear stress 1s 
Tp, = 160 psi 


The shear stress acts leftward on the top face of the element and downward on 
the x face of the element. 

Principal stresses and maximum shear stresses at point A. Using the stan- 
dard notation for an element in plane stress (Fig. 8-30), we write the stresses for 
element A (Fig. 8-29d) as follows: 


o, = 0 0, = —9g4 = —4090 psi Ty = 0 
Since the element is in uniaxial stress, the principal stresses are 
a, = 0 Oy = —4090 psi 
and the maximum in-plane shear stress (Eq. 7-26) is 


= 0; — 02 _ 4090 psi 


Tmax = 5 5 = 2050 psi 


The maximum out-of-plane shear stress (Eq. 7-28a) has the same magnitude. 

Principal stresses and maximum shear stresses at point B. Again using the 
standard notation for plane stress (Fig. 8-30), we see that the stresses at point B 
(Fig. 8-29e) are 


0, = 0 Urs US m GUI 


To obtain the principal stresses, we use Eq. (7-17), which is repeated here: 


0 = Txy (m) 


ae ore (Sf. 2 
-— 2 


2 
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Substituting for oy, oy, and 7,,, we get 


01.2 = —930 psi = 944 psi 


Or 


0, = 14 psi 05 = —1870 psi uum 


The maximum in-plane shear stresses may be obtained from Eq. (7-25): 





Tmax m 


This term was evaluated previously, so we see immediately that 


Tmax = 944 psi «mg 


Because the principal stresses vg, and o» have opposite signs, the maximum in- 
plane shear stresses are larger than the maximum out-of-plane shear stresses 
(see Eqs. 7-28a, b, and c and the accompanying discussion). Therefore, the 
maximum shear stress at point B is 944 psi. 

Note: If the largest stresses anywhere at the base of the post are needed, then 
we must also determine the stresses at the critical point diagonally opposite point 
A (Fig. 8-29c), because at that point each bending moment produces the max- 
imum tensile stress. Thus, the tensile stress acting at that point is 


Onn or ann Oi mals One ee 8) Pol SISSE pi Dp 
The stresses acting on a stress element at that point (see Fig. 8-30) are 

g, = O SOUS Ty —0 
and therefore the principal stresses and maximum shear stress are 


g, = 3500 psi 95 = 0 Tmax = 1750 psi 


Thus, the largest tensile stress anywhere at the base of the post is 3500 psi, the 
largest compressive stress is 4090 psi, and the largest shear stress is 2050 psi. 
(Keep in mind that only the effects of the loads P, and P» are considered in this 
analysis. Other loads, such as the weight of the structure, also produce stresses at 
the base of the post.) 








In Chapter 8, we investigated some practical examples of structures in states of plane 
stress, building upon the material presented in Sections 7.2 through 7.5 in the previous 
chapter. First, we considered the stresses in thin-walled spherical and cylindrical 
vessels, such as storage tanks containing compressed gases or liquids. Then, we 
investigated the distribution of principal stresses and maximum shear stresses in 
beams and plotted either stress trajectories or stress contours to display the variation 
of these stresses over the length of the beam. Finally, we evaluated the maximum nor- 
mal and shear stresses at various points in structures or components acted upon by 
combined loadings. The major concepts and findings presented in this chapter are as 
follows: 


iF 


Plane stress is a common stress condition that exists in all ordinary structures, 
such as in the walls of pressure vessels, in the webs and/or flanges of beams of 
various shapes, and in a wide variety of structures subject to the combined 
effects of axial, shear, and bending loads, as well as internal pressure. 


The wall of a pressurized thin-walled spherical vessel is in a state of plane 
stress—specifically, biaxial stress—with uniform tensile stresses known as 
membrane stresses acting in all directions. Only the excess of internal pressure 
over external pressure or gage pressure has any effect on these stresses. Addi- 
tional important considerations for more detailed analysis or design of spherical 
vessels include: stress concentrations around openings, effects of external loads 
and self weight (including contents), and influence of corrosion, impacts, and 
temperature changes. 


The walls of cylindrical thin-walled pressure vessels with circular cross sections 
are also in a state of biaxial stress. The circumferential stress is referred to as 
the hoop stress, and the stress parallel to the axis of the tank is called the lon- 
gitudinal stress or the axial stress. The circumferential stress is equal to twice 
the longitudinal stress. Both are principal stresses. The formulas derived here 
using elementary theory for thin-walled shells are only valid in parts of the 
cylinder away from any discontinuities that cause stress concentrations. 


If Hooke’s law applies, the flexure and shear formulas (Chapter 5) are used to 
find normal and shear stresses at points of interest along a beam. By investigat- 
ing the stresses at many cross sections of the beam for a given loading, we can 
find the variation in principal stresses throughout the beam and then construct 
two systems of orthogonal curves (called stress trajectories) that give the direc- 
tions of the principal stresses. We can also construct curves connecting points of 
equal principal stress, known as stress contours. 


Stress trajectories give the directions of the principal stresses but give no infor- 
mation about the magnitudes of the stresses. In contrast, the magnitudes of the 
principal stresses are constant along a stress contour, but the contours give no 
information about the directions of the stresses. 


In the practical design of ordinary beams, the principal stresses and maximum 
shear stresses are rarely calculated. Instead, the tensile and compressive stresses 
to be used in design are calculated from the flexure formula at the cross section of 
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maximum bending moment, and the shear stress to be used in design is calculated 
from the shear formula at the cross section of maximum shear force. 


7. A structural member subjected to combined loadings often can be analyzed by 
superimposing the stresses and strains caused by each load acting separately. 
However, the stresses and strains must be linear functions of the applied 
loads, which in turn requires that the material follow Hooke's law and the dis- 
placements remain small. There must be no interaction between the various 
loads, that is, the stresses and strains due to one load must not be affected by 
the presence of the other loads. 


8. A detailed approach for analysis of critical points in a structure or component 
subjected to more than one type of load is presented in Section 8.5. 





PROBLEMS CHAPTER 8 


Spherical Pressure Vessels 


When solving the problems for Section 8.2, assume that the 
given radius or diameter is an inside dimension and that 
all internal pressures are gage pressures. 


8.2-1 A large spherical tank (see figure) contains gas at a 
pressure of 450 psi. The tank is 42 ft in diameter and is con- 
structed of high-strength steel having a yield stress in ten- 
sion of 80 ksi. 

Determine the required thickness (to the nearest 1/4 inch) 
of the wall of the tank if a factor of safety of 3.5 with respect to 
yielding is required. 











PROBS. 8.2-1 and 8.2-2 


8.2-2 Solve the preceding problem if the internal pressure is 
3.75 MPa, the diameter is 19 m, the yield stress is 570 MPa, 
and the factor of safety 1s 3.0. 

Determine the required thickness to the nearest 
millimeter. 


8.2-3 A hemispherical window (or viewport) in a decom- 
pression chamber (see figure) is subjected to an internal air 
pressure of 80 psi. The port is attached to the wall of the 
chamber by 18 bolts. 

Find the tensile force F in each bolt and the tensile 
stress o in the viewport if the radius of the hemisphere is 
7.0 in. and its thickness 1s 1.0 in. 








PROB. 8.2-3 
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8.2-4 A rubber ball (see figure) is inflated to a pressure of 
60 kPa. At that pressure the diameter of the ball is 230 mm 
and the wall thickness is 1.2 mm. The rubber has modulus 
of elasticity E — 3.5 MPa and Poisson's ratio v — 0.45. 
Determine the maximum stress and strain in the ball. 





PROB. 8.2-4 


8.2-5 Solve the preceding problem if the pressure is 9.0 psi, 
the diameter is 9.0 in., the wall thickness is 0.05 in., 
the modulus of elasticity is 500 psi, and Poisson’s ratio is 
0.45. 





PROB. 8.2-5 


8.2-6 A spherical steel pressure vessel (diameter 480 mm, 
thickness 8.0 mm) is coated with brittle lacquer that cracks 
when the strain reaches 150 X 107° (see figure). 

What internal pressure p will cause the lacquer to 
develop cracks? (Assume E = 205 GPa and v = 0.30.) 


Cracks in 
coating 





PROB. 8.2-6 
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8.2-7 A spherical tank of diameter 48 in. and wall thickness 
1.75 in. contains compressed air at a pressure of 2200 psi. 
The tank is constructed of two hemispheres joined by a 
welded seam (see figure). 

(a) What is the tensile load f (Ib per in. of length of 
weld) carried by the weld? 

(b) What is the maximum shear stress Tmax in the wall 
of the tank? 

(c) What is the maximum normal strain € in the wall? 
(For steel, assume E = 30 x 10° psi and v — 0.29.) 





PROBS. 8.2-7 and 8.2-8 


8.2-8 Solve the preceding problem for the following data: 
diameter 1.0 m, thickness 48 mm, pressure 22 MPa, mod- 
ulus 210 GPa, and Poisson's ratio 0.29. 


8.2-9 A spherical stainless-steel tank having a diameter of 
22 in. is used to store propane gas at a pressure of 2450 psi. 
The properties of the steel are as follows: yield stress in ten- 
sion, 140,000 psi; yield stress in shear, 65,000 psi; modulus 
of elasticity, 30 X 10° psi; and Poisson’s ratio, 0.28. The 
desired factor of safety with respect to yielding is 2.8. Also, 
the normal strain must not exceed 1100 X 10 6. 

Determine the minimum permissible thickness tmin of 
the tank. 


8.2-10 Solve the preceding problem if the diameter is 
500 mm, the pressure is 18 MPa, the yield stress in tension 
is 975 MPa, the yield stress in shear is 460 MPa, the factor 
of safety is 2.5, the modulus of elasticity is 200 GPa, 
Poisson’s ratio is 0.28, and the normal strain must not 
exceed 1210 x 10°°. 


8.2-11 A hollow pressurized sphere having radius r — 4.8 in. 
and wall thickness t = 0.4 in. is lowered into a lake (see 
figure). The compressed air in the tank is at a pressure of 24 
psi (gage pressure when the tank is out of the water). 

At what depth Do will the wall of the tank be subjected 
to a compressive stress of 90 psi? 





PROB. 8.2-11 


Cylindrical Pressure Vessels 


When solving the problems for Section 8.5, assume that the 
given radius or diameter is an inside dimension and that 
all internal pressures are gage pressures. 


8.3-1 A scuba tank (see figure) is being designed for an 
internal pressure of 1600 psi with a factor of safety of 
2.0 with respect to yielding. The yield stress of the steel is 
35,000 psi in tension and 16,000 psi in shear. 

If the diameter of the tank is 7.0 in., what is the 
minimum required wall thickness? 





PROB. 8.3-1 


8.3-2 A tall standpipe with an open top (see figure) has 
diameter d = 2.2 m and wall thickness t = 20 mm. 

(a) What height h of water will produce a circumferential 
stress of 12 MPa in the wall of the standpipe? 

(b) What is the axial stress in the wall of the tank due 
to the water pressure? 


a 





PROB. 8.3-2 


8.3-3 An inflatable structure used by a traveling circus has 
the shape of a half-circular cylinder with closed ends (see 
figure). The fabric and plastic structure is inflated by a 
small blower and has a radius of 40 ft when fully inflated. 
A longitudinal seam runs the entire length of the “ridge” of 
the structure. 

If the longitudinal seam along the ridge tears open 
when it is subjected to a tensile load of 540 pounds per inch 
of seam, what is the factor of safety n against tearing when 
the internal pressure is 0.5 psi and the structure is fully 
inflated? 


Longitudinal seam 





PROB. 8.3-3 


8.3-4 A thin-walled cylindrical pressure vessel of radius r is 
subjected simultaneously to internal gas pressure p and a 
compressive force F acting at the ends (see figure). 

What should be the magnitude of the force F in order to 
produce pure shear in the wall of the cylinder? 
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PROB. 8.3-4 


8.3-5 A strain gage is installed in the longitudinal direction 
on the surface of an aluminum beverage can (see figure). 
The radius-to-thickness ratio of the can is 200. When the 
lid of the can is popped open, the strain changes by eo = 
170 X 10 9. 

What was the internal pressure p in the can? (Assume 
E = 10 X 10° psi and v = 0.33.) 





PROB. 8.3-5 


8.3-6 A circular cylindrical steel tank (see figure) contains 
a volatile fuel under pressure. A strain gage at point A 
records the longitudinal strain in the tank and transmits this 
information to a control room. The ultimate shear stress in 
the wall of the tank is 84 MPa, and a factor of safety of 2.5 
is required. 

At what value of the strain should the operators take 
action to reduce the pressure in the tank? (Data for the steel 
are as follows: modulus of elasticity E = 205 GPa and Pois- 
son's ratio v — 0.30.) 


Pressure relief 


dni tank Valve. 





PROB. 8.3-6 
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8.3-7 A cylinder filled with oil is under pressure from a 
piston, as shown in the figure. The diameter d of the piston 
is 1.80 in. and the compressive force F is 3500 Ib. The max- 
imum allowable shear stress Tanow in the wall of the cylinder 
is 5500 psi. 

What is the minimum permissible thickness tmin of the 
cylinder wall? (See figure.) 


Cylinder 
"a 





PROBS. 8.3-7 and 8.3-8 


8.3-8 Solve the preceding problem if d — 90 mm, F — 42 kN, 
and Tatjow = 40 MPa. 


8.3-9 A standpipe in a water-supply system (see figure) is 
12 ft in diameter and 6 inches thick. Two horizontal pipes 
carry water out of the standpipe; each is 2 ft in diameter 
and 1 inch thick. When the system is shut down and water 
fills the pipes but is not moving, the hoop stress at the 
bottom of the standpipe is 130 psi. 

(a) What is the height A of the water in the standpipe? 

(b) If the bottoms of the pipes are at the same elevation 
as the bottom of the standpipe, what is the hoop stress in 
the pipes? 





PROB. 8.3-9 


8.3-10 A cylindrical tank with hemispherical heads is 
constructed of steel sections that are welded circumferen- 
tially (see figure). The tank diameter is 1.25 m, the wall 
thickness is 22 mm, and the internal pressure is 1750 kPa. 

(a) Determine the maximum tensile stress op in the 
heads of the tank. 

(b) Determine the maximum tensile stress o. in the 
cylindrical part of the tank. 


(c) Determine the tensile stress o;, acting perpendicu- 
lar to the welded joints. 

(d) Determine the maximum shear stress 7, in the 
heads of the tank. 

(e) Determine the maximum shear stress 7, in the 
cylindrical part of the tank. 


Welded seams 





PROBS. 8.3-10 and 8.3-11 


8.3-11 A cylindrical tank with diameter d — 18 in. is sub- 
jected to internal gas pressure p = 450 psi. The tank is con- 
structed of steel sections that are welded circumferentially 
(see figure). The heads of the tank are hemispherical. The 
allowable tensile and shear stresses are 8200 psi and 3000 psi, 
respectively. Also, the allowable tensile stress perpendicular 
to a weld is 6250 psi. 

Determine the minimum required thickness tmin of (a) the 
cylindrical part of the tank and (b) the hemispherical heads. 


*8.3-12 A pressurized steel tank is constructed with a 
helical weld that makes an angle a = 55° with the longitu- 
dinal axis (see figure). The tank has radius r — 0.6 m, wall 
thickness t = 18 mm, and internal pressure p = 2.8 MPa. 
Also, the steel has modulus of elasticity E — 200 GPa and 
Poisson's ratio v — 0.30. 

Determine the following quantities for the cylindrical 
part of the tank. 

(a) The circumferential and longitudinal stresses. 

(b The maximum in-plane and out-of-plane shear 
stresses. 

(c) The circumferential and longitudinal strains. 

(d) The normal and shear stresses acting on planes par- 
allel and perpendicular to the weld (show these stresses on 
a properly oriented stress element). 


Helical weld 





PROBS. 8.3-12 and 8.3-13 


*8.3-13 Solve the preceding problem for a welded tank with 
a = 62°, r= 19 in., t = 0.65 in., p = 240 psi, E = 30 X 
10? psi, and v — 0.30. 


Maximum Stresses in Beams 


When solving the problems for Section 8.4, consider only the 
in-plane stresses and disregard the weights of the beams. 


8.4-1 A cantilever beam of rectangular cross section is sub- 
jected to a concentrated load P — 17 k acting at the free end 
(see figure). The beam has width b = 3 in. and height h = 
12 in. Point A is located at distance c — 2.5 ft from the free 
end and distance d — 9 in. from the bottom of the beam. 

Calculate the principal stresses o; and o» and the maxi- 
mum shear stress Tmax at point A. Show these stresses on 
sketches of properly oriented elements. 


P 





TE 
zo k 


PROBS. 8.4-1 and 8.4-2 





d 


8.4-2 Solve the preceding problem for the following 
data: P = 130 kN, b = 80mm, A = 260 mm, c = 0.6 m, 
and d = 220 mm. 


8.4-3 A simple beam of rectangular cross section (width 
4 in., height 10 in.) carries a uniform load of 1200 lb/ft on a 
span of 12 ft (see figure). 

Find the principal stresses o and o» and the maximum 
shear stress Tmax at a cross section 2 ft from the left-hand 
support at each of the following locations: (a) the neutral 
axis, (b) 2 in. above the neutral axis and (c) the top of the 
beam. (Disregard the direct compressive stresses produced 
by the uniform load bearing against the top of the beam.) 


1200 Ib/ft 


|] 110 in. 
—] k— 


4 in. 





2 ft 


12 ft —— —— —— 


PROB. 8.4-3 


8.4-4 An overhanging beam ABC with a guided support at 
A is of rectangular cross section and supports concentrated 
loads P both at A and at the free end C (see figure). The span 
length from A to B is L, and the length of the overhang is 
L/2. The cross section has width b and height h. Point D is 
located midway between the supports at a distance d from 
the top face of the beam. 
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Knowing that the maximum tensile stress (principal 
stress) at point D is 0, = 35 MPa. determine the magnitude 
of the load P. Data for the beam are as follows: L = 1.75 m, 
b = 50 mm, h = 200 mm, and d = 40 mm. 





PROBS. 8.4-4 and 8.4-5 


8.4-5 Solve the preceding problem if the stress and dimen- 
sions are as follows: o, = 2450 psi, L = 80 in., b = 2.5 in., 
h = 10 in., and d = 2.5 in. 


8.4-6 A beam of wide-flange cross section (see figure) has the 
following dimensions: b = 120 mm, t = 10 mm, A = 300 mm, 
and A, — 260 mm. The beam is simply supported with span 
length L — 3.0 m. A concentrated load P — 120 kN acts at the 
midpoint of the span. 

At a cross section located 1.0 m from the left-hand sup- 
port, determine the principal stresses o, and o» and the 
maximum shear stress Tmax at each of the following 
locations: (a) the top of the beam, (b) the top of the web, and 
(c) the neutral axis. 


234 





A 








PROBS. 8.4-6 and 8.4-7 


8.4-7 A beam of wide-flange cross section (see figure) has 
the following dimensions: b = 5 in., t = 0.5 in., h = 12 in., 
and h, = 10.5 in. The beam is simply supported with span 
length L = 10 ft and supports a uniform load g = 6 k/ft. 

Calculate the principal stresses v; and o» and the maxi- 
mum shear stress Tmax at a cross section located 3 ft from 
the left-hand support at each of the following locations: 
(a) the bottom of the beam, (b) the bottom of the web, and 
(c) the neutral axis. 
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8.4-8 A W 200 X 41.7 wide-flange beam (see Table E-1(b). 
Appendix E) is simply supported with a span length of 2.5 m 
(see figure). The beam supports a concentrated load of 
100 kN at 0.9 m from support B. 

At a cross section located 0.7 m from the left-hand 
support, determine the principal stresses o1 and o» and the 
maximum shear stress Tmax at each of the following loca- 
tions: (a) the top of the beam, (b) the top of the web, and 
(c) the neutral axis. 


100 kN 
W 200 x 41.7 






PROB. 8.4-8 


8.4-9 A W 12 X 14 wide-flange beam (see Table E-1(a), 
Appendix E) is simply supported with a span length of 120 in. 
(see figure). The beam supports two anti-symmetrically placed 
concentrated loads of 7.5 k each. 

At a cross section located 20 in. from the right-hand 
support, determine the principal stresses vg, and o» and the 
maximum shear stress Tmax at each of the following loca- 
tions: (a) the top of the beam, (b) the top of the web, and 
(c) the neutral axis. 





40 d in. 
20 in. 20 in. 
120 in. ——— ——— 


*8.4-10 A cantilever beam of T-section is loaded by an 
inclined force of magnitude 6.5 kN (see figure). The line of 
action of the force is inclined at an angle of 60? to the hori- 
zontal and intersects the top of the beam at the end cross sec- 
tion. The beam is 2.5 m long and the cross section has the 
dimensions shown. 

Determine the principal stresses o; and o» and the 
maximum shear stress Tmax at points A and B in the web of 
the beam near the support. 


PROB. 8.4-9 





PROB. 8.4-10 


*8.4-11 A simple beam of rectangular cross section has span 
length L = 62 in. and supports a concentrated moment M = 
560 k-in at midspan (see figure). The height of the beam is 
h — 6in. and the width is b — 2.5 in. 

Plot graphs of the principal stresses o; and o» and the 
maximum shear stress Tmax, showing how they vary over the 
height of the beam at cross section mn, which is located 
24 in. from the left-hand support. 


Vee 
a 


PROBS. 8.4-11 and 8.4-12 


*8.4-12 Solve the preceding problem for a cross section mn 
located 0.18 m from the support if L = 0.75 m, M = 
65 kN- m, h = 120 mm, and b = 20 mm. 


Combined Loadings 


The problems for Section 6.5 are to be solved assuming 
that the structures behave linearly elastically and that the 
stresses caused by two or more loads may be superimposed 
to obtain the resultant stresses acting at a point. Consider 
both in-plane and out-of-plane shear stresses unless other- 
wise specified. 


8.5-1 A bracket ABCD having a hollow circular cross section 
consists of a vertical arm AB, a horizontal arm BC parallel to 
the xo axis, and a horizontal arm CD parallel to the zo axis 
(see figure). The arms BC and CD have lengths b, — 3.6 ft 
and b» — 2.2 ft, respectively. The outer and inner diameters 
of the bracket are d5 — 7.5 in. and d, — 6.8 in. A vertical 


load P — 1400 Ib acts at point D. Determine the maximum 
tensile, compressive, and shear stresses in the vertical arm. 


yo a 
bí, 





PROB. 8.5-1 


8.5-2 A gondola on a ski lift is supported by two bent arms, 
as shown in the figure. Each arm is offset by the distance 
b — 180 mm from the line of action of the weight force W. 
The allowable stresses in the arms are 100 MPa in tension 
and 50 MPa in shear. 

If the loaded gondola weighs 12 kN, what is the min- 
inum diameter d of the arms? 

f W 


7 





T 


PROB. 8.5-2 


8.5-3 The hollow drill pipe for an oil well (see figure) is 
6.2 in. in outer diameter and 0.75 in. in thickness. Just above 
the bit, the compressive force in the pipe (due to the weight of 
the pipe) is 62 k and the torque (due to drilling) is 185 k-in. 

Determine the maximum tensile, compressive, and 
shear stresses in the drill pipe. 
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PROB. 8.5-3 


8.5-4 A segment of a generator shaft is subjected to a torque 
T and an axial force P, as shown in the figure. The shaft is 
hollow (outer diameter d» = 300 mm and inner diameter 
d, = 250 mm) and delivers 1800 kW at 4.0 Hz. 

If the compressive force P — 540 kN, what are the max- 
imum tensile, compressive, and shear stresses in the shaft? 


il 
a 


PROBS. 8.5-4 and 8.5-5 


8.5-5 A segment of a generator shaft of hollow circular 
cross section is subjected to a torque T = 240 k-in. (see 
figure). The outer and inner diameters of the shaft are 8.0 in. 
and 6.25 in., respectively. 

What is the maximum permissible compressive load P 
that can be applied to the shaft if the allowable in-plane 
shear stress iS Tajjow = 6250 psi? 
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8.5-8 A cylindrical tank subjected to internal pressure p is 
simultaneously compressed by an axial force F = 72 kN 
(see figure). The cylinder has diameter d — 100 mm and 
wall thickness t = 4 mm. 

Calculate the maximum allowable internal pressure 
Pmax based upon an allowable shear stress in the wall of the 
tank of 60 MPa. 


— — 


PROB. 8.5-6 






8.5-7 A cylindrical tank having diameter d — 2.5 in. is sub- 
jected to internal gas pressure p = 600 psi and an external 
tensile load T — 1000 Ib (see figure). 

Determine the minimum thickness f£ of the wall of the 
tank based upon an allowable shear stress of 3000 psi. 





PROB. 8.5-7 


8.5-8 The torsional pendulum shown in the figure consists 
of a horizontal circular disk of mass M — 60 kg suspended 
by a vertical steel wire (G — 80 GPa) of length L — 2 m and 
diameter d — 4 mm. 

Calculate the maximum permissible angle of rotation 
Pmax Of the disk (that is, the maximum amplitude of tor- 
sional vibrations) so that the stresses in the wire do not 
exceed 100 MPa in tension or 50 MPa in shear. 


d= 4mm 


Pmax 


M=60 kg 
PROB. 8.5-8 


8.5-9 Determine the maximum tensile, compressive, and 
shear stresses at points A and B on the bicycle pedal crank 
shown in the figure. 

The pedal and crank are in a horizontal plane and 
points A and B are located on the top of the crank. The load 
P = 160 Ib acts in the vertical direction and the distances 
(in the horizontal plane) between the line of action of the 
load and points A and B are b, = 5.0 in., b; = 2.5 in. and 
b> = 1.0 in. Assume that the crank has a solid circular cross 
section with diameter d = 0.6 in. 


P= 160 Ib 











«— ——b— ——» 


Top view 


PROB. 8.5-9 


8.5-10 A cylindrical pressure vessel having radius 
r = 300 mm and wall thickness t = 15 mm is subjected to 
internal pressure p — 2.5 MPa. In addition, a torque 
T = 120 kN-m acts at each end of the cylinder (see figure). 

(a) Determine the maximum tensile stress Omax and 
the maximum in-plane shear stress Tmax in the wall of the 
cylinder. 


(b) If the allowable in-plane shear stress is 30 MPa, 
what is the maximum allowable torque T? 





PROB. 8.5-10 


8.5-11 An L-shaped bracket lying in a horizontal plane 
supports a load P — 150 Ib (see figure). The bracket has a 
hollow rectangular cross section with thickness t = 
0.125 in. and outer dimensions b = 2.0 in. and h = 3.5 in. 
The centerline lengths of the arms are b, = 20 in. and 
b, = 30 in. 

Considering only the load P, calculate the maximum 
tensile stress o;, maximum compressive stress o,, and maxi- 
mum shear stress Tmax at point A, which is located on the top 
of the bracket at the support. 


t = 0.125 in. 


Ti- 
EE 


b = 2.0 in. 





PROB. 8.5-11 


8.595-12 A semicircular bar AB lying in a horizontal plane is 
supported at B (see figure). The bar has centerline radius R 
and weight q per unit of length (total weight of the bar 
equals mqR). The cross section of the bar is circular with 
diameter d. 

Obtain formulas for the maximum tensile stress o;, 
maximum compressive stress o,, and maximum in-plane 
shear stress Tmax at the top of the bar at the support due to 
the weight of the bar. 
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PROB. 8.5-12 


8.5-13 An arm ABC lying in a horizontal plane and sup- 
ported at A (see figure) is made of two identical solid steel 
bars AB and BC welded together at a right angle. Each bar 
is 20 in. long. 

Knowing that the maximum tensile stress (principal stress) 
at the top of the bar at support A due solely to the weights of the 
bars is 932 psi, determine the diameter d of the bars. 








PROB. 8.5-13 


8.5-14 A pressurized cylindrical tank with flat ends is loaded 
by torques T and tensile forces P (see figure). The tank has 
radius r = 50 mm and wall thickness t = 3 mm. The internal 
pressure p = 3.5 MPa and the torque T = 450 N-m. 

What is the maximum permissible value of the forces P 
if the allowable tensile stress in the wall of the cylinder is 
72 MPa? 





PROB. 8.5-14 
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8.5-15 A post having a hollow circular cross section supports 
a horizontal load P — 240 lb acting at the end of an arm that 
is 5 ft long (see figure). The height of the post is 27 ft, and its 
section modulus is $ = 15 in.? Assume that outer radius of the 
post, r2 = 4.5 inches, and inner radius rı = 4.243 inches. 

(a) Calculate the maximum tensile stress o,,,, and max- 
imum in-plane shear stress Tmax at point A on the outer 
surface of the post along the x-axis due to the load P. Load P 
acts in a horizontal plane at an angle of 30? from a line 
which is parallel to the (—x) axis. 

(b) If the maximum tensile stress and maximum in- 
plane shear stress at point A are limited to 16,000 psi and 
6000 psi, respectively, what is the largest permissible value 
of the load P? 





PROB. 8.5-15 


8.5-16 A sign is supported by a pipe (see figure) having 
outer diameter 110 mm and inner diameter 90 mm. The 
dimensions of the sign are 2.0 m X 1.0 m, and its lower 
edge is 3.0 m above the base. Note that the center of gravity 
of the sign is 1.05 m from the axis of the pipe. The wind 
pressure against the sign is 1.5 kPa. 

Determine the maximum in-plane shear stresses due to 
the wind pressure on the sign at points A, B, and C, located 
on the outer surface at the base of the pipe. 








3.0m 
Qe 
A 


Section X-X 





PROB. 8.5-16 


8.5-17 A sign is supported by a pole of hollow 
circular cross section, as shown in the figure. The outer 
and inner diameters of the pole are 10.5 in. and 8.5 in., 
respectively. The pole is 42 ft high and weighs 4.0 k. 
The sign has dimensions 8 ft X 3 ft and weighs 500 Ib. 
Note that its center of gravity is 53.25 in. from the axis 
of the pole. The wind pressure against the sign is 35 lb/ft’. 

(a) Determine the stresses acting on a stress element at 
point A, which is on the outer surface of the pole at the 
"front" of the pole, that is, the part of the pole nearest to the 
viewer. 

(b) Determine the maximum tensile, compressive, and 
shear stresses at point A. 





10.5 in 
42 ft 8.5 in: 
X [HX 
A 
A Section X-X 


PROB. 8.5-17 


8.5-18 A horizontal bracket ABC consists of two perpendi- 
cular arms AB of length 0.5 m, and BC of length of 0.75 m. 
The bracket has a solid circular cross section with diameter 
equal to 65 mm. The bracket is inserted in a frictionless 
sleeve at A (which is slightly larger in diameter) so is free to 
rotate about the zy axis at A, and is supported by a pin at C. 
Moments are applied at point C as follows: M, = 1.5 kN*m 
in the x-direction and M5 = 1.0 kN * m acts in the (—z) 
direction. 

Considering only the moments M, and Ms, calculate 
the maximum tensile stress g, the maximum compressive 
stress o,, and the maximum in-plane shear stress Tmax at 
point p, which is located at support A on the side of the 
bracket at midheight. 


YO 





< 


E T N Frictionless sleeve 


0.75 m embedded in 
"d support 
D XQ 
b yo 
Z0 
0.5 m 
» aa p 
M, Xo 
«—65 mm— 
Cross section at A 
PROB. 8.5-18 


8.595-19 A cylindrical pressure vessel with flat ends is sub- 
jected to a torque T and a bending moment M (see figure). 
The outer radius is 12.0 in. and the wall thickness is 1.0 in. 
The loads are as follows: T = 800 k-in., M = 1000 k-in., 
and the internal pressure p — 900 psi. 

Determine the maximum tensile stress o;; maximum 
compressive stress o,, and maximum shear stress Tmax in the 
wall of the cylinder. 
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YO 





<0 


PROB. 8.5-19 


8.5-20 For purposes of analysis, a segment of the crank- 
shaft in a vehicle is represented as shown in the figure. Two 
loads P act as shown, one parallel to (—xo) and another par- 
allel to zo; each load P equals 1.0 kN. The crankshaft dimen- 
sions are b, = 80 mm, b», = 120 mm, and 54 = 40 mm. The 
diameter of the upper shaft is d = 20 mm. 

(a) Determine the maximum tensile: compressive, and 
shear stresses at point A, which is located on the surface of 
the upper shaft at the zo axis. 

(b) Determine the maximum tensile, compressive, and 
shear stresses at point B, which is located on the surface of 
the shaft at the yo axis. 





PROB. 8.5-20 
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8.5-21 A moveable steel stand supports an automobile 
engine weighing W = 750 Ib as shown in figure part (a). The 
stand is constructed of 2.5 in. X 2.5 in. X 1/8in. thick 
steel tubing. Once in position the stand is restrained by 
pin supports at 5B and C. Of interest are stresses at point 
A at the base of the vertical post; point A has coordinates 
(x = 1.25, y = 0, z = 1.25) (inches). Neglect the weight 
of the stand. 


PROB. 8.5-21 





(a) Initially, the engine weight acts in the (-z) direction 
through point Q which has coordinates (24,0,1.25); find the 
maximum tensile, compressive, and shear stresses at point A. 

(b) Repeat (a) assuming now that, during repair, the 
engine is rotated about its own longitudinal axis (which is 
parallel to the x axis) so that W acts through Q’ (with coor- 
dinates (24,6,1.25)) and force F,-— 200 Ib is applied 
parallel to the y axis at distance d — 30 in. 





(b) Top view 


2,2 in. X 2,5an. X 1/8 in. 


8.5-22 A mountain bike rider going uphill applies force 
P = 65 N to each end of the handlebars ABCD, made of 
aluminum alloy 7075-T6, by pulling on the handlebar 
extenders (DF on right handlebar segment). Consider the 
right half of the handlebar assembly only (assume the 
bars are fixed at the fork at A). Segments AB and CD are 
prismatic with lengths L, and L4 and with outer diameters 
and thicknesses doi, to; and doz, to3, respectively, as 
shown. Segment BC of length L5, however, is tapered and, 
outer diameter and thickness vary linearly between 
dimensions at B and C. Consider shear, torsion, and 
bending effects only for segment AD; assume DF 1s rigid. 

Find maximum tensile, compressive, and shear stresses 
adjacent to support A. Show where each maximum stress 
value occurs. 


Handlebar extension 
doi = 32mm AE 
to] =3.15 mm 

do; = 22mm 
B Íga = 2.95 mm 


. | [ 
y. L3 = 220 mm— 


£,=50mm L, =30 mm 


y 





























(a) 








Handlebar 


(b) Section D-F 
PROB. 8.5-22 


8.5-23 Determine the maximum tensile, compressive, and 
shear stresses acting on the cross section of the tube at point 
A of the hitch bicycle rack shown in the figure. 

The rack is made up of 2 in. X 2 in. steel tubing which 
is 1/8 in. thick. Assume that the weight of each of four bicy- 
cles is distributed evenly between the two support arms so 
that the rack can be represented as a cantilever beam 
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(ABCDEF) in the x-y plane. The overall weight of the rack 
alone is W — 60 Ib. directed through C, and the weight of 
each bicycle is B = 30 Ib. 





support B — in. 








PROB. 8.5-23 





Deflection of beams is an important consideration in their initial design; deflections also must be monitored during construction. 








Deflections of Beams 


CHAPTER OVERVIEW 


In Chapter 9, methods for calculation of beam deflections are presented. 
Beam deflections, in addition to beam stresses and strains discussed in 
Chapters 5 and 6, are an essential consideration in their analysis and 
design. A beam may be strong enough to carry a range of static or 
dynamic loadings (see the discussion in Sections 1.7 and 5.6), but if it 
deflects too much or vibrates under applied loadings, it fails to meet 
the “serviceability” requirements which are an important element of its 
overall design. Chapter 9 covers a range of methods that can be used to 
compute either deflections (both translations and rotations) at specific 
points along the beam or the deflected shape of the entire beam. 
The beam may be prismatic or nonprismatic (Section 9.7), acted on by 
concentrated or distributed loads (or both), or the “loading” may be a 
difference in temperature between the top and bottom of the beam (Sec- 
tion 9.11). In general, the beam is assumed to behave in a linearly elastic 
manner and is restricted to small displacements (1.e., small compared to 
its own length). First, methods based on integration of the differential 
equation of the elastic curve are discussed (Sections 9.2 through 9.4). 
Beam deflection results for a wide range of loadings acting on either 
cantilever or simple beams are summarized in Appendix G and are 
available for use in the method of superposition (Section 9.5). Next, a 
method based on the area of the bending moment diagram is descr- 
ibed (Section 9.6). The concepts of work and strain energy are presented 
(Section 9.8) followed by an application of these principles to com- 
putation of beam deflections known as Castigliano's theorem. Finally, 
the specialized topic of beam deflections due to impact is discussed 
(Section 9.10). 


Chapter 9 is organized as follows: 
9.1 Introduction 679 


9.2 Differential Equations of the Deflection Curve 679 
9.3 Deflections by Integration of the Bending-Moment Equation 685 
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9,6 Moment-Area Method 711 
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“Advanced topics 


9.1 INTRODUCTION 
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When a beam with a straight longitudinal axis is loaded by lateral 
forces, the axis 1s deformed into a curve, called the deflection curve of 
the beam. In Chapter 5, we used the curvature of the bent beam to deter- 
mine the normal strains and stresses in the beam. However, we did not 
develop a method for finding the deflection curve itself. In this chapter, 
we will determine the equation of the deflection curve and also find 
deflections at specific points along the axis of the beam. 

The calculation of deflections is an important part of structural analy- 
sis and design. For example, finding deflections is an essential ingredient 
in the analysis of statically indeterminate structures (Chapter 10). Deflec- 
tions are also important in dynamic analyses, as when investigating the 
vibrations of aircraft or the response of buildings to earthquakes. 

Deflections are sometimes calculated in order to verify that they are 
within tolerable limits. For instance, specifications for the design of 
buildings usually place upper limits on the deflections. Large deflections 
in buildings are unsightly (and even unnerving) and can cause cracks in 
ceilings and walls. In the design of machines and aircraft, specifications 
may limit deflections in order to prevent undesirable vibrations. 


9.2 DIFFERENTIAL EQUATIONS OF THE DEFLECTION CURVE 





(b) 


FIG. 9-1 Deflection curve of a cantilever 
beam 


Most procedures for finding beam deflections are based on the differen- 
tial equations of the deflection curve and their associated relationships. 
Consequently, we will begin by deriving the basic equation for the 
deflection curve of a beam. 

For discussion purposes, consider a cantilever beam with a con- 
centrated load acting upward at the free end (Fig. 9-1a). Under the 
action of this load, the axis of the beam deforms into a curve, as shown 
in Fig. 9-Ib. The reference axes have their origin at the fixed end of the 
beam, with the x axis directed to the right and the y axis directed 
upward. The z axis is directed outward from the figure (toward the 
viewer). 

As in our previous discussions of beam bending in Chapter 5, we 
assume that the xy plane is a plane of symmetry of the beam, and we 
assume that all loads act in this plane (the plane of bending). 

The deflection v is the displacement in the y direction of any point 
on the axis of the beam (Fig. 9-1b). Because the y axis is positive 
upward, the deflections are also positive when upward." 

To obtain the equation of the deflection curve, we must express the 
deflection v as a function of the coordinate x. Therefore, let us now 


"As mentioned in Section 5.1, the traditional symbols for displacements in the x, y, and z 
directions are u, v, and w, respectively. The advantage of this notation is that it emphasizes 
the distinction between a coordinate and a displacement. 
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FIG. 9-2 Deflection curve of a beam 


consider the deflection curve in more detail. The deflection v at any point 
m, on the deflection curve is shown in Fig. 9-2a. Point m, is located at 
distance x from the origin (measured along the x axis). A second point mo, 
located at distance x + dx from the origin, is also shown. The deflection at 
this second point is v + dv, where dv is the increment in deflection as we 
move along the curve from m; to rn». 

When the beam is bent, there is not only a deflection at each point 
along the axis but also a rotation. The angle of rotation 0 of the axis of 
the beam is the angle between the x axis and the tangent to the deflec- 
tion curve, as shown for point m, in the enlarged view of Fig. 9-2b. For 
our choice of axes (x positive to the right and y positive upward), the 
angle of rotation is positive when counterclockwise. (Other names for 
the angle of rotation are angle of inclination and angle of slope.) 

The angle of rotation at point m is 0 + dé, where d@ is the increase in 
angle as we move from point m; to point mp. It follows that if we construct 
lines normal to the tangents (Figs. 9-2a and b), the angle between these 
normals is d0. Also, as discussed earlier in Section 5.3, the point of inter- 
section of these normals is the center of curvature O’ (Fig. 9-2a) and the 
distance from O' to the curve is the radius of curvature p. From Fig. 9-2a 
we see that 


p d0 — ds (a) 


in which 40 is in radians and ds is the distance along the deflection 
curve between points mı and m». Therefore, the curvature x (equal to 
the reciprocal of the radius of curvature) is given by the equation 


1 dé 
K=—-= 


"Er (9-1) 


The sign convention for curvature is pictured in Fig. 9-3, which is 
repeated from Fig. 5-6 of Section 5.3. Note that curvature is positive 


O’ 








(a) (b) 


Positive 
curvature 





(oN 


Negative 
curvature 





(b) 


FIG. 9-3 Sign convention for curvature 
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when the angle of rotation increases as we move along the beam in the 
positive x direction. 

The slope of the deflection curve is the first derivative dv/dx of the 
expression for the deflection v. In geometric terms, the slope is the 
increment dv in the deflection (as we go from point m, to point m, in 
Fig. 9-2) divided by the increment dx in the distance along the x axis. 
Since dv and dx are infinitesimally small, the slope dv/dx is equal to the 
tangent of the angle of rotation 0 (Fig. 9-2b). Thus, 


d d 
A, DS (9-2a,b) 
dx dx 


In a similar manner, we also obtain the following relationships: 


dx dv 
cos 0 p sin 0 ds (9-3a,b) 
Note that when the x and y axes have the directions shown in Fig. 9-2a, 
the slope dv/dx is positive when the tangent to the curve slopes upward 
to the right. 

Equations (9-1) through (9-3) are based only upon geometric 
considerations, and therefore they are valid for beams of any material. 
Furthermore, there are no restrictions on the magnitudes of the slopes 
and deflections. 


Beams with Small Angles of Rotation 


The structures encountered in everyday life, such as buildings, auto- 
mobiles, aircraft, and ships, undergo relatively small changes in 
shape while in service. The changes are so small as to be unnoticed 
by a casual observer. Consequently, the deflection curves of most 
beams and columns have very small angles of rotation, very small 
deflections, and very small curvatures. Under these conditions we can 
make some mathematical approximations that greatly simplify beam 
analysis. 

Consider, for instance, the deflection curve shown in Fig. 9-2. If the 
angle of rotation 0 is a very small quantity (and hence the deflection 
curve is nearly horizontal), we see immediately that the distance ds 
along the deflection curve is practically the same as the increment dx 
along the x axis. This same conclusion can be obtained directly from 
Eq. (9-3a). Since cos ~ 1 when the angle 0 is small, Eq. (9-3a) gives 


ds 7 dx (b) 
With this approximation, the curvature becomes (see Eq. 9-1) 


ped ge (9-4) 
p dx 


682 


CHAPTER 9 Deflections of Beams 


Also, since tan 0 = 0 when @ is small, we can make the following 
approximation to Eq. (9-2a): 


dv 
0 ~ tan 0 = — 
an d (c) 


Thus, if the rotations of a beam are small, we can assume that the angle 
of rotation 0 and the slope dv/dx are equal. (Note that the angle of rota- 
tion must be measured in radians.) 

Taking the derivative of 0 with respect to x in Eq. (c), we get 


do _ d'v 


d 
dx dx? (d) 


Combining this equation with Eq. (9-4), we obtain a relation between 
the curvature of a beam and its deflection: 


EA (9-5) 


This equation is valid for a beam of any material, provided the rotations 
are small quantities. 

If the material of a beam is linearly elastic and follows Hooke’s 
law, the curvature (from Eq. 5-12, Chapter 5) is 


1 M 
=o (9-6) 


in which M is the bending moment and £7 is the flexural rigidity of the 
beam. Equation (9-6) shows that a positive bending moment produces 
positive curvature and a negative bending moment produces negative 
curvature, as shown earlier in Fig. 5-10. 

Combining Eq. (9-5) with Eq. (9-6) yields the basic differential 
equation of the deflection curve of a beam: 


2 
dv M (9-7) 
dx? EI 


This equation can be integrated in each particular case to find the deflec- 
tion v, provided the bending moment M and flexural rigidity EI are 
known as functions of x. 

As a reminder, the sign conventions to be used with the preceding 
equations are repeated here: (1) The x and y axes are positive to the right 
and upward, respectively; (2) the deflection v is positive upward; (3) the 
slope dv/dx and angle of rotation 0 are positive when counterclockwise 
with respect to the positive x axis; (4) the curvature « is positive when 
the beam is bent concave upward; and (5) the bending moment M is pos- 
itive when it produces compression in the upper part of the beam. 

Additional equations can be obtained from the relations between 
bending moment M, shear force V, and intensity q of distributed load. In 


CN» CND 





i 





E 


FIG. 9-4 Sign conventions for bending 
moment M, shear force V, and intensity q 
of distributed load 
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Chapter 4 we derived the following equations between M, V, and q (see 
Eqs. 4-4 and 4-6): 
dV dM 
a ““=V 
dx 4 dx 
The sign conventions for these quantities are shown in Fig. 9-4. By 
differentiating Eq. (9-7) with respect to x and then substituting the pre- 
ceding equations for shear force and load, we can obtain the additional 


equations. In so doing, we will consider two cases, nonprismatic beams 
and prismatic beams. 


(9-8a,b) 


Nonprismatic Beams 


In the case of a nonprismatic beam, the flexural rigidity ET is variable, 
and therefore we write Eq. (9-7) in the form 
d^v 
El, —,;—-M 9-9a 
dx* l ) 
where the subscript x is inserted as a reminder that the flexural rigidity 


may vary with x. Differentiating both sides of this equation and using 
Eqs. (9-8a) and (9-8b), we obtain 


d d^v dM 

—| EL -~| =— = V 9-9b 

dx | =) dx l ) 
d d^v dV 
—pEl—|——--— 9-0 
dx’ | n) dx í ae 


The deflection of a nonprismatic beam can be found by solving (either 
analytically or numerically) any one of the three preceding differential 
equations. The choice usually depends upon which equation provides 
the most efficient solution. 


Prismatic Beams 


In the case of a prismatic beam (constant ED, the differential equations 
become 


d?v d^v dy 
—_ = EI —— = V (a (9-10a,b,c) 
Hd id dx? dx? 4 


To simplify the writing of these and other equations, primes are often 
used to denote differentiation: 


2 3 4 
y’ — dv y" — d V y" — d V y" — d V (9-11) 
dx dx* dx’ dx* 

Using this notation, we can express the differential equations for a pris- 
matic beam in the following forms: 


Eh" = M Elv" = V Ely" = —q (9-12a,b,c) 
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We will refer to these equations as the bending-moment equation, the 
shear-force equation, and the load equation, respectively. 

In the next two sections we will use the preceding equations to find 
deflections of beams. The general procedure consists of integrating the 
equations and then evaluating the constants of integration from bound- 
ary and other conditions pertaining to the beam. 

When deriving the differential equations (Eqs. 9-9, 9-10, and 9-12), 
we assumed that the material followed Hooke's law and that the slopes 
of the deflection curve were very small. We also assumed that any shear 
deformations were negligible; consequently, we considered only the 
deformations due to pure bending. All of these assumptions are satisfied 
by most beams in common use. 


Exact Expression for Curvature 


If the deflection curve of a beam has large slopes, we cannot use the 
approximations given by Eqs. (b) and (c). Instead, we must resort to the 
exact expressions for curvature and angle of rotation (see Eqs. 9-1 and 
9-2b). Combining those expressions, we get 

1 dO _ d(arctanv') dx 


K = — = 


p ds dx ds 
From Fig. 9-2 we see that 


ds? = dx? + dv? or ds = [dx^ + dv”] 


(e) 


1/2 


(f,g) 
Dividing both sides of Eq. (g) by dx gives 


ds _ aye _ NEL Ge, YnÀ 
a es] UTI oq par O9 


Also, differentiation of the arctangent function (see Appendix C) gives 


"n 


o Y 
1 Q^ 
Substitution of expressions (i) and (jJ) into the equation for curvature 
(Eq. e) yields 


(j) 


d 
— tanv’) = 
2 ey) 


1 y" 
Up [top Ul 


Comparing this equation with Eq. (9-5), we see that the assumption of 
small rotations is equivalent to disregarding (v’)* in comparison to one. 
Equation (9-13) should be used for the curvature whenever the slopes 
are large. 


"The basic relationship stating that the curvature of a beam is proportional to the bending 
moment (Eq. 9-6) was first obtained by Jacob Bernoulli, although he obtained an incorrect 
value for the constant of proportionality. The relationship was used later by Euler, who 
solved the differential equation of the deflection curve for both large deflections (using Eq. 9- 
13) and small deflections (using Eq. 9-7). For the history of deflection curves, see Ref. 9-1. 
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9.3 DEFLECTIONS BY INTEGRATION OF THE BENDING-MOMENT EQUATION 





4 ^ 
va=O0 vp-0 


FIG. 9-5 Boundary conditions at simple 
supports 


FIG. 9-6 Boundary conditions at a fixed 
support 


We are now ready to solve the differential equations of the deflection 
curve and obtain deflections of beams. The first equation we will use is 
the bending-moment equation (Eq. 9-12a). Since this equation is of sec- 
ond order, two integrations are required. The first integration produces 
the slope v' = dv/dx, and the second produces the deflection v. 

We begin the analysis by writing the equation (or equations) for 
the bending moments in the beam. Since only statically determinate 
beams are considered in this chapter, we can obtain the bending 
moments from free-body diagrams and equations of equilibrium, 
using the procedures described in Chapter 4. In some cases a single 
bending-moment expression holds for the entire length of the beam, as 
illustrated in Examples 9-1 and 9-2. In other cases the bending 
moment changes abruptly at one or more points along the axis of the 
beam. Then we must write separate bending-moment expressions for 
each region of the beam between points where changes occur, as illus- 
trated in Example 9-3. 

Regardless of the number of bending-moment expressions, the gen- 
eral procedure for solving the differential equations is as follows. For 
each region of the beam, we substitute the expression for M into the 
differential equation and integrate to obtain the slope v'. Each such inte- 
gration produces one constant of integration. Next, we integrate each 
slope equation to obtain the corresponding deflection v. Again, each 
integration produces a new constant. Thus, there are two constants of 
integration for each region of the beam. These constants are evaluated 
from known conditions pertaining to the slopes and deflections. The 
conditions fall into three categories: (1) boundary conditions, (2) conti- 
nuity conditions, and (3) symmetry conditions. 

Boundary conditions pertain to the deflections and slopes at the 
supports of a beam. For example, at a simple support (either a pin or a 
roller) the deflection is zero (Fig. 9-5), and at a fixed support both the 
deflection and the slope are zero (Fig. 9-6). Each such boundary condi- 
tion supplies one equation that can be used to evaluate the constants of 
integration. 
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FIG. 9-7 Continuity conditions at 
point C 


At point C: (V)ac 2 ()cp 
(v )ac=V cp 


Continuity conditions occur at points where the regions of integra- 
tion meet, such as at point C in the beam of Fig. 9-7. The deflection 
curve of this beam is physically continuous at point C, and therefore the 
deflection at point C as determined for the left-hand part of the beam 
must be equal to the deflection at point C as determined for the right- 
hand part. Similarly, the slopes found for each part of the beam must be 
equal at point C. Each of these continuity conditions supplies an equa- 
tion for evaluating the constants of integration. 

Symmetry conditions may also be available. For instance, if a simple 
beam supports a uniform load throughout its length, we know in advance 
that the slope of the deflection curve at the midpoint must be zero. This 
condition supplies an additional equation, as illustrated in Example 9-1. 

Each boundary, continuity, and symmetry condition leads to an 
equation containing one or more of the constants of integration. Since 
the number of independent conditions always matches the number of 
constants of integration, we can always solve these equations for the 
constants. (The boundary and continuity conditions alone are always 
sufficient to determine the constants. Any symmetry conditions provide 
additional equations, but they are not independent of the other equa- 
tions. The choice of which conditions to use is a matter of convenience.) 

Once the constants are evaluated, they can be substituted back into 
the expressions for slopes and deflections, thus yielding the final 
equations of the deflection curve. These equations can then be used to 
obtain the deflections and angles of rotation at particular points along 
the axis of the beam. 

The preceding method for finding deflections is sometimes called 
the method of successive integrations. The following examples illus- 
trate the method in detail. 

Note: When sketching deflection curves, such as those shown in the 
following examples and in Figs. 9-5, 9-6, and 9-7, we greatly exaggerate 
the deflections for clarity. However, it should always be kept in mind 
that the actual deflections are very small quantities. 
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FIG. 9-8 Example 9-1. Deflections of a 
simple beam with a uniform load 
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FIG. 9-9 Free-body diagram used in 
determining the bending moment M 
(Example 9-1) 


Determine the equation of the deflection curve for a simple beam AB supporting 
a uniform load of intensity q acting throughout the span of the beam (Fig. 9-8a). 

Also, determine the maximum deflection 04,4, at the midpoint of the beam 
and the angles of rotation 04 and 05 at the supports (Fig. 9-8b). (Note: The beam 
has length L and constant flexural rigidity EJ.) 


Solution 

Bending moment in the beam. 'The bending moment at a cross section dis- 
tance x from the left-hand support is obtained from the free-body diagram of 
Fig. 9-9. Since the reaction at the support is qL/2, the equation for the bending 
moment is 


-]4 
2 2 2 ae 


L L 
m= Le) g3) 
2 
Differential equation of the deflection curve. By substituting the expression 
for the bending moment (Eq. 9-14) into the differential equation (Eq. 9-12a), we 
obtain 


qLx qx S 


En 
dg 2 


(9-15) 


This equation can now be integrated to obtain the slope and deflection of the 
beam. 

Slope of the beam. Multiplying both sides of the differential equation by dx, 
we get the following equation: 





2 
GLX qx 
Eb ae = di = == 
v dx j ^ , 4 
Integrating each term, we obtain 
ul "d EZ E 
v” dx = = 
2 2 
or 
r 3 
p ne (a) 
4 6 


in which C, is a constant of integration. 

To evaluate the constant C4, we observe from the symmetry of the beam and 
its load that the slope of the deflection curve at midspan is equal to zero. 
Thus, we have the following symmetry condition: 


L 
FE) h = 
v when x ) 


continued 
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This condition may be expressed more succinctly as 


CE 


Applying this condition to Eq. (a) gives 


L 2 3 L 
2000 


The equation for the slope of the beam (Eq. a) then becomes 





L 2 3 L? 
p EE (b) 
4 6 24 
or y = ——4_ (73 — 6Lx? + 4x?) (9-16) <a 


24FI 


As expected, the slope is negative (1.e., clockwise) at the left-hand end of the 
beam (x = 0), positive at the right-hand end (x = L), and equal to zero at the 
midpoint (x — L/2). 

Deflection of the beam. The deflection is obtained by integrating the equa- 
tion for the slope. Thus, upon multiplying both sides of Eq. (b) by dx and inte- 
grating, we obtain 


Gili” RNC OEC. 


12 24 24 








not 67 (c) 


The constant of integration C; may be evaluated from the condition that the 
deflection of the beam at the left-hand support is equal to zero; that is, v = 0 
when x = 0, or 


v(0) = 0 


Applying this condition to Eq. (c) yields C5 = 0; hence the equation for the 
deflection curve is 





L 3 4 L? 
TE Ee eco Nasa (d) 
ny 
or ee ine (9-17) 4mm 
EI 


This equation gives the deflection at any point along the axis of the beam. Note 
that the deflection is zero at both ends of the beam (x = 0 and x = L) and nega- 
tive elsewhere (recall that downward deflections are negative). 





Maximum deflection. From symmetry we know that the maximum deflec- 
tion occurs at the midpoint of the span (Fig. 9-8b). Thus, setting x equal to L/2 


in Eq. (9-17), we obtain 





L — SqL* 
"2 384EI 


in which the negative sign means that the deflection is downward (as expected). 
Since Omax represents the magnitude of this deflection, we obtain 


L SH 
Bees esse 9-18 
M ) 384 EI Cae) 


Angles of rotation. The maximum angles of rotation occur at the supports of 
the beam. At the left-hand end of the beam, the angle 04, which is a clockwise 
angle (Fig. 9-8b), is equal to the negative of the slope v’. Thus, by substituting 
x = 0 into Eq. (9-16), we find 


qL? 
EI 





0, = —v'(0) = (9-19) 


In a similar manner, we can obtain the angle of rotation 05 at the right-hand end of 
the beam. Since 0g is a counterclockwise angle, it is equal to the slope at the end: 


ql 
EI 





05 = v'(L) = (9-20) 


Because the beam and loading are symmetric about the midpoint, the angles of 
rotation at the ends are equal. 

This example illustrates the process of setting up and solving the differential 
equation of the deflection curve. It also illustrates the process of finding slopes 
and deflections at selected points along the axis of a beam. 

Note: Now that we have derived formulas for the maximum deflection and 
maximum angles of rotation (see Eqs. 9-18, 9-19, and 9-20), we can evaluate 
those quantities numerically and observe that the deflections and angles are 
indeed small, as the theory requires. 

Consider a steel beam on simple supports with a span length L = 6 ft. The 
cross section is rectangular with width b = 3 in. and height h = 6 in. The inten- 
sity of uniform load is g = 8000 lb/ft, which is relatively large because it pro- 
duces a stress in the beam of 24,000 psi. (Thus, the deflections and slopes are 
larger than would normally be expected.) 

Substituting into Eq. (9-18), and using E = 30 X 10° psi, we find that the 
maximum deflection is Ômax = 0.144 in., which is only 1/500 of the span length. 
Also, from Eq. (9-19), we find that the maximum angle of rotation is 04 = 
0.0064 radians, or 0.37?, which is a very small angle. 

Thus, our assumption that the slopes and deflections are small is validated. 
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Example 9-2 


FIG. 9-10 Example 9-2. Deflections of a 
cantilever beam with a uniform load 
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gu 
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FIG. 9-11 Free-body diagram used in 


determining the bending moment M 
(Example 9-2) 








Determine the equation of the deflection curve for a cantilever beam AB subjected 
to a uniform load of intensity q (Fig. 9-10a). 

Also, determine the angle of rotation 05 and the deflection 6, at the free 
end (Fig. 9-10b). (Note: The beam has length L and constant flexural 
rigidity EJ.) 
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Solution 

Bending moment in the beam. The bending moment at distance x from the 
fixed support is obtained from the free-body diagram of Fig. 9-11. Note that the 
vertical reaction at the support is equal to gL and the moment reaction is equal to 
qL^|2. Consequently, the expression for the bending moment M is 


y 
MILI ub ee (9-21) 


Differential equation of the deflection curve. When the preceding expression 
for the bending moment is substituted into the differential equation (Eq. 9-12a), 
we obtain 


n2 2 
Ely" = — a gre m (9-22) 


We now integrate both sides of this equation to obtain the slopes and deflections. 
Slope of the beam. The first integration of Eq. (9-22) gives the following 
equation for the slope: 


I? Lx? B 
gus Gert quo (e) 


Elv' = — 
2 D 6 





The constant of integration Cj can be found from the boundary condition that the 
slope of the beam is zero at the support; thus, we have the following condition: 


v'(0) = 0 





When this condition is applied to Eq. (e) we get C, = 0. Therefore, Eq. (e) 
becomes 


I? Lx? 3 
dh ^ 





Ely’ = 
and the slope is 
[ qx 2 2 
=e esp -23 
V GET | x tx) (9-23) 


As expected, the slope obtained from this equation is zero at the support (x = 0) 
and negative (1.e., clockwise) throughout the length of the beam. 
Deflection of the beam. Integration of the slope equation (Eq. f) yields 


Ely = — ——— + -—— t€ (g) 





The constant C, is found from the boundary condition that the deflection of the 
beam is zero at the support: 


v(0) = 0 


When this condition is applied to Eq. (g), we see immediately that C» = 0. 
Therefore, the equation for the deflection v is 


2 
qx g 2 
= ——— (61 — 4Lx + -24 
i D4 ET | a ay 


As expected, the deflection obtained from this equation is zero at the support 
(x = 0) and negative (that is, downward) elsewhere. 

Angle of rotation at the free end of the beam. The clockwise angle of rota- 
tion 05 at end B of the beam (Fig. 9-10b) is equal to the negative of the slope at 
that point. Thus, using Eq. (9-23), we get 


qL? 
Opg E v'(L) = 6EI (9-25) 


This angle is the maximum angle of rotation for the beam. 
Deflection at the free end of the beam. Since the deflection ôg is downward 
(Fig. 9-10b), it is equal to the negative of the deflection obtained from Eq. (9-24): 


I? 
b= =1() = ae (9-26) 


This deflection is the maximum deflection of the beam. 
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Example 9-3 





FIG. 9-12 Example 9-3. Deflections of a 
simple beam with a concentrated load 
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FIG. 9-13 Free-body diagrams used in 
determining the bending moments 
(Example 9-3) 


A simple beam AB supports a concentrated load P acting at distances a and b 
from the left-hand and right-hand supports, respectively (Fig. 9-12a). 

Determine the equations of the deflection curve, the angles of rotation 
0, and 65 at the supports, the maximum deflection 6,,,,, and the deflection óc 
at the midpoint C of the beam (Fig. 9-12b). (Note: The beam has length L and 
constant flexural rigidity ET.) 





à. ——_———> b 
X] 
L 
(a) (b) 
Solution 


Bending moments in the beam. In this example the bending moments are 
expressed by two equations, one for each part of the beam. Using the free-body 
diagrams of Fig. 9-13, we arrive at the following equations: 


M = = O= x=a) (9-27a) 
M = a =A E d) (uoc L) (9-27b) 


Differential equations of the deflection curve. The differential equations for 
the two parts of the beam are obtained by substituting the bending-moment 
expressions (Eqs. 9-27a and b) into Eq. (9-12a). The results are 


Ely" = — (Vie =a) (9-28a) 
Ely" = E zu) (quy L) (9-28b) 


Slopes and deflections of the beam. The first integrations of the two differ- 
ential equations yield the following expressions for the slopes: 


2 
(Om. So MEET SS (h) 
2 
Pbx? CEG a) A 
2L 2 


Eh’ = C5 (ges s (1) 








in which C, and C, are constants of integration. A second pair of integrations 
gives the deflections: 


3 
Ely = “= + Cu + Cs (ro =a) (J) 
Phe Po u 


These equations contain two additional constants of integration, making a total 
of four constants to be evaluated. 

Constants of integration. The four constants of integration can be found 
from the following four conditions: 


1. Atx = a, the slopes v' for the two parts of the beam are the same. 

2. Atx =a, the deflections v for the two parts of the beam are the same. 
3. Atx = 0, the deflection v is zero. 

4. Atx = L, the deflection v is zero. 


The first two conditions are continuity conditions based upon the fact that 
the axis of the beam is a continuous curve. Conditions (3) and (4) are boundary 
conditions that must be satisfied at the supports. 

Condition (1) means that the slopes determined from Eqs. (h) and (1) must 
be equal when x = a; therefore, 

Pba? Pba? 


2L po Re Or C, — C5 





Condition (2) means that the deflections found from Eqs. (j) and (k) must be 
equal when x — a; therefore, 


3 3 
DE tud enc ae EC 


In as much as C, = C5, this equation gives C3 = C4. 
Next, we apply condition (3) to Eq. (J) and obtain C3 = 0; therefore, 


C,—7C470 (I) 


Finally, we apply condition (4) to Eq. (k) and obtain 


PbI? Pb? 
ce Gu e 
6 6 : 





Therefore, 


Pb(I? — b?) 
Cue cis 6L (m) 








Equations of the deflection curve. We now substitute the constants of inte- 
gration (Eqs. | and m) into the equations for the deflections (Eqs. j and k) and 
obtain the deflection equations for the two parts of the beam. The resulting equa- 
tions, after a slight rearrangement, are 


continued 
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FIG. 9-12b (Repeated) 
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The first of these equations gives the deflection curve for the part of the beam to 
the left of the load P, and the second gives the deflection curve for the part of the 
beam to the right of the load. 

The slopes for the two parts of the beam can be found either by substi- 
tuting the values of Cj and C, into Eqs. (h) and (1) or by taking the first 
derivatives of the deflection equations (Eqs. 9-29a and b). The resulting equa- 
tions are 


a — (L — p — 3x7) OE =e) (9-30a) <= 
j Pb > 2 2 P(x E ay. 
ceci om NM E pc ge 
EDO Deep om (a=x=L) (9-30b «= 


The deflection and slope at any point along the axis of the beam can be calcu- 
lated from Eqs. (9-29) and (9-30). 

Angles of rotation at the supports. To obtain the angles of rotation 04 and 
05 at the ends of the beam (Fig. 9-12b), we substitute x = O into Eq. (9-30a) and 
x — L into Eq. (9-30b): 


8 = -v'(0) = JES =) R) 
EM 6LEI 6LEI 





(9-31a) «e 


Oe Sb De Me), 
g = v'(L) GLET GLET (9-31b) «emm 
Note that the angle 04 is clockwise and the angle 05 is counterclockwise, as 
shown in Fig. 9-12b. 
The angles of rotation are functions of the position of the load and reach 
their largest values when the load is located near the midpoint of the beam. In the 
case of the angle of rotation 04, the maximum value of the angle is 


Ue 


0 max QE I 2 
(04) TEI (9-32) 


and occurs when b = L/V3 = 0.577L (or a = 0.423L). This value of b is 
obtained by taking the derivative of 04 with respect to b (using the first of the two 
expressions for 04 in Eq. 9-31a) and then setting it equal to zero. 

Maximum deflection of the beam. The maximum deflection Ômax occurs at 
point D (Fig. 9-12b) where the deflection curve has a horizontal tangent. If the 
load is to the right of the midpoint, that is, if a > b, point D is in the part of the 
beam to the left of the load. We can locate this point by equating the slope v’ from 
Eq. (9-30a) to zero and solving for the distance x, which we now denote as x;. In 
this manner we obtain the following formula for x;: 


L -p 
3 





(a=b) (9-33) 


Aum 








From this equation we see that as the load P moves from the middle of the beam 
(b = L/2) to the right-hand end (b = 0), the distance x, varies from L/2 to 
L/V3 = 0.577L. Thus, the maximum deflection occurs at a point very close to 
the midpoint of the beam, and this point is always between the midpoint of the 
beam and the load. 

The maximum deflection 6,,,, is found by substituting x, (from Eq. 9-33) 
into the deflection equation (Eq. 9-29a) and then inserting a minus sign: 


2. 12:372 
Sn = — Wyn, = eom (az b) (9-34) 


The minus sign is needed because the maximum deflection is downward 
(Fig. 9-12b) whereas the deflection v is positive upward. 

The maximum deflection of the beam depends on the position of the load P, 
that is, on the distance b. The maximum value of the maximum deflection (the 
"^max-max" deflection) occurs when b = L/2 and the load is at the midpoint of 
the beam. This maximum deflection is equal to PL*/48EI. 

Deflection at the midpoint of the beam. The deflection 6¢ at the midpoint C 
when the load is acting to the right of the midpoint (Fig. 9-12b) is obtained by 
substituting x = L/2 into Eq. (9-29a), as follows: 


0c = — 


NN. 
(5) = Per un) (az b) (9-35) 


E ASE] 


Because the maximum deflection always occurs near the midpoint of the 
beam, Eq. (9-35) yields a close approximation to the maximum deflection. In the 
most unfavorable case (when b approaches zero), the difference between 
the maximum deflection and the deflection at the midpoint is less than 3%f the 
maximum deflection, as demonstrated in Problem 9.3-7. 

Special case (load at the midpoint of the beam). An important special case 
occurs when the load P acts at the midpoint of the beam (a = b = L/2). Then we 
obtain the following results from Eqs. (9-30a), (9-29a), (9-31), and (9-34), 
respectively: 











! P 2 2 L 
= — L (e — 9-36 
16EI \ ) | i 4 5000) 
Px 2 > L 
= — L — 4 =xy=— : 
v ASEI (3 X) (o X E (9-37) 
PL 
0, = bn = 9-38 
DH ) 
5 -§.-2E (9-39) 
mee Ag ay 


Since the deflection curve is symmetric about the midpoint of the beam, 
the equations for v’ and v are given only for the left-hand half of the beam 
(Eqs. 9-36 and 9-37). If needed, the equations for the right-hand half can be 
obtained from Eqs. (9-30b) and (9-29b) by substituting a = b = L/2. 
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9.4 DEFLECTIONS BY INTEGRATION OF THE SHEAR-FORCE AND LOAD EQUATIONS 


The equations of the deflection curve in terms of the shear force V and 
the load q (Eqs. 9-12b and c, respectively) may also be integrated to 
obtain slopes and deflections. Since the loads are usually known quanti- 
ties, whereas the bending moments must be determined from free-body 
diagrams and equations of equilibrium, many analysts prefer to start 
with the load equation. For this same reason, most computer programs 
for finding deflections begin with the load equation and then perform 
numerical integrations to obtain the shear forces, bending moments, 
slopes, and deflections. 

The procedure for solving either the load equation or the shear- 
force equation is similar to that for solving the bending-moment 
equation, except that more integrations are required. For instance, if we 
begin with the load equation, four integrations are needed in order to 
arrive at the deflections. Thus, four constants of integration are intro- 
duced for each load equation that is integrated. As before, these 
constants are found from boundary, continuity, and symmetry condi- 
tions. However, these conditions now include conditions on the shear 
forces and bending moments as well as conditions on the slopes and 
deflections. 

Conditions on the shear forces are equivalent to conditions on the 
third derivative (because EIv” = V). In a similar manner, conditions 
on the bending moments are equivalent to conditions on the second 
derivative (because EIv” = M). When the shear-force and bending- 
moment conditions are added to those for the slopes and deflections, 
we always have enough independent conditions to solve for the con- 
stants of integration. 

The following examples illustrate the techniques of analysis in 
detail. The first example begins with the load equation and the second 
begins with the shear-force equation. 











(b) 


FIG. 9-14. Example 9-4. Deflections of a 
cantilever beam with a triangular load 


Determine the equation of the deflection curve for a cantilever beam AB sup- 
porting a triangularly distributed load of maximum intensity qo (Fig. 9-14a). 

Also, determine the deflection óg and angle of rotation 05 at the free end 
(Fig. 9-14b). Use the fourth-order differential equation of the deflection 
curve (the load equation). (Note: The beam has length L and constant flexural 
rigidity EJ.) 


Solution 
Differential equation of the deflection curve. 'The intensity of the distributed 
load is given by the following equation (see Fig. 9-14a): 


_ qX(L — x) 


T (9-40) 


Consequently, the fourth-order differential equation (Eq. 9-12c) becomes 


L = 
Ely" = — g = — qo(L — x) (a) 
L 
Shear force in the beam. The first integration of Eq. (a) gives 
n q 
Mp m (L—xP +C (b) 


The right-hand side of this equation represents the shear force V (see Eq. 9-12b). 
Because the shear force is zero at x = L, we have the following boundary 
condition: 


pego 


Using this condition with Eq. (b), we get C, = 0. Therefore, Eq. (b) simplifies to 


i e Ie (c) 
E 
and the shear force in the beam 1s 
V = Ely” = x (9-41) 
2L 


Bending moment in the beam. Integrating a second time, we obtain the 
following equation from Eq. (c): 


Ely? = eoi e ee. (d) 


This equation is equal to the bending moment M (see Eq. 9-12a). Since the 
bending moment is zero at the free end of the beam, we have the following 
boundary condition: 


v"(L) = 0 


continued 
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Applying this condition to Eq. (d), we obtain C = 0, and therefore the bending 
moment is 


" qo 3 
M = Ely" = — (L — -42 
y GL. (L= x) (9-42) 


Slope and deflection of the beam. The third and fourth integrations yield 








q 
eea x)" + Cs (e) 
Cantilever portion of roof structure 
q 
Elv = -p 7 395 + Cax + C (f) 


The boundary conditions at the fixed support, where both the slope and deflec- 
tion equal zero, are 


v'(0) = 0 v(0) = 0 
Applying these conditions to Eqs. (e) and (f), respectively, we find 


on: m qoL* 
24 4 120 








C3 = 


Substituting these expressions for the constants into Eqs. (e) and (f), we obtain 
the following equations for the slope and deflection of the beam: 








; qox 3 3 p 3 
= — 4L Jb ee ae Ib -4 
24 7S lm X X) (9-43) 4mm 
qo X 
=— 107? — 10x + 5Lx? — x? -44 
y 120 a 0 Oso Ob x) (9-44) <= 


Angle of rotation and deflection at the free end of the beam. The angle of 
rotation 05 and deflection ôg at the free end of the beam (Fig. 9-14b) are 
obtained from Eqs. (9-43) and (9-44), respectively, by substituting x = L. The 
results are 


L l 
do a.c =o) = do 


= — y'(L) — 
i Ex e) = is 30EI 








(9-45a,b) «eem 


Thus, we have determined the required slopes and deflections of the beam by 
solving the fourth-order differential equation of the deflection curve. 








Sias 


FIG. 9-15 Example 9-5. 
Deflections of a beam with 
an overhang 


A simple beam AB with an overhang BC supports a concentrated load P at the 
end of the overhang (Fig. 9-15a). The main span of the beam has length L and 
the overhang has length L/2. 

Determine the equations of the deflection curve and the deflection ôc at the 
end of the overhang (Fig. 9-15b). Use the third-order differential equation of the 
deflection curve (the shear-force equation). (Note: The beam has constant 


flexural rigidity ET.) 











P y 
B C A B C 
i x 
A ES VAN = ! " 
L 
3p 2 
9 
(a) 
Solution 


Differential equations of the deflection curve. Because reactive forces act at 
supports A and B, we must write separate differential equations for parts AB and 
BC of the beam. Therefore, we begin by finding the shear forces in each part of 
the beam. 

The downward reaction at support A is equal to P/2, and the upward reac- 
tion at support B is equal to 3P/2 (see Fig. 9-15a). It follows that the shear forces 
in parts AB and BC are 


pes == On) (9-46a) 
V=P (z Em x) (9-46b) 


in which x is measured from end A of the beam (Fig. 9-12b). 
The third-order differential equations for the beam now become (see 
Eq. 9-12b): 


Ey’ = -X (ree) (g) 


EIv" = P (L E a (h) 


Bending moments in the beam. Integration of the preceding two equations 
yields the bending-moment equations: 


M = Ely" = — ^ C O= =f) (i) 
i 3L l 
M = Eb" = Px + © (Less 3) (p 


continued 
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Bridge girder with overhang during transport 
to the construction site 


The bending moments at points A and C are zero; hence we have the following 
boundary conditions: 


v'(0) =0 ed = 0 


Using these conditions with Eqs. (1) and (J), we get 


C, — 0 C5 = al 
2 
Therefore, the bending moments are 
leek 
M = Eh = — ES (oz) (9-47a) 
POLS? 
M- EN" = — TL (z anz 3L) (9-47b) 


These equations can be verified by determining the bending moments from free- 
body diagrams and equations of equilibrium. 
Slopes and deflections of the beam. The next integrations yield the slopes: 


2 
Ely =- C, (0x x x L) 
Px3L — 
Bh’ =- c p= 


The only condition on the slopes is the continuity condition at support B. According 
to this condition, the slope at point B as found for part AB of the beam is equal to 
the slope at the same point as found for part BC of the beam. Therefore, we substi- 
tute x = L into each of the two preceding equations for the slopes and obtain 
PL 
SC L a 
4 

This equation eliminates one constant of integration because we can express C4 
in terms of C3: 





2 
C4 = C3 xS E (k) 
4 
The third and last integrations give 

Px? 
BI St att (Cs (esa mr) (1) 

2 = 
Bly = -AL 29. Cyn + Co pe (m) 


For part AB of the beam (Fig. 9-15a), we have two boundary conditions on the 
deflections, namely, the deflection is zero at points A and B: 


v(0)=0 and vL)=0 





FIG. 9-15 (Repeated) 








Applying these conditions to Eq. (1), we obtain 





P 
Coa C= 12 (n,o) 
Substituting the preceding expression for C3 in Eq. (k), we get 





2 
C, = SPL 


E (p) 


For part BC of the beam, the deflection is zero at point B. Therefore, the 
boundary condition is 


v(L) = 0 
Applying this condition to Eq. (m), and also substituting Eq. (p) for C4, we get 


3 
CREE 


3 (q) 
All constants of integration have now been evaluated. 


The deflection equations are obtained by substituting the constants of 
integration (Eqs. n, o, p, and q) into Eqs. (1) and (m). The results are 


Px 


y CET 
IEI 


(L? — x?) (0 — x L) (9-48a) 


] 3 2 2 3 3 


Note that the deflection is always positive (upward) in part AB of the beam 

(Eq. 9-48a) and always negative (downward) in the overhang BC (Eq. 9-48b). 
Deflection at the end of the overhang. We can find the deflection ôc at the 

end of the overhang (Fig. 9-15b) by substituting x = 3L/2 in Eq. (9-48b): 


3L PL? 
6- = -i| —| = — 9-49 
E | 2 ) SEI ae 


Thus, we have determined the required deflections of the overhanging beam 
(Eqs. 9-48 and 9-49) by solving the third-order differential equation of the 
deflection curve. 





(b) 
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9.5 METHOD OF SUPERPOSITION 


(b) 


FIG. 9-16 Simple beam with two loads 


The method of superposition is a practical and commonly used tech- 
nique for obtaining deflections and angles of rotation of beams. The 
underlying concept is quite simple and may be stated as follows: 

Under suitable conditions, the deflection of a beam produced by 
several different loads acting simultaneously can be found by superpos- 
ing the deflections produced by the same loads acting separately. 

For instance, if v, represents the deflection at a particular point on 
the axis of a beam due to a load q1, and if v5 represents the deflection at 
that same point due to a different load q2, then the deflection at that 
point due to loads q, and q» acting simultaneously is v, + v5. (The loads 
qı and qz are independent loads and each may act anywhere along the 
axis of the beam.) 

The justification for superposing deflections lies in the nature of the 
differential equations of the deflection curve (Eqs. 9-12a, b, and c). These 
equations are /inear differential equations, because all terms containing 
the deflection v and its derivatives are raised to the first power. Therefore, 
the solutions of these equations for several loading conditions may be 
added algebraically, or superposed.(The conditions for superposition to be 
valid are described later in the subsection “Principle of Superposition.") 

As an illustration of the superposition method, consider the simple 
beam ACB shown in Fig. 9-16a. This beam supports two loads: (1) a 
uniform load of intensity q acting throughout the span, and (2) a concen- 
trated load P acting at the midpoint. Suppose we wish to find the 
deflection óc at the midpoint and the angles of rotation 04 and 05 at the 
ends (Fig. 9-16b). Using the method of superposition, we obtain the 
effects of each load acting separately and then combine the results. 

For the uniform load acting alone, the deflection at the midpoint and 
the angles of rotation are obtained from the formulas of Example 9-1 
(see Eqs. 9-18, 9-19, and 9-20): 

4 3 


A pedi = 
nee Bl 2AEI 


5qL 


C Ee SN 
(01 384EI 


in which £7 is the flexural rigidity of the beam and L is its length. 
For the load P acting alone, the corresponding quantities are 
obtained from the formulas of Example 9-3 (see Eqs. 9-38 and 9-39): 
C^  48EI AZ come DET 
The deflection and angles of rotation due to the combined loading (Fig. 
9-16a) are obtained by summation: 














SgL" | p]? 
ô- = (ô + (6 = 
c= (6c); (Oc) agAEI ASE] (a) 
q? PL 
0, = 62 = (0 + (6 = b 
A B = (04) + (04)2 EI 16EI (b) 


do 








y 





FIG. 9-17 Simple beam with a triangular 
load 
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The deflections and angles of rotation at other points on the beam axis 
can be found by this same procedure. However, the method of superpo- 
sition is not limited to finding deflections and angles of rotation at single 
points. The method may also be used to obtain general equations for the 
slopes and deflections of beams subjected to more than one load. 


Tables of Beam Deflections 


The method of superposition is useful only when formulas for deflections 
and slopes are readily available. To provide convenient access to such 
formulas, tables for both cantilever and simple beams are given in 
Appendix G at the back of the book. Similar tables can be found in engi- 
neering handbooks. Using these tables and the method of superposition, 
we can find deflections and angles of rotation for many different loading 
conditions, as illustrated in the examples at the end of this section. 


Distributed Loads 


Sometimes we encounter a distributed load that is not included in a table 
of beam deflections. In such cases, superposition may still be useful. We 
can consider an element of the distributed load as though it were a con- 
centrated load, and then we can find the required deflection by 
integrating throughout the region of the beam where the load is applied. 

To illustrate this process of integration, consider a simple beam ACB 
with a triangular load acting on the left-hand half (Fig. 9-17a). We wish 
to obtain the deflection ôc at the midpoint C and the angle of rotation 04 
at the left-hand support (Fig. 9-17c). 

We begin by visualizing an element q dx of the distributed load as a 
concentrated load (Fig. 9-17b). Note that the load acts to the left of the 
midpoint of the beam. The deflection at the midpoint due to this concen- 
trated load is obtained from Case 5 of Table G-2, Appendix G. The formula 
given there for the midpoint deflection (for the case in which a S b) is 


Pa 
ASEI 


In our example (Fig. 9-17b), we substitute gdx for P and x for a: 
(qdx)(x) 
A8EI 


This expression gives the deflection at point C due to the element q dx of 
the load. 

Next, we note that the intensity of the uniform load (Figs. 9-17a and b) is 

2qoX 

L (d) 

where qo is the maximum intensity of the load. With this substitution 
for q, the formula for the deflection (Eq. c) becomes 

qox” 


—— — (3I? — Ax? )dx 
24LEI 





BGL? — 4a’) 


BL? — Ax?) (c) 
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Finally, we integrate throughout the region of the load to obtain the deflec- 
tion óc at the midpoint of the beam due to the entire triangular load: 


LI x2 
dc = | a0 (BL? — Ax^)dx 


o 24LEI 
LI2 4 
L 
= | (QD — 4x7) x? dx = A (9-50) 
2ALEI J 240EI 


By a similar procedure, we can calculate the angle of rotation 04 at 
the left-hand end of the beam (Fig. 9-17c). The expression for this angle 
due to a concentrated load P (see Case 5 of Table G-2) is 





Pab(L + b) 
6LEI 
Replacing P with 2qo x dx/L, a with x, and b with L — x, we obtain 
2093 (E e UE Dez) qo P 
NENNEN T c RE LAXE 
GDEI dx or 372 ET x)( x)x^dx 


Finally, we integrate throughout the region of the load: 


L/2 3 

AlqoL 

0, — | 40 -(L — x)QL — x)x2dx = L 
o 3LEI 2880EI 








(9-51) 


This is the angle of rotation produced by the triangular load. 

This example illustrates how we can use superposition and integra- 
tion to find deflections and angles of rotation produced by distributed 
loads of almost any kind. If the integration cannot be performed easily 
by analytical means, numerical methods can be used. 


Principle of Superposition 


The method of superposition for finding beam deflections is an example 
of a more general concept known in mechanics as the principle of 
superposition. This principle is valid whenever the quantity to be deter- 
mined is a linear function of the applied loads. When that is the case, the 
desired quantity may be found due to each load acting separately, and 
then these results may be superposed to obtain the desired quantity due 
to all loads acting simultaneously. In ordinary structures, the principle is 
usually valid for stresses, strains, bending moments, and many other 
quantities besides deflections. 

In the particular case of beam deflections, the principle of super- 
position is valid under the following conditions: (1) Hooke's law holds 
for the material, (2) the deflections and rotations are small, and (3) the 
presence of the deflections does not alter the actions of the applied 
loads. These requirements ensure that the differential equations of the 
deflection curve are linear. 

The following examples provide additional illustrations in which the 
principle of superposition is used to calculate deflections and angles of 
rotation of beams. 











d P 
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A 
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FIG. 9-18 Example 9-6. Cantilever beam 
with a uniform load and a concentrated 
load 





A cantilever beam AB supports a uniform load of intensity g acting over part of 

the span and a concentrated load P acting at the free end (Fig. 9-18a). 
Determine the deflection 6g and angle of rotation 05 at end B of the beam 

(Fig. 9-18b). (Note: The beam has length L and constant flexural rigidity ET.) 


Solution 

We can obtain the deflection and angle of rotation at end B of the beam by 
combining the effects of the loads acting separately. If the uniform load acts alone, 
the deflection and angle of rotation (obtained from Case 2 of Table G-1, 
Appendix G) are 


E E t 
c TW 


qa 
24EI 





(Om 


If the load P acts alone, the corresponding quantities (from Case 4, Table G-1) 
are 


pu PL 
Op), = ——— == 
(0g)2 IE (05)5 ym 


Therefore, the deflection and angle of rotation due to the combined loading 
(Fig. 9-18a) are 


3 


qa PL 
Ôn = lo + (ô = —— (4L — F oS 9-52 
B (05) (ôg)2 AT a) 3EI ( ) 


3 E 
qa. PL 
65 = (05)1 + (85); = 4 + —— 53 


Thus, we have found the required quantities by using tabulated formulas and the 
method of superposition. 
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Example 9-7 
A cantilever beam AB with a uniform load of intensity q acting on the right-hand 
half of the beam is shown in Fig. 9-19a. 
Obtain formulas for the deflection ôg and angle of rotation 05 at the free end 
(Fig. 9-19c). (Note: The beam has length L and constant flexural rigidity ET.) 
y 
A B 
FIG. 9-19 Example 9-7. Cantilever beam | * 
with a uniform load acting on the right- ' Op 
hand half of the beam (c) pc 


Solution 

In this example we will determine the deflection and angle of rotation by 
treating an element of the uniform load as a concentrated load and then inte- 
grating (see Fig. 9-19b). The element of load has magnitude q dx and is located 
at distance x from the support. The resulting differential deflection dóg and dif- 
ferential angle of rotation 205 at the free end are found from the corresponding 
formulas in Case 5 of Table G-1, Appendix G, by replacing P with q dx and a 








with x; thus, 
15, - GOOGL- y _ (qd9Gr) 
j 6EI j 2EI 
By integrating over the loaded region, we get 
L 
8 = fas =| gQgL-»d Ed (0-54) 4 
á 9 Batt den" VO  S384EI i 
: Tal 
q 2 q 
05 = | dé; = — dx = 9-55) «m 
p | DIM a ey 


Note: These same results can be obtained by using the formulas in Case 3 of 
Table G-1 and substituting a = b = L/2. 








(d) 


FIG. 9-20 Example 9-8. Compound 
beam with a hinge 














A compound beam ABC has a roller support at A, an internal hinge at B, and a 
fixed support at C (Fig. 9-20a). Segment AB has length a and segment BC has 
length b. A concentrated load P acts at distance 2a/3 from support A and a uni- 
form load of intensity q acts between points B and C. 

Determine the deflection 6, at the hinge and the angle of rotation 04 at 
support A (Fig. 9-20d). (Note: The beam has constant flexural rigidity ET.) 


Solution 

For purposes of analysis, we will consider the compound beam to consist of 
two individual beams: (1) a simple beam AB of length a, and (2) a cantilever beam 
BC of length b. The two beams are linked together by a pin connection at B. 

If we separate beam AB from the rest of the structure (Fig. 9-20b), we see 
that there is a vertical force F at end B equal to 2P/3. This same force acts down- 
ward at end B of the cantilever (Fig. 9-20c). Consequently, the cantilever beam 
BC 1s subjected to two loads: a uniform load and a concentrated load. The deflec- 
tion at the end of this cantilever (which is the same as the deflection ôg of the 
hinge) is readily found from Cases 1 and 4 of Table G-1, Appendix G: 





b* f 
NEN NS POLUM 
SEI BEI 
or, since F = 2P/3, 
qb^  2PÞb?° 
Dr d 9-56 
P EI  OEI a 


The angle of rotation 04 at support A (Fig. 9-20d) consists of two parts: 
(1) an angle BAB’ produced by the downward displacement of the hinge, and 
(2) an additional angle of rotation produced by the bending of beam AB (or beam 
AB") as a simple beam. The angle BAB’ is 
Op m qb’ 4 2pp? 


0 — —— = 
(64): a 8aEI  9aEI 








The angle of rotation at the end of a simple beam with a concentrated load is 
obtained from Case 5 of Table G-2. The formula given there is 


Pab(L + b) 
6LEI 
in which L is the length of the simple beam, a is the distance from the left-hand 


support to the load, and b is the distance from the right-hand support to the load. 
Thus, in the notation of our example (Fig. 9-20a), the angle of rotation is 


a)2 = 6aEI — SIEI 





Combining the two angles, we obtain the total angle of rotation at support A: 


qb 2P | Ape? 


8SaEI | 9aEI SIEI 


This example illustrates how the method of superposition can be adapted to 
handle a seemingly complex situation in a relatively simple manner. 











Ce (Og oo (a7) 
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Example 9-9 








A simple beam AB of span length L has an overhang BC of length a (Fig. 9-21a). 
The beam supports a uniform load of intensity g throughout its length. 

Obtain a formula for the deflection 6¢ at the end of the overhang (Fig. 9-21c). 
(Note: The beam has constant flexural rigidity EJ.) 





(b) 


y Point of inflection 


B 





FIG. 9-21 Example 9-9. Simple beam 
with an overhang 





Solution 

We can find the deflection of point C by imagining the overhang 5C 
(Fig. 9-21a) to be a cantilever beam subjected to two actions. The first action is 
the rotation of the support of the cantilever through an angle 05, which is the 
angle of rotation of beam ABC at support B (Fig. 9-21c). (We assume that a 
clockwise angle 05 is positive.) This angle of rotation causes a rigid-body rota- 
tion of the overhang BC, resulting in a downward displacement 6, of point C. 





Beam with overhang loaded by gravity 


uniform load 





A 


— 


FIG. 9-21 (Repeated) 





The second action is the bending of BC as a cantilever beam supporting a 
uniform load. This bending produces an additional downward displacement ô> 
(Fig. 9-21c). The superposition of these two displacements gives the total dis- 
placement óc at point C. 

Deflection 6,. Let us begin by finding the deflection 6, caused by the angle 
of rotation 0g at point B. To find this angle, we observe that part AB of the beam 
is in the same condition as a simple beam (Fig. 9-21b) subjected to 
the following loads: (1) a uniform load of intensity q, (2) a couple Mg (equal to 
qa^[2), and (3) a vertical load P (equal to ga). Only the loads q and Mg produce 
angles of rotation at end B of this simple beam. These angles are found from 
Cases 1 and 7 of Table G-2, Appendix G. Thus, the angle 65 is 


gL’ Mok al p qa L B gL(4a* — L’) 





0,— — 
E 2AEI] BEI ?OAEI | GEI 2AEI 


(9-58) 


in which a clockwise angle is positive, as shown in Fig. 9-21c. 
The downward deflection 6, of point C, due solely to the angle of rotation 05, 
is equal to the length of the overhang times the angle (Fig. 9-21c): 


qaL(Aa^ — L’) 
Ó E 0 =e 
pate EI (e) 





(b) 


Point of inflection 





continued 
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Deflection 6. Bending of the overhang BC produces an additional down- 
ward deflection ô, at point C. This deflection is equal to the deflection of a can- 
tilever beam of length a subjected to a uniform load of intensity q (see Case 1 of 
Table G-1): 


. qa’ 


ES 
? BEI 


(f) 


Deflection óc. The total downward deflection of point C is the algebraic 
sum of 6, and 65: 


qaL(Aa^ — I?) | qa* qa 





6- = ô + ô» = CU L aa. 
cu M MEI REI 24E Lad ecd 
Or 
60 = (ad DGa? + ab — I) (9-59) mm 
EI 


From the preceding equation we see that the deflection ôc may be upward 
or downward, depending upon the relative magnitudes of the lengths L and a. If 
a is relatively large, the last term in the equation (the three-term expression in 
parentheses) is positive and the deflection ôc is downward. If a is relatively 
small, the last term is negative and the deflection is upward. The deflection is 
zero when the last term is equal to zero: 


30° + ak -— p S 


or 


" LISD = (.4343L (g) 


From this result, we see that if a is greater than 0.43431, the deflection of point C 
is downward; if a is less than 0.4343L, the deflection is upward. 

Deflection curve. The shape of the deflection curve for the beam in this 
example is shown in Fig. 9-21c for the case where a is large enough 
(a > 0.4343L) to produce a downward deflection at C and small enough (a < L) 
to ensure that the reaction at A is upward. Under these conditions the beam has a 
positive bending moment between support A and a point such as D. The deflec- 
tion curve in region AD is concave upward (positive curvature). From D to C, the 
bending moment is negative, and therefore the deflection curve is concave down- 
ward (negative curvature). 

Point of inflection. At point D the curvature of the deflection curve is zero 
because the bending moment is zero. A point such as D where the curvature and 
bending moment change signs is called a point of inflection (or point of con- 
traflexure). The bending moment M and the second derivative d^v/dx^ always 
vanish at an inflection point. 

However, a point where M and d^v/dx^ equal zero is not necessarily an 
inflection point because it is possible for those quantities to be zero without 
changing signs at that point; for example, they could have maximum or min- 
imum values. 


9.6 MOMENT-AREA METHOD 


FIG. 9-22 Derivation of the first moment- 
area theorem 


SECTION 9.6 Moment-Area Method 711 


In this section we will describe another method for finding deflections 
and angles of rotation of beams. Because the method is based upon two 
theorems related to the area of the bending-moment diagram, it 1s called 
the moment-area method. 

The assumptions used in deriving the two theorems are the same as 
those used in deriving the differential equations of the deflection curve. 
Therefore, the moment-area method is valid only for linearly elastic 
beams with small slopes. 


First Moment-Area Theorem 


To derive the first theorem, consider a segment AB of the deflection 
curve of a beam in a region where the curvature is positive (Fig. 9-22). 
Of course, the deflections and slopes shown in the figure are highly 
exaggerated for clarity. At point A the tangent AA’ to the deflection 
curve is at an angle 04 to the x axis, and at point B the tangent BB’ is at 
an angle 05. These two tangents meet at point C. 

The angle between the tangents, denoted 05,4, is equal to the dif- 
ference between 05 and 04: 


Osa = Og — 04 (9-60) 








Thus, the angle 05,4 may be described as the angle to the tangent at B 
measured relative to, or with respect to, the tangent at A. Note that the 
angles 04 and 605, which are the angles of rotation of the beam axis at 
points A and B, respectively, are also equal to the slopes at those points, 
because in reality the slopes and angles are very small quantities. 
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Next, consider two points mı and m, on the deflected axis of the 
beam (Fig. 9-22). These points are a small distance ds apart. The tan- 
gents to the deflection curve at these points are shown in the figure as 
lines m p, and mzp>. The normals to these tangents intersect at the cen- 
ter of curvature (not shown in the figure). 

The angle d0 between the normals (Fig. 9-22) is given by the 
following equation: 


_ ds 
p 


in which p is the radius of curvature and d0 is measured in radians (see 
Eq. 9-1). Because the normals and the tangents (m,p, and m»p;) are 
perpendicular, it follows that the angle between the tangents is also 
equal to dé. 

For a beam with small angles of rotation, we can replace ds with dx, 
as explained in Section 9.2. Thus, 


do (a) 





dx 
d@ = — b 
0 5 (b) 
Also, from Eq. (9-6) we know that 
|] M 
P EI (c) 
and therefore 
P (9-61) 
EI 


in which M is the bending moment and £7 is the flexural rigidity of the 
beam. 

The quantity M dx/EI has a simple geometric interpretation. To see 
this, refer to Fig. 9-22 where we have drawn the M/EI diagram directly 
below the beam. At any point along the x axis, the height of this diagram 
is equal to the bending moment M at that point divided by the flexural 
rigidity E/ at that point. Thus, the M/EI diagram has the same shape 
as the bending-moment diagram whenever EI is constant. The term 
M dx/EI is the area of the shaded strip of width dx within the M/ET dia- 
gram. (Note that since the curvature of the deflection curve in Fig. 9-22 
is positive, the bending moment M and the area of the M/EI diagram are 
also positive.) 

Let us now integrate d0 (Eq. 9-61) between points A and B of the 
deflection curve: 

B 


B 
| a= Madx (d) 
P a EI 





When evaluated, the integral on the left-hand side becomes 05 — 04, 
which is equal to the angle 05,4 between the tangents at B and A 
(Eq. 9-60). 
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The integral on the right-hand side of Eq. (d) is equal to the area of 
the M/EI diagram between points A and B. (Note that the area of the 
M/EI diagram is an algebraic quantity and may be positive or negative, 
depending upon whether the bending moment is positive or negative.) 

Now we can write Eq. (d) as follows: 

B 


A EI 
= Area of the M/EI diagram between points A and B. (9-62) 


This equation may be stated as a theorem: 


First moment-area theorem: The angle 05,4 between the tangents to the 
deflection curve at two points A and B is equal to the area of the M/ET 
diagram between those points. 


The sign conventions used in deriving the preceding theorem are as 
follows: 


1. The angles 04, and 05 are positive when counterclockwise. 

2. The angle 05,4 between the tangents is positive when the angle 65 is 
algebraically larger than the angle 04. Also, note that point B must 
be to the right of point A; that is, it must be further along the axis of 
the beam as we move in the x direction. 

3. The bending moment M is positive according to our usual sign con- 
vention; that is, M is positive when it produces compression in the 
upper part of the beam. 

4. The area of the M/EI diagram is given a positive or negative sign 
according to whether the bending moment is positive or negative. If 
part of the bending-moment diagram is positive and part is negative, 
then the corresponding parts of the M/EI diagram are given those 
same signs. 


The preceding sign conventions for 04, 05, and 05,4 are often ignored 
in practice because (as explained later) the directions of the angles of 
rotation are usually obvious from an inspection of the beam and its load- 
ing. When this is the case, we can simplify the calculations by ignoring 
signs and using only absolute values when applying the first moment- 
area theorem. 


Second Moment-Area Theorem 


Now we turn to the second theorem, which is related primarily to 
deflections rather than to angles of rotation. Consider again the deflec- 
tion curve between points A and B (Fig. 9-23). We draw the tangent at 
point A and note that its intersection with a vertical line through point 
B is at point B,. The vertical distance between points B and B, is 
denoted £54 in the figure. This distance is referred to as the tangential 
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FIG. 9-23 Derivation of the second 
moment-area theorem 





deviation of B with respect to A. More precisely, the distance tg,, is the 
vertical deviation of point B on the deflection curve from the tangent at 
point A. The tangential deviation is positive when point B is above the 
tangent at A. 

To determine the tangential deviation, we again select two points mı 
and m» a small distance apart on the deflection curve (Fig. 9-23). The 
angle between the tangents at these two points is d0, and the segment on 
line BB, between these tangents is dt. Since the angles between the tan- 
gents and the x axis are actually very small, we see that the vertical 
distance dt is equal to xı d0, where x, is the horizontal distance from 
point B to the small element mı mz. Since d0 = M dx/El (Eq. 9-61), we 
obtain 


Madx 
EI 





dt = x d0 = xi (e) 


The distance dt represents the contribution made by the bending of ele- 
ment mım to the tangential deviation tp,,. The expression x,M dx/EI 
may be interpreted geometrically as the first moment of the area of the 
shaded strip of width dx within the M/EI diagram. This first moment is 
evaluated with respect to a vertical line through point B. 

Integrating Eq. (e) between points A and B, we get 


B B 
| Jes | a 
P Á EI 





(f) 
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The integral on the left-hand side is equal to fg/4, that is, it is equal to the 
deviation of point B from the tangent at A. The integral on the right-hand 
side represents the first moment with respect to point B of the area of the 
M/EI diagram between A and B. Therefore, we can write Eq. (f) as fol- 
lows: 


B 
; -| Ma 
B/A , ICE] 


— First moment of the area of the M/EI diagram 
between points A and B, evaluated with respect to B8 (9-63) 





This equation represents the second theorem: 


Second moment-area theorem: The tangential deviation tg,4 of point B from the 
tangent at point A is equal to the first moment of the area of the M/EI diagram 
between A and B, evaluated with respect to B. 


If the bending moment is positive, then the first moment of the M/EI 
diagram is also positive, provided point B is to the right of point A. 
Under these conditions the tangential deviation fg,44 is positive and 
point 5 is above the tangent at A (as shown in Fig. 9-23). If, as we move 
from A to B in the x direction, the area of the M/EI diagram is negative, 
then the first moment is also negative and the tangential deviation is 
negative, which means that point B is below the tangent at A. 

The first moment of the area of the M/EI diagram can be obtained 
by taking the product of the area of the diagram and the distance x from 
point B to the centroid C of the area (Fig. 9-23). This procedure is usu- 
ally more convenient than integrating, because the M/EI diagram usually 
consists of familiar geometric figures such as rectangles, triangles, and 
parabolic segments. The areas and centroidal distances of such figures 
are tabulated in Appendix D. 

As a method of analysis, the moment-area method is feasible only 
for relatively simple kinds of beams. Therefore, it is usually obvious 
whether the beam deflects upward or downward and whether an angle of 
rotation is clockwise or counterclockwise. Consequently, it is seldom 
necessary to follow the formal (and somewhat awkward) sign conven- 
tions described previously for the tangential deviation. Instead, we can 
determine the directions by inspection and use only absolute values 
when applying the moment-area theorems. 
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Example 9-10 











ce 
EI 


FIG. 9-24 Example 9-10. Cantilever beam 
with a concentrated load 


Determine the angle of rotation 05 and deflection 0g at the free end B of a can- 
tilever beam AB supporting a concentrated load P (Fig. 9-24). (Note: The beam 
has length L and constant flexural rigidity ET.) 


Solution 

By inspection of the beam and its loading, we know that the angle of rota- 
tion 0g is clockwise and the deflection ôg is downward (Fig. 9-24). Therefore, we 
can use absolute values when applying the moment-area theorems. 

M/EI diagram. The bending-moment diagram is triangular in shape with 
the moment at the support equal to —PL. Since the flexural rigidity EJ is constant, 
the M/EI diagram has the same shape as the bending-moment diagram, as shown 
in the last part of Fig. 9-24. 

Angle of rotation. From the first moment-area theorem, we know that the 
angle 05,4 between the tangents at points B and A is equal to the area of the M/ET 
diagram between those points. This area, which we will denote as A4, is deter- 
mined as follows: 


MS pm EDS 
A = X E 2E 
D EI 2EI 
Note that we are using only the absolute value of the area. 
The relative angle of rotation between points A and B (from the first 
theorem) is 
nus 
Op, = Op — 04, = Ay = = 
B/A B UA 1 EI 
Since the tangent to the deflection curve at support A is horizontal (04 = 0), we 
obtain 


mi 


0, = 
DEOS 


(9-64) <= 
This result agrees with the formula for 0p given in Case 4 of Table G-1, 
Appendix G. 

Deflection. The deflection 6g at the free end can be obtained from the second 
moment-area theorem. In this case, the tangential deviation tg/, of point B from 
the tangent at A is equal to the deflection ôg itself (see Fig. 9-24). The first 
moment of the area of the M/EI diagram, evaluated with respect to point B, is 


"DEO m DE 
= A s || emm a re 
Gi = An E 3 ) 3EI 


Note again that we are disregarding signs and using only absolute values. 
From the second moment-area theorem, we know that the deflection Og is 
equal to the first moment Q,. Therefore, 


NODE 


zz AEI (9-65) 4 


B 


This result also appears in Case 4 of Table G-1. 








FIG. 9-25 Example 9-11. Cantilever beam 
supporting a uniform load on the right- 
hand half of the beam 





Find the angle of rotation 05 and deflection óg at the free end B of a cantilever 
beam ACB supporting a uniform load of intensity q acting over the right-hand half 
of the beam (Fig. 9-25). (Note: The beam has length L and constant flexural rigidity 
EI.) 


Solution 

The deflection and angle of rotation at end B of the beam have the directions 
shown in Fig. 9-25. Since we know these directions in advance, we can write the 
moment-area expressions using only absolute values. 

M/EI diagram. The bending-moment diagram consists of a parabolic curve 
in the region of the uniform load and a straight line in the left-hand half of the 
beam. Since EI is constant, the M/EI diagram has the same shape (see the last 
part of Fig. 9-25). The values of M/EI at points A and C are —3qL^/8EI and 
—qL^[8EI, respectively. 

Angle of rotation. For the purpose of evaluating the area of the M/EI diagram, 
it is convenient to divide the diagram into three parts: (1) a parabolic spandrel of 
area A,, (2) a rectangle of area A», and (3) a triangle of area A5. These areas are 


E -+4(4)-4 r -4(2) = gL 
DUE AREI SEPIUS TOFI 


^ ERE )- 

"^ 242ASEI  8EI)  l6EI 
According to the first moment-area theorem, the angle between the tangents at 
points A and B is equal to the area of the M/EI diagram between those points. 


Since the angle at A is zero, it follows that the angle of rotation 0g is equal to the 
area of the diagram; thus, 








Tak 
ASEI 





Op = A1 T A> cT A5 = (9-66) 

Deflection. The deflection ôg is the tangential deviation of point B with 
respect to a tangent at point A (Fig. 9-25). Therefore, from the second moment- 
area theorem, 6, is equal to the first moment of the M/EI diagram, evaluated with 
respect to point B: 


Op = AyX1 + ÁoX5 + A3x3 (g) 


in which x1, x5, and x3, are the distances from point B to the centroids of the 
respective areas. These distances are 


» -3(E)- 3E nL-LRb,L.3b s-£.2(E-3 
Em 8 XE QE M" E ES y, 6 


substituting into Eq. (g), we find 
n L L 41qL* 
6; = d = ue q E Er q a = d (9-67) 
48EI\ 8 16EI \ 4 16EI \ 6 384EI 
This example illustrates how the area and first moment of a complex M/EI 
diagram can be determined by dividing the area into parts having known proper- 


ties. The results of this analysis (Eqs. 9-66 and 9-67) can be verified by using the 
formulas of Case 3, Table G-1, Appendix G, and substituting a = b = L/2. 
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Example 9-12 


A simple beam ADB supports a concentrated load P acting at the position 
shown in Fig. 9-26. Determine the angle of rotation 04 at support A and the deflection 
Op under the load P. (Note: The beam has length L and constant flexural rigidity ET.) 





Solution 

The deflection curve, showing the angle of rotation 04 and the deflection 6p, 
is sketched in the second part of Fig. 9-26. Because we can determine the direc- 
tions of 04 and 6p by inspection, we can write the moment-area expressions 
using only absolute values. 

M/EI diagram. The bending-moment diagram is triangular, with the maximum 
moment (equal to Pab/L) occurring under the load. Since EI is constant, the M/ET 
diagram has the same shape as the moment diagram (see the third part of Fig. 9-26). 

Angle of rotation at support A. To find this angle, we construct the tangent 
AB, at support A. We then note that the distance BB, is the tangential deviation 





[BIA 








FIG. 9-26 Example 9-12. Simple beam 28 
with a concentrated load 








tpya Of point B from the tangent at A. We can calculate this distance by evaluating 
the first moment of the area of the M/EI diagram with respect to point B and then 
applying the second moment-area theorem. 

The area of the entire M/EI diagram is 


1 Pab Pab 
A = ze = 
2 LEI 2EI 


The centroid C, of this area is at distance x, from point B (see Fig. 9-26). This 
distance, obtained from Case 3 of Appendix D, is 


= Jb 
Ao 3 





Therefore, the tangential deviation is 








2 Pabo LFP Pab 
t A\x; = ——— = —— (L + b 
c E | 3 | qu, 
The angle Q4 is equal to the tangential deviation divided by the length of the beam: 
[B/A Pab 
Q, =— = Lp 9-68 
Acc a oe 


Thus, the angle of rotation at support A has been found. 

Deflection under the load. As shown in the second part of Fig. 9-26, the deflec- 
tion 6p under the load P is equal to the distance DD, minus the distance D,D,. The 
distance DD, is equal to the angle of rotation 04 times the distance a; thus, 

Pa?b 
DD, = a0, ArH (L+ b) (h) 

The distance DD; is the tangential deviation tp;4 at point D; that is, it is the 
deviation of point D from the tangent at A. This distance can be found from the 
second moment-area theorem by taking the first moment of the area of the M/ET 
diagram between points A and D with respect to D (see the last part of 
Fig. 9-26). The area of this part of the M/EI diagram is 














E Lir RC 
and its centroidal distance from point D is 
m re 
CES 
Thus, the first moment of this area with respect to point D is 
sacas (E882) 1 i 


The deflection at point D is 
Op = DD, — DoD, = DD, — tp 
Upon substituting from Eqs. (h) and (1), we find 
_ Pa?b E Pa?b " Pab’? 
6LEI 6LEI  3LEI 











Op (Eb) (9-69) 


The preceding formulas for 04 and dp (Eqs. 9-68 and 9-69) can be verified by 
using the formulas of Case 5, Table G-2, Appendix G. 
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9.7 NONPRISMATIC BEAMS 





Nonprismatic beams with cutouts in 
their webs 


FIG. 9-27 Beams with varying moments 
of inertia (see also Fig. 5-23) 


The methods presented in the preceding sections for finding deflec- 
tions of prismatic beams can also be used to find deflections of beams 
having varying moments of inertia. Two examples of nonprismatic 
beams are shown in Fig. 9-27. The first beam has two different 
moments of inertia, and the second is a tapered beam having continu- 
ously varying moment of inertia. In both cases the objective is to save 
material by increasing the moment of inertia in regions where the 
bending moment is largest. 

Although no new concepts are involved, the analysis of a nonpris- 
matic beam is more complex than the analysis of a beam with constant 
moment of inertia. Some of the procedures that can be used are illus- 
trated in the examples that follow (Examples 9-13 and 9-14). 

In the first example (a simple beam having two different moments 
of inertia), the deflections are found by solving the differential equation 
of the deflection curve. In the second example (a cantilever beam hav- 
ing two different moments of inertia), the method of superposition is 
used. 

These two examples, as well as the problems for this section, 
involve relatively simple and idealized beams. When more complex 
beams (such as tapered beams) are encountered, numerical methods of 
analysis are usually required. (Computer programs for the numerical 
calculation of beam deflections are readily available.) 
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FIG. 9-28 Example 9-13. Simple beam 
with two different moments of inertia 


A beam ABCDE on simple supports is constructed from a wide-flange beam by 
welding cover plates over the middle half of the beam (Fig. 9-28a). The effect of 
the cover plates is to double the moment of inertia (Fig. 9-28b). A concentrated 
load P acts at the midpoint C of the beam. 

Determine the equations of the deflection curve, the angle of rotation Q4 at 
the left-hand support, and the deflection óc at the midpoint (Fig. 9-28c). 


Solution 

Differential equations of the deflection curve. In this example we will deter- 
mine the slopes and deflections of the beam by integrating the bending-moment 
equation, that is, the second-order differential equation of the deflection curve 
(Eq. 9-12a). Since the reaction at each support is P/2, the bending continued 
moment throughout the left-hand half of the beam is 


ves osr=4 (a) 


Therefore, the differential equations for the left-hand half of the beam are 


m = os rs E (b) 
2 4 
renv = = [4 € z © 


Each of these equations can be integrated twice to obtain expressions 
for the slopes and deflections in their respective regions. These integrations 
produce four constants of integration that can be found from the following four 
conditions: 


1. Boundary condition: At support A (x = 0), the deflection is zero (v = 0). 

2. Symmetry condition: At point C (x = L/2), the slope is zero (v’ = 0). 

3. Continuity condition: At point B (x = L/4), the slope obtained from part AB 
of the beam is equal to the slope obtained from part BC of the beam. 

4. Continuity condition: At point B (x = L/4), the deflection obtained from 
part AB of the beam is equal to the deflection obtained from part BC of the 
beam. 


Slopes of the beam. Integrating each of the differential equations (Eqs. b 
and c), we obtain the following equations for the slopes in the left-hand half of 
the beam: 


2) 
mE e osr=4| (d) 
AEI 4 
Px? L L 
m k 2 E (e) 


continued 
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Applying the symmetry condition (2) to Eq. (e), we obtain the constant C>: 


EIE 
32EI 


2 = 





Therefore, the slope of the beam between points B and C (from Eq. e) is 


! P 2 2) L T 
mcs ——xx— A 
v 3AEI' X) | Xx 4 (9-70) 


From this equation we can find the slope of the deflection curve at point B where 
the moment of inertia changes from / to 2T: 


2 
(4) -PL (f) 
4 Pos 


Because the deflection curve is continuous at point B, we can use the continuity 
condition (3) and equate the slope at point B as obtained from Eq. (d) to the slope 
at the same point given by Eq. (f). In this manner we find the constant C;: 


4 








i= 


BE) NES mon 
4EI i 128EI 128EI 


Therefore, the slope between points A and B (see Eq. d) is 


a E (5L? — 32x?) GER CA) 


m 





= 128EI 4 
At support A, where x = 0, the angle of rotation (Fig. 9-28c) is 


SET 
128EI 





0, = —v'(0) = (0-72) «mm 


Deflections of the beam. Integrating the equations for the slopes (Eqs. 9-71 
and 9-70), we get 





3 
zd (522x = a FC, ( 2n A (g) 


3 
--33U5- 2) +0. EIEII (h) 





Applying the boundary condition at the support (condition 1) to Eq. (g), we get 
C3 = 0. Therefore, the deflection between points A and B (from Eq. g) is 


Px 2 2 L 
== ISE- — 32 ——Xx-— = 
v 384 ;' 5 323) o x i (9-73) 





From this equation we can find the deflection at point B: 


(£)- - IE 
4 1536EI 





(i) 


Since the deflection curve is continuous at point B, we can use the continuity 
condition (4) and equate the deflection at point B as obtained from Eq. (h) to the 
deflection given by Eq. (i): 


3 3 
-s eu ? :(E | +a =- BPL 
32EI 4 3 \4 1536ElI 
from which 


ENS 
768EI 





C4 = 


Therefore, the deflection between points B and C (from Eq. h) is 


B T. 2 3 (4 z 
— Dip D De pe e MESA 
V = — ESEI T. Í o 





Thus, we have obtained the equations of the deflection curve for the left-hand 
half of the beam. (The deflections in the right-hand half of the beam can be 
obtained from symmetry.) 

Finally, we obtain the deflection at the midpoint C by substituting x = L/2 
into Eq. (9-74): 





L 3PL? 
Ô — — — | >= X 
E (E 256EI Sen 


All required quantities have now been found, and the analysis of the nonpris- 
matic beam is completed. 

Notes: Using the differential equation for finding deflections is practical 
only if the number of equations to be solved is limited to one or two and only if 
the integrations are easily performed, as in this example. In the case of a tapered 
beam (Fig. 9-27), it may be difficult to solve the differential equation analytically 
because the moment of inertia 1s a continuous function of x. In such a case, the 
differential equation has variable coefficients instead of constant coefficients, 
and numerical methods of solution are needed. 

When a beam has abrupt changes in cross-sectional dimensions, as in this 
example, there are stress concentrations at the points where changes occur. 
However, because the stress concentrations affect only a small region of the 
beam, they have no noticeable effect on the deflections. 
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Example 9-14 











FIG. 9-29 Example 9-14. Cantilever beam 
with two different moments of inertia 


A cantilever beam ACB having length L and two different moments of inertia 7 
and 2/ supports a concentrated load P at the free end A (Figs. 9-29a and b). 
Determine the deflection 6, at the free end. 


Solution 

In this example we will use the method of superposition to determine the 
deflection 6, at the end of the beam. We begin by recognizing that the deflection 
consists of two parts: the deflection due to bending of part AC of the beam and 
the deflection due to bending of part CB. We can determine these deflections sep- 
arately and then superpose them to obtain the total deflection. 

Deflection due to bending of part AC of the beam. Imagine that the beam is 
held rigidly at point C, so that the beam neither deflects nor rotates at that point 
(Fig. 9-29c). We can easily calculate the deflection 6, of point A in this beam. 
Since the beam has length L/2 and moment of inertia /, its deflection (see Case 4 
of Table G-1, Appendix G) is 


momo ee. 
í 3EI 24EI 








(j) 


Deflection due to bending of part CB of the beam. Part CB of the beam also 
behaves as a cantilever beam (Fig. 9-29d) and contributes to the deflection of 
point A. The end of this cantilever is subjected to a concentrated load P and a 
moment PL/2. Therefore, the deflection óc and angle of rotation Oc at the free 
end (Fig. 9-29d) are as follows (see Cases 4 and 6 of Table G-1): 


_ PLD? | (PLIL? _ SPL? 


c= 














3(2EI) 2QEI  96EI 
 PL2y | (PLI2LI) | 3PD? 
E CD 2EI IGEI 


This deflection and angle of rotation make an additional contribution 6, to the 
deflection at end A (Fig. 9-29e). We again visualize part AC as a cantilever beam, 
but now its support (at point C) moves downward by the amount óc and rotates 
counterclockwise through the angle 0c (Fig. 9-29e). These rigid-body displace- 
ments produce a downward displacement at end A equal to the following: 








2 





3 2 3 
E _ SPL' , 3PL E _ TPL (k) 


Duc Res ee = 
EO 4 96EI  16EI A8EI 


Total deflection. The total deflection 6,4 at the free end A of the original 
cantilever beam (Fig. 9-29f) is equal to the sum of the deflections 6, and 65: 


PL? 2 7PĽ — BPE 


6,=6,+6= — 
EUA ASR TOEI 











(9-76) 4mm 


This example illustrates one of the many ways that the principle of superposition 
may be used to find beam deflections. 
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(b) 


FIG. 9-30 Beam in pure bending by 
couples of moment M 
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The general concepts pertaining to strain energy were explained previ- 
ously in our discussions of bars subjected to axial loads and shafts 
subjected to torsion (Sections 2.7 and 3.9, respectively). In this sec- 
tion, we will apply the same concepts to beams. Since we will be using 
the equations for curvature and deflection derived earlier in this chap- 
ter, our discussion of strain energy applies only to beams that behave 
in a linearly elastic manner. This requirement means that the material 
must follow Hooke’s law and the deflections and rotations must be 
small. 

Let us begin with a simple beam AB in pure bending under the 
action of two couples, each having a moment M (Fig. 9-30a). The 
deflection curve (Fig. 9-30b) is a nearly flat circular arc of constant 
curvature k = M/EI (see Eq. 9-6). The angle 0 subtended by this arc 
equals L/p, where L is the length of the beam and p is the radius of 
curvature. Therefore, 


= KL = — (9-77) 


This linear relationship between the moments M and the angle @ is 
shown graphically by line OA in Fig. 9-31. As the bending couples grad- 
ually increase in magnitude from zero to their maximum values, they 
perform work W represented by the shaded area below line OA. This 
work, equal to the strain energy U stored in the beam, is 


W-U--—— (9-78) 


This equation is analogous to Eq. (2-35) for the strain energy of an 
axially loaded bar. 


By combining Eqs. (9-77) and (9-78), we can express the strain 
energy stored in a beam in pure bending in either of the following forms: 


M*L _ EI0* 
2EI EE 


(9-79a,b) 








The first of these equations expresses the strain energy in terms of the 
applied moments M, and the second equation expresses it in terms of the 
angle 0. The equations are similar in form to those for strain energy in 
an axially loaded bar (Eqs. 2-37a and b). 

If the bending moment in a beam varies along its length (nonuni- 
form bending), then we may obtain the strain energy by applying 
Eqs. (9-79a) and (9-79b) to an element of the beam (Fig. 9-32) and 
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FIG. 9-31 Diagram showing linear 
relationship between bending moments 
M and the angle 0 


FIG. 9-32 Side view of an element of a 
beam subjected to bending moments M 





integrating along the length of the beam. The length of the element 
itself is dx and the angle d0 between its side faces can be obtained from 
Eqs. (9-4) and (9-5), as follows: 

2 


d^v 
d0 = kdx = pU (a) 


Therefore, the strain energy dU of the element is given by either of the 
following equations (see Eqs. 9-79a and b): 
_ M*dx _ Eld0y _ EI ve j _ EI "e ) 


dU m d , 
2EI Bde — Odi Fee X99 








dx? 


By integrating the preceding equations throughout the length of a beam, 
we can express the strain energy stored in a beam in either of the follow- 
ing forms: 


U= M^dx U = {= (e as (9-80a,b) 
2EI Dake 


Note that M is the bending moment in the beam and may vary as a func- 
tion of x. We use the first equation when the bending moment is known, 
and the second equation when the equation of the deflection curve is 
known. (Examples 9-15 and 9-16 illustrate the use of these equations.) 
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In the derivation of Eqs. (9-80a) and (9-80b), we considered only 
the effects of the bending moments. If shear forces are also present, 
additional strain energy will be stored in the beam. However, the strain 
energy of shear is relatively small (in comparison with the strain energy 
of bending) for beams in which the lengths are much greater than the 
depths (say, L/d > 8). Therefore, in most beams the strain energy of 
shear may safely be disregarded. 


Deflections Caused by a Single Load 


If a beam supports a single load, either a concentrated load P or a couple 
Mo, the corresponding deflection 6 or angle of rotation 6, respectively, 
can be determined from the strain energy of the beam. 

In the case of a beam supporting a concentrated load, the corre- 
sponding deflection 6 is the deflection of the beam axis at the point 
where the load is applied. The deflection must be measured along the 
line of action of the load and is positive in the direction of the load. 

In the case of a beam supporting a couple as a load, the correspon- 
ding angle of rotation 0 is the angle of rotation of the beam axis at the 
point where the couple is applied. 

Since the strain energy of a beam is equal to the work done by the 
load, and since ô and 0 correspond to P and Mo, respectively, we obtain 
the following equations: 





U = W = — U = W = (9-81a,b) 


The first equation applies to a beam loaded only by a force P, and the 
second equation applies to a beam loaded only by a couple Mp. It 
follows from Eqs. (9-81a) and (9-81b) that 


ô = a d= a (9-82a,b) 
P Mo 
As explained in Section 2.7, this method for finding deflections and 
angles of rotation is extremely limited in its application because only 
one deflection (or one angle) can be found. Furthermore, the only 
deflection (or angle) that can be found is the one corresponding to 


the load (or couple). However, the method occasionally is useful and is 
illustrated later in Example 9-16. 
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Example 9-15 
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FIG. 9-33 Example 9-15. Strain energy of 
a beam 


A simple beam AB of length L supports a uniform load of intensity q (Fig. 9-33). 
(a) Evaluate the strain energy of the beam from the bending moment in the beam. 
(b) Evaluate the strain energy of the beam from the equation of the deflection 
curve. (Note: The beam has constant flexural rigidity ET.) 


Solution 

(a) Strain energy from the bending moment. 'The reaction of the beam at 
support A is qL/2, and therefore the expression for the bending moment in the 
beam is 


p 
M = — - 4— = 4 (Lx — x’) (d) 


The strain energy of the beam (from Eq. 9-80a) is 





"Mx 1 
T MEAE c Lx ^x) dx 2 — | a2 - 2L? + xd 
2EI zi] [£o ZIE ak Y + xd 
(e) 
from which we get 
BEES (0-83) <q 
240EI ] 


Note that the load q appears to the second power, which is consistent with the 
fact that strain energy is always positive. Furthermore, Eq. (9-83) shows that 
strain energy is not a linear function of the loads, even though the beam itself 
behaves in a linearly elastic manner. 

(b) Strain energy from the deflection curve. The equation of the deflection 
curve for a simple beam with a uniform load is given in Case 1 of Table G-2, 
Appendix G, as follows: 


eu ie te f 
í 2AEI ` um. > 


Taking two derivatives of this equation, we get 


d^v 
DUM Nr zi yng Ci M E 
d 2AEI \ d O NEC E x= x) 


Substituting the latter expression into the equation for strain energy (Eq. 9-80b), 


we obtain 
EEL aoe EI 
We |) 22) E | Iss 
| 5 ea MS af xus = | a 


-Lf we- 2Lx? + x*)dx (g) 


Since the final integral in this equation is the same as the final integral in Eq. (e), 
we get the same result as before (Eq. 9-83). 








A cantilever beam AB (Fig. 9-34) is subjected to three different loading condi- 
tions: (a) a concentrated load P at its free end, (b) a couple Mo at its free end, and 
(c) both loads acting simultaneously. 

For each loading condition, determine the strain energy of the beam. Also, 
determine the vertical deflection 6, at end A of the beam due to the load P acting 
alone (Fig. 9-34a), and determine the angle of rotation 04 at end A due to the 
moment M, acting alone (Fig. 9-34b). (Note: The beam has constant flexural 
rigidity EJ.) 


Solution 
(a) Beam with concentrated load P (Fig. 9-34a). The bending moment in 
the beam at distance x from the free end is M = —Px. Substituting this expres- 


sion for M into Eq. (9-80a), we get the following expression for the strain energy 
of the beam: 


Dr L 2 DES 
M -Pad 
U= wa. | CPx dx _ PI (9-84) 
2EI n A2EI 6EI 
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To obtain the vertical deflection ó4 under the load P, we equate the work done 
by the load to the strain energy: 





po SD 
W = U — = 
DNUS 
from which 
PL? 
8, = —— 
ZEE 


The deflection 6, is the only deflection we can find by this procedure, because it 
is the only deflection that corresponds to the load P. 

(b) Beam with moment Moy (Fig. 9-34b). In this case the bending 
moment is constant and equal to —Mo. Therefore, the strain energy (from 
Eq. 9-80a) is 


— ("Mds ("C-Moydx | M$L 
up mU D 
, 2EI J,  2EI DEI 


continued 
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FIG. 9-34 Example 9-16. Strain energy of 
a beam 


The work W done by the couple Mo during loading of the beam is Mo@, /2, 
where 04 is the angle of rotation at end A. Therefore, 





Mob, MoL 
Wires qi — = — 
tA 2EI 
d Due deos m 
an — 
a a 


The angle of rotation has the same sense as the moment (counterclockwise in this 
example). 

(c) Beam with both loads acting simultaneously (Fig. 9-34c). When both 
loads act on the beam, the bending moment in the beam is 


M = — Px — Mo 


Therefore, the strain energy is 


"Md 1 


U= = — 
2EI — 2EI 
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| (—Px — MoY dx 
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O 


PIL? PM?  MéL 
= —— + ————.—— 9-86) «m 
6EI 2EI 2EI 2) 


The first term in this result gives the strain energy due to P acting alone 
(Eq. 9-84), and the last term gives the strain energy due to M, alone (Eq. 9-85). 
However, when both loads act simultaneously, an additional term appears in the 
expression for strain energy. 

Therefore, we conclude that the strain energy in a structure due to two or 
more loads acting simultaneously cannot be obtained by adding the strain ener- 
gies due to the loads acting separately. The reason is that strain energy is a quad- 
ratic function of the loads, not a linear function. Therefore, the principle of 
superposition does not apply to strain energy. 

We also observe that we cannot calculate a deflection for a beam 
with two or more loads by equating the work done by the loads to the 
strain energy. For instance, if we equate work and energy for the beam of 
Fig. 9-34c, we get 


P&,5 " Mo& — P?P? " PML? M ML (h) 


WU TETTE 
2 6EI ZEN ZET 


in which 045 and 04» represent the deflection and angle of rotation at end A of 
the beam with two loads acting simultaneously (Fig. 9-34c). Although the work 
done by the two loads is indeed equal to the strain energy, and Eq. (h) is quite 
correct, we cannot solve for either 645 or 045 because there are two unknowns 
and only one equation. 
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FIG. 9-35 Beam supporting a single 
load P 





(b) 


FIG. 9-36 Beam supporting n loads 


SECTION 9.9 Castigliano’s Theorem 731 


Castigliano's theorem provides a means for finding the deflections of a 
structure from the strain energy of the structure. To illustrate what we 
mean by that statement, consider a cantilever beam with a concentrated 
load P acting at the free end (Fig. 9-35a). The strain energy of this beam 
is obtained from Eq. (9-84) of Example 9-16: 


pr 
U = CEI (a) 





Now take the derivative of this expression with respect to the load P: 





273 3 
A AE) (b) 


dP dP\ 6EI SEI 
We immediately recognize this result as the deflection 6, at the 
free end A of the beam (see Fig. 9-35b). Note especially that the 
deflection 6, corresponds to the load P itself. (Recall that a deflection 
corresponding to a concentrated load is the deflection at the point 
where the concentrated load is applied. Furthermore, the deflection is 
in the direction of the load.) Thus, Eq. (b) shows that the derivative of 
the strain energy with respect to the load is equal to the deflection 
corresponding to the load. Castigliano’s theorem is a generalized 
statement of this observation, and we will now derive it in. more 
general terms. 


Derivation of Castigliano's Theorem 


Let us consider a beam subjected to any number of loads, say n loads P}, 
P... Pi, .. ., P, (Fig. 9-36a). The deflections of the beam correspon- 
ding to the various loads are denoted 6), 65, ..., 6;,.. ., Ôn, as shown in 
Fig. 9-36b. As in our earlier discussions of deflections and strain energy, 
we assume that the principle of superposition is applicable to the beam 
and its loads. 

Now we will determine the strain energy of this beam. When the 
loads are applied to the beam, they gradually increase in magnitude 
from zero to their maximum values. At the same time, each load 
moves through its corresponding displacement and does work. The 
total work W done by the loads is equal to the strain energy U stored in 
the beam: 


W=U (c) 


Note that W (and hence U) is a function of the loads P4, P2,.. 
on the beam. 


., P„ acting 
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Next, let us suppose that one of the loads, say the ith load, is 
increased slightly by the amount dP; while the other loads are held con- 
stant. This increase in load will cause a small increase dU in the strain 
energy of the beam. This increase in strain energy may be expressed as 
the rate of change of U with respect to P; times the small increase in P. 
Thus, the increase in strain energy is 


died ap (d) 
óP, 


where JU/oP; is the rate of change of U with respect to P;. (Since U is a 
function of all the loads, the derivative with respect to any one of the 
loads is a partial derivative.) The final strain energy of the beam is 


Une UE In (e) 
OP, 
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in which U is the strain energy referred to in Eq. (c). 

Because the principle of superposition holds for this beam, the total 
strain energy is independent of the order in which the loads are applied. 
That is, the final displacements of the beam (and the work done by the 
loads in reaching those displacements) are the same regardless of the 
order in which the loads are applied. In arriving at the strain energy 
given by Eq. (e), we first applied the n loads P4, P5, . .., Pn, and then we 
applied the load dP;. However, we can reverse the order of application 
and apply the load dP; first, followed by the loads P,, P5, . . ., Pa. The 
final amount of strain energy is the same in either case. 

When the load dP; is applied first, it produces strain energy equal to 
one-half the product of the load dP; and its corresponding displacement 
dó;. Thus, the amount of strain energy due to the load dP, is 


dP,dó, 


5 (f) 


When the loads P;, P5,..., P, are applied, they produce the same 
displacements as before (ôi, 65,..., ô) and do the same amount of 
work as before (Eq. c). However, during the application of these loads, 
the force dP; automatically moves through the displacement ó;. In so 
doing, it produces additional work equal to the product of the force and 
the distance through which it moves. (Note that the work does not have 
a factor 1/2, because the force dP; acts at full value throughout this 
displacement.) Thus, the additional work, equal to the additional strain 
energy, is 


dP. 6; (g) 
Therefore, the final strain energy for the second loading sequence is 


dP, dé, 
— *U-* dB, (h) 
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FIG. 9-38 Application of Castigliano’s 
theorem to a beam 
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Equating this expression for the final strain energy to the earlier expres- 
sion (Eq. e), which was obtained for the first loading sequence, we get 


dP,dó, 
SEM USES eU (i) 
2 óP, 


We can discard the first term because it contains the product of two dif- 
ferentials and is infinitesimally small compared to the other terms. We 
then obtain the following relationship: 


_ wu 


9-87 
P. (9-87) 


Ô; 


This equation is known as Castigliano’s theorem.” 

Although we derived Castigliano’s theorem by using a beam as an illus- 
tration, we could have used any other type of structure (for example, a truss) 
and any other kinds of loads (for example, loads in the form of couples). The 
important requirements are that the structure be linearly elastic and that the 
principle of superposition be applicable. Also, note that the strain energy 
must be expressed as a function of the loads (and not as a function of the dis- 
placements), a condition which is implied in the theorem itself, since the 
partial derivative is taken with respect to a load. With these limitations in 
mind, we can state Castigliano's theorem in general terms as follows: 


The partial derivative of the strain energy of a structure with respect to any 
load is equal to the displacement corresponding to that load. 


The strain energy of a linearly elastic structure is a quadratic function of 
the loads (for instance, see Eq. a), and therefore the partial derivatives and the 
displacements (Eq. 9-87) are linear functions of the loads (as expected). 

When using the terms /oad and corresponding displacement in con- 
nection with Castigliano's theorem, it is understood that these terms are 
used in a generalized sense. The load P; and corresponding displacement 
0; may be a force and a corresponding translation, or a couple and a cor- 
responding rotation, or some other set of corresponding quantities. 


Application of Castigliano's Theorem 


As an application of Castigliano's theorem, let us consider a cantilever 
beam AB carrying a concentrated load P and a couple of moment Mo 
acting at the free end (Fig. 9-37a). We wish to determine the vertical 
deflection 6, and angle of rotation 6, at the end of the beam 
(Fig. 9-37b). Note that 6,4 is the deflection corresponding to the load P, 
and 6, is the angle of rotation corresponding to the moment Mo. 


"Castigliano's theorem, one of the most famous theorems in structural analysis, was dis- 
covered by Carlos Alberto Pio Castigliano (1847—1884), an Italian engineer (Ref. 9-2). 
The theorem quoted here (Eq. 9-87) is actually the second of two theorems presented by 
Castigliano and is properly called Castigliano's second theorem. The first theorem is the 
reverse of the second theorem, in the sense that it gives the loads on a structure in terms 
of the partial derivatives of the strain energy with respect to the displacements. 
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The first step in the analysis is to determine the strain energy of the 
beam. For that purpose, we write the equation for the bending moment 
as follows: 


M = -Px - Mo (j) 


in which x is the distance from the free end (Fig. 9-37a). The strain 
energy is found by substituting this expression for M into Eq. (9-80a): 


"Mx 1 F 
U = | “= 211 (—Px — Moy dx 
6 ABI LET Jo 





_ PPL PML? , MiL 
GEI 2EI 2EI 











(k) 


in which L is the length of the beam and £7 is its flexural rigidity. Note 
that the strain energy is a quadratic function of the loads P and Mo. 

To obtain the vertical deflection 6, at the end of the beam, we use 
Castigliano's theorem (Eq. 9-37) and take the partial derivative of the 
strain energy with respect to P: 





_ dU | PL? , MoL 


ÓA = 
ðP X 3EI 2EI 


(D 


This expression for the deflection can be verified by comparing it with 
the formulas of Cases 4 and 6 of Table G-1, Appendix G. 

In a similar manner, we can find the angle of rotation 04 at the end 
of the beam by taking the partial derivative with respect to Mo: 











^ — MoL 
6, = oU _ PL EL (m) 
OM, = 2EI EI 
This equation can also be verified by comparing with the formulas of 
Cases 4 and 6 of Table G-1. 


Use of a Fictitious Load 


The only displacements that can be found from Castigliano’s theorem 
are those that correspond to loads acting on the structure. If we wish to 
calculate a displacement at a point on a structure where there is no load, 
then a fictitious load corresponding to the desired displacement must be 
applied to the structure. We can then determine the displacement by 
evaluating the strain energy and taking the partial derivative with respect 
to the fictitious load. The result is the displacement produced by the 
actual loads and the fictitious load acting simultaneously. By setting the 
fictitious load equal to zero, we obtain the displacement produced only 
by the actual loads. 


Q 


„Œ C —— ë 


T 


S 
(b) 


|I 


FIG. 9-39 Beam with a fictitious load O 
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To illustrate this concept, suppose we wish to find the vertical deflec- 
tion óc at the midpoint C of the cantilever beam shown in Fig. 9-38a. 
Since the deflection óc is downward (Fig. 9-38b), the load corresponding 
to that deflection is a downward vertical force acting at the same point. 
Therefore, we must supply a fictitious load Q acting at point C in the 
downward direction (Fig. 9-39a). Then we can use Castigliano's theorem 
to determine the deflection (ôc)o at the midpoint of this beam (Fig. 9-39b). 
From that deflection, we can obtain the deflection óc in the beam of 
Fig. 9-38 by setting Q equal to zero. 


I Óc 


(b) 


FIG. 9-38 Beam supporting loads 
P and Mo 


We begin by finding the bending moments in the beam of 
Fig. 9-39a: 


=rs1| (0) 


Next, we determine the strain energy of the beam by applying 
Eq. (9-80a) to each half of the beam. For the left-hand half of the beam 
(from point A to point C), the strain energy is 


/ / 
Mx pq 


= — | (-Px- Moy dx 
o 2El  2ET Jo 
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For the right-hand half, the strain energy is 


L 2 5 
Ucpg = i E | -Px - Mo - o(x- 4) dx 
po DEE DEP Jin 2 
LOUPE E 3PMgL* E SPOL? E M$L 1 MoQL QL 
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(q) 


which requires a very lengthy process of integration. Adding the strain 
energies for the two parts of the beam, we obtain the strain energy for 
the entire beam (Fig. 9-39a): 


U == Use + Ucp 

213 PML?  5POL MÊL MOL’ eL 
LEE EM LE EMILIO 

6EI 2EI ASEI 2EI SEI ASEI 

















(r) 


The deflection at the midpoint of the beam shown in Fig. 9-39a can now 
be obtained from Castigliano's theorem: 











ðU  5PD Mo | QD 
(óc)o == = T T 
ðQ  48EI SEI  2AEI 


(s) 
This equation gives the deflection at point C produced by all three loads act- 
ing on the beam. To obtain the deflection produced by the loads P and Mo 
only, we set the load Q equal to zero in the preceding equation. The result is 
the deflection at the midpoint C for the beam with two loads (Fig. 9-38a): 


—.5PD? | Mol? 


Oc = 
A8EI SEI 








(t) 


Thus, the deflection in the original beam has been obtained. 
This method is sometimes called the dummy-load method, because 
of the introduction of a fictitious, or dummy, load. 


Differentiation Under the Integral Sign 


As we saw in the preceding example, the use of Castigliano's theorem 
for determining beam deflections may lead to lengthy integrations, espe- 
cially when more than two loads act on the beam. The reason is 
clear—tfinding the strain energy requires the integration of the square of 
the bending moment (Eq. 9-80a). For instance, if the bending moment 
expression has three terms, its square may have as many as six terms, 
each of which must be integrated. 

After the integrations are completed and the strain energy has been 
determined, we differentiate the strain energy to obtain the deflections. 
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However, we can bypass the step of finding the strain energy by differ- 
entiating before integrating. This procedure does not eliminate the 
integrations, but it does make them much simpler. 

To derive this method, we begin with the equation for the strain 
energy (Eq. 9-80a) and apply Castigliano's theorem (Eq. 9-87): 


5,2U . 9 [M*dx 
‘ OP. OP, | 2EI 





(u) 


Following the rules of calculus, we can differentiate the integral by 
differentiating under the integral sign: 





2 
PEALE | (| ax (9-88) 
oP, J 2EI EI )\ oP, 


We will refer to this equation as the modified Castigliano's theorem. 

When using the modified theorem, we integrate the product of the 
bending moment and its derivative. By contrast, when using the stan- 
dard Castigliano's theorem (see Eq. u), we integrate the square of 
the bending moment. Since the derivative is a shorter expression than 
the moment itself, this new procedure is much simpler. To show this, we 
will now solve the preceding examples using the modified theorem (Eq. 
9-88). 

Let us begin with the beam shown in Fig. 9-37 and recall that we 
wish to find the deflection and angle of rotation at the free end. The 
bending moment and its derivatives (see Eq. j) are 


M = —Px — Mo 
OM _ OM _ 


X == 
óP JM 





—1 


From Eq. (9-88) we obtain the deflection 6, and angle of rotation 04: 











L 2 
1 PL? MoL 
ô = — | (—-Px — Mo(C-3dx = — + 
A= a | (—Px — Mo)(—x)dx a Sa (v) 
| PĽ MoL 
6, — — | (-Px — Mo(- Ddx = = + — 
A Ll x Mo(-Ddx = E+ ^I (w) 


These equations agree with the earlier results (Eqs. | and m). However, 
the calculations are shorter than those performed earlier, because we did 
not have to integrate the square of the bending moment (see Eq. k). 

The advantages of differentiating under the integral sign are even 
more apparent when there are more than two loads acting on the structure, 
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as in the example of Fig. 9-38. In that example, we wished to determine 
the deflection óc at the midpoint C of the beam due to the loads P and Mo. 
To do so, we added a fictitious load Q at the midpoint (Fig. 9-39). We then 
proceeded to find the deflection (0c), at the midpoint of the beam when 
all three loads (P, Mo, and Q) were acting. Finally, we set Q = O to obtain 
the deflection óc due to P and Mj alone. The solution was time-consum- 
ing, because the integrations were extremely long. However, if we use the 
modified theorem and differentiate first, the calculations are much shorter. 

With all three loads acting (Fig. 9-39), the bending moments and 
their derivatives are as follows (see Eqs. n and o): 


Veo dw cg (osse) 

JO 2 

L OM L L 
M=-Px—-M,-OQlx-=) Æ =-lx-= ey, 
libn ol E JO : 3 E t | 


Therefore, the deflection (0c)o, from Eq. (9-88), is 


1 L/2 
(Oc)o = nal (—Px — Mo)(0)dx 


EREET 


Since Q is a fictitious load, and since we have already taken the partial 
derivatives, we can set Q equal to zero before integrating and obtain the 
deflection óc due to the two loads P and Mo as follows: 








L 3 2 
oc = = [—Px — Mall -[: — LJ as EE jr Mo 

EI Jij 2 48EI SEI 
which agrees with the earlier result (Eq. t). Again, the integrations are 
greatly simplified by differentiating under the integral sign and using the 
modified theorem. 

The partial derivative that appears under the integral sign in Eq. (9-88) 
has a simple physical interpretation. It represents the rate of change of the 
bending moment M with respect to the load P,, that is, it is equal to the 
bending moment M produced by a load P; of unit value. This observation 
leads to a method of finding deflections known as the unit-load method. 
Castigliano's theorem also leads to a method of structural analysis 
known as the flexibility method. Both the unit-load method and the flexibil- 
ity method are widely used in structural analysis and are described in 
textbooks on that subject. 

The following examples provide additional illustrations of the use 
of Castigliano's theorem for finding deflections of beams. However, it 
should be remembered that the theorem is not limited to finding beam 
deflections—it applies to any kind of linearly elastic structure for which 
the principle of superposition is valid. 





A simple beam AB supports a uniform load of intensity g = 1.5 k/ft and a con- 
centrated load P — 5 k (Fig. 9-40). The load P acts at the midpoint C of the beam. 
d The beam has length L = 8.0 ft, modulus of elasticity E = 30 X 10° psi, and 
moment of inertia J = 75.0 in.* 

Determine the downward deflection óc at the midpoint of the beam by 
the following methods: (1) Obtain the strain energy of the beam and use 
Castigliano’s theorem, and (2) use the modified form of Castigliano’s theorem 
(differentiation under the integral sign). 





FIG. 9-40 Example 9-17. Simple beam 
with two loads 


Solution 
Method (1). Because the beam and its loading are symmetrical about the 
q midpoint, the strain energy for the entire beam is equal to twice the strain energy 
We for the left-hand half of the beam. Therefore, we need to analyze only the left- 
A hand half of the beam. 
à The reaction at the left-hand support A (Figs. 9-40 and 9-41) is 
V 
X 
P qL - 1 qL 
fumo mu ig E 


FIG. 9-41 Free-body diagram for 
determining the bending moment M in 
the left-hand half of the beam 


M Imc E pre. (x) 


in which x is measured from support A. 
The strain energy of the entire beam (from Eq. 9-80a) is 


U 





— [M?dx [1 [Px qx aq 
E se 20 2 ME 
0 


2EI 2EI 


After squaring the term in parentheses and performing a lengthy integration, we 
find 


OPEL Q5PqD' | gh 


U = 
O6EI 384EI = 240EI 











continued 
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Since the deflection at the midpoint C (Fig. 9-40) corresponds to the load P, we 
can find the deflection by using Castigliano's theorem (Eq. 9-87): 

















273 — 5pg[^ 2p? 3 Sie 
d LE ed \- +2 
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Method (2). By using the modified for m of Castigliano's theorem (Eq. 9-88), 
we avoid the lengthy integration for finding the strain energy. The bending moment 
in the left-hand half of the beam has already been determined (see Eq. x), and its 
partial derivative with respect to the load P is 


Therefore, the modified Castigliano’s theorem becomes 


som (ENG) 


L/2 D 3 4 
1 (Px TI = qx \ 3 PL 5qL 
| E 252 242/"-A48sEp asp OO 








which agrees with the earlier result (Eq. y) but requires a much simpler 
integration. 

Numerical solution. Now that we have an expression for the deflection at 
point C, we can substitute numerical values, as follows: 








Tp e SMS 
C AREI  384EI 
(5 k)(96 in.) 5(1.5 k/ft)(1/12 ft/in.)(96 in.) 


~ 48(30 X 10° psi)(75.0 in.^) 384(30 x 10° psi)(75.0 in.^) 
= 0.0410 in. + 0.0614 in. = 0.1024 in. «rum 


Note: that Numerical values cannot be substituted until after the partial deriva- 
tive is obtained. If numerical values are substituted prematurely, either in the 
expression for the bending moment or the expression for the strain energy, it may 
be impossible to take the derivative. 





A simple beam with an overhang supports a uniform load of intensity q on span 
AB and a concentrated load P at end C of the overhang (Fig. 9-42). 

Determine the deflection óc and angle of rotation Oc at point C. (Use the 
modified form of Castigliano's theorem.) 


A a 
B C 
B 
A C 
| 
| 
| 
| 
| 


L A 
= ô 
5 2 ix 
(a) (b) de 
FIG. 9-42 Example 9-18. Beam with an 
overhang 
q Solution 
“ Deflection óc at the end of the overhang (Fig. 9-42b). Since the load P cor- 


responds to this deflection, we do not need to supply a fictitious load. Instead, we 


A B C can begin immediately to find the bending moments throughout the length of the 
beam. The reaction at support A is 
——— o 
a P 
+—— -— 2 
2 
L 


L 
P as shown in Fig. 9-43. Therefore, the bending moment in span AB is 
e pe CUT , ; 
qi qLxy Px,  qxi 
MUR IIR e cu cx Qe E 
FIG. 9-43 Reaction at support A and 5s ad 2) 2 2 2 l 9 ) 
coordinates x, and x, for the beam of 
Example 9-18 where xı is measured from support A (Fig. 9-43). The bending moment in the 


overhang is 
L 
Mpc ^ — Px osms4| 


where x» is measured from point C (Fig. 9-43). 
Next, we determine the partial derivatives with respect to the load P: 


Map — mc (0 = Xi < L) 
oP 2 

OM 

LER = = AN [o < X2 = E 
oP 2 


Now we are ready to use the modified form of Castigliano's theorem 
(Eq. 9-88) to obtain the deflection at point C: 


continued 
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Substituting the expressions for the bending moments and partial derivatives, 
we get 
L 2 JLJ/2 
1 qixy Px, = qx} \ =| ] 
0c == Se le ON es = PX) od 
C FI | | 2 2 2 2 XI EI J, (— Px3)( —2)dx» 


By performing the integrations and combining terms, we obtain the deflection: 


BL. g 
ôc a 
ASEI 





SEI (9-89) «mm 
Since the load P acts downward, the deflection óc is also positive downward. In 
other words, if the preceding equation produces a positive result, the deflection 
is downward. If the result is negative, the deflection is upward. 

Comparing the two terms in Eq. (9-89), we see that the deflection at the end 
of the overhang is downward when P > qL/6 and upward when P < qL/6. 

Angle of rotation 0c at the end of the overhang (Fig. 9-42b). Since there is 
no load on the original beam (Fig. 9-42a) corresponding to this angle of rotation, 
we must supply a fictitious load. Therefore, we place a couple of moment Mc at 
point C (Fig. 9-44). Note that the couple Mc acts at the point on the beam where 
the angle of rotation is to be determined. Furthermore, it has the same clockwise 
direction as the angle of rotation (Fig. 9-42). 

We now follow the same steps as when determining the deflection at C. 
First, we note that the reaction at support A (Fig. 9-44) is 


Also, the bending moment in the overhang becomes 
L 
Mpc = —Px, — Mc CE) 


The partial derivatives are taken with respect to the moment Mc, which is 
the load corresponding to the angle of rotation. Therefore, 


oM 
= = mun ( = X1 = L) 
Mc iL 


Chee osns4| 
OM c 2 








Now we use the modified form of Castigliano's theorem (Eq. 9-88) to obtain 
the angle of rotation at point C: 





M J Fall ac) 
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Substituting the expressions for the bending moments and partial derivatives, we 


obtain 
L 2 
1 glx Px Mex, QqX1 X1 
ee || [SEX LILLIOHEN GEM E ee 
EI Jo 2 2 L 2 L 
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since Mc is a fictitious load, and since we have already taken the partial deriva- 
tives, we can set Mc equal to zero at this stage of the calculations and simplify 
the integrations: 


L 2 L/2 
] qLxy Px, ex =| 1 
Q^ = — — —— — — || — —ldx, + — —Px,)(—1)d 
= EI 0 L ^ EI 0 ( 2 ee 





After carrying out the integrations and combining terms, we obtain 


ee dk 


0, = 
ae T7] 








(9-90) 


If this equation produces a positive result, the angle of rotation is clockwise. If 
the result is negative, the angle is counterclockwise. 

Comparing the two terms in Eq. (9-90), we see that the angle of rotation is 
clockwise when P > qL/7 and counterclockwise when P < gL/7. 

If numerical data are available, it is now a routine matter to substitute 
numerical values into Eqs. (9-89) and (9-90) and calculate the deflection and 
angle of rotation at the end of the overhang. 


q p 
Mc 
A Ao 
B C 
X] X2 
X RA 

FIG. 9-44 Fictitious moment Mc acting on L L 
the beam of Example 9-18 2 
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*9.10 DEFLECTIONS PRODUCED BY IMPACT 


FIG. 9-45 Deflection of a beam struck by 
a falling body 


In this section we will discuss the impact of an object falling onto a 
beam (Fig. 9-45a). We will determine the dynamic deflection of the 
beam by equating the potential energy lost by the falling mass to the 
strain energy acquired by the beam. This approximate method was 
described in detail in Section 2.8 for a mass striking an axially loaded 
bar; consequently, Section 2.8 should be fully understood before 
proceeding. 

Most of the assumptions described in Section 2.8 apply to beams as 
well as to axially loaded bars. Some of these assumptions are as follows: 
(1) The falling weight sticks to the beam and moves with it, (2) no 
energy losses occur, (3) the beam behaves in a linearly elastic manner, 
(4) the deflected shape of the beam is the same under a dynamic load as 
under a static load, and (5) the potential energy of the beam due to its 
change in position is relatively small and may be disregarded. In 
general, these assumptions are reasonable if the mass of the falling object 
is very large compared to the mass of the beam. Otherwise, this approxi- 
mate analysis is not valid and a more advanced analysis is required. 

As an example, we will consider the simple beam AB shown in 
Fig. 9-45. The beam is struck at its midpoint by a falling body of mass M 
and weight W. Based upon the preceding idealizations, we may assume 
that all of the potential energy lost by the body during its fall is trans- 
formed into elastic strain energy that is stored in the beam. Since the dis- 
tance through which the body falls is h + ó44,, where A is the initial 
height above the beam (Fig. 9-45a) and 04,4, is the maximum dynamic 
deflection of the beam (Fig. 9-45b), the potential energy lost is 





Potential energy = W(h + Omax) (a) 
W 
Mz g 
a 
h 
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The strain energy acquired by the beam can be determined from the 
deflection curve by using Eq. (9-80b), which is repeated here: 


— [El (d*v\ 
U = (2S) dx (b) 


The deflection curve for a simple beam subjected to a concentrated load 
acting at the midpoint (see Case 4 of Table G-2, Appendix G) is 








Px 2 2 L 
= — 3L^ —4 s yzm— 
” = — Ager | i | t 4 tc) 
Also, the maximum deflection of the beam is 
3 
Snax = (d) 
48EI 


Eliminating the load P between Eqs. (c) and (d), we get the equation of 
the deflection curve in terms of the maximum deflection: 
Dust 
y 
Taking two derivatives, we find 
d^v u 24 0 naxX 
dx’ L 
Finally, we substitute the second derivative into Eq. (b) and obtain the 


following expression for the strain energy of the beam in terms of 
the maximum deflection: 


“2 El dv? UI(248& x V, 24EI0? 
U= j| aes) dx = «l GE dx = — E (g) 
o 2 \dx 0 L L 
Equating the potential energy lost by the falling mass (Eq. a) to the 
strain energy acquired by the beam (Eq. g), we get 
2AEIÓ" nax 
D 





v=- (3L^ — Ax?) osse) (e) 


(f) 


Wh + Omax) = (9-91) 


This equation is quadratic in Ônax and can be solved for its positive root: 


3 FINZ 3 1/2 
MR n ( um | 4 n ) (9-92) 
ASEI  |\48EI 48EI 


We see that the maximum dynamic deflection increases if either the 
weight of the falling object or the height of fall is increased, and it 
decreases if the stiffness EI/L^ of the beam is increased. 

To simplify the preceding equation, we will denote the static deflec- 
tion of the beam due to the weight W as ôs: 


WL? 
ASEI 


Then Eq. (9-92) for the maximum dynamic deflection becomes 


Omax — Ost T (05. F 1 a (9-94) 
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(9-93) 
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This equation shows that the dynamic deflection is always larger than 
the static deflection. 

If the height h equals zero, which means that the load is applied 
suddenly but without any free fall, the dynamic deflection is twice the 
static deflection. If h is very large compared to the deflection, then the 
term containing h in Eq. (9-94) predominates, and the equation can be 
simplified to 


Omax = 2hôsr (9-95) 


These observations are analogous to those discussed previously in 
Section 2.8 for impact on a bar in tension or compression. 

The deflection max calculated from Eq. (9-94) generally represents 
an upper limit, because we assumed there were no energy losses during 
impact. Several other factors also tend to reduce the deflection, including 
localized deformation of the contact surfaces, the tendency of the falling 
mass to bounce upward, and inertia effects of the mass of the beam. 
Thus, we see that the phenomenon of impact is quite complex, and if a 
more accurate analysis is needed, books and articles devoted specifically 
to that subject must be consulted. 


In the preceding sections of this chapter we considered the deflections 
of beams due to lateral loads. In this section, we will consider the 
deflections caused by nonuniform temperature changes. As a pre- 
liminary matter, recall that the effects of uniform temperature changes 
have already been described in Section 2.5, where it was shown that a 
uniform temperature increase causes an unconstrained bar or beam to 
have its length increased by the amount 


Oy cat ATE (9-96) 


In this equation, o is the coefficient of thermal expansion, AT is the 
uniform increase in temperature, and L is the length of the bar (see 
Fig. 2-20 and Eq. 2-16 in Chapter 2). 

If a beam is supported in such a manner that longitudinal expansion 
is free to occur, as is the case for all of the statically determinate beams 
considered in this chapter, then a uniform temperature change will not 
produce any stresses in the beam. Also, there will be no lateral deflec- 
tions of such a beam, because there is no tendency for the beam to 
bend. 

The behavior of a beam is quite different if the temperature is not 
constant across its height. For example, assume that a simple beam, 
initially straight and at a uniform temperature Tọ, has its temperature 
changed to 7, on its upper surface and T» on its lower surface, as 


FIG. 9-46 Temperature effects in a beam 
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pictured in Fig. 9-46a. If we assume that the variation in temperature 
is linear between the top and bottom of the beam, then the average 
temperature of the beam is 


T, +AT 
Taver = ——— 
2 


and occurs at midheight. Any difference between this average tempera- 
ture and the initial temperature Tọ results in a change in length of the 
beam, given by Eq. (9-96), as follows: 


(9-97) 


T, + T 
Or = GCT oes v To)L = of 


= J a (9-98) 
In addition, the temperature differential 7, — 7, between the bottom and 
top of the beam produces a curvature of the axis of the beam, with the 
accompanying lateral deflections (Fig. 9-46b). 

To investigate the deflections due to a temperature differential, 
consider an element of length dx cut out from the beam (Figs. 9-46a 
and c). The changes in length of the element at the bottom and top are 
a(T> — To)dx and o(T, — To)dx, respectively. If Tə is greater than T}, the 
sides of the element will rotate with respect to each other through an angle 
d0, as shown in Fig. 9-46c. The angle d@ is related to the changes in dimen- 
sion by the following equation, obtained from the geometry of the figure: 


h d0 = a( T» — To)dx = a(T| = Tg)dx 
from which we get 


dé a(T, — Ti) 
—— = —_ 9-99 
dx h l ) 


in which A is the height of the beam. 
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We have already seen that the quantity d0/dx represents the curva- 
ture of the deflection curve of the beam (see Eq. 9-4). Since the 
curvature is equal to d°v /dx^ (Eq. 9-5), we may write the following 
differential equation of the deflection curve: 


2 = 
dv _ a7 - T) (9-100) 
dx? h 


Note that when T, is greater than 7T, the curvature is positive and the 
beam is bent concave upward, as shown in Fig. 9-46b. The quantity 
a(T, — Tj)/h in Eq. (9-100) is the counterpart of the quantity M/ET, 
which appears in the basic differential equation (Eq. 9-7). 

We can solve Eq. (9-100) by the same integration techniques 
described earlier for the effects of bending moments (see Section 9.3). 
We can integrate the differential equation to obtain dv/dx and v, and we 
can use boundary or other conditions to evaluate the constants of 
integration. In this manner we can obtain the equations for the slopes 
and deflections of the beam, as illustrated by Problems 9.11-1 through 
9.11-4 at the end of this chapter. 

If the beam is able to change in length and deflect freely, there will 
be no stresses associated with the temperature changes described in this 
section. However, if the beam is restrained against longitudinal expan- 
sion or lateral deflection, or if the temperature changes do not vary 
linearly from top to bottom of the beam, internal temperature stresses 
will develop. The determination of such stresses requires the use of 
more advanced methods of analysis. 





In Chapter 9, we investigated the linear elastic, small displacement behavior of beams 
of different types, with different support conditions, acted upon by a wide variety of 
loadings including impact and temperature effects. We studied methods based on 
integration of the second-, third- or fourth-order differential equation of the deflection 
curve. We computed displacements (both translations and rotations) at specific points 
along the beam and also found the equation describing the deflected shape of the 
entire beam. Using solutions for a number of standard cases (tabulated in Appendix G), 
we used the powerful principle of superposition to solve more complicated beams and 
loadings by combining the simpler standard solutions. We also considered a method 
for calculating displacements of beams based on the area of the moment diagram. 
Finally, we studied an energy based method for computing beam displacements. The 
major concepts presented in this chapter may be summarized as follows: 


1. By combining expressions for linear curvature (x = d^v/dx^) and the moment 
curvature relation (x = M/E/), we obtained the ordinary differential equa- 
tion of the deflection curve for a beam, which is valid only for linear elastic 
behavior. 


2. The differential equation of the deflection curve may be differentiated once to 
obtain a third-order equation relating shear force V and first derivative of 
moment, dM/dx, or twice to obtain a fourth-order equation relating intensity of 
distributed load q and first derivative of shear, dl/dx, the choice of second-, 
third- or fourth-order differential equations depends on which is most efficient 
for a particular beam support case and applied loading. 


3. We must write expressions for either moment (M), shear (V), or load intensity (q) 
for each separate region of the beam (e.g., whenever q, V, M, or E/ vary) and then 
apply boundary, continuity, or symmetry conditions, as appropriate, to solve 
for unknown constants of integration which arise as we apply the method of 
successive integrations; the beam deflection equation, v(x), may be evaluated at 
a particular value of xto find the translational displacement at that point; evalua- 
tion of dv/dx at that same point provides the slope of the deflection equation. 


4. The method of superposition may be used to solve for displacements and 
rotations for more complicated beams and loadings; the actual beam first must 
be broken down into the sum of a number of simpler cases whose solutions 
already are known (see Appendix G); superposition is only applicable to beams 
undergoing small displacements and behaving in a linear elastic manner. 


5. The moment-area method is an alternative approach for finding beam displace- 
ments; it is based on two theorems which are related to the area of the bending 
moment diagram. 


6. Equating the strain energy of bending (U) to the work (W) of a concentrated load 
or moment, and then taking a partial derivative with respect to a particular load 
(P, M), provides still another method for computing beam deflections and 
rotations; this method is known as Castigliano's Theorem; however, the 
method has limited application because loads may not be applied at locations 
where deflections and rotations are of interest; in this case, a fictitious load must 
be applied at the point where displacements are to be computed. 


continued 
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7. By equating the potential energy of a falling mass to strain energy acquired by 
the beam, deflections due to impact may be approximated. 


8. Finally, if a beam experiences a temperature change which is not constant across 
its height (i.e., a temperature differential, 7, — T4, over height ^), it produces a 
curvature of the axis of the beam, k = d6/dx = d^v/dX* = a(T> — T,)/h, this 
equation can be integrated to obtain the equation of the deflection curve using 
successive integration as described above. 





PROBLEMS CHAPTER 9 


Differential Equations of the Deflection Curve 
The beams described in the problems for Section 9.2 have 
constant flexural rigidity EI. 
9,2-1 The deflection curve for a simple beam AB (see 
figure) is given by the following equation: 

qox 


— (7L* — 10L7x* + 3x?) 
360LEI 


Describe the load acting on the beam. 


y 


im 
l 


n 


PROBS. 9.2-1 and 9.2-2 


9.2-2 The deflection curve for a simple beam AB (see 
figure) is given by the following equation: 


(a) Describe the load acting on the beam. 
(b) Determine the reactions R4 and Rg at the supports. 
(c) Determine the maximum bending moment M max- 


9.2-3 The deflection curve for a cantilever beam AB (see 
figure) is given by the following equation: 


_ ox" 
I20LEI 


Describe the load acting on the beam. 





(10L? — 10L7x + 5Lx? — x^) 


Y 








PROBS. 9.2-3 and 9.2-4 
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9.2-4 The deflection curve for a cantilever beam AB (see 
figure) is given by the following equation: 
2 
dox 


V 360LEI 


(45L* — 40L?x + 151x? — x^) 
(a) Describe the load acting on the beam. 
(b) Determine the reactions R4 and M, at the support. 


Deflection Formulas 


Problems 9.3-1 through 9.3-7 require the calculation of 
deflections using the formulas derived in Examples 9-1, 
9-2, and 9-3. All beams have constant flexural rigidity EI. 


9.3-1 A wide-flange beam (W 12 X 35) supports a uniform 
load on a simple span of length L — 14 ft (see figure). 

Calculate the maximum deflection 6,,,, at the mid- 
point and the angles of rotation 0 at the supports if q — 
1.8 k/ft and E = 30 X 10° psi. Use the formulas of Exam- 
ple 9-1. 





tJ 





PROBS. 9.3-1, 9.3-2, and 9.3-3 


9.3-2 A uniformly loaded steel wide-flange beam with 
simple supports (see figure) has a downward deflection 
of 10 mm at the midpoint and angles of rotation equal to 
0.01 radians at the ends. 

Calculate the height h of the beam if the maximum 
bending stress is 90 MPa and the modulus of elasticity is 
200 GPa. (Hint: Use the formulas of Example 9-1.) 


9,3-3 What is the span length L of a uniformly loaded sim- 
ple beam of wide-flange cross section (see figure) if the 
maximum bending stress is 12,000 psi, the maximum 
deflection is 0.1 in., the height of the beam is 12 in., and the 
modulus of elasticity is 30 X 10° psi'XUse the formulas of 
Example 9-1.) 
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9.3-4 Calculate the maximum deflection mnax of a uniformly 
loaded simple beam (see figure on the next page) if the span 
length L = 2.0 m, the intensity of the uniform load q = 
2.0 kN/m, and the maximum bending stress o = 60 MPa. 

The cross section of the beam is square, and the material 
is aluminum having modulus of elasticity E — 70 GPa. (Use 
the formulas of Example 9-1.) 


q = 2.0 kN/m 


ge 


PROB. 9.3-4 


9.3-5 A cantilever beam with a uniform load (see figure) 
has a height h equal to 1/8 of the length L. The beam is a 
steel wide-flange section with E = 28 X 10° psi and an 
allowable bending stress of 17,500 psi in both tension and 
compression. Calculate the ratio 6/L of the deflection at 
the free end to the length, assuming that the beam 
carries the maximum allowable load. (Use the formulas of 
Example 9-2.) 


b dL 





< L > 





PROB. 9.3-5 


9.3-6 A gold-alloy microbeam attached to a silicon 
wafer behaves like a cantilever beam subjected to a uni- 
form load (see figure). The beam has length L = 27.5 um 
and rectangular cross section of width b = 4.0 um 
and thickness t = 0.88 um. The total load on the beam is 
17.2 uN. If the deflection at the end of the beam is 2.46 um, 
what is the modulus of elasticity E, of the gold alloy XUse 
the formulas of Example 9-2.) 


q 


Lodi 
4 


PROB. 9.3-6 
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—— 


9.3-7 Obtain a formula for the ratio 60-/6,,,, of the deflec- 
tion at the midpoint to the maximum deflection for 
a simple beam supporting a concentrated load P (see figure). 


From the formula, plot a graph of 6c/6,,4, versus the 
ratio a/L that defines the position of the load (0.5 < 
a/L <1). What conclusion do you draw from the graph? 
(Use the formulas of Example 9-3.) 


PROB. 9.3-7 


Deflections by Integration of the Bending-Moment Equation 


Problems 9.3-8 through 9.3-16 are to be solved by 
integrating the second-order differential equation of the 
deflection curve (the bending-moment equation). The 
origin of coordinates is at the left-hand end of each beam, 
and all beams have constant flexural rigidity EI. 


9,3-8 Derive the equation of the deflection curve for a 
cantilever beam AB supporting a load P at the free end (see 
figure). Also, determine the deflection 6g, and angle of 
rotation 05 at the free end. (Note: Use the second-order 
differential equation of the deflection curve.) 


y 
P 





A B 


E-— 4— — 











PROB. 9.3-8 


9,3-9 Derive the equation of the deflection curve for a sim- 
ple beam AB loaded by a couple Mo at the left-hand support 
(see figure). Also, determine the maximum deflection 0,,,;. 
(Note: Use the second-order differential equation of the 
deflection curve.) 





PROB. 9.3-9 


9,3-10 A cantilever beam AB supporting a triangularly dis- 
tributed load of maximum intensity qo is shown in the 
figure. 

Derive the equation of the deflection curve and then 
obtain formulas for the deflection ôg and angle of rotation 
05 at the free end. (Note: Use the second-order differential 
equation of the deflection curve.) 


J 





qdo 


A B 
M L 


PROB. 9.3-10 


9.3-11 A cantilever beam AB is acted upon by a uniformly 
distributed moment (bending moment, not torque) of intensity 
m per unit distance along the axis of the beam (see figure). 

Derive the equation of the deflection curve and then 
obtain formulas for the deflection 6g and angle of rotation 
05 at the free end. (Note: Use the second-order differential 
equation of the deflection curve.) 


M 
m 


"m ru ab am um ub N 
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9.3-12 The beam shown in the figure has a guided support 
at A and a spring support at B. The guided support permits 
vertical movement but no rotation. Derive the equation of the 
deflection curve and determine the deflection ôg at end B due 
to the uniform load of intensity g. (Note: Use the second- 
order differential equation of the deflection curve.) 


PROB. 9.3-11 





PROB. 9.3-12 
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9,3-13 Derive the equations of the deflection curve for a 
simple beam AB loaded by a couple Mo acting at distance a 
from the left-hand support (see figure). Also, determine the 
deflection ô at the point where the load is applied. (Note: 
Use the second-order differential equation of the deflection 
curve.) 





y 
Mo 
A B x 
— a b ——__»> 
— 
PROB. 9.3-13 


9,3-14 Derive the equations of the deflection curve for 
a cantilever beam AB carrying a uniform load of intensity q 
over part of the span (see figure). Also, determine the 
deflection dp, at the end of the beam. (Note: Use the second- 
order differential equation of the deflection curve.) 


Y 











PROB. 9.3-14 


9.3-15 Derive the equations of the deflection curve for a 
cantilever beam AB supporting a distributed load of peak 
intensity qo acting over one-half of the length (see figure). 
Also, obtain formulas for the deflections ôg and ôc at 
points B and C, respectively. (Note: Use the second-order 
differential equation of the deflection curve.) 





PROB. 9.3-15 
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9,3-16 Derive the equations of the deflection curve for a 
simple beam AB with a distributed load of peak intensity qo 
acting over the left-hand half of the span (see figure). Also, 
determine the deflection óc at the midpoint of the beam. 
(Note: Use the second-order differential equation of the 
deflection curve.) 





PROB. 9.3-16 


9,3-17 The beam shown in the figure has a guided support at 
A and a roller support at 5. The guided support permits vertical 
movement but no rotation. Derive the equation of the deflec- 
tion curve and determine the deflection 6, at end A and also 
Oc at point C due to the uniform load of intensity g = P/L 
applied over segment CB and load P at x — L/3. (Note: Use the 
second-order differential equation of the deflection curve.) 





«La d 
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PROB. 9.3-17 


Deflections by Integration of the Shear-Force 
and Load Equations 


The beams described in the problems for Section 9.4 have 
constant flexural rigidity EI. Also, the origin of coordinates 
is at the left-hand end of each beam. 


9.4-1 Derive the equation of the deflection curve for a 
cantilever beam AB when a couple Mo acts counterclockwise 
at the free end (see figure). Also, determine the deflection 
ôg and slope 605 at the free end. Use the third-order 
differential equation of the deflection curve (the shear-force 
equation). 


— 


9,4-2 A simple beam AB is subjected to a distributed load of 
intensity q = go sin 7x/L, where qo is the maximum inten- 
sity of the load (see figure). 

Derive the equation of the deflection curve, and then 
determine the deflection 04,4, at the midpoint of the beam. 
Use the fourth-order differential equation of the deflection 
curve (the load equation). 





PROB. 9.4-1 
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PROB. 9.4-2 


9.4-3 The simple beam AB shown in the figure has 
moments 2Mo and Mo acting at the ends. 

Derive the equation of the deflection curve, and then 
determine the maximum deflection 6,,,,. Use the third- 
order differential equation of the deflection curve (the 
shear-force equation). 


y 
2M 


EE 


PROB. 9.4-3 








9.4-4 A beam with a uniform load has a guided support at 
one end and spring support at the other. The spring has 
stiffness k = 48EI/L*. Derive the equation of the deflection 
curve by starting with the third-order differential equation 
(the shear-force equation). Also, determine the angle of 
rotation 05 at support B. 





k = ASEIIL? 


| nn 


9.4-5 The distributed load acting on a cantilever beam AB 
has an intensity g given by the expression qo cos 7x /2L, 
where qo is the maximum intensity of the load (see figure). 

Derive the equation of the deflection curve, and then 
determine the deflection óg at the free end. Use the fourth- 
order differential equation of the deflection curve (the load 
equation). 


PROB. 9.4-4 


y 
TX 
do qd =o COS 5; 
—x 
A B 








PROB. 9.4-5 


9.4-6 A cantilever beam AB is subjected to a parabolically 
varying load of intensity q = qo(L^ — x^)/L^, where qo is 
the maximum intensity of the load (see figure). 

Derive the equation of the deflection curve, and then 
determine the deflection ôg and angle of rotation 05 at the 
free end. Use the fourth-order differential equation of the 
deflection curve (the load equation). 


J 





do 





A 
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PROB. 9.4-6 
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9.4-7 A beam on simple supports is subjected to a paraboli- 
cally distributed load of intensity q = 4qox(L — x)/L’, 
where qo is the maximum intensity of the load (see figure). 
Derive the equation of the deflection curve, and then 
determine the maximum deflection max. Use the fourth-order 
differential equation of the deflection curve (the load equation). 


4qo X 
q= 12 (L — x) 





p a 
PROB. 9.4-7 


9.4-8 Derive the equation of the deflection curve for beam 
AB, with guided support at A and roller at 5, carrying a tri- 
angularly distributed load of maximum intensity qo (see 
figure). Also, determine the maximum deflection max of the 
beam. Use the fourth-order differential equation of the 
deflection curve (the load equation). 


y 
Ma  |qo 
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9.4-9 Derive the equations of the deflection curve for beam 
ABC, with guided support at A and roller support at B, 
supporting a uniform load of intensity q acting on the over- 
hang portion of the beam (see figure). Also, determine 
deflection óc and angle of rotation Oc. Use the fourth- 
order differential equation of the deflection curve (the load 
equation). 


PROB. 9.4-8 





PROB. 9.4-9 
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9,4-10 Derive the equations of the deflection curve for 
beam AB, with guided support at A and roller support at B, 
supporting a distributed load of maximum intensity qo 
acting on the right-hand half of the beam (see figure). Also, 
determine deflection 04, angle of rotation 05, and deflection 
Oc at the midpoint. Use the fourth-order differential 
equation of the deflection curve (the load equation). 





PROB. 9.4-10 


Method of Superposition 


The problems for Section 9.5 are to be solved by the 
method of superposition. All beams have constant flexural 
rigidity El. 


9,5-1 A cantilever beam AB carries three equally spaced 
concentrated loads, as shown in the figure. Obtain formulas 
for the angle of rotation 05 and deflection Og at the free end 
of the beam. 


PROB. 9.5-1 


9.5-2 A simple beam AB supports five equally spaced loads P 
(see figure). 

(a) Determine the deflection 6, at the midpoint of the 
beam. 

(b) If the same total load (5P) is distributed as a uniform 
load on the beam, what is the deflection ô, at the midpoint? 

(c) Calculate the ratio of 6; to ô>. 


P P P P P 
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PROB. 9.5-2 
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9,5-3 The cantilever beam AB shown in the figure has an 
extension BCD attached to its free end. A force P acts at the 
end of the extension. 

(a) Find the ratio a/L so that the vertical deflection of 
point B will be zero. 

(b) Find the ratio a/L so that the angle of rotation at 
point B will be zero. 





PROB. 9.5-3 


9.5-4 Beam ACB hangs from two springs, as shown in the 
figure. The springs have stiffnesses kı and kọ and the beam 
has flexural rigidity ET. 

(a) What is the downward displacement of point C, 
which is at the midpoint of the beam, when the moment Mp 
is applied?Data for the structure are as follows: Mo = 10.0 
kN:m, L = 1.8 m, EI = 216 kN-m’, kı = 250 kN/m, and 
ky = 160 kN/m. 

(b) Repeat (a) but remove Mj and apply uniform load 
q — 3.5 kN/m to the entire beam. 

1 Rp = ky Op 


Inu OA 





q = 3.5 kN/m (for Part (b) only) 


jt 


PROB. 9.5-4 

9,5-5 What must be the equation y = f (x) of the axis of the 
slightly curved beam AB (see figure) before the load is 
applied in order that the load P, moving along the bar, 
always stays at the same level? 





PROB. 9.5-5 


9.5-6 Determine the angle of rotation 05 and deflection ôg 
at the free end of a cantilever beam AB having a uniform 
load of intensity q acting over the middle third of its length 
(see figure). 


PROB. 9.5-6 


9,5-7 The cantilever beam ACB shown in the figure has 
flexural rigidity EI = 2.1 X 10° k-in.* Calculate the down- 
ward deflections óc and ôg at points C and B, respectively, 
due to the simultaneous action of the moment of 35 k-in. 
applied at point C and the concentrated load of 2.5 k applied 
at the free end B. 


35 k-in. |^ k 
A C B 
— 48 in. 48 in. 


PROB. 9.5-7 


9.5-8 A beam ABCD consisting of a simple span BD and an 
overhang AB is loaded by a force P acting at the end of the 
bracket CEF (see figure). 

(a) Determine the deflection 6, at the end of the 
overhang. 

(b) Under what conditions is this deflection upward? 
Under what conditions is it downward? 


Ei E E a 
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PROB. 9.5-8 
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9,5-9 A horizontal load P acts at end C of the bracket ABC 
shown in the figure. 

(a) Determine the deflection óc of point C. 

(b) Determine the maximum upward deflection 6,,,, of 
member AB. 

Note: Assume that the flexural rigidity EI is constant 
throughout the frame. Also, disregard the effects of axial 
deformations and consider only the effects of bending due 


to the load P. 
P 
Cre 
p 
B 
A 
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9,5-10 A beam ABC having flexural rigidity EJ = 75 kN:m? 
is loaded by a force P — 800 N at end C and tied down at 
end A by a wire having axial rigidity EA = 900 kN 
(see figure). 

What is the deflection at point C when the load P is 
applied? 


PROB. 9.5-9 








A B C 
T P = 800 N 
05m J. 0.75 m—— 
| |p 
PROB. 9.5-10 


9,5-11 Determine the angle of rotation 6, and deflection ôg 
at the free end of a cantilever beam AB supporting a 
parabolic load defined by the equation q = qox*/L* (see 
figure). 


qo 





— 


PROB. 9.5-11 
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9,5-12 A simple beam AB supports a uniform load of inten- 
sity q acting over the middle region of the span (see figure). 

Determine the angle of rotation 04 at the left-hand 
support and the deflection 6,,,, at the midpoint. 


q 


PROB. 9.5-12 


9,5-13 The overhanging beam ABCD supports two con- 
centrated loads P and Q (see figure). 

(a) For what ratio P/Q will the deflection at point B be 
zero? 

(b) For what ratio will the deflection at point D be 
zero? 

(c) If Q is replaced by uniform load with intensity q (on 
the overhang), repeat (a) and (b) but find ratio P/(qa) 


y 
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q (for Part (c)) 
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PROB. 9.5-13 


9,5-14 A thin metal strip of total weight W and length L is 
placed across the top of a flat table of width L/3 as shown 
in the figure. 

What is the clearance ó between the strip and the 
middle of the table‘XThe strip of metal has flexural rigidity 
EI.) 


—i-hi4H-i— 


PROB. 9.5-14 


9,5-15 An overhanging beam ABC with flexural rigidity 
EI = 15 k-in.” is supported by a guided support at A and 
by a spring of stiffness k at point B (see figure). Span AB 
has length L — 30 in. and carries a uniform load. The over- 
hang BC has length b = 15 in. For what stiffness k of the 
spring will the uniform load produce no deflection at the 
free end C? 





PROB. 9.5-15 


9,5-16 A beam ABCD rests on simple supports at B and C 
(see figure). The beam has a slight initial curvature so that 
end A is 18 mm above the elevation of the supports and 
end D is 12 mm above. What moments M, and M^, acting at 
points A and D, respectively, will move points A and D 
downward to the level of the supports XThe flexural rigidity 
EI of the beam is 2.5 X 10? N-m^ and L — 2.5m). 





PROB. 9.5-16 


9.5-17 The compound beam ABC shown in the figure has a 
guided support at A and a fixed support at C. The beam con- 
sists of two members joined by a pin connection (i.e., moment 
release) at B. Find the deflection 6 under the load P. 


PROB. 9.5-17 


9,5-18 A compound beam ABCDE (see figure) consists of 
two parts (ABC and CDE) connected by a hinge 
(1.e., moment release) at C. The elastic support at 5 has stiff- 
ness k = EI/b? Determine the deflection 6, at the free end E 
due to the load P acting at that point. 








PROB. 9.5-18 


9.5-19 A steel beam ABC is simply supported at A and held by 
a high-strength steel wire at B (see figure). A load P — 240 Ib 
acts at the free end C. The wire has axial rigidity EA — 1500 X 
10° Ib, and the beam has flexural rigidity EI = 36 X 10° Ib-in.? 
What is the deflection óc of point C due to the load P? 


— 240 Ib 





PROB. 9.5-19 


9,5-20 The compound beam shown in the figure consists of 
a cantilever beam AB (length L) that is pin-connected to a 
simple beam BD (length 2L). After the beam is constructed, 
a clearance c exists between the beam and a support at C, 
midway between points B and D. Subsequently, a uniform 
load is placed along the entire length of the beam. 

What intensity g of the load is needed to close the gap 
at C and bring the beam into contact with the support? 
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PROB. 9.5-20 
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*9,5-21 Find the horizontal deflection 6, and vertical deflec- 
tion ô, at the free end C of the frame ABC shown in the figure. 
(The flexural rigidity ET is constant throughout the frame.) 
Note: Disregard the effects of axial deformations and 
consider only the effects of bending due to the load P. 





PROB. 9.5-21 


*9.5-22 The frame ABCD shown in the figure is squeezed 
by two collinear forces P acting at points A and D. What is 
the decrease 6 in the distance between points A and D when 
the loads P are appliedXThe flexural rigidity EJ is constant 
throughout the frame.) 

Note: Disregard the effects of axial deformations and 
consider only the effects of bending due to the loads P 





PROB. 9.5-22 


**9,5-23 A beam ABCDE has simple supports at B and D 
and symmetrical overhangs at each end (see figure). The 
center span has length L and each overhang has length 5. A 
uniform load of intensity q acts on the beam. 

(a) Determine the ratio D/L so that the deflection 6¢ at 
the midpoint of the beam is equal to the deflections ó4 and 
Og at the ends. 

(b) For this value of b/L, what is the deflection 6¢ at 
the midpoint? 


LETT 


PROB. 9.5-23 
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***0,5-24 A frame ABC is loaded at point C by a force P 
acting at an angle o to the horizontal (see figure). Both 
members of the frame have the same length and the same 
flexural rigidity. 

Determine the angle a so that the deflection of point C 
is in the same direction as the load. (Disregard the effects of 
axial deformations and consider only the effects of bending 
due to the load P.) 

Note: A direction of loading such that the resulting 
deflection is in the same direction as the load is called a prin- 
cipal direction. For a given load on a planar structure, there 
are two principal directions, perpendicular to each other. 





PROB. 9.5-24 


Moment-Area Method 


The problems for Section 9.6 are to be solved by the moment- 
area method. All beams have constant flexural rigidity EI. 


9.6-1 A cantilever beam AB is subjected to a uniform load of 
intensity q acting throughout its length (see figure). Determine 
the angle of rotation 05 and the deflection ôg at the free end. 


q 


9.6-2 The load on a cantilever beam AB has a triangular 
distribution with maximum intensity qo (see figure). Determine 
the angle of rotation 05 and the deflection 6, at the free end. 


do 


PROB. 9.6-1 


PROB. 9.6-2 


9.6-3 A cantilever beam AB is subjected to a concentrated 
load P and a couple Mo acting at the free end (see figure). 

Obtain formulas for the angle of rotation 05 and the 
deflection dp at end B. 


P 


A B ») 
I E 


9.6-4 Determine the angle of rotation 05 and the deflection 
Og at the free end of a cantilever beam AB with a uniform 
load of intensity q acting over the middle third of the length 


(see figure). 
q 
A B 
nnm 
3 3 3 


9.6-5 Calculate the deflections ôg and óc at points B and C, 
respectively, of the cantilever beam ACB shown in the 
figure. Assume Mọ = 36 k-in., P = 3.8 k, L = 8 ft, and 
EI = 2.25 X 10? Ib-in? 


"EN 
4-434 


9.6-6 A cantilever beam ACB supports two concentrated 
loads P; and P, as shown in the figure. 

Calculate the deflections ôg and 6¢ at points B and C, 
respectively. Assume P, = 10 KN, P, = 5kN, L = 2.6 m, 
E = 200 GPa, and J = 20.1 X 10° mm*. 


PROB. 9.6-3 


PROB. 9.6-4 


© 


PROB. 9.6-5 


Py P, 

A C B 

La |a 
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PROB. 9.6-6 


9.6-7 Obtain formulas for the angle of rotation 04 at 
support A and the deflection 04,4, at the midpoint for a 
simple beam AB with a uniform load of intensity q (see 
figure). 


i — — —— — —À 


PROB. 9.6-7 


9,6-8 A simple beam AB supports two concentrated loads P 
at the positions shown in the figure. A support C at the mid- 
point of the beam is positioned at distance d below the beam 
before the loads are applied. 

Assuming that d = 10 mm, L = 6 m, E = 200 GPa, 
and J = 198 x 10° mm”, calculate the magnitude of the 
loads P so that the beam just touches the support at C. 





PROB. 9.6-8 


9.6-9 A simple beam AB is subjected to a load in the form 
of a couple Mo acting at end B (see figure). 

Determine the angles of rotation 04 and 65 at the sup- 
ports and the deflection ó at the midpoint. 


PROB. 9.6-9 


*9.6-10 The simple beam AB shown in the figure supports 
two equal concentrated loads P, one acting downward and 
the other upward. 
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Determine the angle of rotation 04 at the left-hand end, 
the deflection 6, under the downward load, and the deflec- 
tion 6, at the midpoint of the beam. 





PROB. 9.6-10 


*9.6-11 A simple beam AB is subjected to couples M and 
2M, acting as shown in the figure. Determine the angles of 
rotation 04 and 05 at the ends of the beam and the deflec- 
tion 6 at point D where the load Mo is applied. 


Mo 2M 





mnm. 


Nonprismatic Beams 


PROB. 9.6-11 


9.7-1 The cantilever beam ACB shown in the figure 
has moments of inertia /; and J, in parts AC and CB, 
respectively. 

(a) Using the method of superposition, determine the 
deflection dp at the free end due to the load P. 

(b) Determine the ratio r of the deflection ôg to the 
deflection 6, at the free end of a prismatic cantilever with 
moment of inertia /, carrying the same load. 

(c) Plot a graph of the deflection ratio r versus the ratio 
I, [I, of the moments of inertia. (Let J /T; vary from 1 to 5.) 





PROB. 9.7-1 
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9.7-2 The cantilever beam ACB shown in the figure sup- 
ports a uniform load of intensity g throughout its length. The 
beam has moments of inertia /, and 7, in parts AC and CB, 
respectively. 

(a) Using the method of superposition, determine the 
deflection ôg at the free end due to the uniform load. 

(b) Determine the ratio r of the deflection ôg to the 
deflection ô; at the free end of a prismatic cantilever with 
moment of inertia /, carrying the same load. 

(c) Plot a graph of the deflection ratio r versus the 
ratio J /I, of the moments of inertia. (Let J, /T, vary from 
] to 5.) 


q 
A C B 


| b h 
2 2 


*9.7-3 Beam ACB hangs from two springs, as shown in the 
figure. The springs have stiffnesses kų and k and the beam 
has flexural rigidity ET. 

(a) What is the downward displacement of point C, 
which is at the midpoint of the beam, when the moment 
Mo is applied? Data for the structure are as follows: 
Mo = 7.5 k-ft, L = 6 ft, EI = 520 k-ft^, kı = 17 k/ft, and 
ky = 11 k/ft. 

(b) Repeat (a) but remove My and, instead, apply uni- 
form load q over the entire beam. 


fr, = k; ôA 





PROB. 9.7-2 





Li2 L2 


q = 250 Ib/ft (for Part (b) only) 


ped | 


PROB. 9.7-3 


*9.7-4 A simple beam ABCD has moment of inertia J near 
the supports and moment of inertia 2/ in the middle region, 
as shown in the figure. A uniform load of intensity g acts 
over the entire length of the beam. 

Determine the equations of the deflection curve for the 
left-hand half of the beam. Also, find the angle of rotation 04 
at the left-hand support and the deflection 6,,,, at the midpoint. 





PROB. 9.7-4 


**9,7-5 A beam ABC has a rigid segment from A to B and 
a flexible segment with moment of inertia 7 from B to C 
(see figure). A concentrated load P acts at point B. 

Determine the angle of rotation 04 of the rigid seg- 
ment, the deflection ôg at point B, and the maximum 
deflection nax- 





Rigid 





PROB. 9.7-5 


**9.7-6 A simple beam ABC has moment of inertia 1.57 
from A to B and J from B to C (see figure). A concentrated 
load P acts at point B. 

Obtain the equations of the deflection curves for both 
parts of the beam. From the equations, determine the angles 
of rotation 04 and Oc at the supports and the deflection 6, 
at point B. 





PROB. 9.7-6 


**9.7-7 The tapered cantilever beam AB shown in the 
figure has thin-walled, hollow circular cross sections of 
constant thickness t. The diameters at the ends A and B are 
dą and dg = 2d4, respectively. Thus, the diameter d and 
moment of inertia / at distance x from the free end are, 
respectively, 


d 
d= Lx) 


J= mtd? 7 Tid 
8 BL 





I 
(L + x° = "i tay 


in which 7/4 is the moment of inertia at end A of the beam. 

Determine the equation of the deflection curve and 
the deflection 6, at the free end of the beam due to the 
load P. 


P 
A B 
dal 
X 
PROB. 9.7-7 


**9.7-8 The tapered cantilever beam AB shown in the 
figure has a solid circular cross section. The diameters at the 
ends A and B are d4 and dg = 2d,, respectively. Thus, the 
diameter d and moment of inertia / at distance x from 
the free end are, respectively, 


d e ) 
L X 


ad^ md A 4 lA 4 
fL = Lr = (L+ 
64 cu 9 er” 
in which J, is the moment of inertia at end A of the beam. 
Determine the equation of the deflection curve and the 
deflection 6, at the free end of the beam due to the load P. 








PROB. 9.7-8 
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**9.7-9 A tapered cantilever beam AB supports a concen- 
trated load P at the free end (see figure). The cross sections 
of the beam are rectangular with constant width b, depth d4 
at support A, and depth dg = 3d, /2 at the support. Thus, the 
depth d and moment of inertia Z at distance x from the free 
end are, respectively, 





(QL+xy= AOL + x) 


in which 7/4 is the moment of inertia at end A of the beam. 

Determine the equation of the deflection curve and 
the deflection 6, at the free end of the beam due to the 
load P. 





PROB. 9.7-9 


**9.7-10 A tapered cantilever beam AB supports a concen- 
trated load P at the free end (see figure). The cross sections 
of the beam are rectangular tubes with constant width 5 and 
outer tube depth d; at A, and outer tube depth dg = 3d,/2 at 
support B. The tube thickness is constant, t = d4/20. I, is the 
moment of inertia of the outer tube at end A of the beam. 

If the moment of inertia of the tube is approximated as 
I(x) as defined, find the equation of the deflection curve 
and the deflection 6, at the free end of the beam due to the 
load P. 


3 
35 10:55 b x d? d 
Lx) = ux t3 » [A= 12 Lk, 











PROB. 9.7-10 
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**9,7-11 Repeat Problem 9.7-10 but now use the tapered 
propped cantilever tube AB, with guided support at B, 
shown in the figure which supports a concentrated load P at 
the guided end. 

Find the equation of the deflection curve and the deflec- 
tion dz at the guided end of the beam due to the load P. 


EE S 
dg = 3d,/2 
vy 





PROB. 9.7-11 


**9,7-12 A simple beam ACB is constructed with square 
cross sections and a double taper (see figure). The depth of 
the beam at the supports is d4 and at the midpoint is 
dc = 2d,. Each half of the beam has length L. Thus, the 
depth d and moment of inertia / at distance x from the left- 
hand end are, respectively, 





4- qa ) 
L X 
d^ di - " 
=- = Lig = NE 
2 p^ TY Tytto 


in which J, is the moment of inertia at end A of the beam. 
(These equations are valid for x between 0 and L, that is, for 
the left-hand half of the beam.) 

(a) Obtain equations for the slope and deflection of 
the left-hand half of the beam due to the uniform load. 

(b) From those equations obtain formulas for the angle of 
rotation 04 at support A and the deflection óc at the midpoint. 


PROB. 9.7-12 


Strain Energy 


The beams described in the problems for Section 9.8 have 
constant flexural rigidity EI. 


9,8-1 A uniformly loaded simple beam AB (see figure) of span 

length L and rectangular cross section (b — width, A — height) 

has a maximum bending stress Cmax due to the uniform load. 
Determine the strain energy U stored in the beam. 


2E 
tol 
11 


PROB. 9.8-1 


9,8-2 A simple beam AB of length L supports a concentrated 
load P at the midpoint (see figure). 

(a) Evaluate the strain energy of the beam from the 
bending moment in the beam. 

(b) Evaluate the strain energy of the beam from 
the equation of the deflection curve. 

(c) From the strain energy, determine the deflection 6 
under the load P. 


PROB. 9.8-2 


9,8-3 A propped cantilever beam AB of length L, and with 
guided support at A, supports a uniform load of intensity g 
(see figure). 

(a) Evaluate the strain energy of the beam from the 
bending moment in the beam. 

(b) Evaluate the strain energy of the beam from the 
equation of the deflection curve. 





PROB. 9.8-3 


9,8-4 A simple beam AB of length L is subjected to loads 
that produce a symmetric deflection curve with maximum 
deflection ó at the midpoint of the span (see figure). 


How much strain energy U is stored in the beam if the 
deflection curve is (a) a parabola, and (b) a half wave of a 
sine curve? 


Ó 


-eN 


9.8-5 A beam ABC with simple supports at A and B and an 
overhang BC supports a concentrated load P at the free 
end C (see figure). 

(a) Determine the strain energy U stored in the beam 
due to the load P. 

(b) From the strain energy, find the deflection óc under 
the load P. 

(c) Calculate the numerical values of U and óc if the length 
Lis 8 ft, the overhang length a is 3 ft, the beam is a W 10 X 12 
steel wide-flange section, and the load P produces a maximum 
stress of 12,000 psi in the beam. (Use E = 29 X 10° psi.) 


P 


PROB. 9.8-4 


A : C 

9.8-6 A simple beam ACB supporting a uniform load q over 
the first half of the beam and a couple of moment My, at end 
B is shown in the figure. 


Determine the strain energy U stored in the beam due 
to the load q and the couple Mo acting simultaneously. 


PROB. 9.8-5 


y 





q Mo 


~ 
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PROB. 9.8-6 


9.8-7 The frame shown in the figure consists of a beam ACB 
supported by a strut CD. The beam has length 2L and is con- 
tinuous through joint C. A concentrated load P acts at the 
free end B. 


CHAPTER 9 Problems 765 


Determine the vertical deflection ôg at point B due to 
the load P. 

Note: Let EI denote the flexural rigidity of the beam, 
and let EA denote the axial rigidity of the strut. Disregard 
axial and shearing effects in the beam, and disregard any 
bending effects in the strut. 








k L T L > 





PROB. 9.8-7 


Castigliano’s Theorem 


The beams described in the problems for Section 9.9 have 
constant flexural rigidity El. 


9.9-1 A simple beam AB of length L is loaded at the 
left-hand end by a couple of moment Mo (see figure). 

Determine the angle of rotation 04 at support A. (Obtain 
the solution by determining the strain energy of the beam 
and then using Castigliano's theorem.) 


PROB. 9.9-1 


9.9-2 The simple beam shown in the figure supports a 
concentrated load P acting at distance a from the left-hand 
support and distance b from the right-hand support. 
Determine the deflection 0p at point D where the load 
is applied. (Obtain the solution by determining the strain 
energy of the beam and then using Castigliano's theorem.) 


PROB. 9.9-2 
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9.9-3 An overhanging beam ABC supports a concentrated 
load P at the end of the overhang (see figure). Span AB has 
length L and the overhang has length a. 

Determine the deflection óc at the end of the overhang. 
(Obtain the solution by determining the strain energy of the 
beam and then using Castigliano's theorem.) 





Lp a 


PROB. 9.9-3 


9.9-4 The cantilever beam shown in the figure supports a 
triangularly distributed load of maximum intensity qo. 

Determine the deflection ôg at the free end B. (Obtain 
the solution by determining the strain energy of the beam 
and then using Castigliano's theorem.) 


do 


A 
E 
PROB. 9.9-4 


9.9-5 A simple beam ACB supports a uniform load of inten- 
sity q on the left-hand half of the span (see figure). 

Determine the angle of rotation 05 at support B. (Obtain 
the solution by using the modified form of Castigliano's 
theorem.) 








PROB. 9.9-5 


9.9-6 A cantilever beam ACB supports two concentrated 
loads P, and P5, as shown in the figure. Determine the 
deflections óc and ôg at points C and B, respectively. 
(Obtain the solution by using the modified form of 
Castigliano's theorem.) 


PROB. 9.9-6 


9.9-7 The cantilever beam ACB shown in the figure is 
subjected to a uniform load of intensity q acting between 
points A and C. 

Determine the angle of rotation 04 at the free end A. 
(Obtain the solution by using the modified form of 
Castigliano's theorem.) 


PROB. 9.9-7 


9.9-8 The frame ABC supports a concentrated load P at 
point C (see figure). Members AB and BC have lengths A 
and b, respectively. 

Determine the vertical deflection óc and angle of rota- 
tion 0c at end C of the frame. (Obtain the solution by using 
the modified form of Castigliano's theorem.) 


pe 


PROB. 9.9-8 


9.9-9 A simple beam ABCDE supports a uniform load of 
intensity q (see figure). The moment of inertia in the central 
part of the beam (BCD) is twice the moment of inertia in the 
end parts (AB and DE). 

Find the deflection óc at the midpoint C of the beam. 
(Obtain the solution by using the modified form of 
Castigliano's theorem.) 


q 
A B C D B 
I 7 I 


PROB. 9.9-9 


9.9-10 An overhanging beam ABC is subjected to a couple 
M, at the free end (see figure). The lengths of the overhang 
and the main span are a and L, respectively. 

Determine the angle of rotation 04 and deflection 6, at 
end A. (Obtain the solution by using the modified form of 
Castigliano's theorem.) 


"e d C 
| AÀ A 
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9.9-11 An overhanging beam ABC rests on a simple support 
at A and a spring support at B (see figure). A concentrated 
load P acts at the end of the overhang. Span AB has length L, 
the overhang has length a, and the spring has stiffness k. 

Determine the downward displacement ôc of the end of 
the overhang. (Obtain the solution by using the modified 
form of Castigliano’s theorem.) 


P 
A : C 
k 
E 


PROB. 9.9-11 


PROB. 9.9-10 
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*9.9-12 A symmetric beam ABCD with overhangs at both 
ends supports a uniform load of intensity q (see figure). 

Determine the deflection ôp at the end of the over- 
hang. (Obtain the solution by using the modified form of 
Castigliano’s theorem.) 
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PROB. 9.9-12 


Deflections Produced by Impact 


The beams described in the problems for Section 9.10 have 
constant flexural rigidity EI. Disregard the weights of the 
beams themselves, and consider only the effects of the 
given loads. 


9.10-1 A heavy object of weight W is dropped onto the 
midpoint of a simple beam AB from a height h (see 
figure). 

Obtain a formula for the maximum bending stress max 
due to the falling weight in terms of h, Ost, and 6,,, where o; 
is the maximum bending stress and ô, is the deflection at 
the midpoint when the weight W acts on the beam as a stat- 
ically applied load. 

Plot a graph of the ratio Cmax /Ost (that is, the ratio of 
the dynamic stress to the static stress) versus the ratio A /6,;. 
(Let h /6,, vary from 0 to 10.) 





-— — _£ 
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PROB. 9.10-1 
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9.10-2 An object of weight W is dropped onto the midpoint 
of a simple beam AB from a height h (see figure). The beam 
has a rectangular cross section of area A. 

Assuming that h is very large compared to the deflec- 
tion of the beam when the weight W is applied statically, 
obtain a formula for the maximum bending stress Omax in 
the beam due to the falling weight. 

WE 


—j— 
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PROB. 9.10-2 


9.10-3 A cantilever beam AB of length L= 6 ft is 
constructed of a W 8 X 21 wide-flange section (see figure). 
A weight W = 1500 Ib falls through a height h = 0.25 in. 
onto the end of the beam. 

Calculate the maximum deflection 6,,,, of the end of 
the beam and the maximum bending stress Cmax due to the 
falling weight. (Assume E = 30 X 10° psi.) 


W = 1500 Ib 





rnm 


PROB. 9.10-3 


9.10-4 A weight W = 20 kN falls through a height 
h = 1.0 mm onto the midpoint of a simple beam of length 
L = 3 m (see figure). The beam is made of wood with square 
cross section (dimension d on each side) and E = 12 GPa. 

If the allowable bending stress in the wood is Oajjow = 
10 MPa, what is the minimum required dimension 2? 


p |^ 
Apu p & A 


A cu 








PROB. 9.10-4 


9,10-5 A weight W = 4000 Ib falls through a height 
h — 0.5 in. onto the midpoint of a simple beam of length 
L — 10 ft (see figure). 

Assuming that the allowable bending stress in the beam 
IS Gagow = 18,000 psi and E = 30 X 10° psi, select the 
lightest wide-flange beam listed in Table E-1 in Appendix E 
that will be satisfactory. 


W = 4000 Ib 


E A h — 0.5 in. 
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PROB. 9.10-5 


9.10-6 An overhanging beam ABC of rectangular cross sec- 
tion has the dimensions shown in the figure. A weight 
W = 750 N drops onto end C of the beam. 

If the allowable normal stress in bending is 45 MPa, 
what is the maximum height A from which the weight may 
be droppedYXAssume £F = 12 GPa.) 


40 mm vE 
l 
A l 
B î C 
a m—«— — — 2.4 m 


PROB. 9.10-6 


> 


40 mm 


500 mm at 


*9.10-7 A heavy flywheel rotates at an angular speed w 
(radians per second) around an axle (see figure). The axle is 
rigidly attached to the end of a simply supported beam of 
flexural rigidity EJ and length L (see figure). The flywheel 
has mass moment of inertia 7,, about its axis of rotation. 

If the flywheel suddenly freezes to the axle, what will 
be the reaction R at support A of the beam? 





PROB. 9.10-7 


Temperature Effects 


The beams described in the problems for Section 9.11 have 
constant flexural rigidity EI. In every problem, the tempera- 
ture varies linearly between the top and bottom of the beam. 


9.11-1 A simple beam AB of length L and height h under- 
goes a temperature change such that the bottom of the 
beam is at temperature 75 and the top of the beam is at 
temperature T; (see figure). 

Determine the equation of the deflection curve of the 
beam, the angle of rotation 04 at the left-hand support, and 
the deflection 6,,,, at the midpoint. 














PROB. 9.11-1 


9.11-2 A cantilever beam AB of length L and height h (see 
figure) is subjected to a temperature change such that the 
temperature at the top is 7; and at the bottom is T». 

Determine the equation of the deflection curve of the 
beam, the angle of rotation 05 at end B, and the deflection 
Op at end B. 











PROB. 9.11-2 


9.11-3 An overhanging beam ABC of height h has a guided 
support at A and a roller at B. The beam is heated to a tem- 
perature T; on the top and T5 on the bottom (see figure). 

Determine the equation of the deflection curve of the 
beam, the angle of rotation 0c at end C, and the deflection 
óc at end C. 





hg T C 





+ & ft 
La dec 


PROB. 9.11-3 
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9.11-4 A simple beam AB of length L and height h (see 
figure) is heated in such a manner that the temperature dif- 
ference T, — T, between the bottom and top of the beam is 
proportional to the distance from support A; that is, assume 
the temperature difference varies linearly along the beam: 


Tə — T, = Tox 


in which Tọ is a constant having units of temperature 
(degrees) per unit distance. 
(a) Determine the maximum deflection 6,,4, of the beam. 
(b) Repeat for quadratic temperature variation along 
the beam, T; — T, = Tox. 





PROB. 9.11-4 


9,11-5 Beam AB, with elastic support kę at A and pin sup- 
port at B, of length L and height h (see figure) is heated in 
such a manner that the temperature difference T5 — T; 
between the bottom and top of the beam is proportional to 
the distance from support A; that is, assume the temperature 
difference varies linearly along the beam: 


T, — Ti = Tox 


in which Tọ is a constant having units of temperature 
(degrees) per unit distance. Assume the spring at A is unaf- 
fected by the temperature change. 

(a) Determine the maximum deflection 0,4, of the beam. 

(b) Repeat for quadratic temperature variation along 
the beam, Tə — T, = Tox’. 

(c) What is Ox for (a) and (b) above if kg goes to 
infinity? 





PROB. 9.11-5 





Large and complex structures, such as this crane which is loading a container ship, 
are usually statically indeterminate and require a computer to find forces in members 
and displacements of joints. 








Statically Indeterminate 
Beams 


CHAPTER OVERVIEW 


In Chapter 10, statically indeterminate beams are considered. Here, 
the beam structure has more unknown reaction forces than ava- 
ilable equations of statical equilibrium, so it is said to be statically 
indeterminate. The number of excess unknown reactions defines the 
degree of indeterminacy. Solution of statically indeterminate beams 
requires that additional equations be developed based on the deforma- 
tions of the structure, in addition to the equations from statics. First, a 
number of different types of statically indeterminate beams are defined 
(Section 10.2), along with some common terminology (e.g., primary 
structure, released structure, and redundant) used in representing the 
solution. Then, a solution approach based on integration of the equa- 
tion of the elastic curve and application of boundary conditions to find 
unknown constants is presented (Section 10.3). This procedure can 
only be applied in relatively simple cases, so a more general approach 
based on superposition is described (Section 10.4) and is applicable to 
beams undergoing small displacements and behaving in a linearly elas- 
tic manner. Here, the equations of equilibrium are augmented by the 
equations of compatibility; applied loads and resulting beam deflec- 
tions are related by the force-displacement equations for beams 
derived in Chapter 9. The general superposition solution approach fol- 
lows that introduced in Section 2.4 for axially loaded members and in 
Section 3.8 for circular shafts acted upon by torsional moments. 
Finally, a number of specialized and advanced topics are introduced at 
the end of the chapter. In Section 10.5, the effect of differential tem- 
perature loading is discussed, and in Section 10.6, the effect of 
curvature shortening due to bending alone is presented. 


Chapter 10 is organized as follows: 


10.1 Introduction 773 
10.2 Types of Statically Indeterminate Beams 773 
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10.3 Analysis by the Differential Equations 777 
of the Deflection Curve 
10.4 Method of Superposition 784 
*10.5 Temperature Effects 797 
*10.6 Longitudinal Displacements at the Ends of a Beam 801 
Chapter Summary &eview 805 
Problems 806 


"Advanced topics 


SECTION 10.2 Types of Statically Indeterminate Beams 713 


10.1 INTRODUCTION 


In this chapter we will analyze beams in which the number of reactions 
exceeds the number of independent equations of equilibrium. Since the 
reactions of such beams cannot be determined by statics alone, the beams 
are said to be statically indeterminate. 

The analysis of statically indeterminate beams is quite different from 
that of statically determinate beams. When a beam is statically determi- 
nate, we can obtain all reactions, shear forces, and bending moments 
from free-body diagrams and equations of equilibrium. Then, knowing 
the shear forces and bending moments, we can obtain the stresses and 
deflections. 

However, when a beam is statically indeterminate, the equilibrium 
equations are not sufficient and additional equations are needed. The 
most fundamental method for analyzing a statically indeterminate beam 
is to solve the differential equations of the deflection curve, as described 
later in Section 10.3. Although this method serves as a good starting 
point in our analysis, it is practical for only the simplest types of stati- 
cally indeterminate beams. 

Therefore, we also discuss the method of superposition (Section 
10.4), a method that is applicable to a wide variety of structures. In 
the method of superposition, we supplement the equilibrium equa- 
tions with compatibility equations and force-displacement equations. 
(This same method was described earlier in Section 2.4, where 
we analyzed statically indeterminate bars subjected to tension and 
compression.) 

In the last part of this chapter we discuss two specialized topics 
pertaining to statically indeterminate beams, namely, beams with tem- 
perature changes (Section 10.5), and longitudinal displacements at the 
ends of beams (Section 10.6). Throughout this chapter, we assume that 
the beams are made of linearly elastic materials. 

Although only statically indeterminate beams are discussed in this 
chapter, the fundamental ideas have much wider application. Most of the 
structures we encounter in everyday life, including automobile frames, 
buildings, and aircraft, are statically indeterminate. However, they are 
much more complex than beams and must be designed by very sophisti- 
cated analytical techniques. Many of these techniques rely on the 
concepts described in this chapter, and therefore this chapter may be 
viewed as an introduction to the analysis of statically indeterminate 
structures of all kinds. 


10.2 TYPES OF STATICALLY INDETERMINATE BEAMS 


Statically indeterminate beams are usually identified by the arrangement 
of their supports. For instance, a beam that is fixed at one end and simply 
supported at the other (Fig. 10-1a) is called a propped cantilever beam. 
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(a) 


FIG. 10-1 Propped cantilever beam: 

(a) beam with load and reactions; 

(b) released structure when the reaction 
at end B is selected as the redundant; 
and (c) released structure when the 
moment reaction at end A is selected as 
the redundant 


FIG. 10-2 Propped cantilever beam with 
vertical loads only 


(b) 


| (c) 
Rp 


The reactions of the beam shown in the figure consist of horizontal and 
vertical forces at support A, a moment at support A, and a vertical force at 
support B. Because there are only three independent equations of equilib- 
rium for this beam, it is not possible to calculate all four of the reactions 
from equilibrium alone. The number of reactions in excess of the number 
of equilibrium equations is called the degree of static indeterminacy. 
Thus, a propped cantilever beam is statically indeterminate to the first 
degree. 

The excess reactions are called static redundants and must be 
selected in each particular case. For example, the reaction Rg of the 
propped cantilever beam shown in Fig. 10-1a may be selected as the redun- 
dant reaction. Since this reaction is in excess of those needed to maintain 
equilibrium, it can be released from the structure by removing the support 
at B. When support B is removed, we are left with a cantilever beam (Fig. 
10-1b). The structure that remains when the redundants are released is 
called the released structure or the primary structure. The released struc- 
ture must be stable (so that it is capable of carrying loads), and it must be 
statically determinate (so that all force quantities can be determined by 
equilibrium alone). 

Another possibility for the analysis of the propped cantilever beam 
of Fig. 10-1a is to select the reactive moment M; as the redundant. Then, 
when the moment restraint at support A is removed, the released structure 
is a simple beam with a pin support at one end and a roller support at the 
other (Fig. 10-1c). 

A special case arises if all loads acting on the beam are vertical 
(Fig. 10-2). Then the horizontal reaction at support A vanishes, and 
three reactions remain. However, only two independent equations of 


| I" 


Ma j3 A 


FIG. 10-3 Fixed-end beam: (a) beam with 
load and reactions; (b) released structure 
when the three reactions at end B are 
selected as the redundants; and 

(c) released structure when the two 
moment reactions and the horizontal 
reaction at end B are selected as the 
redundants 


(a) 


FIG. 10-4 Fixed-end beam with vertical 
loads only 
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equilibrium are now available, and therefore the beam is still statically 
indeterminate to the first degree. If the reaction Rg is chosen as the 
redundant, the released structure is a cantilever beam; if the moment 
M, 1s chosen, the released structure is a simple beam. 

Another type of statically indeterminate beam, known as a fixed- 
end beam, is shown in Fig. 10-3a. This beam has fixed supports at 
both ends, resulting in a total of six unknown reactions (two forces and 
a moment at each support). Because there are only three equations of 
equilibrium, the beam is statically indeterminate to the third degree. 
(Other names for this type of beam are clamped beam and built-in 
beam.) 

If we select the three reactions at end B of the beam as the redundants, 
and if we remove the corresponding restraints, we are left with a can- 
tilever beam as the released structure (Fig. 10-3b). If we release the two 
fixed-end moments and one horizontal reaction, the released structure is a 
simple beam (Fig. 10-3c). 

Again considering the special case of vertical loads only (Fig. 10-4), 
we find that the fixed-end beam now has only four nonzero reactions 
(one force and one moment at each support). The number of available 
equilibrium equations is two, and therefore the beam is statically 
indeterminate to the second degree. If the two reactions at end B are 
selected as the redundants, the released structure is a cantilever beam; if 
the two moment reactions are selected, the released structure is a simple 
beam. 
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(b) 
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FIG. 10-5 Example of a continuous beam: (a) beam with loads 
and reactions; (b) released structure when the reaction at sup- 
port B is selected as the redundant; and (c) released structure 
when the reaction at end C is selected as the redundant 





Long-span bridges are often constructed 
using continuous beams 


The beam shown in Fig. 10-5a is an example of a continuous 
beam, so called because it has more than one span and is continuous 
over an interior support. This particular beam is statically indeterminate 
to the first degree because there are four reactive forces and only three 
equations of equilibrium. 

If the reaction Ag at the interior support is selected as the redun- 
dant, and if we remove the corresponding support from the beam, then 
there remains a released structure in the form of a statically determi- 
nate simple beam (Fig. 10-5b). If the reaction Rc is selected as the 
redundant, the released structure is a simple beam with an overhang 
(Fig. 10-5c). 
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In the following sections, we will discuss two methods for analyz- 
ing statically indeterminate beams. The objective in each case is to 
determine the redundant reactions. Once they are known, all remaining 
reactions (plus the shear forces and bending moments) can be found 
from equations of equilibrium. In effect, the structure has become stati- 
cally determinate. Therefore, as the final step in the analysis, the stresses 
and deflections can be found by the methods described in preceding 
chapters. 


10.3 ANALYSIS BY THE DIFFERENTIAL EQUATIONS OF THE DEFLECTION CURVE 


Statically indeterminate beams may be analyzed by solving any one of 
the three differential equations of the deflection curve: (1) the 
second-order equation in terms of the bending moment (Eq. 9-12a), 
(2) the third-order equation in terms of the shear force (Eq. 9-12b), or 
(3) the fourth-order equation in terms of the intensity of distributed load 
(Eq. 9-12c). 

The procedure is essentially the same as that for a statically determi- 
nate beam (see Sections 9.2, 9.3, and 9.4) and consists of writing the 
differential equation, integrating to obtain its general solution, and then 
applying boundary and other conditions to evaluate the unknown quanti- 
ties. The unknowns consist of the redundant reactions as well as the 
constants of integration. 

The differential equation for a beam may be solved in symbolic 
terms only when the beam and its loading are relatively simple and 
uncomplicated. The resulting solutions are in the form of general purpose 
formulas. However, in more complex situations the differential equations 
must be solved numerically, using computer programs intended for that 
purpose. In such cases the results apply only to specific numerical 
problems. 

The following examples illustrate the analysis of statically inde- 
terminate beams by solving the differential equations in symbolic 
terms. 
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Example 10-1 


i 
—— X 
A B 
Ma 
RA i k, 


FIG. 10-6 Example 10-1. Propped 
cantilever beam with a uniform load 


A propped cantilever beam AB of length L supports a uniform load of inten- 
sity q (Fig. 10-6). Analyze this beam by solving the second-order differential 
equation of the deflection curve (the bending-moment equation). Determine 
the reactions, shear forces, bending moments, slopes, and deflections of the 
beam. 


Solution 

Because the load on this beam acts in the vertical direction (Fig. 10-6), we con- 
clude that there is no horizontal reaction at the fixed support. Therefore, the beam 
has three unknown reactions (M4, R4, and Rg). Only two equations of equilibrium 
are available for determining these reactions, and therefore the beam is statically 
indeterminate to the first degree. 

since we will be analyzing this beam by solving the bending-moment equation, 
we must begin with a general expression for the moment. This expression will be in 
terms of both the load and the selected redundant. 

Redundant reaction. Let us choose the reaction Rpg at the simple support as 
the redundant. Then, by considering the equilibrium of the entire beam, we can 
express the other two reactions in terms of Ra: 


qL 
Ra = qL m Re MA = E zm Rel (a,b) 
Bending moment. The bending moment M at distance x from the fixed 
support can be expressed in terms of the reactions as follows: 
qx 
I: c (c) 
This equation can be obtained by the customary technique of constructing a 
free-body diagram of part of the beam and solving an equation of equilibrium. 
Substituting into Eq. (c) from Eqs. (a) and (b), we obtain the bending 
moment in terms of the load and the redundant reaction: 
"E gx? 
Muro D Ye E (d) 
2 2 
Differential equation. The second-order differential equation of the deflec- 
tion curve (Eq. 9-12a) now becomes 
aL? qx? 
Ely SMES Gg a (e) 
After two successive integrations, we obtain the following equations for the 
slopes and deflections of the beam: 


Lx? Rpx? Lx x 
D E cr arr ERE (f) 


Lx? R S 12x2 ReL x2 4 
D rcr P Ds ER C (g) 





These equations contain three unknown quantities (C1, C5, and Rp). 








FIG. 10-7 Shear-force and bending- 
moment diagrams for the propped 
cantilever beam of Fig. 10-6 





Boundary conditions. Three boundary conditions pertaining to the deflections 
and slopes of the beam are apparent from an inspection of Fig. 10-6. These condi- 
tions are as follows: (1) the deflection at the fixed support is zero, (2) the slope at 
the fixed support is zero, and (3) the deflection at the simple support is zero. Thus, 


v(0)=0 v'(0)=0 v(L) = 0 


Applying these conditions to the equations for slopes and deflections 
(Eqs. f and g), we find C, = 0, C; = 0, and 


3qL 
Rg —— (10-1) 
8 
Thus, the redundant reaction Rg is now known. 
Reactions. With the value of the redundant established, we can find the 
remaining reactions from Eqs. (a) and (b). The results are 


5qL gle 

Ra = MA = (10-2a,b) 
8 8 
Knowing these reactions, we can find the shear forces and bending moments in 
the beam. 
Shear forces and bending moments. These quantities can be obtained by the 

usual techniques involving free-body diagrams and equations of equilibrium. 
The results are 


5qL 
UTE ED MD (10-3) 
qx 75 aL gx 
MZR M n sexe (04) 


Shear-force and bending-moment diagrams for the beam can be drawn with the 
aid of these equations (see Fig. 10-7). 

From the diagrams, we see that the maximum shear force occurs at the fixed 
support and is equal to 


SO 
EE m (10-5) 
8 
Also, the maximum positive and negative bending moments are 
Moos = one Maes = — ae (10-6a,b) 
pos 128 neg g -oa, 


Finally, we note that the bending moment is equal to zero at distance x = L /4 
from the fixed support. 

Slopes and deflections of the beam. Returning to Eqs. (f) and (g) for the 
slopes and deflections, we now substitute the values of the constants of inte- 
gration (C, = 0 and C, = 0) as well as the expression for the redundant Rpg 
(Eq. 10-1) and obtain 
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FIG. 10-8 Deflection curve for the 
propped cantilever beam of Fig. 10-6 
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The deflected shape of the beam as obtained from Eq. (10-8) is shown in 
Fig. 10-8. 

To determine the maximum deflection of the beam, we set the slope 
(Eq. 10-7) equal to zero and solve for the distance xı to the point where this 
deflection occurs: 


EO abe > Sie = ARI) 


from which 


mp ——— 2S5 ee STR (10-9) 
Substituting this value of x into the equation for the deflection (Eq. 10-8) and 
also changing the sign, we get the maximum deflection: 


qL* 
A = =) = a S 
a= = 65 53667 | ) 


4 4 


qL qL 
= 0.005416 — (10-10) 
EI 


— 184.6EI 


The point of inflection is located where the bending moment is equal to 
zero, that is, where x = L/4. The corresponding deflection 69 of the beam (from 
Eq. 10-8) is 

See qL* 


= 0.002441 = (10-11) 


Ó =Z = E 
0= =)= = 3048E] EI 


Note that when x < L/4, both the curvature and the bending moment are 
negative, and when x > L/4, the curvature and bending moment are positive. 

To determine the angle of rotation 05 at the simply supported end of the 
beam, we use Eq. (10-7), as follows: 


ql 
ASEI 





Op = (vor = (10-12) 
Slopes and deflections at other points along the axis of the beam can be obtained 
by similar procedures. 

Note: In this example, we analyzed the beam by taking the reaction 
Rpg (Fig. 10-6) as the redundant reaction. An alternative approach is to take 
the reactive moment M, as the redundant. Then we can express the bending 
moment M in terms of M,, substitute the resulting expression into the 
second-order differential equation, and solve as before. Still another approach is 
to begin with the fourth-order differential equation, as illustrated in the next 
example. 
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Example 10-2 





The fixed-end beam ACB shown in Fig. 10-9 supports a concentrated load P at 
the midpoint. Analyze this beam by solving the fourth-order differential equation 
of the deflection curve (the load equation). Determine the reactions, shear forces, 
bending moments, slopes, and deflections of the beam. 


f 


FIG. 10-9 Example 10-2. Fixed-end beam with a concentrated 
load at the midpoint 
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Solution 

Because the load on this beam acts only in the vertical direction, we know 
that there are no horizontal reactions at the supports. Therefore, the beam has 
four unknown reactions, two at each support. Since only two equations of 
equilibrium are available, the beam is statically indeterminate to the second 
degree. 

However, we can simplify the analysis by observing from the symmetry of 
the beam and its loading that the forces and moments at supports A and B are 
equal, that is, 


Ra = Rg and M, = Mg 


Since the vertical reactions at the supports are equal, we know from equilibrium 
of forces in the vertical direction that each force is equal to P/2: 


RA = Rp — = (10-13) CA 


Thus, the only unknown quantities that remain are the moment reactions M, 
and Mg. For convenience, we will select the moment M, as the redundant 
quantity. 

Differential equation. Because there is no load acting on the beam between 
points A and C, the fourth-order differential equation (Eq. 9-12c) for the left- 
hand half of the beam is 


E" =-q=0 (<x<L/2) (h) 


continued 
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Successive integrations of this equation yield the following equations, which are 
valid for the left-hand half of the beam: 








Elv" = C, (i) 
Eh" = Cix + Cy (p 
C p 
Ely’ = a (k) 
Qu C IS 
Bip c D EET (1) 


These equations contain four unknown constants of integration. Since we now 
have five unknowns (C1, C5, C3, C4, and M4), we need five boundary conditions. 
Boundary conditions. The boundary conditions applicable to the left-hand 
half of the beam are as follows: 
(1) The shear force in the left-hand segment of the beam is equal to R4, or 
P/2. Therefore, from Eq. (9-12b) we find 


P 
FU ce 
i 2 


Combining this equation with Eq. (1), we obtain C, = P/2. 
(2) The bending moment at the left-hand support is equal to —M,. 
Therefore, from Eq. (9-12a) we get 


Elv"=M=-M, atx=0 


Combining this equation with Eq. (J), we obtain C5 = —M,. 

(3) The slope of the beam at the left-hand support (x = 0) is equal to zero. 
Therefore, Eq. (k) yields C3 = 0. 

(4) The slope of the beam at the midpoint (x = L/2) is also equal to zero 
(from symmetry). Therefore, from Eq. (k) we find 


_ Bh 


M, = Mg g 


(10-14) «mm 
Thus, the reactive moments at the ends of the beam have been determined. 

(5) The deflection of the beam at the left-hand support (x = 0) is equal to 
zero. Therefore, from Eq. (1) we find C4 = 0. 

In summary, the four constants of integration are 


C, = C5 = —M, eric C3 = 0 (677 = 0 (m,n,o,p) 


P PL 
2 8 

Shear forces and bending moments. The shear forces and bending 
moments can be found by substituting the appropriate constants of integration 
into Eqs. (1) and (j). The results are 


P 


PILIS ED (10-15) < 


Eh” = M = DUREE (== 2) (10-16) «mm 





Since we know the reactions of the beam, we can also obtain these expressions 











2 
i directly from free-body diagrams and equations of equilibrium. 
r The shear-force and bending moment diagrams are shown in Fig. 10-10. 
L 2 E Slopes and deflections. The slopes and deflections in the left-hand half of 
the beam can be found from Eqs. (k) and (1) by substituting the expressions for 
PL PL ; : à 
E z z ps the constants of integration. In this manner, we find 
ce: 2 s Px 
2 2 Ven Led) (ssp) (10-17) 
SEI 
y=-2* Gra)  (QuxrsL2) (1018) 
ASEI HN 


The deflection curve of the beam is shown in Fig. 10-11. 
To find the maximum deflection Ômax we set x equal to L/2 in Eq. (10-18) 
and change the sign; thus, 


PL? 


m m 10-1 
192 E1 N 2 


One = —(Vh-rp > 


The point of inflection in the left-hand half of the beam occurs where the 
bending moment M is equal to zero, that is, where x = L /4 (see Eq. 10-16). The 
corresponding deflection ôo (from Eq. 10-18) is 





PL 
On m 10-20 
0 (V)-rja 384E] ( ) 
FIG. 10-10 Shear-force and bending- which is equal numerically to one-half of the maximum deflection. A second 
moment diagrams for the fixed-end point of inflection occurs in the right-hand half of the beam at distance L/4 


beam of Fig. 10-9 from end B. 
Notes: As we observed in this example, the number of boundary and other 


conditions is always sufficient to evaluate not only the constants of integration 
but also the redundant reactions. 

Sometimes it is necessary to set up differential equations for more than one 
region of the beam and use conditions of continuity between regions, as illus- 
trated in Examples 9-3 and 9-5 of Chapter 9 for statically determinate beams. 
Such analyses are likely to be long and tedious because of the large number of 
conditions that must be satisfied. However, if deflections and angles of rotation 
are needed at only one or two specific points, the method of superposition may 
be useful (see the next section). 


FIG. 10-11 Deflection curve for the fixed- L L 
end beam of Fig. 10-9 > D 
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10.4 METHOD OF SUPERPOSITION 





(c) 


(d) 


FIG. 10-12 Analysis of a propped 
cantilever beam by the method of 
superposition with the reaction Rg 
selected as the redundant 


The method of superposition is of fundamental importance in the analysis 
of statically indeterminate bars, trusses, beams, frames, and many other 
kinds of structures. We have already used the superposition method to 
analyze statically indeterminate structures composed of bars in tension 
and compression (Section 2.4) and shafts in torsion (Section 3.8). In this 
section, we will apply the method to beams. 

We begin the analysis by noting the degree of static indeterminacy 
and selecting the redundant reactions. Then, having identified the redun- 
dants, we can write equations of equilibrium that relate the other 
unknown reactions to the redundants and the loads. 

Next, we assume that both the original loads and the redundants 
act upon the released structure. Then we find the deflections in the 
released structure by superposing the separate deflections due to the 
loads and the redundants. The sum of these deflections must match 
the deflections in the original beam. However, the deflections in the 
original beam (at the points where restraints were removed) are either 
zero or have known values. Therefore, we can write equations of 
compatibility (or equations of superposition) expressing the fact that 
the deflections of the released structure (at the points where restraints 
were removed) are the same as the deflections in the original beam 
(at those same points). 

Since the released structure is statically determinate, we can easily 
determine its deflections by using the techniques described in Chapter 9. 
The relationships between the loads and the deflections of the released 
structure are called force-displacement relations. When these relations 
are substituted into the equations of compatibility, we obtain equations 
in which the redundants are the unknown quantities. Therefore, we can 
solve those equations for the redundant reactions. Then, with the redun- 
dants known, we can determine all other reactions from the equations of 
equilibrium. Furthermore, we can also determine the shear forces and 
bending moments from equilibrium. 

The steps described in general terms in the preceding paragraphs 
can be made clearer by considering a particular case, namely, a propped 
cantilever beam supporting a uniform load (Fig. 10-12a). We will make 
two analyses, the first with the force reaction Rg selected as the redun- 
dant and the second with the moment reaction M4 as the redundant. 
(This same beam was analyzed in Example 10-1 of Section 10.3 by 
solving the differential equation of the deflection curve.) 


Analysis with Hg as Redundant 


In this first illustration we select the reaction Rg at the simple support 
(Fig. 10-12a) as the redundant. Then the equations of equilibrium that 
express the other unknown reactions in terms of the redundant are as 
follows. 
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EL 
TS — RsL (a,b) 


These equations are obtained from equations of equilibrium that apply 
to the entire beam taken as a free body (Fig. 10-12a). 

The next step is to remove the restraint corresponding to the redun- 
dant (in this case, we remove the support at end B). The released 
structure that remains is a cantilever beam (Fig. 10-12b). The uniform 
load q and the redundant force Rg are now applied as loads on the 
released structure (Figs. 10-12c and d). 

The deflection at end B of the released structure due solely to the 
uniform load is denoted (65);, and the deflection at the same point due 
solely to the redundant is denoted (65);. The deflection ôg at point B in 
the original structure is obtained by superposing these two deflections. 
Since the deflection in the original beam is equal to zero, we obtain the 
following equation of compatibility: 


Ôg = (0g)! — (0g); = O (c) 


The minus sign appears in this equation because (0g), is positive down- 
ward whereas (ôg) is positive upward. 

The force-displacement relations that give the deflections (ôg); and 
(ôg) in terms of the uniform load q and the redundant Rpg, respectively, 
are found with the aid of Table G-1 in Appendix G (see Cases 1 and 4). 
Using the formulas given there, we obtain 

4 3 
qL Rel 
Sp), = 4— Sp). = 
(Oz) 3EI (Op)2 3EI 
Substituting these force-displacement relations into the equation of com- 
patibility yields 


R4 = qL — Rg MA = 





(d,e) 





gL^ Reb 
P SEI BEI ©) 
which can be solved for the redundant reaction: 
3qL 
Rg = ES (10-21) 


Note that this equation gives the redundant in terms of the loads acting 
on the original beam. 

The remaining reactions (R4 and M4) can be found from the equilib- 
rium equations (Eqs. a and b); the results are 


RA ——— —À MA = MÀ (10-22a,b) 


Knowing all reactions, we can now obtain the shear forces and bending 
moments throughout the beam and plot the corresponding diagrams (see 
Fig. 10-7 for these diagrams). 

We can also determine the deflections and slopes of the original 
beam by means of the principle of superposition. The procedure consists 
of superposing the deflections of the released structure when acted upon 
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FIG. 10-13 Analysis of a propped 
cantilever beam by the method of 
superposition with the moment reaction 
M, selected as the redundant 


by the loads shown in Figs. 10-12c and d. For instance, the equations of 
the deflection curves for those two loading systems are obtained from 
Cases 1 and 4, respectively, of Table G-1, Appendix G: 





à 
vı = — aa (6L* — ALx + x?) 
2A4EI 
Rex BL 
y» = = 
^  6EI 


Substituting for Rg from Eq. (10-21) and then adding the deflections v, 
and v2, we obtain the following equation for the deflection curve of the 
original statically indeterminate beam (Fig. 10-12a): 


qx” 


— ——— (GL? — 5Lx + 2x°) 
ASEI 


y—ytTtv-— 
This equation agrees with Eq. (10-8) of Example 10-1. Other deflection 
quantitites can be found in an analogous manner. 


Analysis with M, as Redundant 


We will now analyze the same propped cantilever beam by selecting the 
moment reaction M4 as the redundant (Fig. 10-13). In this case, the 
released structure is a simple beam (Fig. 10-13b). The equations of equi- 
librium for the reactions R4 and As in the original beam are 


L M L M 
SEMEN LI (g.h) 


R 
a >” L o X 





(c) (d) 
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The equation of compatibility expresses the fact that the angle of rota- 
tion 04 at the fixed end of the original beam is equal to zero. Since 
this angle is obtained by superposing the angles of rotation (04), and 
(04). in the released structure (Figs. 10-13c and d), the compatibility 
equation becomes 


04 = (064) — (04 = O (1) 


In this equation, the angle (04), is assumed to be positive when 
clockwise and the angle (04); is assumed to be positive when counter- 
clockwise. 

The angles of rotation in the released structure are obtained from the 
formulas given in Table G-2 of Appendix G (see Cases 1 and 7). Thus, 
the force-displacement relations are 


qL? M,L 
(04); = —— 


6,), — ——— 
(£4) 2AEI 3EI 


Substituting into the compatibility equation (Eq. 1), we get 





qL? MaL 
U^ = O4ED BEI Q) 
Solving this equation for the redundant, we get M4 = qL^/8, which 
agrees with the previous result (Eq. 10-22b). Also, the equations of equi- 
librium (Eqs. g and h) yield the same results as before for the reactions 
R4 and Rp (see Eqs. 10-22a and 10-21, respectively). 
Now that all reactions have been found, we can determine the shear 
forces, bending moments, slopes, and deflections by the techniques 
already described. 


General Comments 


The method of superposition described in this section is also called the 
flexibility method or the force method. The latter name arises from 
the use of force quantities (forces and moments) as the redundants; the 
former name is used because the coefficients of the unknown quanti- 
ties in the compatibility equation (terms such as L^/3EI in Eq. f and 
L/3EI in Eq. j) are flexibilities (that is, deflections or angles produced 
by a unit load). 

Since the method of superposition involves the superposition of 
deflections, it is applicable only to linearly elastic structures. (Recall 
that this same limitation applies to all topics discussed in this chapter.) 

In the following examples, and also in the problems at the end of 
the chapter, we are concerned primarily with finding the reactions, since 
this is the key step in the solutions. 
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Example 10-3 


A two-span continuous beam ABC supports a uniform load of intensity g, as 
shown in Fig. 10-14a. Each span of the beam has length L. Using the method of 
superposition, determine all reactions for this beam. 








(a) (b) 
q 
Eg A f - ( bis A. 
FIG. 10-14 Example 10-3. Two-span (65), p 
continuous beam with a uniform load (c) (d) 


Solution 

This beam has three unknown reactions (R4, Rg, and Rọ). Since there are 
two equations of equilibrium for the beam as a whole, it is statically indetermi- 
nate to the first degree. For convenience, let us select the reaction Rpg at the 
middle support as the redundant. 

Equations of equilibrium. We can express the reactions R4 and Rc in terms 
of the redundant Rg by means of two equations of equilibrium. The first equa- 
tion, which is for equilibrium of moments about point 5, shows that R4 and Rc 
are equal. The second equation, which is for equilibrium in the vertical direction, 
yields the following result: 


Ra = Rc = qL - —E (k) 


Equation of compatibility. Because the reaction Rpg is selected as the redun- 
dant, the released structure is a simple beam with supports at A and C (Fig. 10-14b). 
The deflections at point B in the released structure due to the uniform load q and 
the redundant Rg are shown in Figs. 10-14c and d, respectively. Note that the 
deflections are denoted (05); and (6g)2. The superposition of these deflections must 
produce the deflection 0g in the original beam at point B. Since the latter deflection 
is equal to zero, the equation of compatibility is 


ôs = (0g); — (0g); = O (1) 


in which the deflection (6g); is positive downward and the deflection (05)» is 
positive upward. 





Force-displacement relations. The deflection (05); caused by the uniform 
load acting on the released structure (Fig. 10-14c) is obtained from Table G-2, 
Case 1, as follows: 


pu. 
384EI — 2AEI 








(0g); = 


where 2L is the length of the released structure. The deflection (05)5 produced by 
the redundant (Fig. 10-14d) is 


REID | Rely 


Ó = —— cm 
(Op)2 A8EI 6EI 





as obtained from Table G-2, Case 4. 
Reactions. The equation of compatibility pertaining to the vertical deflection 
at point B (Eq. 1) now becomes 


Es T RE 


Op = 
24FI 6EI 


(m) 
from which we find the reaction at the middle support: 
Rg TE (10-23) 


The other reactions are obtained from Eq. (k): 


3aL 
se E (10-24) 


With the reactions known, we can find the shear forces, bending moments, 
stresses, and deflections without difficulty. 

Note: 'The purpose of this example is to provide an illustration of the method 
of superposition, and therefore we have described all steps in the analysis. 
However, this particular beam (Fig. 10-14a) can be analyzed by inspection 
because of the symmetry of the beam and its loading. 

From symmetry we know that the slope of the beam at the middle support 
must be zero, and therefore each half of the beam is in the same condition as a 
propped cantilever beam with a uniform load (see, for instance, Fig. 10-6). 
Consequently, all of our previous results for a propped cantilever beam with a 
uniform load (Eqs. 10-1 to 10-12) can be adapted immediately to the continuous 
beam of Fig. 10-14a. 
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Example 10-4 











(04)2 o 





nae (p)3 


FIG. 10-15 Example 10-4. Fixed-end 
beam with a concentrated load 


A fixed-end beam AB (Fig. 10-15a) is loaded by a force P acting at an inter- 
mediate point D. Find the reactive forces and moments at the ends of the beam 
using the method of superposition. Also, determine the deflection at point D 
where the load is applied. 


Solution 

This beam has four unknown reactions (a force and a moment at each sup- 
port), but only two independent equations of equilibrium are available. 
Therefore, the beam is statically indeterminate to the second degree. In this 
example, we will select the reactive moments M, and Mg as the redundants. 

Equations of equilibrium. The two unknown force reactions (R4 and Rp) 
can be expressed in terms of the redundants (M4 and Mg) with the aid of two 
equations of equilibrium. The first equation is for moments about point B, and 
the second is for moments about point A. The resulting expressions are 


M, M M, M 
Rae iU E NLIS TEAM ENSE ane) 
T 


Equations of compatibility. When both redundants are released by 
removing the rotational restraints at the ends of the beam, we are left with a 
simple beam as the released structure (Figs. 10-15b, c, and d). The angles of rota- 
tion at the ends of the released structure due to the concentrated load P are 
denoted (04), and (05);, as shown in Fig. 10-15b. In a similar manner, the angles 
at the ends due to the redundant M4 are denoted (04); and (0g), and the angles 
due to the redundant Mg are denoted (04)4 and (05),. 

Since the angles of rotation at the supports of the original beam are equal to 
zero, the two equations of compatibility are 


Q4 = (04) — (04) — (04) = O (p) 
On = (0g) — (0p); — (058) = O (q) 


in which the signs of the various terms are determined by inspection from the 
figures. 

Force-displacement relations. The angles at the ends of the beam due to the 
load P (Fig. 10-15b) are obtained from Case 5 of Table G-2: 


Pab(L t b) Pab(L + a) 


(ye > Gua. (05), = 6LEI 


in which a and b are the distances from the supports to point D where the load is 
applied. 

Also, the angles at the ends due to the redundant moment M, are (see 
Case 7 of Table G-2): 


M Os 
mM I. LONE 











(a) 
(64i 
(b) 
(64)2 " 
"3 


FIG. 10-15 (Repeated) 


(05)i 


m 


(05)5 
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Similarly, the angles due to the moment Mpg are 








(045 = (89s = = 
“re SEI 23 EI 
Reactions. When the preceding expressions for the angles are substituted 
into the equations of compatibility (Eqs. p and q), we arrive at two simultaneous 
equations containing M4 and Mg as unknowns: 

















z (r) 
3EI 6EI 6LEI 
MAL oe MgL Pab(L + a) (s) 
pea a E ioa eee z 
6EI 3EI 6LEI 

Solving these equations for the redundants, we obtain 
2 2 

M,=+ 5 es = (10-25a,b) <= 


Substituting these expressions for M4 and Mg into the equations of equilibrium 
(Eqs. n and o), we obtain the vertical reactions: 


2 2 
R, = — 2i (L+2a)  Rg- TU - 2b) (10-26a,b) <m 


Thus, all reactions for the fixed-end beam have been determined. 

The reactions at the supports of a beam with fixed ends are commonly 
referred to as fixed-end moments and fixed-end forces. They are widely used in 
structural analysis, and formulas for these quantities are listed in engineering 
handbooks. 

Deflection at point D. 'To obtain the deflection at point D in the original 
fixed-end beam (Fig. 10-152), we again use the principle of superposition. The 
deflection at point D is equal to the sum of three deflections: (1) the down- 
ward deflection (0p), at point D in the released structure due to the load P 
(Fig. 10-15b); (2) the upward deflection (ó6p)» at the same point in the released 
structure due to the redundant M, (Fig. 10-15c), and (3) the upward deflection 
(6p)3 at the same point in the released structure due to the redundant Mg 
(Fig. 10-15d). This superposition of deflections is expressed by the following 
equation: 


Op = (dp): — (Op)2 — (0p)a (t) 


in which 6p is the downward deflection in the original beam. 
The deflections appearing in Eq. (t) can be obtained from the formulas given 
in Table G-2 of Appendix G (see Cases 5 and 7) by making the appropriate 


continued 
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FIG. 10-16 Fixed-end beam with a 
concentrated load acting at the midpoint 


substitutions and algebraic simplifications. The results of these manipulations are 
as follows: 


Pa Mab Mgab 
D) EE ee On) re en p. = 
(Op 3LEI (0p)2 6LEI ( E 6LEI 





Era 


Substituting the expressions for M4 and Mg from Eqs. (10-25a and b) into the last 
two expressions, we get 


Pab’? Pa’ b* 
PM EL MN rcc PI 
(0p)2 6D EI ) RU GE 6D EI d) 


Therefore, the deflection at point D in the original beam, obtained by substituting 
(6p);, (Op)2, and (6p)3 into Eq. (t) and simplifying, is 


_ Bar 
ie 





(10-27) «mm 


The method described in this example for finding the deflection 6p can be used 
not only to find deflections at individual points but also to find the equations of 
the deflection curve. 

Concentrated load acting at the midpoint of the beam. When the load P acts 
at the midpoint C (Fig. 10-16), the reactions of the beam (from Eqs. 10-25 and 
10-26 with a = b = L/2) are 


MA = Mg = E RA = Rg = = (10-28a,b) 


Also, the deflection at the midpoint (from Eq. 10-27) is 


IE 
D PEE 10-29 
oO E ( ) 


This deflection is only one-fourth of the deflection at the midpoint of a simple 
beam with the same load, which shows the stiffening effect of clamping the ends 
of the beam. 

The preceding results for the reactions at the ends and the deflection at the 
middle (Eqs. 10-28 and 10-29) agree with those found in Example 10-2 by 
solving the differential equation of the deflection curve (see Eqs. 10-13, 10-14, 
and 10-19). 


C É |. 7 2 


Ma t ? : f Mg 
jr PE = 
A 2 2 Rp 





A fixed-end beam AB supports a uniform load of intensity q acting over part of 
the span (Fig. 10-17a). Determine the reactions of this beam (that is, find the 
fixed-end moments and fixed-end forces). 





FIG. 10-17 Example 10-5. (a) Fixed-end RAT 4 Rp dM 4 dM» 
beam with a uniform load over part of k L 1 dR; <— x dx dRp 

the span, and (b) reactions produced 

by an element g dx of the uniform load (a) (b) 


Solution 

Procedure. We can find the reactions of this beam by using the principle of 
superposition together with the results obtained in the preceding example (Example 
10-4). In that example we found the reactions of a fixed-end beam subjected to a 
concentrated load P acting at distance a from the left-hand end (see Fig. 10-15a and 
Eqs. 10-25 and 10-26). 

In order to apply those results to the uniform load of Fig. 10-17a, we will 
treat an element of the uniform load as a concentrated load of magnitude q dx 
acting at distance x from the left-hand end (Fig. 10-17b). Then, using the formulas 
derived in Example 10-4, we can obtain the reactions caused by this element of 
load. Finally, by integrating over the length a of the uniform load, we can obtain 
the reactions due to the entire uniform load. 

Fixed-end moments. Let us begin with the moment reactions, for which 
we use Eqs. (10-25a and b) of Example 10-4. To obtain the moments caused by 
the element q dx of the uniform load (compare Fig. 10-17b with Fig. 10-15a), 
we replace P with qdx, a with x, and b with L — x. Thus, the fixed-end 
moments due to the element of load (Fig. 10-17b) are 


qup xX) dx 
MN 


E qx*(L — x)dx 


dM, = 


dM, 


Integrating over the loaded part of the beam, we get the fixed-end moments due 
to the entire uniform load: 


2 


Gh =e s T SU 


SE, 





M, = fam, = A — xX dx = 


2 
L O 
qa 
ayes 





as | quce one e MEUS) 


2 
L 0 


continued 
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DEED 


FIG. 10-18 Fixed-end beam with a 
uniform load 


Fixed-end forces. Proceeding in a similar manner as for the fixed-end 
moments, but using Eqs. (10-26a and b), we obtain the following expressions for 
the fixed-end forces due to the element g dx of load: 


ih = UL ea 2G] od 
Hee T x)dx Vue ES oe = x)dx 


Integration gives 


Ra = Jan, = = | (E-L + 294 = T SQD — 2L +a) (10-3 1a) m 


3 
Rp = fars = - zi XGL- 2x\dx = f^ QL- a) Q0310 om 
0 


Thus, all reactions (fixed-end moments and fixed-end forces) have been found. 
Uniform load acting over the entire length of the beam. When the load acts 
over the entire span (Fig. 10-18), we can obtain the reactions by substituting a — L 
into the preceding equations, yielding 
qL qL 


MA = Mg = 12 Ra = Rg = F (10-32a,b) 


The deflection at the midpoint of a uniformly loaded beam is also of 
interest. The simplest procedure for obtaining this deflection is to use the 
method of superposition. The first step is to remove the moment restraints at 
the supports and obtain a released structure in the form of a simple beam. The 
downward deflection at the midpoint of a simple beam due to a uniform load 
(from Case 1, Table G-2) is 


Sept 
384EI 





(0c) = (u) 


and the upward deflection at the midpoint due to the end moments (from Case 
10, Table G-2) is 


ML QLNDE — qL’ 
(0c); = een = ela, (v) 
SEI SEI 96EI 


Thus, the final downward deflection of the original fixed-end beam (Fig. 10-18) is 


Oc = (0c) — (ôc)2 
Substituting for the deflections from Eqs. (u) and (v), we get 


qL* 
6- = 10-33 
CE ALI ( ) 





This deflection is one-fifth of the deflection at the midpoint of a simple beam 
with a uniform load (Eq. u), again illustrating the stiffening effect of fixity at the 
ends of the beam. 





A beam ABC (Fig. 10-192) rests on simple supports at points A and B and is sup- 
ported by a cable at point C. The beam has total length 2L and supports a uni- 
form load of intensity q. Prior to the application of the uniform load, there is no 
force in the cable nor is there any slack in the cable. 

When the uniform load is applied, the beam deflects downward at point C 
and a tensile force T develops in the cable. Find the magnitude of this force. 






Beam ABC with one end 
supported by a cable A (b) 


B A C C 
B 
FIG. 10-19 Example 10-6. L 5 A A T 
(a) 


Solution 

Redundant force. The structure ABCD, consisting of the beam and cable, has 
three vertical reactions (at points A, B, and D). However, only two equations of 
equilibrium are available from a free-body diagram of the entire structure. 
Therefore, the structure is statically indeterminate to the first degree, and we 
must select one redundant quantity for purposes of analysis. 

The tensile force T in the cable is a suitable choice for the redundant. We can 
release this force by removing the connection at point C, thereby cutting the 
structure into two parts (Fig. 10-19b). The released structure consists of the beam 
ABC and the cable CD as separate elements, with the redundant force T acting 
upward on the beam and downward on the cable. 

Equation of compatibility. The deflection at point C of beam ABC 
(Fig. 10-19b) consists of two parts, a downward deflection (óc), due to the uni- 
form load and an upward deflection (óc), due to the force T. At the same time, 
the lower end C of cable CD displaces downward by an amount (6¢)3, equal to 
the elongation of the cable due to the force 7. Therefore, the equation of com- 
patibility, which expresses the fact that the downward deflection of end C of the 
beam is equal to the elongation of the cable, is 


(Oc)1 — (6c)2 = (ôo) (w) 


Having formulated this equation, we now turn to the task of evaluating all three 
displacements. 

Force-displacement relations. The deflection (óc), at the end of the over- 
hang (point C in beam ABC) due to the uniform load can be found from the 


ü 
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FIG. 10-19 (Repeated) 





results given in Example 9-9 of Section 9.5 (see Fig. 9-21). Using Eq. (9-59) of 
that example, and substituting a — L, we get 





(x) 


where Ej; is the flexural rigidity of the beam. 

The deflection of the beam at point C due to the force T can be taken from 
the answer to Problem 9.8-5 or Problem 9.9-3. Those answers give the deflection 
(óc). at the end of the overhang when the length of the overhang is a: 


Ta^(L + a) 


CREE 
(Oc)2 3E, I, 


Now substituting a = L, we obtain the desired deflection: 


bs 


(0c)2 = 3E, (y) 


Finally, the elongation of the cable is 


Th 


à. = ——— 
(Oc)3 E.A. 


(z) 
where A is the length of the cable and E.A, is its axial rigidity. 
Force in the cable. By substituting the three displacements (Eqs. x, y, and z) 
into the equation of compatibility (Eq. w), we get 
qL* exem 


100 PRECIO US 








Solving for the force T, we find 


3aL^E,.A, 


RUD CEN EN HU ETE 
TE VETRINA 


(10-34) 4mm 


With the force T known, we can find all reactions, shear forces, and bending 
moments by means of free-body diagrams and equations of equilibrium. 

This example illustrates how an internal force quantity (instead of an 
external reaction) can be used as the redundant. 


— 
iu Em 
h 
T 
e 
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(a) (b) 
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FIG. 10-20 Propped cantilever beam with 
a temperature differential 
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Temperature changes may produce changes in lengths of bars and lateral 
deflections of beams as discussed previously in Sections 2.5 and 9.13. If 
these length changes and lateral deflections are restrained, thermal 
stresses will be produced in the material. In Section 2.5 we saw how to 
find these stresses in statically indeterminate bars, and now we will 
consider some of the effects of temperature changes in statically indeter- 
minate beams. 

The stresses and deflections produced by temperature changes in a 
statically indeterminate beam can be analyzed by methods that are similar 
to those already described for the effects of loads. To begin the discussion, 
consider the propped cantilever beam AB shown in Fig. 10-20. We assume 
that the beam was originally at a uniform temperature Tọ, but later its tem- 
perature is increased to 7, on the upper surface and T5 on the lower 
surface. The variation of temperature over the height A of the beam is 
assumed to be linear. 

Because the temperature varies linearly, the average temperature of 
the beam is 


T, + T, 

Laver = — (10-35) 
2 

and occurs at midheight of the beam. The difference between this 
average temperature and the initial temperature To results in a tendency 
for the beam to change in length. If the beam is free to expand longitudi- 
nally, its length will increase by an amount ôr given by Eq. (9-145), 
which is repeated here: 


I, -I 
Or = OT ves n To)L = [5 


= T.) (10-36) 


In this equation, o is the coefficient of thermal expansion of the material 
and L is the length of the beam. If longitudinal expansion is free to 
occur, no axial stresses will be produced by the temperature changes. 
However, if longitudinal expansion is restrained, axial stresses will 
develop, as described in Section 2.5. 

Now consider the effects of the temperature differential T5 — T), 
which tends to produce a curvature of the beam but no change in length. 
Curvature due to temperature changes is described in Section 9.13, 
where the following differential equation of the deflection curve is 
derived (see Eq. 9-147): 


d^v _ a2 — Ti) 
dx? h 
This equation applies to a beam that is unrestrained by supports and 
therefore is free to deflect and rotate. Note that when 7» is greater than 


T, the curvature is positive and the beam tends to bend concave upward. 
Deflections and rotations of simple beams and cantilever beams due to a 


(10-37) 
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FIG. 10-21 (a) Fixed-end beam with a 
temperature differential, (b) released 
structure, and (c) deflection curve for 
the released structure 


temperature differential can be determined with the aid of Eq. (10-37), as 
discussed in Section 9.13. We can now use those results when analyzing 
statically indeterminate beams by the method of superposition. 


Method of Superposition 


To illustrate the use of superposition, let us determine the reactions of 
the fixed-end beam of Fig. 10-21a due to the temperature differential. As 
usual, we begin the analysis by selecting the redundant reactions. 
Although other choices result in more efficient calculations, we will 
select the reactive force Rg and reactive moment Mg as the redundants 
in order to illustrate the general methodology. 

When the supports corresponding to the redundants are removed, 
we obtain the released structure shown in Fig. 10-21b (a cantilever 
beam). The deflection and angle of rotation at end B of this cantilever 
(due to the temperature differential) are as follows (see Fig. 10-21c): 


o(T, — TDL” (8), = a(T, — T,)L 
I. qM. i cde i Li 


Des 
( B)i 2h h 


These equations are obtained from the solution to Problem 9.13-2 in the 
preceding chapter. Note that when T» is greater than T,, the deflection 
(dg); is upward and the angle of rotation (05), is counterclockwise. 
Next, we need to find the deflections and angles of rotation in the 
released structure (Fig. 10-21b) due to the redundants Rg and Mg. These 
quantities are obtained from Cases 4 and 6, respectively, of Table G-1: 








RSL Rel 
D. em 05), = 
(ôg)2 RET (05)2 DEI 
MpL’? MpL 
(8g) = — — (05) = = 








2EI — El 
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In these expressions, upward deflection and counterclockwise rotation 
are positive (as in Fig. 10-21c). 

We can now write the equations of compatibility for the deflection 
and angle of rotation at support B as follows: 


Op = (Og) + (Og) + (0g) = O (a) 
0g = (Og); + (0p)» + (0p) = O (b) 


or, upon substituting the appropriate expressions, 


a(T> — T,)L* " Rs M _ 











= 0 
2h 3EI  2EI (c) 
o(T,— T)L RL? Mel 
At — zu d 
h 2EI EI (d) 


These equations can be solved simultaneously for the two redundants: 


R, = 0 M, = aEIK(T, — T) 
h 

The fact that Rg is zero could have been anticipated initially from the 
symmetry of the fixed-end beam. If we had utilized this fact from the 
outset, the preceding solution would have been simplified because only 
one equation of compatibility would have been required. 

We also know from symmetry (or from equations of equilibrium) 
that the reaction Ag is equal to the reaction A4 and that the moment M4 
is equal to the moment Mg. Therefore, the reactions for the fixed-end 
beam shown in Fig. 10-21a are as follows: 


QED — Ti) 
R = Rg = 0 M, = Mz = NES ENS (10-38a,b) 


From these results we see that the beam is subjected to a constant bending 
moment due to the temperature changes. 


Differential Equation of the Deflection Curve 


We can also analyze the fixed-end beam of Fig. 10-21a by solving the 
differential equation of the deflection curve. When a beam is subjected 
to both a bending moment M and a temperature differential Tə — Tı, the 
differential equation becomes (see Eqs. 9-7 and 10-37): 


dv M ,oT5,-Ty) 
B SEE QUSE 10-39 
dx? EI h Uis) 
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Or 


7 QET» — Ti) 
Ely’ =M + mE (10-39b) 


For the fixed-end beam of Fig. 10-21a, the expression for the bending 
moment in the beam is 


M = Rax — M, (e) 


where x is measured from support A. Substituting into the differential 
equation and integrating, we obtain the following equation for the slope 
of the beam: 


Rx aEKT, — Tix 7 


El’ = — Max + 5 





Ci (f) 


The two boundary conditions on the slope (v' = O0 when x = 0 and 
x = L) give C, = 0 and 


RAL —M,2-— QED E Ti) 





A — h (g) 
A second integration gives the deflection of the beam: 
Rax? Max^ | aEKT, — Tpx? 

SS no pe us (h) 


6 2 2h 


The boundary conditions on the deflection (v = 0 when x = 0 and 
x = L) give C, = 0 and 
RAL EI(T, — T 
AL | M ene: al ( : 1) 





(1) 
Solving simultaneously Eqs. (g) and (1), we find 


R, = 0 M, = aEI(T, — Ti) 
h 

From the equilibrium of the beam, we obtain Rg = 0 and Mg = M4. 

Thus, these results agree with those found by the method of superposition 

(see Eqs. 10-38a and b). 

Note that we carried out the preceding solution without taking 
advantage of symmetry because we wished to illustrate the general 
approach of the integration method. 

Knowing the reactions of the beam, we can now find the shear 
forces, bending moments, slopes, and deflections. The simplicity of the 
results may surprise you. 
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*10.6 LONGITUDINAL DISPLACEMENTS AT THE ENDS OF A BEAM 


When a beam is bent by lateral loads, the ends of the beam move closer 
together. It is common practice to disregard these longitudinal displace- 
ments because usually they have no noticeable effect on the behavior of 
the beam. In this section, we will show how to evaluate these displace- 
ments and determine whether or not they are important. 

Consider a simple beam AB that is pin-supported at one end and 
free to displace longitudinally at the other (Fig. 10-22a). When this 
beam is bent by lateral loads, the deflection curve has the shape shown 
in part (b) of the figure. In addition to the lateral deflections, there is a 
longitudinal displacement at end B of the beam. End B moves horizon- 
tally from point B to point B' through a small distance A, called the 
curvature shortening of the beam. 

As the name implies, curvature shortening is due to bending of the 
axis of the beam and is not due to axial strains produced by tensile or 
compressive forces. As we see from Fig. 10-22b, the curvature shortening 
is equal to the difference between the initial length L of the straight beam 
and the length of the chord AB' of the bent beam. Of course, both the lat- 
eral deflections and the curvature shortening are highly exaggerated in the 
figure. 


Curvature Shortening 


To determine the curvature shortening, we begin by considering an 
element of length ds measured along the curved axis of the beam 
(Fig. 10-22b). The projection of this element on the horizontal axis has 
length dx. The relationship between the length of the element and the 
length of its horizontal projection is obtained from the Pythagorean 
theorem: 


(ds)? = (dx)* + (dv)* 


(a) (b) 


FIG. 10-22 (a) Simple beam with lateral j 


loads, (b) horizontal displacement A B 

A at the end of the beam, and aoe | pee md 
(c) horizontal reactions H for a beam 

with immovable supports (c) 
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where dv 1s the increment in the deflection v of the beam as we move 
through the distance dx. Thus, 


ds = (dx)? + (dv? = dx, |l (a (a) 


The difference between the length of the element and the length of its 
horizontal projection is 


ds de ae + (EF ae = a 1+ (2) -1 (b) 
dx dx 


Now let us introduce the following binomial series (see Appendix C): 


a 
eS irs (10-40) 
8 16 
which converges when f is numerically less than 1. If ? is very small 
compared to 1, we can disregard the terms involving t^, t^, and so on, in 


comparison with the first two terms. Then we obtain 
Vitrelt- (10-41) 


The term (dv/dx) in Eq. (b) is ordinarily very small compared to 1. 
Therefore, we can use Eq. (10-41) with t = (dv/dx)* and rewrite Eq. (b) as 


lido lí(dv r 
ds — dx = dx 1 + —|—| —-1|=—|— ld 
° t 1 a) | H2) i tc) 


If the left- and right-hand sides of this expression are integrated over 
the length of the beam, we obtain an expression for the difference 
between the length of the beam and the length of the chord AB’ 
(Fig. 10-22b): 


V (adv 
e | e 7h (10-42) 
Ji dn bt 


This equation is valid provided the deflections and slopes are small. 
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Note that when the equation of the deflection curve is known, we 
can substitute into Eq. (10-42) and determine the shortening A. 


Horizontal Reactions 


Now suppose that the ends of the beam are prevented from translating 
longitudinally by immovable supports (Fig. 10-22c). Because the ends 
cannot move toward each other, a horizontal reaction H will develop at 
each end. This force will cause the axis of the beam to elongate as 
bending occurs. 

In addition, the force H itself will have an effect upon the bending 
moments in the beam, because an additional bending moment (equal to H 
times the deflection) will exist at every cross section. Thus, the deflec- 
tion curve of the beam depends not only upon the lateral loads but also 
upon the reaction H, which in turn depends upon the shape of the deflec- 
tion curve, as shown by Eq. (10-42). 

Rather than attempt an exact analysis of this complicated problem, 
let us obtain an approximate expression for the force H in order to 
ascertain its importance. For that purpose, we can use any reasonable 
approximation to the deflection curve. In the case of a pin-ended beam 
with downward loads (Fig. 10-22c), a good approximation is a parabola 
having the equation 


4ox(L — x) 

Wesce AE (10-43) 
where ó is the downward deflection at the midpoint of the beam. The cur- 
vature shortening A corresponding to this assumed deflected shape can be 
found by substituting the expression for the deflection v into Eq. (10-42) 
and integrating; the result is 





_ 88° 
3L 


À (10-44) 


The horizontal force H required to elongate the beam by this amount is 


_ EAA _ 8EAS* 


H — 
L 3L? 





(10-45) 


in which EA is the axial rigidity of the beam. The corresponding axial 
tensile stress in the beam is 


H 8E& 
A 3L 





(10-46) 


This equation gives a close estimate of the tensile stress produced by the 
immovable supports of a simple beam. 
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General Comments 


Now let us substitute some numerical values so that we can assess the 
significance of the curvature shortening. The deflection 6 at the 
midpoint of the beam is usually very small compared to the length; 
for example, the ratio 6/L might be 1/500 or smaller. Using this 
value, and also assuming that the material is steel with E — 30 x 10? 
psi, we find from Eq. (10-46) that the tensile stress is only 320 psi. 
Since the allowable tensile stress in the steel is typically 15,000 psi 
or larger, it becomes clear that the axial stress due to the horizontal 
force H may be disregarded when compared to the ordinary working 
stresses in the beam. 

Furthermore, in the derivation of Eq. (10-46) we assumed that the 
ends of the beam were held rigidly against horizontal displacements, 
which is not physically possible. In reality, small longitudinal displace- 
ments always occur, thereby reducing the axial stress calculated from 
Eq. (10-46).* 

From the preceding discussions, we conclude that the customary 
practice of disregarding the effects of any longitudinal restraints and 
assuming that one end of the beam is on a roller support (regardless 
of the actual construction) is justified. The stiffening effect of longitudi- 
nal restraints is significant only when the beam is very long and slender 
and supports large loads. This behavior is sometimes referred to as 
"string action," because it is analogous to the action of a cable, or string, 
supporting a load. 


*For a more complete analysis of beams with immovable supports, see Ref. 10-1. 





In Chapter 10, we investigated the behavior of statically indeterminate beams acted 
on by concentrated and also distributed loads, such as self weight; thermal effects 
and longitudinal displacement due to curvature shortening also were considered as 
specialized topics at the end of the chapter. We developed two analysis approaches: 
(1) integration of the equation of the elastic curve using available boundary condi- 
tions to solve for unknown constants of integration and redundant reactions and (2) 
the more general approach (used earlier in Chapters 2 and 3 for axial and torsional 
structures, respectively) based on superposition. In the superposition procedure, we 
augmented the equilibrium equations from statics with compatibility equations to 
generate a sufficient number of equations to solve for all unknown forces. The 
force-displacement relations were used with the compatibility equations to gener- 
ate the additional equations needed to solve the problem. The number of additional 
equations required was seen to be dependent on the degree of statical indetermi- 
nacy of the beam structure. The superposition approach is limited to beam 
structures made of linearly elastic materials. The major concepts presented in this 
chapter are as follows: 


1. Several types of statically indeterminate beam structures, such as propped can- 
tilever, fixed-end, and continuous beams were discussed. The degree of statical 
indeterminacy was determined for each beam type, and a released structure 
was defined for each case by removing different redundant reaction forces. 


2. [he released structure must be statically determinate and stable under the 
action of the applied loadings. Note that is is also possible to insert internal 
releases on axial force, shear, and moment (see discussion in Chapter 4) to 
produce the released structure, as will be discussed in later courses on 
structural analysis. 


3. For simple statically indeterminate beam structures, the differential equation of 
the elastic curve can be written as a second-, third-, or fourth-order equation in 
terms of moment, shear force, and distributed load, respectively. By applying 
boundary and other conditions, one can solve for the constants of integration and 
the redundant reactions. 


4. A more general solution approach for more complex beam and other types of 
structures is the method of superposition (also known as the force or flexibility 
method). Here, additional equations which describe the compatibility of dis- 
placements and incorporate the appropriate force-displacement relations for 
beams are used to supplement the equilibrium equations. The number of com- 
patibility equations required for solution is equal to the degree of statical 
indeterminacy of the beam structure. 


5. |n most cases, there are multiple paths to the same solution depending upon the 
choice of the redundant reaction. 


6. Differential temperature changes and longitudinal displacements induce 
reaction forces only in statically indeterminate beams; if the beam is statically 
determinate, joint displacements will occur, but no internal forces will result from 
these effects. 
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PROBLEMS CHAPTER 10 


Differential Equations of the Deflection Curve 


The problems for Section 10.3 are to be solved by inte- 
grating the differential equations of the deflection curve. 
All beams have constant flexural rigidity EI. When drawing 
shear-force and bending-moment diagrams, be sure to 
label all critical ordinates, including maximum and min- 
imum values. 


10.3-1 A propped cantilever beam AB of length L is loaded 
by a counterclockwise moment Mp acting at support B (see 
figure). 

Beginning with the second-order differential equation 
of the deflection curve (the bending-moment equation), 
obtain the reactions, shear forces, bending moments, 
slopes, and deflections of the beam. Construct the shear- 
force and bending-moment diagrams, labeling all critical 
ordinates. 


r 





L -— Js 
PROB. 10.3-1 


10.3-2 A fixed-end beam AB of length L supports a uniform 
load of intensity q (see figure). 

Beginning with the second-order differential equation 
of the deflection curve (the bending-moment equation), 
obtain the reactions, shear forces, bending moments, slopes, 
and deflections of the beam. Construct the shear-force and 
bending-moment diagrams, labeling all critical ordinates. 


TUM 


PROB. 10.3-2 


10.3-3 A cantilever beam AB of length L has a fixed support 
at A and a roller support at B (see figure). The support at B 
is moved downward through a distance 6p. 


Using the fourth-order differential equation of the 
deflection curve (the load equation), determine the reactions 
of the beam and the equation of the deflection curve. (AV 
Express all results in terms of the imposed displacement Óg.) 





PROB. 10.3-3 


10.3-4 A cantilever beam of length L and loaded by uniform 
load of intensity q has a fixed support at A and spring sup- 
port at B with rotational stiffness kg. A rotation at B, 05, 
results in a reaction moment Mg = kg X Op. 

Find rotation 05 and displacement ôg at end B. Use the 
second-order differential equation of the deflection curve to 
solve for displacements at end B. 





PROB. 10.3-4 


10.3-5 A cantilever beam of length L and loaded by a trian- 
gularly distributed load of maximum intensity qo at B. 

Use the fourth-order differential equation of the 
deflection curve to solve for reactions at A and B and also 
the equation of the deflection curve. 





PROB. 10.3-5 


10.3-6 A propped cantilever beam of length L is loaded by a 
parabolically distributed load with maximum intensity go at B. 
(a) Use the fourth-order differential equation of the 
deflection curve to solve for reactions at A and B and also 
the equation of the deflection curve. 
(b) Repeat (a) if the parabolic load is replaced by 
qo sin(7rx/AL). 





PROB. 10.3-6 


10.3-7 A fixed-end beam of length L is loaded by a distrib- 
uted load in the form of a cosine curve with maximum 
intensity qo at A. 

(a) Use the fourth-order differential equation of the 
deflection curve to solve for reactions at A and B and also 
the equation of the deflection curve. 

(b) Repeat (a) using the distributed load go sin(7x/L). 





PROB. 10.3-7 


10.3-8 A fixed-end beam of length L is loaded by a distrib- 
uted load in the form of a cosine curve with maximum 
intensity qo at A. 

(a) Use the fourth-order differential equation of the 
deflection curve to solve for reactions at A and B and also 
the equation of the deflection curve. 

(b) Repeat (a) if the distributed load is now qo 
(1 — x°/L’). 
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PROB. 10.3-8 


10.3-9 A fixed-end beam of length L is loaded by triangu- 
larly distributed load of maximum intensity qo at B. 

Use the fourth-order differential equation of the deflec- 
tion curve to solve for reactions at A and B and also the 
equation of the deflection curve. 





PROB. 10.3-9 


10.3-10 A counterclockwise moment Mp acts at the mid- 
point of a fixed-end beam ACB of length L (see figure). 

Beginning with the second-order differential equation 
of the deflection curve (the bending-moment equation), 
determine all reactions of the beam and obtain the equa- 
tion of the deflection curve for the left-hand half of the 
beam. 

Then construct the shear-force and bending-moment 
diagrams for the entire beam, labeling all critical ordi- 
nates. Also, draw the deflection curve for the entire 
beam. 





PROB. 10.3-10 
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**10.3-11 A propped cantilever beam of length L is 
loaded by a concentrated moment M, at midpoint C. Use 
the second-order differential equation of the deflection 
curve to solve for reactions at A and 5. Draw shear-force 
and bending-moment diagrams for the entire beam. Also 
find the equations of the deflection curves for both halves 
of the beam, and draw the deflection curve for the entire 
beam. 





PROB. 10.3-11 


Method of Superposition 


The problems for Section 10.4 are to be solved by the 
method of superposition. All beams have constant flexural 
rigidity EI unless otherwise stated. When drawing shear- 
force and bending-moment diagrams, be sure to label all 
critical ordinates, including maximum and minimum values. 


10.4-1 A propped cantilever beam AB of length L carries a 
concentrated load P acting at the position shown in the figure. 

Determine the reactions R4, Rg, and M; for this beam. 
Also, draw the shear-force and bending-moment diagrams, 
labeling all critical ordinates. 





PROB. 10.4-1 


10.4-2 A beam with a guided support at B is loaded by a 
uniformly distributed load with intensity g. Use the method 
of superposition to solve for all reactions. Also draw shear- 
force and bending-moment diagrams, labeling all critical 
ordinates. 





PROB. 10.4-2 


10.4-3 A propped cantilever beam of length 2L with support 
at B is loaded by a uniformly distributed load with intensity q. 
Use the method of superposition to solve for all reactions. 
Also draw shear-force and bending-moment diagrams, 
labeling all critical ordinates. 





PROB. 10.4-3 


10.4-4 Two flat beams AB and CD, lying in horizontal 
planes, cross at right angles and jointly support a vertical 
load P at their midpoints (see figure). Before the load P is 
applied, the beams just touch each other. Both beams are 
made of the same material and have the same widths. Also, 
the ends of both beams are simply supported. The lengths 
of beams AB and CD are L4g and Lcp, respectively. 

What should be the ratio t4p/tcp of the thicknesses of 
the beams if all four reactions are to be the same? 





PROB. 10.4-4 


10.4-5 A propped cantilever beam of length 2L is loaded by 
a uniformly distributed load with intensity q. The beam is 
supported at B by a linearly elastic spring with stiffness k. 
Use the method of superposition to solve for all reactions. 
Also draw shear-force and bending-moment diagrams, 
labeling all critical ordinates. Let k = 6EI/L? . 





Prr- kop 


10.4-6 A propped cantilever beam of length 2L is loaded 
by a uniformly distributed load with intensity g. The beam 
is supported at B by a linearly elastic rotational spring with 
stiffness kp, which provides a resisting moment Mg due to 
rotation 0g. Use the method of superposition to solve for 
all reactions. Also draw shear-force and bending-moment 
diagrams, labeling all critical ordinates. Let kę = ET/L . 


PROB. 10.4-5 





PROB. 10.4-6 


10.4-7 Determine the fixed-end moments (M4 and Mp) and 
fixed-end forces (R4 and Rp) for a beam of length L sup- 
porting a triangular load of maximum intensity qo (see 
figure). Then draw the shear-force and bending-moment 
diagrams, labeling all critical ordinates. 


L L 
[e— 5 — 9$— 5 —« 





PROB. 10.4-7 


10.4-8 A continuous beam ABC with two unequal spans, 
one of length L and one of length 2L, supports a uniform 
load of intensity q (see figure). 

Determine the reactions R4, Rg, and Rc for this beam. 
Also, draw the shear-force and bending-moment diagrams, 
labeling all critical ordinates. Let k = 4 EML’. 
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PROB. 10.4-8 


10.4-9 Beam ABC is fixed at support A and rests (at 
point 5) upon the midpoint of beam DE (see the first part of 
the figure). Thus, beam ABC may be represented as a 
propped cantilever beam with an overhang BC and a lin- 
early elastic support of stiffness k at point B (see the second 
part of the figure). 

The distance from A to B is L = 10 ft, the distance 
from B to C is L/2 = 5 ft, and the length of beam DE is 
L = 10 ft. Both beams have the same flexural rigidity ET. 
A concentrated load P = 1700 Ib acts at the free end of 
beam ABC. 

Determine the reactions R4, Rg, and M4 for beam 
ABC. Also, draw the shear-force and bending-moment 
diagrams for beam ABC, labeling all critical ordinates. 





P = 1700 Ib 





PROB. 10.4-9 
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10.4-10 A propped cantilever beam has flexural rigidity 
EI = 4.5 MN:m*. When the loads shown are applied to the 
beam, it settles at joint B by 5 mm. Find the reaction at 
joint B. 


5 kN/m 












X 

A 
MA 
5mm 
settlement 
RA 1 m 
Rp 

PROB. 10.4-10 


10.4-11 A cantilever beam is supported by a tie rod at B as 
shown. Both the tie rod and the beam are steel with E = 
30 X 10° psi. The tie rod is just taut before the distributed 
load g = 200 Ib/ft is applied. 

(a) Find the tension force in the tie rod. 

(b) Draw shear-force and bending-moment diagrams 
for the beam, labeling all critical ordinates. 







1 
4n. tie rod 


C A S6 X 12.5 B C 
MA 
I—— ^ L,-2ft 


RA 


—X 





PROB. 10.4-11 


10.4-12 The figure shows a nonprismatic, propped 
cantilever beam AB with flexural rigidity 2E7 from A to C 
and EJ from C to B. 

Determine all reactions of the beam due to the uniform 
load of intensity q. (Hint: Use the results of Problems 9.7-1 
and 9.7-2.) 





PROB. 10.4-12 


10.4-13 A beam ABC is fixed at end A and supported by 
beam DE at point B (see figure). Both beams have the same 
cross section and are made of the same material. 

(a) Determine all reactions due to the load P. 

(b) What is the numerically largest bending moment in 
either beam? 








PROB. 10.4-13 


10.4-14 A three-span continuous beam ABCD with three 
equal spans supports a uniform load of intensity q (see figure). 

Determine all reactions of this beam and draw the 
shear-force and bending-moment diagrams, labeling all 
critical ordinates. 





RAK— l.l. | d. 


PROB. 10.4-14 


*10.4-15 A beam rests on supports at A and B and is 
loaded by a distributed load with intensity q as shown. 
A small gap A exists between the unloaded beam and the 
support at C. Assume that span length L — 40 in. and 


flexural rigidity of the beam EI — 0.4 X 10? Ib-in*. Plot a 
graph of the bending moment at B as a function of the load 
intensity q. 

(Hint: See Example 9-9 for guidance on computing the 
deflection at C.) 





PROB. 10.4-15 


*10.4-16 A fixed-end beam AB of length L is subjected to a 
moment Mo acting at the position shown in the figure. 
(a) Determine all reactions for this beam. 


(b) Draw shear-force and bending-moment diagrams 
for the special case in which a = b = L/2. 


Mo 


pa X 


A 
M, LL 
d a b d Rp 
MEUM 
PROB. 10.4-16 


*10.4-17 A temporary wood flume serving as a channel for 
irrigation water is shown in the figure. The vertical boards 
forming the sides of the flume are sunk in the ground, which 
provides a fixed support. The top of the flume is held by tie rods 
that are tightened so that there is no deflection of the boards at 
that point. Thus, the vertical boards may be modeled as a beam 
AB, supported and loaded as shown in the last part of the figure. 

Assuming that the thickness t of the boards is 1.5 in., 
the depth d of the water is 40 in., and the height A to the tie 
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rods is 50 in., what is the maximum bending stress ø in the 
boards?( Hint: The numerically largest bending moment 
occurs at the fixed support.) 























PROB. 10.4-17 


*10.4-18 Two identical, simply supported beams AB 
and CD are placed so that they cross each other at their 
midpoints (see figure). Before the uniform load is 
applied, the beams just touch each other at the crossing 
point. 

Determine the maximum bending moments (M4 p)max 
and (Mcp)max in beams AB and CD, respectively, due to the 
uniform load if the intensity of the load is g = 6.4 kN/m 
and the length of each beam is L — 4 m. 





PROB. 10.4-18 
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*10.4-19 The cantilever beam AB shown in the figure is an 
S 6 X 12.5 steel I-beam with E = 30 x 10° psi. The simple 
beam DE is a wood beam 4 in. X 12 in. (nominal dimensions) 
in cross section with E — 1.5 X 10 psi. A steel rod AC of 
diameter 0.25 in., length 10 ft, and E = 30 X 10° psi serves as 
a hanger joining the two beams. The hanger fits snugly 
between the beams before the uniform load is applied to 
beam DE. 

Determine the tensile force F in the hanger and the 
maximum bending moments M4g and Mpg in the two 
beams due to the uniform load, which has intensity g = 
400 Ib/ft. (Hint: To aid in obtaining the maximum bending 
moment in beam DE, draw the shear-force and bending- 
moment diagrams.) 


56X 12.5 






Steel rod 





Wood beam 


Lu L— 108——. 


PROB. 10.4-19 


*10.4-20 The beam AB shown in the figure is simply 
supported at A and B and supported on a spring of stiffness k 
at its midpoint C. The beam has flexural rigidity ÆI and 
length 2L. 

What should be the stiffness k of the spring in order 
that the maximum bending moment in the beam (due to the 
uniform load) will have the smallest possible value? 








C 
k 


or 
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Ship container handling cranes made up of two plane frames 


*10.4-21 The continuous frame ABC has a fixed support 
at A, aroller support at C, and a rigid corner connection at B 
(see figure). Members AB and BC each have length L and 
flexural rigidity ET. A horizontal force P acts at midheight of 
member AB. 

(a) Find all reactions of the frame. 

(b) What is the largest bending moment M,,,, in the 
frameX Note: Disregard axial deformations in member AB 
and consider only the effects of bending.) 





B C 
L 
2 
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*10.4-22 The continuous frame ABC has a pinned support 
at A, a guided support at C, and a rigid corner connection 
at B (see figure). Members AB and BC each have length L 
and flexural rigidity EJ. A horizontal force P acts at mid- 
height of member AB. 

(a) Find all reactions of the frame. 

(b) What is the largest bending moment M,,,, in the 
frameX Note: Disregard axial deformations in members AB 
and BC and consider only the effects of bending.) 


2 -= =p 
B C Hc 
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PROB. 10.4-22 


*10.4-23 A wide-flange beam ABC rests on three identical 
spring supports at points A, B, and C (see figure). The 
flexural rigidity of the beam is EJ = 6912 x 10° Ib-in.?, and 
each spring has stiffness k = 62,500 Ib/in. The length of the 
beam is L = 16 ft. 

If the load P is 6000 Ib, what are the reactions R4, Rp, 
and R-?Also, draw the shear-force and bending-moment 
diagrams for the beam, labeling all critical ordinates. 








PROB. 10.4-23 


**10.4-24 A fixed-end beam AB of length L is subjected to 
a uniform load of intensity q acting over the middle region 
of the beam (see figure). 

(a) Obtain a formula for the fixed-end moments M, and 
Mg in terms of the load q, the length L, and the length b of 
the loaded part of the beam. 
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(b) Plot a graph of the fixed-end moment M, versus the 
length b of the loaded part of the beam. For convenience, 
plot the graph in the following nondimensional form: 


Ma b 
— ann versus — 
qL'[12 L 


with the ratio b/L varying between its extreme values of 0 
and 1. 

(c) For the special case in which a — b — L/3, draw 
the shear-force and bending-moment diagrams for the 
beam, labeling all critical ordinates. 


PROB. 10.4-24 


**10.4-25 A beam supporting a uniform load of intensity q 
throughout its length rests on pistons at points A, C, and B 
(see figure). The cylinders are filled with oil and are con- 
nected by a tube so that the oil pressure on each piston is 
the same. The pistons at A and B have diameter d4, and the 
piston at C has diameter d». 

(a) Determine the ratio of də to d; so that the largest 
bending moment in the beam is as small as possible. 

(b) Under these optimum conditions, what is the largest 
bending moment M,,,,, in the beam? 

(c) What 1s the difference in elevation between point C 
and the end supports? 





PROB. 10.4-25 
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***10.4-26 A thin steel beam AB used in conjunction with 
an electromagnet in a high-energy physics experiment is 
securely bolted to rigid supports (see figure). A magnetic 
field produced by coils C results in a force acting on the 
beam. The force is trapezoidally distributed with maximum 
intensity gy = 18 kN/m. The length of the beam between 
supports is L — 200 mm and the dimension c of the trape- 
zoidal load is 50 mm. The beam has a rectangular cross 
section with width b = 60 mm and height h = 20 mm. 

Determine the maximum bending stress Cmax and the 
maximum deflection ômax for the beam. (Disregard any 
effects of axial deformations and consider only the effects 
of bending. Use E — 200 GPa.) 


a 
3 f 


PROB. 10.4-26 





Temperature Effects 


The beams described in the problems for Section 10.5 have 
constant flexural rigidity El. 


10.5-1 A cable CD of length H is attached to the third point 
of a simple beam AB of length L (see figure). The moment 
of inertia of the beam is Z, and the effective cross-sectional 
area of the cable is A. The cable is initially taut but without 
any initial tension. 

(a) Obtain a formula for the tensile force S in the cable 
when the temperature drops uniformly by AT degrees, assum- 
ing that the beam and cable are made of the same material 
(modulus of elasticity E and coefficient of thermal expan- 
sion o). Use the method of superposition in the solution. 

(b) Repeat part (a) assuming a wood beam and steel cable. 





PROB. 10.5-1 


10.5-2 A propped cantilever beam, fixed at the left-hand 
end A and simply supported at the right-hand end B, is 
subjected to a temperature differential with temperature 
T, on its upper surface and T, on its lower surface 
(see figure). 

(a) Find all reactions for this beam. Use the method 
of superposition in the solution. Assume the spring support 
is unaffected by temperature. 

(b) What are the reactions when k — œ? 





an 


10.5-3 Solve the preceding problem by integrating the dif- 
ferential equation of the deflection curve. 


PROBS. 10.5-2 and 10.5-3 


10.5-4 A two-span beam with spans of lengths L and L/3 
is subjected to a temperature differential with tempera- 
ture Tı on its upper surface and T» on its lower surface 
(see figure). 

(a) Determine all reactions for this beam. Use the 
method of superposition in the solution. Assume the spring 
support is unaffected by temperature. 

(b) What are the reactions when k — œ? 









act 


PROBS. 10.5-4 and 10.5-5 


Ll. 
Lock 


*10.5-5 Solve the preceding problem by integrating the 
differential equation of the deflection curve 
Longitudinal Displacements at the Ends of Beams 


10.6-1 Assume that the deflected shape of a beam AB with 
immovable pinned supports (see figure) is given by the 


equation v = —ó sin 7zx/L, where ô is the deflection at the 
midpoint of the beam and L is the length. Also, assume that 
the beam has constant axial rigidity EA. 

(a) Obtain formulas for the longitudinal force H at 
the ends of the beam and the corresponding axial tensile 
stress g;. 

(b) For an aluminum-alloy beam with E = 10 X 10° 
psi, calculate the tensile stress o, when the ratio of the 
deflection 6 to the length L equals 1/200, 1/400, and 1/600. 





PROB. 10.6-1 


10.6-2 (a) A simple beam AB with length L and height h 
supports a uniform load of intensity g (see the first part of 
the figure). Obtain a formula for the curvature shortening A 
of this beam. Also, obtain a formula for the maximum 
bending stress o; in the beam due to the load q. 

(b) Now assume that the ends of the beam are pinned 
so that curvature shortening is prevented and a horizontal 
force H develops at the supports (see the second part of the 
figure). Obtain a formula for the corresponding axial tensile 
stress Oj. 

(c) Using the formulas obtained in parts (a) and (b), 
calculate the curvature shortening A, the maximum bending 
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stress o», and the tensile stress o; for the following steel 
beam: length L = 3 m, height h = 300 mm, modulus of 
elasticity Æ = 200 GPa, and moment of inertia J = 
36 x 10° mm^. Also, the load on the beam has intensity 
q = 25 kN/m. 

Compare the tensile stress o; produced by the axial 
forces with the maximum bending stress o; produced by 
the uniform load. 








PROB. 10.6-2 





Critical load carrying elements in structures such as columns and other slender compression members are 
susceptible to buckling failure. 
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Columns 


CHAPTER OVERVIEW 


Chapter 11 is primarily concerned with the buckling of slender columns 
which support compressive loads in structures. First, the critical axial 
load which indicates the onset of buckling is defined and computed for a 
number of simple models composed of rigid bars and elastic springs 
(Section 11.2). Stable, neutral, and unstable equilibrium conditions are 
described for these idealized rigid structures. Then, linear elastic buck- 
ling of slender columns with pinned-end conditions is considered 
(Section 11.3). The differential equation of the deflection curve is 
derived and solved to obtain expressions for the Euler buckling load 
(P4) and associated buckled shape for the fundamental mode. Critical 
stress (Ox) and slenderness ratio (L/r) are defined, and the effects of 
large deflections, column imperfections, inelastic behavior, and optimum 
shapes of columns are explained. Critical loads and buckled mode 
shapes are then computed for three additional column support cases 
(fixed-free, fixed-fixed, and fixed-pinned) (Section 11.4), and the con- 
cept of effective length (L,) is introduced. If the axial compressive 
load is not applied at the centroid of the cross section of the column, the 
eccentricity of the load must be considered in the differential equation 
of the deflection curve (Section 11.5), and the behavior of the column 
is changed as shown in the load-deflection diagram. Maximum stresses 
in columns with eccentric loads may be computed using the secant 
formula (Section 11.6). If the material is stressed beyond the propor- 
tional limit, inelastic buckling must be considered (Sections 11.7 and 
11.8) using one of three available theories. Finally, formulas for design 
of columns of various materials are explained (Section 11.9) and illus- 
trated by examples. 


Chapter 11 is organized as follows: 
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11.1 INTRODUCTION 


(a) (b) 


FIG. 11-1 Buckling of a slender column 
due to an axial compressive load P 


11.2 BUCKLING AND STABILITY 
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Load-carrying structures may fail in a variety of ways, depending upon 
the type of structure, the conditions of support, the kinds of loads, and 
the materials used. For instance, an axle in a vehicle may fracture 
suddenly from repeated cycles of loading, or a beam may deflect exces- 
sively, so that the structure is unable to perform its intended functions. 
These kinds of failures are prevented by designing structures so that the 
maximum stresses and maximum displacements remain within tolerable 
limits. Thus, strength and stiffness are important factors in design, as 
discussed throughout the preceding chapters. 

Another type of failure is buckling, which is the subject matter of 
this chapter. We will consider specifically the buckling of columns, 
which are long, slender structural members loaded axially in compression 
(Fig. 11-1a). If a compression member is relatively slender, it may deflect 
laterally and fail by bending (Fig. 11-1b) rather than failing by direct 
compression of the material. ki can demonstrate this behavior by com- 
pressing a plastic ruler or other slender object. When lateral bending 
occurs, we say that the column has buckled. Under an increasing axial 
load, the lateral deflections will increase too, and eventually the column 
will collapse completely. 

The phenomenon of buckling is not limited to columns. Buckling can 
occur in many kinds of structures and can take many forms. When you 
step on the top of an empty aluminum can, the thin cylindrical walls 
buckle under your weight and the can collapses. When a large bridge col- 
lapsed a few years ago, investigators found that failure was caused by the 
buckling of a thin steel plate that wrinkled under compressive stresses. 
Buckling is one of the major causes of failures in structures, and therefore 
the possibility of buckling should always be considered in design. 


To illustrate the fundamental concepts of buckling and stability, we will 
analyze the idealized structure, or buckling model, shown in Fig. 11-2a. 
This hypothetical structure consists of two rigid bars AB and BC, each 
of length L/2. They are joined at B by a pin connection and held in a 
vertical position by a rotational spring having stiffness Bp. 

This idealized structure is analogous to the column of Fig. 11-1a, 
because both structures have simple supports at the ends and are 
compressed by an axial load P. However, the elasticity of the idealized 


"The general relationship for a rotational spring is M = BrO, where M is the moment 
acting on the spring, Bp is the rotational stiffness of the spring, and 0 is the angle through 
which the spring rotates. Thus, rotational stiffness has units of moment divided by angle, 
such as Ib-in./rad or N-m/rad. The analogous relationship for a translational spring is 
F = Bo, where F is the force acting on the spring, $ is the translational stiffness of the 
spring (or spring constant), and 6 is the change in length of the spring. Thus, translational 
stiffness has units of force divided by length, such as Ib/in. or N/m. 
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FIG. 11-2 Buckling of an idealized 
structure consisting of two rigid bars 
and a rotational spring 
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structure is "concentrated" in the rotational spring, whereas a real column 
can bend throughout its length (Fig. 11-1b). 

In the idealized structure, the two bars are perfectly aligned and 
the axial load P has its line of action along the longitudinal axis 
(Fig. 11-2a). Consequently, the spring is initially unstressed and the bars 
are in direct compression. 

Now suppose that the structure is disturbed by some external force that 
causes point B to move a small distance laterally (Fig. 11-2b). The rigid 
bars rotate through small angles 0 and a moment develops in the spring. 
The direction of this moment is such that it tends to return the structure to 
its original straight position, and therefore it is called a restoring moment. 
At the same time, however, the tendency of the axial compressive force is 
to increase the lateral displacement. Thus, these two actions have opposite 
effects—the restoring moment tends to decrease the displacement and the 
axial force tends to increase it. 

Now consider what happens when the disturbing force is removed. 
If the axial force P is relatively small, the action of the restoring moment 
will predominate over the action of the axial force and the structure will 
return to its initial straight position. Under these conditions, the structure 
is said to be stable. However, if the axial force P is large, the lateral dis- 
placement of point B will increase and the bars will rotate through larger 
and larger angles until the structure collapses. Under these conditions, the 
structure is unstable and fails by lateral buckling. 


Critical Load 


The transition between the stable and unstable conditions occurs at 
a special value of the axial force known as the critical load (denoted by 
the symbol Por). We can determine the critical load of our buckling 
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model by considering the structure in the disturbed position (Fig. 11-2b) 
and investigating its equilibrium. 

First, we consider the entire structure as a free body and sum 
moments about support A. This step leads to the conclusion that there is 
no horizontal reaction at support C. Second, we consider bar BC as a free 
body (Fig. 11-2c) and note that it is subjected to the action of the axial 
forces P and the moment Mg in the spring. The moment Mz is equal to the 
rotational stiffness Bp times the angle of rotation 20 of the spring; thus, 


Mpg = 2pg0 (a) 


Since the angle 0 is a small quantity, the lateral displacement of point B 
is 0L/2. Therefore, we obtain the following equation of equilibrium by 
summing moments about point B for bar BC (Fig. 11-2c): 


Mg — P (=) =0 (b) 
2 
or, upon substituting from Eq. (a), 
(28, = rL) = 0 (11-1) 


One solution of this equation is 0 = O, which is a trivial solution and 
merely means that the structure is in equilibrium when it is perfectly 
straight, regardless of the magnitude of the force P. 

A second solution is obtained by setting the term in parentheses 
equal to zero and solving for the load P, which is the critical load: 

Poa = ae (11-2) 
L 
At the critical value of the load the structure is in equilibrium regardless 
of the magnitude of the angle 0 (provided the angle remains small, 
because we made that assumption when deriving Eq. b). 

From the preceding analysis we see that the critical load is the 
only load for which the structure will be in equilibrium in the dis- 
turbed position. At this value of the load, the restoring effect of the 
moment in the spring just matches the buckling effect of the axial 
load. Therefore, the critical load represents the boundary between the 
stable and unstable conditions. 

If the axial load is less than Por, the effect of the moment in the 
spring predominates and the structure returns to the vertical position 
after a slight disturbance; if the axial load is larger than P,,, the effect of 
the axial force predominates and the structure buckles: 


If P < Por, the structure is stable 
If P > Por the structure is unstable 


From Eq. (11-2) we see that the stability of the structure is increased 
either by increasing its stiffness or by decreasing its length. Later in this 
chapter, when we determine critical loads for various types of columns, 
we will see that these same observations apply. 
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FIG. 11-3 Equilibrium diagram for 
buckling of an idealized structure 


FIG. 11-4 Ball in stable, unstable, and 
neutral equilibrium 


Summary 


Let us now summarize the behavior of the idealized structure (Fig. 11-2a) 
as the axial load P increases from zero to a large value. 

When the axial load is less than the critical load (0 < P < Por), 
the structure is in equilibrium when it is perfectly straight. Because 
the equilibrium is stable, the structure returns to its initial position 
after being disturbed. Thus, the structure is in equilibrium only when 
it is perfectly straight (0 = 0). 

When the axial load is greater than the critical load (P > Par), the 
structure is still in equilibrium when 0 = 0 (because it is in direct com- 
pression and there is no moment in the spring), but the equilibrium is 
unstable and cannot be maintained. The slightest disturbance will cause 
the structure to buckle. 

At the critical load (P = P,,), the structure is in equilibrium even 
when point B is displaced laterally by a small amount. In other words, 
the structure is in equilibrium for any small angle 0, including 0 = 0. 
However, the structure is neither stable nor unstable—it is at the 
boundary between stability and instability. This condition is referred to 
as neutral equilibrium. 

The three equilibrium conditions for the idealized structure are 
shown in the graph of axial load P versus angle of rotation 0 (Fig. 11-3). 
The two heavy lines, one vertical and one horizontal, represent the 
equilibrium conditions. Point B, where the equilibrium diagram 
branches, is called a bifurcation point. 

The horizontal line for neutral equilibrium extends to the left and 
right of the vertical axis because the angle 0 may be clockwise or 
counterclockwise. The line extends only a short distance, however, 
because our analysis is based upon the assumption that 0 is a small angle. 
(This assumption is quite valid, because 0 is indeed small when the 
structure first departs from its vertical position. If buckling continues 
and 0 becomes large, the line labeled “Neutral equilibrium" curves 
upward, as shown later in Fig. 11-11.) 

The three equilibrium conditions represented by the diagram of 
Fig. 11-3 are analogous to those of a ball placed upon a smooth surface 
(Fig. 11-4). If the surface is concave upward, like the inside of a dish, 
the equilibrium is stable and the ball always returns to the low point 
when disturbed. If the surface is convex upward, like a dome, the ball 
can theoretically be in equilibrium on top of the surface, but the equi- 
librium is unstable and in reality the ball rolls away. If the surface is 
perfectly flat, the ball is in neutral equilibrium and remains wherever 
it 1s placed. 
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11.3 COLUMNS WITH PINNED ENDS 


FIG. 11-5 Column with pinned ends: 

(a) ideal column, (b) buckled shape, and 
(c) axial force P and bending moment M 
acting at a cross section 
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As we will see in the next section, the behavior of an ideal elastic 
column is analogous to that of the buckling model shown in Fig. 11-2. 
Furthermore, many other kinds of structural and mechanical systems fit 
this model. 


We begin our investigation of the stability behavior of columns by 
analyzing a slender column with pinned ends (Fig. 11-5a). The column 
is loaded by a vertical force P that is applied through the centroid of 
the end cross section. The column itself is perfectly straight and is 
made of a linearly elastic material that follows Hooke’s law. Since the 
column is assumed to have no imperfections, it is referred to as an 
ideal column. 

For purposes of analysis, we construct a coordinate system with its 
origin at support A and with the x axis along the longitudinal axis of the 
column. The y axis is directed to the left in the figure, and the z axis 
(not shown) comes out of the plane of the figure toward the viewer. We 
assume that the xy plane is a plane of symmetry of the column and that 
any bending takes place in that plane (Fig. 11-5b). The coordinate sys- 
tem is identical to the one used in our previous discussions of beams, as 
can be seen by rotating the column clockwise through an angle of 90°. 

When the axial load P has a small value, the column remains perfectly 
straight and undergoes direct axial compression. The only stresses are the 
uniform compressive stresses obtained from the equation e = P/A. The 
column is in stable equilibrium, which means that it returns to the straight 
position after a disturbance. For instance, if we apply a small lateral load 
and cause the column to bend, the deflection will disappear and the column 
will return to its original position when the lateral load is removed. 
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As the axial load P is gradually increased, we reach a condition of 
neutral equilibrium in which the column may have a bent shape. The 
corresponding value of the load is the critical load Pa. At this load the 
column may undergo small lateral deflections with no change in the axial 
force. For instance, a small lateral load will produce a bent shape that 
does not disappear when the lateral load is removed. Thus, the critical 
load can maintain the column in equilibrium either in the straight posi- 
tion or in a slightly bent position. 

At higher values of the load, the column is unstable and may 
collapse by buckling, that is, by excessive bending. For the ideal case 
that we are discussing, the column will be in equilibrium in the straight 
position even when the axial force P is greater than the critical load. 
However, since the equilibrium is unstable, the smallest imaginable 
disturbance will cause the column to deflect sideways. Once that 
happens, the deflections will immediately increase and the column will 
fail by buckling. The behavior is similar to that described in the 
preceding section for the idealized buckling model (Fig. 11-2). 

The behavior of an ideal column compressed by an axial load P 
(Figs. 11-5a and b) may be summarized as follows: 


If P< Pa, the column is in stable equilibrium in the straight 
position. 

If P = Pa, the column is in neutral equilibrium in either the straight 
or a slightly bent position. 

If P > Pa, the column is in unstable equilibrium in the straight 
position and will buckle under the slightest disturbance. 


Of course, a real column does not behave in this idealized manner 
because imperfections are always present. For instance, the column is 
not perfectly straight, and the load is not exactly at the centroid. Never- 
theless, we begin by studying ideal columns because they provide 
insight into the behavior of real columns. 


Differential Equation for Column Buckling 


To determine the critical loads and corresponding deflected shapes for an 
ideal pin-ended column (Fig. 11-5a), we use one of the differential equa- 
tions of the deflection curve of a beam (see Eqs. 9-12a, b, and c in 
Section 9.2). These equations are applicable to a buckled column because 
the column bends as though it were a beam (Fig. 11-5b). 

Although both the fourth-order differential equation (the load 
equation) and the third-order differential equation (the shear-force 
equation) are suitable for analyzing columns, we will elect to use 
the second-order equation (the bending-moment equation) because its 
general solution is usually the simplest. The bending-moment equa- 
tion (Eq. 9-12a) is 


Eh" = M (11-3) 


FIG. 11-5. (Repeated) 
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FIG. 11-6 Column with pinned ends 
(alternative direction of buckling) 
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in which M is the bending moment at any cross section, v is the lateral 
deflection in the y direction, and ET is the flexural rigidity for bending in 
the xy plane. 

The bending moment M at distance x from end A of the buckled 
column is shown acting in its positive direction in Fig. 11-5c. Note that 
the bending moment sign convention is the same as that used in earlier 
chapters, namely, positive bending moment produces positive curvature 
(see Figs. 9-3 and 9-4). 

The axial force P acting at the cross section is also shown in 
Fig. 11-5c. Since there are no horizontal forces acting at the supports, 
there are no shear forces in the column. Therefore, from equilibrium of 
moments about point A, we obtain 


M+Pv=0 or M= -Pv (11-4) 


where v is the deflection at the cross section. 

This same expression for the bending moment is obtained if we 
assume that the column buckles to the right instead of to the left 
(Fig. 11-6a). When the column deflects to the right, the deflection itself 
is —v but the moment of the axial force about point A also changes 
sign. Thus, the equilibrium equation for moments about point A (see 
Fig. 11-6b) is 


M-P(-v)^0 


which gives the same expression for the bending moment M as before. 
The differential equation of the deflection curve (Eq. 11-3) now 
becomes 


Dy dy ex (11-5) 
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By solving this equation, which is a homogeneous, linear, differential 
equation of second order with constant coefficients, we can determine 
the magnitude of the critical load and the deflected shape of the buckled 
column. 

Note that we are analyzing the buckling of columns by solving the 
same basic differential equation as the one we solved in Chapters 9 
and 10 when finding beam deflections. However, there is a fundamental 
difference in the two types of analysis. In the case of beam deflections, 
the bending moment M appearing in Eq. (11-3) is a function of the loads 
only—it does not depend upon the deflections of the beam. In the case of 
buckling, the bending moment is a function of the deflections themselves 
(Eq. 11-4). 

Thus, we now encounter a new aspect of bending analysis. In our 
previous work, the deflected shape of the structure was not con- 
sidered, and the equations of equilibrium were based upon the 
geometry of the undeformed structure. Now, however, the geometry 
of the deformed structure is taken into account when writing equa- 
tions of equilibrium. 


Solution of the Differential Equation 


For convenience in writing the solution of the differential equation 
(Eq. 11-5), we introduce the notation 


=Z or k= I (11-6a,b) 


in which k is always taken as a positive quantity. Note that k has units of 
the reciprocal of length, and therefore quantities such as kx and KL are 
nondimensional. 

Using this notation, we can rewrite Eq. (11-5) in the form 


y" + k*y=0 (11-7) 
From mathematics we know that the general solution of this equation is 
v = C sin kx + Cs cos kx (11-8) 


in which C, and C, are constants of integration (to be evaluated 
from the boundary conditions, or end conditions, of the column). 
Note that the number of arbitrary constants in the solution (two in this 
case) agrees with the order of the differential equation. Also, note that 
we can verify the solution by substituting the expression for v 
(Eq. 11-8) into the differential equation (Eq. 11-7) and reducing it to 
an identity. 

To evaluate the constants of integration appearing in the solu- 
tion (Eq. 11-8), we use the boundary conditions at the ends of the 
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FIG. 11-7 Load-deflection diagram for an 
ideal, linearly elastic column 
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column; namely, the deflection is zero when x = O and x = L (see 
Fig. 11-5b): 


vO) =O and vwL)=0 (a,b) 


The first condition gives C5 = O, and therefore 

v = C, sin kx (c) 
The second condition gives 

C, sinkL = 0 (d) 


From this equation we conclude that either C; = O or sin KL = 0. We 
will consider both of these possibilities. 

Case 1. If the constant C, equals zero, the deflection v is also zero 
(see Eq. c), and therefore the column remains straight. In addition, 
we note that when C, equals zero, Eq. (d) is satisfied for any value of 
the quantity kL. Consequently, the axial load P may also have any value 
(see Eq. 11-6b). This solution of the differential equation (known in 
mathematics as the trivial solution) is represented by the vertical axis 
of the load-deflection diagram (Fig. 11-7). It gives the behavior of an 
ideal column that is in equilibrium (either stable or unstable) in the 
straight position (no deflection) under the action of the compressive 
load P. 

Case 2. The second possibility for satisfying Eq. (d) is given by the 
following equation, known as the buckling equation: 


sin kL = 0 (11-9) 


This equation is satisfied when kL = 0, m, 275, . . . . However, since 
kL = 0 means that P = O, this solution is not of interest. Therefore, the 
solutions we will consider are 





kL = nar n=1,2,3,... (e) 
or (see Eq. 11-6a): 
2 2 
DU n= 1,2,3,... (11-10) 


This formula gives the values of P that satisfy the buckling equation and 
provide solutions (other than the trivial solution) to the differential 
equation. 

The equation of the deflection curve (from Eqs. c and e) is 


v= Ci sik =G sin = n = 1,2, 3,... (11-11) 


Only when P has one of the values given by Eq. (11-10) is it theoreti- 
cally possible for the column to have a bent shape (given by Eq. 11-11). 
For all other values of P, the column is in equilibrium only if it remains 
straight. Therefore, the values of P given by Eq. (11-10) are the critical 
loads for this column. 
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FIG. 11-8 Buckled shapes for an ideal 
column with pinned ends: (a) initially 
straight column, (b) buckled shape for 
n = 1, and (c) buckled shape for n = 2 


Critical Loads 


The lowest critical load for a column with pinned ends (Fig. 11-8a) is 
obtained when n = 1: 
2 
= T (11-12) 





The corresponding buckled shape (sometimes called a mode shape) is 


v= Cj sin = (11-13) 


as shown in Fig. 11-8b. The constant C, represents the deflection at the 
midpoint of the column and may have any small value, either positive or 
negative. Therefore, the part of the load-deflection diagram corresponding 
to Por is a horizontal straight line (Fig. 11-7). Thus, the deflection at the 
critical load is undefined, although it must remain small for our equations 
to be valid. Above the bifurcation point B the equilibrium is unstable, and 
below point B it is stable. 

Buckling of a pinned-end column in the first mode is called the 
fundamental case of column buckling. 

The type of buckling described in this section is called Euler 
buckling, and the critical load for an ideal elastic column is often called 
the Euler load. The famous mathematician Leonhard Euler (1707—1783), 
generally recognized as the greatest mathematician of all time, was the 
first person to investigate the buckling of a slender column and determine 
its critical load (Euler published his results in 1744); see Ref. 11-1. 

By taking higher values of the index n in Eqs. (11-10) and (11-11), 
we obtain an infinite number of critical loads and corresponding mode 
shapes. The mode shape for n — 2 has two half-waves, as pictured in 
Fig. 11-8c. The corresponding critical load is four times larger than the 
critical load for the fundamental case. The magnitudes of the critical 
loads are proportional to the square of n, and the number of half-waves in 
the buckled shape is equal to n. 
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FIG. 11-9 Cross sections of columns 
showing principal centroidal axes with 
L>L 
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Buckled shapes for the higher modes are often of no practical interest 
because the column buckles when the axial load P reaches its lowest criti- 
cal value. The only way to obtain modes of buckling higher than the first 
is to provide lateral support of the column at intermediate points, such as 
at the midpoint of the column shown in Fig. 11-8 (see Example 11-1 at the 
end of this section). 


General Comments 


From Eq. (11-12), we see that the critical load of a column is propor- 
tional to the flexural rigidity EJ and inversely proportional to the square 
of the length. Of particular interest is the fact that the strength of the 
material itself, as represented by a quantity such as the proportional limit 
or the yield stress, does not appear in the equation for the critical load. 
Therefore, increasing a strength property does not raise the critical load 
of a slender column. It can only be raised by increasing the flexural rigid- 
ity, reducing the length, or providing additional lateral support. 

The flexural rigidity can be increased by using a “stiffer” material 
(that is, a material with larger modulus of elasticity E) or by distributing 
the material in such a way as to increase the moment of inertia J of the 
cross section, just as a beam can be made stiffer by increasing the moment 
of inertia. The moment of inertia is increased by distributing the material 
farther from the centroid of the cross section. Hence, a hollow tubular 
member is generally more economical for use as a column than a solid 
member having the same cross-sectional area. 

Reducing the wall thickness of a tubular member and increasing its 
lateral dimensions (while keeping the cross-sectional area constant) also 
increases the critical load because the moment of inertia is increased. This 
process has a practical limit, however, because eventually the wall itself 
will become unstable. When that happens, localized buckling occurs in the 
form of small corrugations or wrinkles in the walls of the column. Thus, 
we must distinguish between overall buckling of a column, which is dis- 
cussed in this chapter, and local buckling of its parts. The latter requires 
more detailed investigations and is beyond the scope of this book. 

In the preceding analysis (see Fig. 11-8), we assumed that the xy 
plane was a plane of symmetry of the column and that buckling took place 
in that plane. The latter assumption will be met if the column has lateral 
supports perpendicular to the plane of the figure, so that the column is 
constrained to buckle in the xy plane. If the column is supported only at its 
ends and is free to buckle in any direction, then bending will occur about 
the principal centroidal axis having the smaller moment of inertia. 

For instance, consider the rectangular and wide-flange cross sections 
shown in Fig. 11-9. In each case, the moment of inertia /, is greater than 
the moment of inertia J; hence the column will buckle in the 1—1 plane, 
and the smaller moment of inertia J should be used in the formula for the 
critical load. If the cross section is square or circular, all centroidal 
axes have the same moment of inertia and buckling may occur in any 
longitudinal plane. 
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FIG. 11-10 Graph of Euler's curve (from 
Eq. 11-16) for structural steel with 
E = 30 X 10° ksi and ay = 36 ksi 


Critical Stress 


After finding the critical load for a column, we can calculate the corre- 
sponding critical stress by dividing the load by the cross-sectional area. 
For the fundamental case of buckling (Fig. 11-8b), the critical stress is 
P. WEI 
Or — 4. — 42 
A AL 
in which / is the moment of inertia for the principal axis about which 
buckling occurs. This equation can be written in a more useful form by 


introducing the notation 
crm 
A 


in which r is the radius of gyration of the cross section in the plane of 
bending. Then the equation for the critical stress becomes 


(11-14) 


(11-15) 


a^E 


"d (11-16) 


Ocr 


in which L/r is a nondimensional ratio called the slenderness ratio: 


L 
Slenderness ratio = — (11-17) 


r 


Note that the slenderness ratio depends only on the dimensions of the 
column. A column that is long and slender will have a high slenderness 
ratio and therefore a low critical stress. A column that is short and 
stubby will have a low slenderness ratio and will buckle at a high stress. 
Typical values of the slenderness ratio for actual columns are between 
30 and 150. 

The critical stress is the average compressive stress on the cross 
section at the instant the load reaches its critical value. We can a plot a 
graph of this stress as a function of the slenderness ratio and obtain a 
curve known as Euler's curve (Fig. 11-10). The curve shown in the 
figure is plotted for a structural steel with E — 30 X 10? ksi. The curve 
is valid only when the critical stress is less than the proportional limit 
of the steel, because the equations were derived using Hooke's law. 
Therefore, we draw a horizontal line on the graph at the proportional 
limit of the steel (assumed to be 36 ksi) and terminate Euler's curve at 
that level of stress. 


"Radius of gyration is described in Section 12.4. 


""Euler's curve is not a common geometric shape. It is sometimes mistakenly called 
a hyperbola, but hyperbolas are plots of polynomial equations of the second degree in two 
variables, whereas Euler 's curve is a plot of an equation of the third degree in two vari- 
ables. 
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FIG. 11-11 Load-deflection diagram for 
columns: Line A, ideal elastic column 
with small deflections; Curve B, ideal 
elastic column with large deflections; 
Curve C, elastic column with imperfec- 
tions; and Curve D, inelastic column 
with imperfections 
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Effects of Large Deflections, Imperfections, 
and Inelastic Behavior 


The equations for critical loads were derived for ideal columns, that 1s, 
columns for which the loads are precisely applied, the construction is 
perfect, and the material follows Hooke's law. As a consequence, we 
found that the magnitudes of the small deflections at buckling were 
undefined. Thus, when P = P,,, the column may have any small deflec- 
tion, a condition represented by the horizontal line labeled A in the 
load-deflection diagram of Fig. 11-11. (In this figure, we show only the 
right-hand half of the diagram, but the two halves are symmetric about 
the vertical axis.) 

The theory for ideal columns is limited to small deflections 
because we used the second derivative v" for the curvature. A more 
exact analysis, based upon the exact expression for curvature (Eq. 9-13 
in Section 9.2), shows that there is no indefiniteness in the magnitudes 
of the deflections at buckling. Instead, for an ideal, linearly elastic 
column, the load-deflection diagram goes upward in accord with 
curve B of Fig. 11-11. Thus, after a linearly elastic column begins 
to buckle, an increasing load is required to cause an increase in the 
deflections. 

Now suppose that the column is not constructed perfectly; for 
instance, the column might have an imperfection in the form of a small 
initial curvature, so that the unloaded column is not perfectly straight. 
Such imperfections produce deflections from the onset of loading, as 
shown by curve C in Fig. 11-11. For small deflections, curve C 
approaches line A as an asymptote. However, as the deflections 
become large, it approaches curve B. The larger the imperfections, the 
further curve C moves to the right, away from the vertical line. Con- 
versely, if the column is constructed with considerable accuracy, 
curve C approaches the vertical axis and the horizontal line labeled A. 
By comparing lines A, B, and C, we see that for practical purposes the 
critical load represents the maximum load-carrying capacity of an 
elastic column, because large deflections are not acceptable in most 
applications. 

Finally, consider what happens when the stresses exceed the 
proportional limit and the material no longer follows Hooke's law. Of 
course, the load-deflection diagram is unchanged up to the level of 
load at which the proportional limit is reached. Then the curve for 
inelastic behavior (curve D) departs from the elastic curve, continues 
upward, reaches a maximum, and turns downward. 


"In mathematical terminology, we solved a linear eigenvalue problem. The critical load is 
an eigenvalue and the corresponding buckled mode shape is an eigenfunction. 
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FIG. 11-12 Nonprismatic columns 
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FIG. 11-13 Which cross-sectional shape is 
the optimum shape for a prismatic 
column? 


The precise shapes of the curves in Fig. 11-11 depend upon the 
material properties and column dimensions, but the general nature of the 
behavior is typified by the curves shown. 

Only extremely slender columns remain elastic up to the critical load. 
Stockier columns behave inelastically and follow a curve such as D. Thus, 
the maximum load that can be supported by an inelastic column may be 
considerably less than the Euler load for that same column. Furthermore, 
the descending part of curve D represents sudden and catastrophic 
collapse, because it takes smaller and smaller loads to maintain larger and 
larger deflections. By contrast, the curves for elastic columns are quite 
stable, because they continue upward as the deflections increase, and 
therefore it takes larger and larger loads to cause an increase in deflection. 
(Inelastic buckling is described in more detail in Sections 11.7 and 11.8.) 


Optimum Shapes of Columns 


Compression members usually have the same cross sections throughout 
their lengths, and therefore only prismatic columns are analyzed in this 
chapter. However, prismatic columns are not the optimum shape if mini- 
mum weight is desired. The critical load of a column consisting of a given 
amount of material may be increased by varying the shape so that the col- 
umn has larger cross sections in those regions where the bending moments 
are larger. Consider, for instance, a column of solid circu-lar cross section 
with pinned ends. A column shaped as shown in Fig. 11-12a will have a 
larger critical load than a prismatic column made from the same volume 
of material. As a means of approximating this optimum shape, prismatic 
columns are sometimes reinforced over part of their lengths (Fig. 11-12b). 

Now consider a prismatic column with pinned ends that is free to 
buckle in any lateral direction (Fig. 11-13a). Also, assume that the column 
has a solid cross section, such as a circle, square, triangle, rectangle, or 
hexagon (Fig. 11-13b). An interesting question arises: For a given cross- 
sectional area, which of these shapes makes the most efficient column? 
Or, in more precise terms, which cross section gives the largest critical 
load?Of course, we are assuming that the critical load is calculated from 
the Euler formula P,, = z^EI/L* using the smallest moment of inertia for 
the cross section. 

While a common answer to this question is “the circular shape,” 
you can readily demonstrate that a cross section in the shape of an equi- 
lateral triangle gives a 21%igher critical load than does a circular 
cross section of the same area (see Problem 11.3-11). The critical load 
for an equilateral triangle is also higher than the loads obtained for the 
other shapes; hence, an equilateral triangle is the optimum cross section 
(based only upon theoretical considerations). For a mathematical analy- 
sis of optimum column shapes, including columns with varying cross 
sections, see Ref. 11-4. 





Example 1 1-1 MEN 





Slender steel column with lateral support near 


mid-height 


FIG. 11-14 Example 11-1. Euler buckling 
of a slender column 
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A long, slender column ABC is pin-supported at the ends and compressed by an 
axial load P (Fig. 11-14). Lateral support is provided at the midpoint B in the 
plane of the figure. However, lateral support perpendicular to the plane of the 
figure is provided only at the ends. 

The column is constructed of a steel wide-flange section (W 8 X 28) having 
modulus of elasticity E — 29 X 10? ksi and proportional limit Op = 42 ksi. The 
total length of the column is L = 25 ft. 

Determine the allowable load P4j,,, using a factor of safety n = 2.5 with 
respect to Euler buckling of the column. 





——— 2 
| W 8 x 28 
L = 25 
E 1 
| 
B = 12.5 ft Section X-X 
(a) (b) 


Solution 

Because of the manner in which it is supported, this column may buckle in 
either of the two principal planes of bending. As one possibility, it may buckle 
in the plane of the figure, in which case the distance between lateral supports is 
L/2 = 12.5 ft and bending occurs about axis 2-2 (see Fig. 11-8c for the mode 
shape of buckling). 

As a second possibility, the column may buckle perpendicular to the plane 
of the figure with bending about axis 1—1. Because the only lateral support in this 
direction is at the ends, the distance between lateral supports is L = 25 ft (see 
Fig. 11-8b for the mode shape of buckling). 

Column properties. From Table E-1, Appendix E, we obtain the following 
moments of inertia and cross-sectional area for a W 8 X 28 column: 

Ine OS uL. “b= im Tu. S 

Critical loads. If the column buckles in the plane of the figure, the critical 

load is 


T^ EL 


A^ EL 
MES OMNES 
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Substituting numerical values, we obtain 


_ 4m Bh, _ 47729 X 10° Xs)QlTinS) yey 
cr 72 [(25 ft)(12 in./ft)]? 





If the column buckles perpendicular to the plane of the figure, the critical load is 


T^ EI, q^ (29 X 10? ksi)(98.0 in.*) 
Bu = Se —312k 
L [(25 ft))(12 in./ft)] 





Therefore, the critical load for the column (the smaller of the two preceding 
values) is 


P. = 276k 


and buckling occurs in the plane of the figure. 

Critical stresses. Since the calculations for the critical loads are valid only 
if the material follows Hooke's law, we need to verify that the critical stresses do 
not exceed the proportional limit of the material. In the case of the larger critical 
load, we obtain the following critical stress: 


Por SE 
A cs OSS Le 
Since this stress is less than the proportional limit (oy; = 42 ksi), both critical-load 
calculations are satisfactory. 


Allowable load. The allowable axial load for the column, based on Euler 
buckling, is 


— 37.8 ksi 


Oc a 


lege = LG 
Patlow = = 7,5 - HOk d 


in which n = 2.5 is the desired factor of safety. 


11.4 COLUMNS WITH OTHER SUPPORT CONDITIONS 





and free at the top during construction 


Buckling of a column with pinned ends (described in the preceding 
section) is usually considered as the most basic case of buckling. How- 
ever, in practice we encounter many other end conditions, such as fixed 
ends, free ends, and elastic supports. The critical loads for columns with 
various kinds of support conditions can be determined from the differ- 
ential equation of the deflection curve by following the same procedure 
that we used when analyzing a pinned-end column. 

The procedure is as follows. First, with the column assumed to be in 
the buckled state, we obtain an expression for the bending moment in the 
column. Second, we set up the differential equation of the deflection 
curve, using the bending-moment equation (Elv” = M). Third, we solve 
the equation and obtain its general solution, which contains two con- 
stants of integration plus any other unknown quantities. Fourth, we apply 
boundary conditions pertaining to the deflection v and the slope v' and 
obtain a set of simultaneous equations. Finally, we solve those equations 
to obtain the critical load and the deflected shape of the buckled column. 


FIG. 11-15 Ideal column fixed at the base 
and free at the top: (a) initially straight 
column, (b) buckled shape for 

n — ], (c) buckled shape for n — 3, 
and (d) buckled shape for n = 5 
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This straightforward mathematical procedure is illustrated in the 
following discussion of three types of columns. 


Column Fixed at the Base and Free at the Top 


The first case we will consider is an ideal column that is fixed at the 
base, free at the top, and subjected to an axial load P (Fig. 11-15a).° The 
deflected shape of the buckled column is shown in Fig. 11-15b. From 
this figure we see that the bending moment at distance x from the base is 


M = P(8 — v) (11-18) 


where ô is the deflection at the free end of the column. The differential 
equation of the deflection curve then becomes 


Elv" = M = P(8 — v) (11-19) 


in which / is the moment of inertia for buckling in the xy plane. 
Using the notation k” = P/EI (Eq. 11-6a), we can rearrange Eq. (11-19) 
into the form 


v” + Ky = K28 (11-20) 


which is a linear differential equation of second order with constant coef- 
ficients. However, it is a more complicated equation than the equation for 
a column with pinned ends (see Eq. 11-7) because it has a nonzero term 
on the right-hand side. 

The general solution of Eq. (11-20) consists of two parts: (1) the 
homogeneous solution, which is the solution of the homogeneous equation 
obtained by replacing the right-hand side with zero, and (2) the particular 
solution, which is the solution of Eq. (11-20) that produces the term on the 
right-hand side. 


| 
o] 


om wile 





(a) (b) (c) (d) 


“This column is of special interest because it is the one first analyzed by Euler in 1744. 
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The homogeneous solution (also called the complementary solution) 
is the same as the solution of Eq. (11-7); hence 


Vg = C, sin kx + C5 cos kx (a) 


where C, and C; are constants of integration. Note that when vy is sub- 
stituted into the left-hand side of the differential equation (Eq. 11-20), it 
produces zero. 

The particular solution of the differential equation is 


Vp = Ó (b) 


When vp is substituted into the left-hand side of the differential equa- 
tion, it produces the right-hand side, that is, it produces the term K^6. 
Consequently, the general solution of the equation, equal to the sum of 
Vg and vp, is 


v = C, sin kx + C, cos kx + ô (11-21) 


This equation contains three unknown quantities (Cj, C5, and ô), 
and therefore three boundary conditions are needed to complete the 
solution. 

At the base of the column, the deflection and slope are each equal to 
zero. Therefore, we obtain the following boundary conditions: 


v(0) = 0 v'(0) = 0 
Applying the first condition to Eq. (11-21), we find 
C, = — (c) 


To apply the second condition, we first differentiate Eq. (11-21) to 
obtain the slope: 


v’ = Cık cos kx — Cok sin kx (d) 


Applying the second condition to this equation, we find C, = 0. 

Now we can substitute the expressions for C, and C; into the general 
solution (Eq. 11-21) and obtain the equation of the deflection curve for 
the buckled column: 


y = ó(1 — cos kx) (11-22) 


Note that this equation gives only the shape of the deflection curve—the 
amplitude 6 remains undefined. Thus, when the column buckles, the 
deflection given by Eq. (11-22) may have any arbitrary magnitude, 
except that it must remain small (because the differential equation is 
based upon small deflections). 

The third boundary condition applies to the upper end of the 
column, where the deflection v is equal to 6: 


v(L) = 6 
Using this condition with Eq. (11-22), we get 
0 cos kL = 0 (11-23) 
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From this equation we conclude that either ô = O or cos kL = 0. If 6 = 0, 
there is no deflection of the bar (see Eq. 11-22) and we have the trivial 
solution—the column remains straight and buckling does not occur. In 
that case, Eq. (11-23) will be satisfied for any value of the quantity kL, 
that is, for any value of the load P. This conclusion is represented by the 
vertical line in the load-deflection diagram of Fig. 11-7. 

The other possibility for solving Eq. (11-23) is 


cos kL = 0 (11-24) 


which is the buckling equation. In this case, Eq. (11-23) is satisfied 
regardless of the value of the deflection 6. Thus, as already observed, 6 
is undefined and may have any small value. 
The equation cos kL = 0 is satisfied when 
kL = = n= 1,3,5,... (11-25) 
Using the expression k* = P/EI, we obtain the following formula for the 
critical loads: 
25 
p,, = T E n=1,3,5,... (11-26) 
AL 


Also, the buckled mode shapes are obtained from Eq. (11-22): 








y= a( — cos ams) n= 1,3,5,... (11-27) 
2L 
The lowest critical load is obtained by substituting n = 1 in 
Eq. (11-26): 
T^EI 
=> (11-28) 
4L 
The corresponding buckled shape (from Eq. 11-27) is 
y- a( — cos zx) (11-29) 
2L 


and is shown in Fig. 11-15b. 

By taking higher values of the index n, we can theoretically obtain an 
infinite number of critical loads from Eq. (11-26). The corresponding buck- 
led mode shapes have additional waves in them. For instance, when n = 3 
the buckled column has the shape shown in Fig. 11-15c and P,, is nine 
times larger than for n — 1. Similarly, the buckled shape for n — 5 has even 
more waves (Fig. 11-15d) and the critical load is twenty-five times larger. 


Effective Lengths of Columns 


The critical loads for columns with various support conditions can be 
related to the critical load of a pinned-end column through the concept 
of an effective length. To demonstrate this idea, consider the deflected 
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FIG. 11-16 Deflection curves showing the 
effective length L, for a column fixed at 
the base and free at the top 





(b) 


shape of a column fixed at the base and free at the top (Fig. 11-16a). 
This column buckles in a curve that is one-quarter of a complete sine 
wave. If we extend the deflection curve (Fig. 11-16b), it becomes one- 
half of a complete sine wave, which is the deflection curve for a 
pinned-end column. 

The effective length L, for any column is the length of the equivalent 
pinned-end column, that is, it is the length of a pinned-end column having 
a deflection curve that exactly matches all or part of the deflection curve 
of the original column. 

Another way of expressing this idea is to say that the effective 
length of a column is the distance between points of inflection (that is, 
points of zero moment) in its deflection curve, assuming that the curve 
is extended (if necessary) until points of inflection are reached. Thus, for 
a fixed-free column (Fig. 11-16), the effective length is 


poor (11-30) 


Because the effective length is the length of an equivalent pinned-end 
column, we can write a general formula for critical loads as follows: 


2 
_ WEI (11-31) 


If we know the effective length of a column (no matter how complex the 
end conditions may be), we can substitute into the preceding equation 
and determine the critical load. For instance, in the case of a fixed-free 
column, we can substitute Le = 2L and obtain Eq. (11-28). 

The effective length is often expressed in terms of an effective- 
length factor K: 


L, = KL (11-32) 


where L is the actual length of the column. Thus, the critical load is 


2 

polus (11-33) 
Cr (KL) 

The factor K equals 2 for a column fixed at the base and free at the top 

and equals 1 for a pinned-end column. The effective-length factor is 

often included in design formulas for columns, as illustrated later in 

Section 11.9. 


Column with Both Ends Fixed Against Rotation 


Next, let us consider a column with both ends fixed against rotation 
(Fig. 11-172). Note that in this figure we use the standard symbol for the 
fixed support at the base of the column. However, since the column is 
free to shorten under an axial load, we must introduce a new symbol at 
the top of the column. This new symbol shows a rigid block that is con- 
strained in such a manner that rotation and horizontal displacement are 


FIG. 11-17 Buckling of a column with 
both ends fixed against rotation 
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prevented but vertical movement can occur. (As a convenience when 
drawing sketches, we often replace this more accurate symbol with the 
standard symbol for a fixed support—see Fig. 11-17b—with the under- 
standing that the column is free to shorten.) 

The buckled shape of the column in the first mode is shown in 
Fig. 11-17c. Note that the deflection curve is symmetrical (with zero 
slope at the midpoint) and has zero slope at the ends. Because rotation at 
the ends is prevented, reactive moments My develop at the supports. 
These moments, as well as the reactive force at the base, are shown in 
the figure. 

From our previous solutions of the differential equation, we know 
that the equation of the deflection curve involves sine and cosine 
functions. Also, we know that the curve is symmetric about the mid- 
point. Therefore, we see immediately that the curve must have 
inflection points at distances L/4 from the ends. It follows that 
the middle portion of the deflection curve has the same shape as the 
deflection curve for a pinned-end column. Thus, the effective length 
of a column with fixed ends, equal to the distance between inflection 
points, is 


ES (11-34) 


mee (11-35) 


This formula shows that the critical load for a column with fixed ends is 
four times that for a column with pinned ends. As a check, this result 
may be verified by solving the differential equation of the deflection 
curve (see Problem 11.4-9). 
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FIG. 11-18 Column fixed at the base and 
pinned at the top 


Column Fixed at the Base and Pinned at the Top 


The critical load and buckled mode shape for a column that is fixed at 
the base and pinned at the top (Fig. 11-18a) can be determined by 
solving the differential equation of the deflection curve. When the col- 
umn buckles (Fig. 11-18b), a reactive moment Mọ develops at the base 
because there can be no rotation at that point. Then, from the equilib- 
rum of the entire column, we know that there must be horizontal 
reactions R at each end such that 


Mo = RL (e) 
The bending moment in the buckled column, at distance x from the base, is 
M = M, — Pv — Rx = —Pv + R(L — x) (11-36) 


and therefore the differential equation 1s 


Elv" = M = —Py + R(L — x) (11-37) 
Again substituting k” = P/EI and rearranging, we get 
R 
"+ ky =—(L— 11-38 
V v—gu Y ( ) 


The general solution of this equation is 
v = C, sin kx + C5cos kx + x — yx) (11-39) 


in which the first two terms on the right-hand side constitute the 
homogeneous solution and the last term is the particular solution. This 
solution can be verified by substitution into the differential equation 
(Eq. 11-37). 

Since the solution contains three unknown quantities (Cj, C5, and 
R), we need three boundary conditions. They are 


v(0) = 0 v'(0) = 0 vL) = 0 





20.19 EI 
| cr 7 I? 
B | = B | 
L, = 0.699L 





(a) (c) 
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Applying these conditions to Eq. (11-39) yields 
SO Pt cg Ck - == 0 C, tan AL + C, = 0 (f,g,h) 


All three equations are satisfied if Cj = C5 = R = 0, in which case we 
have the trivial solution and the deflection is zero. 

To obtain the solution for buckling, we must solve Eqs. (f), (g), and 
(h) in a more general manner. One method of solution is to eliminate R 
from the first two equations, which yields 


Cj, KL T C5 =0 or C^ = —C,kL (1) 


Next, we substitute this expression for C into Eq. (h) and obtain the 
buckling equation: 


kL — tan KL (11-40) 


The solution of this equation gives the critical load. 

Since the buckling equation is a transcendental equation, it cannot 
be solved explicitly. Nevertheless, the values of KL that satisfy the 
equation can be determined numerically by using a computer program 
for finding roots of equations. The smallest nonzero value of KL that 
satisfies Eq. (11-40) is 


kL — 4.4934 (11-41) 


The corresponding critical load is 


. 20.19EI — 2.0467°EI 


= Oe 200) (11-42) 





which (as expected) is higher than the critical load for a column with 
pinned ends and lower than the critical load for a column with fixed 
ends (see Eqs. 11-12 and 11-35). 

The effective length of the column may be obtained by comparing 
Eqs. (11-42) and (11-31); thus, 


Le = 0.699L = 0.7L (11-43) 


This length is the distance from the pinned end of the column to the 
point of inflection in the buckled shape (Fig. 11-18c). 

The equation of the buckled mode shape is obtained by substitut- 
ing C5 = —CjKL (Eq. 1) and R/P = Ck (Eq. g) into the general solution 
(Eq. 11-39): 


v = C,[sin kx — kL cos kx + k(L — x)] CUI 


"In a transcendental equation, the variables are contained within transcendental func- 
tions. A transcendental function cannot be expressed by a finite number of algebraic 
operations; hence trigonometric, logarithmic, exponential, and other such functions are 
transcendental. 
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in which k = 4.4934/L. The term in brackets gives the mode shape for 
the deflection of the buckled column. However, the amplitude of the 
deflection curve is undefined because C, may have any value (within 
the usual limitation that the deflections must remain small). 


Limitations 


In addition to the requirement of small deflections, the Euler buckling the- 
ory used in this section is valid only if the column is perfectly straight 
before the load is applied, the column and its supports have no imperfec- 
tions, and the column is made of a linearly elastic material that follows 
Hooke's law. These limitations were explained previously in Section 11.3. 


Summary of Results 


The lowest critical loads and corresponding effective lengths for the four 
columns we have analyzed are summarized in Fig. 11-19. 


(a) Pinned-pinned column (b) Fixed-free column (c) Fixed-fixed column (d) Fixed-pinned column 


FIG. 11-19 Critical loads, effective 
lengths, and effective-length factors for 
ideal columns 











FIG. 11-20 Example 11-2. Aluminum pipe 
column 


A viewing platform in a wild-animal park (Fig. 11-20a) is supported by a row of 
aluminum pipe columns having length L — 3.25 m and outer diameter d — 100 mm. 
The bases of the columns are set in concrete footings and the tops of the columns 
are supported laterally by the platform. The columns are being designed to support 
compressive loads P — 100 kN. 

Determine the minimum required thickness f£ of the columns (Fig. 11-20b) 
if a factor of safety n — 3 is required with respect to Euler buckling. (For the 
aluminum, use 72 GPa for the modulus of elasticity and use 480 MPa for the pro- 
portional limit.) 


(b) 





Solution 

Critical load. Because of the manner in which the columns are constructed, 
we will model each column as a fixed-pinned column (see Fig. 11-19d). Therefore, 
the critical load is 


2.0467 ^EI 
ee = EE S (p 


in which Z is the moment of inertia of the tubular cross section: 


T 


j=— 
64 


|a* — (a — 21)"| (k) 
Substituting d = 100 mm (or 0.1 m), we get 
I= J0 I m — (0.1 m — 29] (I) 
64 — l 


in which ¢ is expressed in meters. 
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Required thickness of the columns. Since the load per column is 100 KN and 
the factor of safety is 3, each column must be designed for the following critical 
load: 


P., = nP = 3(100 kN) = 300 EN 


Substituting this value for P., in Eq. (J), and also replacing 7 with its expression 
from Eq. (1), we obtain 


2.04677(72 X 10° Pa) 


300,000 N = 
(3.25 m)* 


(Zo m) — (0.1 m — 21)*] 


Note that all terms in this equation are expressed in units of newtons and meters. 
After multiplying and dividing, the preceding equation simplifies to 


44.40 X 10 ? m* = (0.1 m)* — (0.1 m — 27)" 
Or 
(0.1 m — 2f = (0.1 m)* — 44.40 X 10 © mt = 55.60 x 10 ° m 
from which we obtain 
0.1m — 2t = 0.08635 m and z= 0.006825 m 


Therefore, the minimum required thickness of the column to meet the specified 
conditions is 


tain = 6.83 mm «eum 


Supplementary calculations. Knowing the diameter and thickness of the 
column, we can now calculate its moment of inertia, cross-sectional area, and 
radius of gyration. Using the minimum thickness of 6.83 mm, we obtain 


I-—|q^-— (d— 2| = 2.18 x 10° mm* 


~ 64 
WT | 42 2 2 I 
a= y —(d—20)|-199mm?  r- 7330 mm 


The slenderness ratio L/r of the column is approximately 98, which is in the cus- 
tomary range for slender columns, and the diameter-to-thickness ratio d/f is 
approximately 15, which should be adequate to prevent local buckling of the 
walls of the column. 

The critical stress in the column must be less than the proportional limit of 
the aluminum if the formula for the critical load (Eq. j) is to be valid. The critical 
stress is 


Por ... 300 EN 
A 1999 mm? 


which is less than the proportional limit (480 MPa). Therefore, our calculation 
for the critical load using Euler buckling theory is satisfactory. 


Os = = 150 MPa 
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11.5 COLUMNS WITH ECCENTRIC AXIAL LOADS 
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FIG. 11-21 Column with eccentric axial 
loads 


In Sections 11.3 and 11.4 we analyzed ideal columns in which the axial 
loads acted through the centroids of the cross sections. Under these con- 
ditions, the columns remain straight until the critical loads are reached, 
after which bending may occur. 

Now we will assume that a column is compressed by loads P that 
are applied with a small eccentricity e measured from the axis of the 
column (Fig. 11-21a). Each eccentric axial load is equivalent to a centric 
load P and a couple of moment M, = Pe (Fig. 11-21b). This moment 
exists from the instant the load is first applied, and therefore the column 
begins to deflect at the onset of loading. The deflection then becomes 
steadily larger as the load increases. 

To analyze the pin-ended column shown in Fig. 11-21, we make the 
Same assumptions as in previous sections; namely, the column is initially 
perfectly straight, the material is linearly elastic, and the xy plane is a plane 
of symmetry. The bending moment in the column at distance x from the 
lower end (Fig. 11-21b) is 


M = My) + P(—v) = Pe — Pv (11-45) 


where v is the deflection of the column (positive when in the positive 
direction of the y axis). Note that the deflections of the column are nega- 
tive when the eccentricity of the load is positive. 

The differential equation of the deflection curve is 


EIv" = M = Pe — Pv (11-46) 


or v" + k^v = ke (11-47) 
in which k* = P/EI, as before. The general solution of this equation is 
v = C sin kx + C; cos kx + e (11-48) 


in which C, and C, are constants of integration in the homogeneous 
solution and e is the particular solution. As usual, we can verify the solu- 
tion by substituting it into the differential equation. 

The boundary conditions for determining the constants C, and C; 
are obtained from the deflections at the ends of the column (Fig. 11-21b): 


v»(0) = 0 v(L) = 0 
These conditions yield 


e(l —coskL) _ kL 
= e a 
sin kL 2 


Therefore, the equation of the deflection curve is 


C, —e C, = 


v= ~e(tan £ sin kx + cos kx — 1) (11-49) 


For a column with known loads P and known eccentricity e, we can use 
this equation to calculate the deflection at any point along the x axis. 
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FIG. 11-22 Maximum deflection ó of 
a column with eccentric axial loads 


The behavior of a column with an eccentric load is quite different 
from that of a centrally loaded column, as can be seen by comparing 
Eq. (11-49) with Eqs. (11-13), (11-27), and (11-44). Equation (11-49) 
shows that each value of the eccentric load P produces a definite value 
of the deflection, just as each value of the load on a beam produces a 
definite deflection. In contrast, the deflection equations for centrally 
loaded columns give the buckled mode shape (when P = P,,) but with 
the amplitude undefined. 

Because the column shown in Fig. 11-21 has pinned ends, its critical 
load (when centrally loaded) is 


_ WEI 
cro [2 





(11-50) 


We will use this formula as a reference quantity in some of the equations 
that follow. 


Maximum Deflection 


The maximum deflection ô produced by the eccentric loads occurs at the 
midpoint of the column (Fig. 11-22) and is obtained by setting x equal to 
L/2 in Eq. (11-49): 


ô = -(4] = [n E Li + cos Lo 7 
2 2 2 2 


or, after simplifying, 
ô = ese = = ] (11-51) 


This equation can be written in a slightly different form by replacing 
the quantity k with its equivalent in terms of the critical load (see 


Eq. 11-50): 
2 
pes es E m BE. (11-52) 
E NP? LNP, 


Thus, the nondimensional term KL becomes 


kL — mī j= (11-53) 
Por 


and Eq. (11-51) for the maximum deflection becomes 


ð = el sec z I ] (11-54) 
2 N P 








P 
e=0 
Q0 
o = &2 
e> e, > 0 
O Ó 


FIG. 11-23 Load-deflection diagram for a 
column with eccentric axial loads (see 
Fig. 11-22 and Eq. 11-54) 
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As special cases, we note the following: (1) The deflection 6 is zero 
when the eccentricity e is zero and P is not equal to Por, (2) the deflection 
is zero when the axial load P is zero, and (3) the deflection becomes 
infinitely large as P approaches P,,. These characteristics are shown in 
the load-deflection diagram of Fig. 11-23. 

To plot the load-deflection diagram, we select a particular value e; of 
the eccentricity and then calculate ó for various values of the load P. The 
resulting curve is labeled e — e, in Fig. 11-23. We note immediately that 
the deflection 6 increases as P increases, but the relationship is nonlinear. 
Therefore, we cannot use the principle of superposition for calculating 
deflections due to more than one load, even though the material of the 
column is linearly elastic. As an example, the deflection due to an axial 
load 2P 1s not equal to twice the deflection caused by an axial load P. 

Additional curves, such as the curve labeled e = e», are plotted in 
a similar manner. Since the deflection 6 is linear with e (Eq. 11-54), the 
curve for e = e» has the same shape as the curve for e = e, but the 
abscissas are larger by the ratio e/e. 

As the load P approaches the critical load, the deflection 6 increases 
without limit and the horizontal line corresponding to P = Per becomes 
an asymptote for the curves. In the limit, as e approaches zero, the 
curves on the diagram approach two straight lines, one vertical and one 
horizontal (compare with Fig. 11-7). Thus, as expected, an ideal column 
with a centrally applied load (e = 0) is the limiting case of a column 
with an eccentric load (e > 0). 

Although the curves plotted in Fig. 11-23 are mathematically 
correct, we must keep in mind that the differential equation is valid 
only for small deflections. Therefore, when the deflections become 
large, the curves are no longer physically valid and must be modified 
to take into account the presence of large deflections and (if the pro- 
portional limit of the material is exceeded) inelastic bending effects 
(see Fig. 11-11). 

The reason for the nonlinear relationship between loads and 
deflections, even when the deflections are small and Hooke's law 
holds, can be understood if we observe once again that the axial 
loads P are equivalent to centrally applied loads P plus couples Pe act- 
ing at the ends of the column (Fig. 11-21b). The couples Pe, if acting 
alone, would produce bending deflections of the column in the same 
manner as for a beam. In a beam, the presence of the deflections does 
not change the action of the loads, and the bending moments are the 
same whether the deflections exist or not. However, when an axial 
load is applied to the member, the existence of deflections increases 
the bending moments (the increases are equal to the product of the 
axial load and the deflections). When the bending moments increase, 
the deflections are further increased—hence the moments increase 
even more, and so on. Thus, the bending moments in a column depend 
upon the deflections, which in turn depend upon the bending moments. 
This type of behavior results in a nonlinear relationship between the 
axial loads and the deflections. 
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FIG. 11-24 Maximum bending moment 
in a column with eccentric axial loads 
(see Fig. 11-22 and Eq. 11-56) 


In general, a straight structural member subjected to both bending 
loads and axial compressive loads is called a beam-column. In the case 
of a column with eccentric loads (Fig. 11-21), the bending loads are the 
moments My, = Pe and the axial loads are the forces P. 


Maximum Bending Moment 


The maximum bending moment in an eccentrically loaded column 
occurs at the midpoint where the deflection is a maximum (Fig. 11-22): 


Mmax = P(e + ô) (11-55) 


Substituting for 6 from Eqs. (11-51) and (11-54), we obtain 


kL T P 
M... = Pe sec “= = Pe sec| 2. |2— 11-56 
e sec e xi 2 VP. | ( ) 


The manner in which Mmax varies as a function of the axial load P is 
shown in Fig. 11-24. 

When P is small, the maximum moment is equal to Pe, which 
means that the effect of the deflections is negligible. As P increases, the 
bending moment grows nonlinearly and theoretically becomes infinitely 
large as P approaches the critical load. However, as explained before, 
our equations are valid only when the deflections are small, and they 
cannot be used when the axial load approaches the critical load. Never- 
theless, the preceding equations and accompanying graphs indicate the 
general behavior of beam-columns. 


Other End Conditions 


The equations given in this section were derived for a pinned-end column, 
as shown in Figs. 11-21 and 11-22. If a column is fixed at the base and free 
at the top (Fig. 11-19b), we can use Eqs. 11-51 and 11-56 by replacing the 
actual length L with the equivalent length 2L (see Problem 11.5-9). How- 
ever, the equations do not apply to a column that is fixed at the base and 
pinned at the top (Fig. 11-19d). The use of an equivalent length equal to 
0.699L gives erroneous results; instead, we must return to the differential 
equation and derive a new set of equations. 

In the case of a column with both ends fixed against rotation 
(Fig. 11-19c), the concept of an eccentric axial load acting at the end 
of the column has no meaning. Any moment applied at the end of the 
column is resisted directly by the supports and produces no bending of 
the column itself. 








FIG. 11-25 Example 11-3. Brass bar with 
an eccentric axial load 


A brass bar AB projecting from the side of a large machine is loaded at end B by 
a force P = 1500 Ib acting with an eccentricity e = 0.45 in. (Fig. 11-25). The bar 
has a rectangular cross section with height h = 1.2 in. and width b = 0.6 in. 

What is the longest permissible length Lmax of the bar if the deflection at the 
end is limited to 0.12 in.XFor the brass, use E = 16 X 10° psi.) 


Solution 
Critical load. We will model this bar as a slender column that is fixed at 
end A and free at end B. Therefore, the critical load (see Fig. 11-19b) is 
2 
T El 
Ini AD? (a) 





The moment of inertia for the axis about which bending occurs is 


mo 2 (00am): 


— = 0.02160 in.* 
i2 12 


Therefore, the expression for the critical load becomes 


7: (16,000,000 psi)(0.02160 in.) _ 852,700 Ib-in.” 


Po = 
AL? L 


(b) 
in which P,, has units of pounds and L has units of inches. 


Deflection. The deflection at the end of the bar is given by Eq. (11-54), 
which applies to a fixed-free column as well as a pinned-end column: 


E ig M 
5 = disc (2 z) ] (c) 


In this equation, P., is given by Eq. (a). 

Length. To find the maximum permissible length of the bar, we substitute for 6 
its limiting value of 0.12 in. Also, we substitute e = 0.45 in. and P = 1500 Ib, and 
we substitute for Pa from Eq. (b). Thus, 


m | 15001b 
(SIUS QS. EUIS = 
Uit in sec (2 s a] | 





The only unknown in this equation is the length L (inches). To solve for L, 
we perform the various arithmetic operations in the equation and then rearrange 
the terms. The result is 


0.2667 — sec (0.06588 L) — 1 


Using radians and solving this equation, we get L = 10.03 in. Thus, the max- 
imum permissible length of the bar is 


Lmax = 10.0 in. 


If a longer bar is used, the deflection will exceed the allowable value of 0.12 in. 





850 CHAPTER 11 Columns 


11.6 THE SECANT FORMULA FOR COLUMNS 


FIG. 11-26 Column with eccentric axial 
loads 


In the preceding section we determined the maximum deflection and 
maximum bending moment in a pin-ended column subjected to eccen- 
tric axial loads. In this section, we will investigate the maximum stresses 
in the column and obtain a special formula for calculating them. 

The maximum stresses in a column with eccentric axial loads 
occur at the cross section where the deflection and bending moment 
have their largest values, that is, at the midpoint (Fig. 11-26a). Acting 
at this cross section are the compressive force P and the bending 
moment M4, (Fig. 11-26b). The stresses due to the force P are equal 
to P/A, where A is the cross-sectional area of the column, and the 
stresses due to the bending moment M max are obtained from the flex- 
ure formula. 

Thus, the maximum compressive stress, which occurs on the concave 
side of the column, is 

P M nis 

Tmax = 7 F : (11-57) 

in which / is the moment of inertia in the plane of bending and c is 

the distance from the centroidal axis to the extreme point on the concave 

side of the column. Note that in this equation we consider compressive 

stresses to be positive, since these are the important stresses in a 
column. 

The bending moment Mmax is obtained from Eq. (11-56), which is 


repeated here: 
M max = Pe sec (2 Z) 
2 X Pa 


nio 
A 
E 

i 


to| 
m 
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Since P., = «^EI/L for a pinned-end column, and since J = Ar^, where r 
is the radius of gyration in the plane of bending, the preceding equation 


becomes 
Maa, = Pe see( 2 pras | (11-58) 
2r * EA 


Substituting into Eq. (11-57), we obtain the following formula for the 
maximum compressive stress: 


^A ^ 


"m Pie Sse «(E E ] (11-59) 
A EA 


This equation is commonly known as the secant formula for an eccen- 
trically loaded column with pinned ends. 

The secant formula gives the maximum compressive stress in the 
column as a function of the average compressive stress P/A, the modulus 
of elasticity E, and two nondimensional ratios—the slenderness ratio L/r 
(Eq. 11-17) and the eccentricity ratio: 


Or 


Eccentricity ratio — e (11-60) 
r 


As the name implies, the eccentricity ratio is a measure of the eccentricity 
of the load as compared to the dimensions of the cross section. Its numeri- 
cal value depends upon the position of the load, but typical values are in 
the range from 0 to 3, with the most common values being less than 1. 

When analyzing a column, we can use the secant formula to calculate 
the maximum compressive stress whenever the axial load P and its eccen- 
tricity e are known. Then the maximum stress can be compared with 
the allowable stress to determine if the column is adequate to support 
the load. 

We can also use the secant formula in the reverse manner, that is, if 
we know the allowable stress, we can calculate the corresponding value 
of the load P. However, because the secant formula is transcendental, it 
is not practical to derive a formula for the load P. Instead, we can solve 
Eq. (11-59) numerically in each individual case. 

A graph of the secant formula is shown in Fig. 11-27. The abscissa 
is the slenderness ratio L/r, and the ordinate is the average compressive 
stress P/A. The graph is plotted for a steel column with modulus of 
elasticity E = 30 X 10? ksi and maximum stress Cmax = 36 ksi. Curves 
are plotted for several values of the eccentricity ratio ec/r^. These 
curves are valid only when the maximum stress is less than the propor- 
tional limit of the material, because the secant formula was derived using 
Hooke's law. 

A special case arises when the eccentricity of the load disappears 
(e — 0), because then we have an ideal column with a centrally applied 
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FIG. 11-27 Graph of the secant formula 
(Eq. 11-59) for Cmax = 36 ksi and 
E = 30 X 10° ksi 


E = 30 X 10? ksi 
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load. Under these conditions the maximum load is the critical load 
(P, = «^EI/L^) and the corresponding maximum stress is the critical 
stress (see Eqs. 11-14 and 11-16): 


O. = Per E TEI = mE 
MN: AL (LIY 








(11-61) 


Since this equation gives the stress P/A in terms of the slenderness ratio 
L/r, we can plot it on the graph of the secant formula (Fig. 11-27) as 
Euler’s curve. 

Let us now assume that the proportional limit of the material is the 
same as the selected maximum stress, that is, 36 ksi. Then we construct 
a horizontal line on the graph at a value of 36 ksi, and we terminate 
Euler’s curve at that stress. The horizontal line and Euler’s curve 
represent the limits of the secant-formula curves as the eccentricity 
e approaches zero. 


Discussion of the Secant Formula 


The graph of the secant formula shows that the load-carrying capacity of 
a column decreases significantly as the slenderness ratio L/r increases, 
especially in the intermediate region of L/r values. Thus, long slender 
columns are much less stable than short, stocky columns. The graph 
also shows that the load-carrying capacity decreases with increasing 
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eccentricity e; furthermore, this effect is relatively greater for short 
columns than for long ones. 

The secant formula was derived for a column with pinned ends, but 
it can also be used for a column that is fixed at the base and free at the 
top. All that is required is to replace the length L in the secant formula 
with the equivalent length 2L. However, because it is based upon 
Eq. (11-56), the secant formula is not valid for the other end conditions 
that we discussed. 

Now let us consider an actual column, which inevitably differs 
from an ideal column because of imperfections, such as initial curva- 
ture of the longitudinal axis, imperfect support conditions, and 
nonhomogeneity of the material. Furthermore, even when the load is 
supposed to be centrally applied, there will be unavoidable eccentrici- 
ties in its direction and point of application. The extent of these 
imperfections varies from one column to another, and therefore 
there is considerable scatter in the results of laboratory tests per- 
formed with actual columns. 

All imperfections have the effect of producing bending in addition 
to direct compression. Therefore, it is reasonable to assume that the 
behavior of an imperfect, centrally loaded column is similar to that of 
an ideal, eccentrically loaded column. In such cases, the secant for- 
mula can be used by choosing an approximate value of the eccentricity 
ratio ec/r^ to account for the combined effects of the various imperfec- 
tions. For instance, a commonly used value of the eccentricity ratio for 
pinned-end columns in structural-steel design is ec/r^ — 0.25. The use 
of the secant formula in this manner for columns with centrally 
applied loads provides a rational means of accounting for the effects of 
imperfections, rather than accounting for them simply by increasing 
the factor of safety. (For further discussions of the secant formula and 
the effects of imperfections, see Ref. 11-5 and textbooks on buckling 
and stability.) 

The procedure for analyzing a centrally loaded column by means 
of the secant formula depends upon the particular conditions. For 
instance, if the objective is to determine the allowable load, the pro- 
cedure is as follows. Assume a value of the eccentricity ratio ec/r^ 
based upon test results, code values, or practical experience. Substi- 
tute this value into the secant formula, along with the values of L/r, 
A, and E for the actual column. Assign a value to Gmax, such as the 
yield stress oy or the proportional limit op of the material. Then solve 
the secant formula for the load Pmax that produces the maximum 
stress. (This load will always be less than the critical load P,, for the 
column.) The allowable load on the column equals the load Pmax 
divided by the factor of safety n. 

The following example illustrates how the secant formula may be 
used to determine the maximum stress in a column when the load is 
known, and also how to determine the load when the maximum stress 
is given. 
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Example 11-4 
A steel wide-flange column of W 14 X 82 shape (Fig. 11-28a) is pin-supported 
at the ends and has a length of 25 ft. The column supports a centrally applied load 
P, = 320 k and an eccentrically applied load P = 40 k (Fig. 11-28b). Bending 
takes place about axis 1—1 of the cross section, and the eccentric load acts on axis 
2—2 at a distance of 13.5 in. from the centroid C. 
(a) Using the secant formula, and assuming E = 30,000 ksi, calculate the 
maximum compressive stress in the column. 
(b) If the yield stress for the steel is oy = 42 ksi, what is the factor of safety 
with respect to yielding? 
= = e E 
P= 320 ke |- ss infers ur aie 
l 6 
W 14 x 82 
C 
2 2 
1 | 
(a) (b) (c) 


FIG. 11-28 Example 11-4. Column with an eccentrically applied axial load 


Solution 

(a) Maximum compressive stress. The two loads P, and P, acting as shown 
in Fig. 11-28b are statically equivalent to a single load P — 360 k acting with 
an eccentricity e — 1.5 in. (Fig. 11-28c). Since the column is now loaded by a 
single force P having an eccentricity e, we can use the secant formula to find the 
maximum stress. 

The required properties of the W 14 X 82 wide-flange shape are obtained 
from Table E-1 in Appendix E: 


_ 1431 in. 


= in r = 6.05 in. C 27 [55 in. 


The required terms in the secant formula (Eq. 11-59) are calculated as follows: 


P _ 360k 


= = 14.94 ksi 
A= OAc 205 
Ce wae les cS) (02S PES) 
AD "209 05 
r? (6.05 in)” 
L _ (25 ft)(12 in/ft) - AS 


5 6.05 in. 
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P 360 k -— 
cue c ADOS 
EA . (30,000 ksi)(24.1 in?) 


substituting these values into the secant formula, we get 


Omax ^ 2 | E sec E JE ) 
A r 2r NORA 
= (14.94 ksi)(1 + 0.345) = 20.1 ksi m 


This compressive stress occurs at midheight of the column on the concave side 
(the right-hand side in Fig. 11-28b). 

(b) Factor of safety with respect to yielding. To find the factor of safety, we 
need to determine the value of the load P, acting at the eccentricity e, that will 
produce a maximum stress equal to the yield stress oy = 42 ksi. Since this value 
of the load is just sufficient to produce initial yielding of the material, we will 
denote it as Py. 

Note that we cannot determine Py by multiplying the load P (equal to 360 k) 
by the ratio oy/Omax. The reason is that we are dealing with a nonlinear relationship 
between load and stress. Instead, we must substitute Omax = oy = 42 ksi in the 
secant formula and then solve for the corresponding load P, which becomes Py. In 
other words, we must find the value of Py that satisfies the following equation: 


E ec L Py 
oy - 7E [1e esee (I A (11-62) 


Substituting numerical values, we obtain 





Y 


42 ksi $ i + 0.2939 [5 / dx ) 
SELLE A SC (Rcs SS EIER 
24.1 in? 2) (30,000 ksi)(24.1 in.?) 


Or 
1012 = Py |1 + 0.2939 sec (0.02916 VP, 


in which Py has units of kips. Solving this equation numerically, we get 


This load will produce yielding of the material (in compression) at the cross sec- 
tion of maximum bending moment. 
Since the actual load is P = 360 k, the factor of safety against yielding is 


_ Py _ 716k 


= = 1. = 
P 360k dd 


This example illustrates two of the many ways in which the secant formula may 
be used. Other types of analysis are illustrated in the problems at the end of the 
chapter. 
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11.7 ELASTIC AND INELASTIC COLUMN BEHAVIOR 


FIG. 11-29 Diagram of average com- 
pressive stress P/A versus slenderness 
ratio L/r 


In the preceding sections we described the behavior of columns when the 
material is stressed below the proportional limit. We began by 
considering an ideal column subjected to a centrally applied load (Euler 
buckling), and we arrived at the concept of a critical load Poa. Then we 
considered columns with eccentric axial loads and derived the secant for- 
mula. We portrayed the results of these analyses on a diagram of average 
compressive stress P/A versus the slenderness ratio L/r (see Fig. 11-27). 
The behavior of an ideal column is represented in Fig. 11-27, by Euler's 
curve, and the behavior of columns with eccentric loads is represented by 
the family of curves having various values of the eccentricity ratio ec/r^. 

We will now extend our discussion to include inelastic buckling, 
that is, the buckling of columns when the proportional limit is 
exceeded. We will portray the behavior on the same kind of diagram as 
before, namely, a diagram of average compressive stress P/A versus 
slenderness ratio L/r (see Fig. 11-29). Note that Euler's curve is shown 
on this diagram as curve ECD. This curve is valid only in the region 
CD where the stress is below the proportional limit op, of the material. 
Therefore, the part of Euler's curve above the proportional limit is 
shown by a dashed line. 

The value of slenderness ratio above which Euler's curve is valid is 
obtained by setting the critical stress (Eq. 11-61) equal to the propor- 
tional limit op, and solving for the slenderness ratio. Thus, letting (L/r), 
represent the critical slenderness ratio (Fig. 11-29), we get 





2 
(+) = 2 (11-63) 
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As an example, consider structural steel with op 36 ksi and 
E = 30,000 ksi. Then the critical slenderness ratio (L/r). is equal to 
90.7. Above this value, an ideal column buckles elastically and the Euler 
load is valid. Below this value, the stress in the column exceeds the 
proportional limit and the column buckles inelastically. 

If we take into account the effects of eccentricities in loading or 
imperfections in construction, but still assume that the material follows 
Hooke's law, we obtain a curve such as the one labeled *Secant formula" 
in Fig. 11-29. This curve is plotted for a maximum stress Gmax equal to 
the proportional limit op. 

When comparing the secant-formula curve with Euler's curve, we 
must keep in mind an important distinction. In the case of Euler's curve, 
the stress P/A not only is proportional to the applied load P but also is 
the actual maximum stress in the column when buckling occurs. Conse- 
quently, as we move from C to D along Euler's curve, both the 
maximum stress P/A (equal to the critical stress) and the axial load P 
decrease. However, in the case of the secant-formula curve, the average 
stress P/A decreases as we move from left to right along the curve (and 
therefore the axial load P also decreases) but the maximum stress (equal 
to the proportional limit) remains constant. 

From Euler's curve, we see that long columns with large slender- 
ness ratios buckle at low values of the average compressive stress P/A. 
This condition cannot be improved by using a higher-strength material, 
because collapse results from instability of the column as a whole and 
not from failure of the material itself. The stress can only be raised by 
reducing the slenderness ratio L/r or by using a material with higher 
modulus of elasticity E. 

When a compression member is very short, it fails by yielding and 
crushing of the material, and no buckling or stability considerations are 
involved. In such a case, we can define an ultimate compressive stress 
Tait aS the failure stress for the material. This stress establishes a strength 
limit for the column, represented by the horizontal line AB in Fig. 11-29. 
The strength limit is much higher than the proportional limit, since it rep- 
resents the ultimate stress in compression. 

Between the regions of short and long columns, there is a range 
of intermediate slenderness ratios too small for elastic stability to 
govern and too large for strength considerations alone to govern. Such 
an intermediate-length column fails by inelastic buckling, which means 
that the maximum stresses are above the proportional limit when buck- 
ling occurs. Because the proportional limit is exceeded, the slope of the 
stress-strain curve for the material is less than the modulus of elasticity; 
hence the critical load for inelastic buckling is always less than the Euler 
load (see Section 11.8). 

The dividing lines between short, intermediate, and long columns 
are not precise. Nevertheless, it is useful to make these distinctions 
because the maximum load-carrying capacity of columns in each cate- 
gory is based upon quite different types of behavior. The maximum 
load-carrying capacity of a particular column (as a function of its 
length) is represented by curve ABCD in Fig. 11-29. If the length is 
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(a) (b) 


FIG. 11-30 Ideal column of intermediate 
length that buckles inelastically 


very small (region AB), the column fails by direct compression; if the 
column is longer (region BC), it fails by inelastic buckling; and if it is 
even longer (region CD), it fails by elastic buckling (that is, Euler 
buckling). Curve ABCD applies to columns with various support con- 
ditions if the length L in the slenderness ratio is replaced by the 
effective length L,. 

The results of load tests on columns are in reasonably good agree- 
ment with curve ABCD. When test results are plotted on the diagram, 
they generally form a band that lies just below this curve. Considerable 
scatter of test results is to be expected, because column performance is 
sensitive to such matters as the accuracy of construction, the alignment 
of loads, and the details of support conditions. To account for these 
variables, we usually obtain the allowable stress for a column by 
dividing the maximum stress (from curve ABCD) by a suitable factor of 
safety, which often has a value of about 2. Because imperfections are 
apt to increase with increase in length, a variable factor of safety 
(increasing as L/r increases) is sometimes used. In Section 11.9 we will 
give some typical formulas for allowable stresses. 


The critical load for elastic buckling is valid only for relatively long 
columns, as explained previously (see curve CD in Fig. 11-29). If a column 
is of intermediate length, the stress in the column will reach the propor- 
tional limit before buckling begins (curve BC in Fig. 11-29). To calculate 
critical loads in this intermediate range, we need a theory of inelastic 
buckling. Three such theories are described in this section: the tangent- 
modulus theory, the reduced-modulus theory, and the Shanley theory. 


Tangent-Modulus Theory 


Let us again consider an ideal, pinned-end column subjected to an axial 
force P (Fig. 11-30a). The column is assumed to have a slenderness ratio 
L/r that is less than the critical slenderness ratio (Eq. 11-63), and therefore 
the axial stress P/A reaches the proportional limit before the critical load is 
reached. 

The compressive stress-strain diagram for the material of the 
column is shown in Fig. 11-31. The proportional limit of the material is 
indicated as o, and the actual stress o4 in the column (equal to P/A) is 
represented by point A (which is above the proportional limit). If the load 
is increased, so that a small increase in stress occurs, the relationship 
between the increment of stress and the corresponding increment of 
strain is given by the s/ope of the stress-strain diagram at point A. This 
slope, equal to the slope of the tangent line at A, is called the tangent 
modulus and is denoted by E; thus, 


_ do 


= 11-64 
=e (11-64) 


Co Slope = E, 


b^ 





FIG. 11-31 Compression stress-strain 
diagram for the material of the column 
shown in Fig. 11-30 
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Note that the tangent modulus decreases as the stress increases beyond 
the proportional limit. When the stress is below the proportional limit, 
the tangent modulus is the same as the ordinary elastic modulus E. 

According to the tangent-modulus theory of inelastic buckling, the 
column shown in Fig. 11-30a remains straight until the inelastic critical 
load is reached. At that value of load, the column may undergo a small 
lateral deflection (Fig. 11-30b). The resulting bending stresses are super- 
imposed upon the axial compressive stresses o4. Since the column starts 
bending from a straight position, the initial bending stresses represent 
only a small increment of stress. Therefore, the relationship between the 
bending stresses and the resulting strains is given by the tangent modu- 
lus. Since the strains vary linearly across the cross section of the column, 
the initial bending stresses also vary linearly, and therefore the expres- 
sions for curvature are the same as those for linearly elastic bending 
except that E, replaces E: 


2 
oo (11-65) 
p dx b 
(compare with Eqs. 9-5 and 9-7). 
Because the bending moment M = —Pv (see Fig. 11-30b), the 
differential equation of the deflection curve is 
Ev" + Pv = 0 (11-66) 


This equation has the same form as the equation for elastic buckling 
(Eq. 11-5) except that E, appears in place of E. Therefore, we can solve 
the equation in the same manner as before and obtain the following 
equation for the tangent-modulus load: 


T^E,I 
T "E 
This load represents the critical load for the column according to the 
tangent-modulus theory. The corresponding critical stress is 





(11-67) 


P, TE, 
Z 11-68 
“A (rè EQ 





which is similar in form to Eq. (11-61) for the Euler critical stress. 

Since the tangent modulus EF, varies with the compressive stress 
o = P/A (Fig. 11-31), we usually obtain the tangent-modulus load by an 
iterative procedure. We begin by estimating the value of P,. This trial 
value, call it P;, should be slightly larger than o5; A, which is the axial 
load when the stress just reaches the proportional limit. Knowing Pj, we 
can calculate the corresponding axial stress o4 = P,/A and determine 
the tangent modulus EF, from the stress-strain diagram. Next, we use 
Eq. (11-67) to obtain a second estimate of P,. Let us call this value P5. If 
P, is very close to P,, we may accept the load P, as the tangent-modulus 
load. However, it is more likely that additional cycles of iteration will be 
required until we reach a load that is in close agreement with the preced- 
ing trial load. This value is the tangent-modulus load. 
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FIG. 11-32 Diagram of critical stress 
versus slenderness ratio 


A diagram showing how the critical stress o; varies with the slen- 
derness ratio L/r is given in Fig. 11-32 for a typical metal column with 
pinned ends. Note that the curve is above the proportional limit and 
below Euler's curve. 

The tangent-modulus formulas may be used for columns with various 
support conditions by using the effective length L, in place of the actual 
length L. 


Reduced-Modulus Theory 


The tangent-modulus theory is distinguished by its simplicity and ease 
of use. However, it is conceptually deficient because it does not account 
for the complete behavior of the column. To explain the difficulty, we 
will consider again the column shown in Fig. 11-30a. When this column 
first departs from the straight position (Fig. 11-30b), bending stresses 
are added to the existing compressive stresses P/A. These additional 
stresses are compressive on the concave side of the column and tensile 
on the convex side. Therefore, the compressive stresses in the column 
become larger on the concave side and smaller on the other side. 

Now imagine that the axial stress P/A is represented by point A on 
the stress-strain curve (Fig. 11-31). On the concave side of the column 
(where the compressive stress is increased), the material follows the tan- 
gent modulus E. However, on the convex side (where the compressive 
stress is decreased), the material follows the unloading line AB on the 
stress-strain diagram. This line is parallel to the initial linear part of the 
diagram, and therefore its slope is equal to the elastic modulus E. Thus, 
at the onset of bending, the column behaves as if it were made of two 
different materials, a material of modulus E, on the concave side and a 
material of modulus £ on the convex side. 

A bending analysis of such a column can be made using the bending 
theories for a beam of two materials (Sections 6.2 and 6.3). The results 
of such analyses show that the column bends as though the material had 
a modulus of elasticity between the values of E and E,. This “effective 
modulus” is known as the reduced modulus E,., and its value depends 
not only upon the magnitude of the stress (because E, depends upon the 
magnitude of the stress) but also upon the shape of the cross section of 
the column. Thus, the reduced modulus £, 1s more difficult to determine 
than is the tangent modulus £,. In the case of a column having a rectan- 
gular cross section, the equation for the reduced modulus is 


AEE, 
E, = (VE + VE) (11-69) 


For a wide-flange beam with the area of the web disregarded, the 
reduced modulus for bending about the strong axis is 
2EE, 
E, = 
EE 





(11-70) 


The reduced modulus E, is also called the double modulus. 


Shanley 
theory 





FIG. 11-33 Load-deflection diagram for 
elastic and inelastic buckling 
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Since the reduced modulus represents an effective modulus that 
governs the bending of the column when it first departs from the straight 
position, we can formulate a reduced-modulus theory of inelastic buck- 
ling. Proceeding in the same manner as for the tangent-modulus theory, 
we begin with an equation for the curvature and then we write the differ- 
ential equation of the deflection curve. These equations are the same as 
Eqs. (11-65) and (11-66) except that E, appears instead of E;. Thus, we 
arrive at the following equation for the reduced-modulus load: 








T^E,I 
P= D (11-71) 
The corresponding equation for the critical stress is 
Na (11-72) 
7o (urn? 


To find the reduced-modulus load P, we again must use an iterative 
procedure, because E, depends upon E;. The critical stress according to 
the reduced-modulus theory is shown in Fig. 11-32. Note that the curve 
for a, is above that for o;, because E, is always greater than £;. 

The reduced-modulus theory is difficult to use in practice because 
E, depends upon the shape of the cross section as well as the stress- 
strain curve and must be evaluated for each particular column. 
Moreover, this theory also has a conceptual defect. In order for the 
reduced modulus £, to apply, the material on the convex side of the col- 
umn must be undergoing a reduction in stress. However, such a 
reduction in stress cannot occur until bending actually takes place. 
Therefore, the axial load P, applied to an ideal straight column, can 
never actually reach the reduced-modulus load P. To reach that load 
would require that bending already exist, which is a contradiction. 


Shanley Theory 


From the preceding discussions we see that neither the tangent-modulus 
theory nor the reduced-modulus theory is entirely rational in explaining 
the phenomenon of inelastic buckling. Nevertheless, an understanding of 
both theories is necessary in order to develop a more complete and logi- 
cally consistent theory. Such a theory was developed by F. R. Shanley in 
1946 (see the historical note that follows) and today is called the Shanley 
theory of inelastic buckling. 

The Shanley theory overcomes the difficulties with both the 
tangent-modulus and reduced-modulus theories by recognizing that it 
is not possible for a column to buckle inelastically in a manner that 
is analogous to Euler buckling. In Euler buckling, a critical load is 
reached at which the column is in neutral equilibrium, represented by 
a horizontal line on the load-deflection diagram (Fig. 11-33). As 
already explained, neither the tangent-modulus load P, nor the 
reduced-modulus load P, can represent this type of behavior. In both 
cases, we are led to a contradiction if we try to associate the load with 
a condition of neutral equilibrium. 
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Instead of neutral equilibrium, wherein a deflected shape suddenly 
becomes possible with no change in load, we must think of a column that 
has an ever-increasing axial load. When the load reaches the tangent- 
modulus load (which is less than the reduced-modulus load), bending can 
begin only if the load continues to increase. Under these conditions, 
bending occurs simultaneously with an increase in load, resulting in a 
decrease in strain on the convex side of the column. Thus, the effective 
modulus of the material throughout the cross section becomes greater 
than E,, and therefore an increase in load is possible. However, the effec- 
tive modulus is not as great as E,, because E, is based upon full strain 
reversal on the convex side of the column. In other words, E, is based 
upon the amount of strain reversal that exists if the column bends without 
a change in the axial force, whereas the presence of an increasing axial 
force means that the reduction in strain is not as great. 

Thus, instead of neutral equilibrium, where the relationship between 
load and deflection is undefined, we now have a definite relationship 
between each value of the load and the corresponding deflection. This 
behavior is shown by the curve labeled *Shanley theory" in Fig. 11-33. 
Note that buckling begins at the tangent-modulus load; then the load 
increases but does not reach the reduced-modulus load until the deflec- 
tion becomes infinitely large (theoretically). However, other effects 
become important as the deflection increases, and in reality the curve 
eventually goes downward, as shown by the dashed line. 

The Shanley concept of inelastic buckling has been verified by 
numerous investigators and by many tests. However, the maximum load 
attained by real columns (see the dashed curve trending downward in 
Fig. 11-33) is only slightly above the tangent-modulus load P;. In addi- 
tion, the tangent-modulus load is very simple to calculate. Therefore, for 
many practical purposes it is reasonable to adopt the tangent-modulus 
load as the critical load for inelastic buckling of columns. 

The preceding discussions of elastic and inelastic buckling are 
based upon idealized conditions. Although theoretical concepts are 
important in understanding column behavior, the actual design of 
columns must take into account additional factors not considered in 
the theory. For instance, steel columns always contain residual stresses 
produced by the rolling process. These stresses vary greatly in dif- 
ferent parts of the cross section, and therefore the stress level required 
to produce yielding varies throughout the cross section. For such rea- 
sons, a variety of empirical design formulas have been developed for 
use in designing columns. Some of the commonly used formulas are 
given in the next section. 


Historical Note Over 200 years elapsed between the first calculation of a 
buckling load by Euler (in 1744) and the final development of the theory by 
Shanley (in 1946). Several famous investigators in the field of mechanics con- 
tributed to this development, and their work is described in this note. 

After Euler's pioneering studies (Ref. 11-1), little progress was made 
until 1845, when the French engineer A. H. E. Lamarle pointed out that 
Euler's formula should be used only for slenderness ratios beyond a certain 
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limit and that experimental data should be relied upon for columns with 
smaller ratios (Ref. 11-6). Then, in 1889, another French engineer, A. G. 
Considére, published the results of the first comprehensive tests on columns 
(Ref. 11-7). He pointed out that the stresses on the concave side of the column 
increased with £E, and the stresses on the convex side decreased with E. Thus, 
he showed why the Euler formula was not applicable to inelastic buckling, and 
he stated that the effective modulus was between E and E,. Although he made 
no attempt to evaluate the effective modulus, Considére was responsible for 
beginning the reduced-modulus theory. 

In the same year, and quite independently, the German engineer F. Engesser 
suggested the tangent-modulus theory (Ref. 11-8). He denoted the tangent modulus 
by the symbol T (equal to do/de) and proposed that T be substituted for E in Euler's 
formula for the critical load. Later, in March 1895, Engesser again presented the 
tangent-modulus theory (Ref. 11-9), obviously without knowledge of Considére's 
work. Today, the tangent-modulus theory is often called the Engesser theory. 

Three months later, Polish-born F. S. Jasinsky, then a professor in St. Petersburg, 
pointed out that Engesser's tangent-modulus theory was incorrect, called attention to 
Considére's work, and presented the reduced-modulus theory (Ref. 11-10). He also 
stated that the reduced modulus could not be calculated theoretically. In response, 
and only one month later, Engesser acknowledged the error in the tangent-modulus 
approach and showed how to calculate the reduced modulus for any cross section 
(Ref. 11-11). Thus, the reduced-modulus theory is also known as the Considére- 
Engesser theory. 

The reduced-modulus theory was also presented by the famous scientist 
Theodore von Kámá in 1908 and 1910 (Refs. 11-12, 11-13, and 11-14), appar- 
ently independently of the earlier investigations. In Ref. 11-13 he derived the 
formulas for E, for both rectangular and idealized wide-flange sections (that is, 
wide-flange sections without a web). He extended the theory to include the 
effects of eccentricities of the buckling load, and he showed that the maximum 
load decreases rapidly as the eccentricity increases. 

The reduced-modulus theory was the accepted theory of inelastic buckling 
until 1946, when the American aeronautical-engineering professor F. R. Shanley 
pointed out the logical paradoxes in both the tangent-modulus and reduced-modulus 
theories. In a remarkable one-page paper (Ref. 11-15), Shanley not only explained 
what was wrong with the generally accepted theories but also proposed his own 
theory that resolved the paradoxes. In a second paper, five months later, he gave 
further analyses to support his earlier theory and gave results from tests on columns 
(Ref. 11-16). Since that time, many other investigators have confirmed and 
expanded Shanley's concept. 

For excellent discussions of the column-buckling problem, see the compre- 
hensive papers by Hoff (Refs. 11-17 and 11-18), and for a historical account, see 
the paper by Johnston (Ref. 11-19). 


11.9 DESIGN FORMULAS FOR COLUMNS 


In the preceding sections of this chapter we discussed the theoretical 
load-carrying capacity of columns for both elastic and inelastic buck- 
ling. With that background in mind, we are now ready to examine some 
practical formulas that are used in the design of columns. These design 
formulas are based not only upon the theoretical analyses but also upon 
the behavior of real columns as observed in laboratory tests. 
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The theoretical results are represented by the column curves shown 
in Figs. 11-29 and 11-32. A common design approach is to approximate 
these curves in the inelastic buckling range (low values of slenderness 
ratio) by empirical formulas and to use Euler’s formula in the elastic 
range (high values of slenderness ratio). Of course, a factor of safety 
must be applied to obtain the allowable loads from the maximum loads 
(or to obtain the allowable stresses from the maximum stresses). 

The following examples of column design formulas are applicable to 
centrally loaded columns of structural steel, aluminum, and wood. The 
formulas give the allowable stresses in terms of the column properties, 
such as length, cross-sectional dimensions, and conditions of support. 
Thus, for a given column, the allowable stress can be readily obtained." 

Once the allowable stress is known, we can determine the allowable 
load by multiplying by the cross-sectional area: 


P aliow - Ojos (11-73) 


The allowable load must be larger than the actual load if the allowable 
stress is not to be exceeded. 

The selection of a column often requires an iterative or trial-and-error 
procedure. Such a procedure is necessary whenever we don't know in 
advance which design formula to use. Since each formula is valid only for 
a certain range of slenderness ratios, and since the slenderness ratio is 
unknown until after the column is selected, we usually don't know which 
formula is applicable until we have made at least one trial. 

A common trial-and-error procedure for selecting a column to 
support a given axial load 1s the following: 


1. Estimate the allowable stress o4jo,. (Note that an upper limit for 
Tallow 1$ the allowable stress for a column of zero length. This stress 
is readily obtained from the design formulas, and the estimated 
stress should be equal to or less than this upper limit.) 

2. Calculate an approximate value of the cross-sectional area A by 
dividing the given axial load P by the estimated allowable stress. 

3. Determine a column size and/or shape that supplies the required 
area, either by calculating a required dimension or by selecting a 
column from a table of available shapes. 

4. Knowing the dimensions of a trial column from step (3), determine 
the allowable stress o4go, in the column from the appropriate 
design formula. 

5. Using Eq. (11-73), calculate the allowable load Panow and compare it 
with the actual load P. 

6. If the column is not adequate to support the given load, select a 
larger column and repeat the process. If the column appears to be 
overdesigned (because the allowable load is much larger than the 


"The design formulas given in this section are samples of the many formulas in use around 
the world. They are intended for use in solving the problems at the end of the chapter and 
should not be used in actual design, which requires many additional considerations. See 
the subsection titled "Limitations" at the end of this section. 
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given load), select a smaller column and repeat the process. A suit- 
able column can usually be obtained with only two or three trials. 


Many variations of this procedure are possible, depending upon the 
type of column and what quantities are known in advance. Sometimes a 
direct design procedure, bypassing the trial-and-error steps, can be 
devised. 


Structural Steel 


Let us begin with design formulas for centrally loaded, structural-steel 
columns. The following formulas were adopted by the American Institute 
of Steel Construction (AISC), a technical organization that prepares spec- 
ifications for structural-steel designers (Ref. 5-4) and provides many 
other services to engineers. The AISC formulas for the allowable stress in 
a column are obtained by dividing the maximum stress by an appropriate 
factor of safety. The term “maximum stress” means the stress obtained by 
taking the maximum load (or ultimate load) the column can carry and 
dividing it by the cross-sectional area. 

When the slenderness ratio L/r is large, the maximum stress is 
based upon the Euler load: 


pon TE 
max (KLI 


where the effective length KL is used so that the formula may be applied 
to a variety of support conditions. 

Equation (11-74) is valid only when the stresses in the column are 
less than the proportional limit o,). Under ordinary conditions, we assume 
that the proportional limit of steel is equal to the yield stress oy. However, 
rolled steel sections (such as wide-flange sections) contain significant 
residual stresses— stresses that may be as large as one-half the yield 
stress. For such a column, the proportional limit is reached when the 
axial stress Cmax due to the compressive load equals one-half the yield 
stress: 


(11-74) 


Onax = 0.50y (11-75) 


To determine the smallest slenderness ratio for which Eq. (11-74) is 
applicable, we set Cmax equal to 0.5oy and solve for the corresponding 
value of KL/r, which is known as the critical slenderness ratio (compare 
with Eq. 11-63): 





e! ay (11-76) 


r Oy 


If the actual slenderness ratio is equal to or larger than (KL/r)., the 
Euler formula for the maximum stress (Eq. 11-74) may be used. Thus, 
the critical slenderness ratio given by Eq. (11-76) determines the 
boundary between elastic and inelastic buckling for rolled steel 
columns. 
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Equation (11-74) may be expressed in nondimensional form by 
dividing by the yield stress oy and then substituting from Eq. (11-76): 


a 2 
Omax _ WE -— en KL = (= (11-77) 
Oy Oy(KL/r) 2(KL/r) r r jc 


This equation is plotted in Fig. 11-34 and labeled Euler’s curve. 
For the region of inelastic buckling, where KL/r - (KL/r),, the 
maximum stress is given by a parabolic formula: 


= — ——— = 


Oy XKL /r)2 y 


LM (KLI? L (& ) (11-78) 


r 


This empirical formula is also plotted in Fig. 11-34. Note that the 
curve is a parabola with a horizontal tangent at KL/r — 0, where the 
maximum stress is equal to oy. At the critical slenderness ratio 
(KL/r). the curve merges smoothly with Euler's curve (both curves 
have the same slope at the point where they meet). Thus, the empiri- 
cal formula provides a design curve that fits the general shape of the 
theoretical curves (Figs. 11-29 and 11-32) while also being simple to 
use. The validity of the formula for use in design has been verified by 
numerous tests. 
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To obtain the allowable stresses from the maximum stresses, the 
AISC adopted the following formulas for the factors of safety: 


3 
je Lo ME CF cy (11-79) 
3 S(KL/r).  S8(KL/r)- r c 
E -A— (=) (11-80) 
12 r r e 


Thus, the factor of safety is 5/3 when KL/r = 0 and gradually increases 
to 23/12 when KL/r = (KL/r).. For higher slenderness ratios, the factor 
of safety remains constant at that value. 

The allowable stresses are now obtained by dividing the maximum 
stresses Omax by the appropriate factor of safety (n, or n>); thus, 


2 
ÜO allow = ac u (KL /r) 1 KL = (=) (11-81) 
Oy ni 2(KL /r)- r y je 
2 
Oallow _ (KL/r)- 5 KL > (=) (11-82) 
Oy 2n>(KL [r) r r 


These equations for the allowable stresses are also plotted in Fig. 11-34. 

The AISC specifications place an upper limit of 200 on the slenderness 
ratio KL/r and specify the modulus of elasticity E as 29,000 ksi. Also, the 
symbols used in the AISC specifications differ slightly from those in the 
preceding formulas. For instance, the critical slenderness ratio is denoted 
Ce, the allowable stress is denoted F}, and the yield stress if denoted F. 

All of the preceding design formulas for structural steel may be used 
with either USCS or SI units. The formulas are applicable to wide-flange 
and other rolled shapes, as well as to columns with rectangular and circular 
cross sections. 
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FIG. 11-35 Design formulas for aluminum 
columns 


Aluminum 


The design formulas presented below for aluminum columns are taken 
from the specifications of the Aluminum Association (Ref. 5-5). Like 
the formulas for steel design, the formulas for aluminum are based upon 
the theoretical curves given in Figs. 11-29 and 11-32. 

The general shape of the design curves for aluminum is shown in 
Fig. 11-35, where the ordinate is the allowable stress and the abscissa is 
the effective slenderness ration KL/r. The slenderness ratio S, separates 
short and intermediate columns, and the ratio $5 separates intermediate 
and long columns (compare with Fig. 11-29). The allowable stress in 
the short-column region is based upon the yield strength of the mate- 
rial; in the intermediate-column region it is based upon the tangent 
modulus formula; and in the long-column region it is based upon 
Euler's formula. 

For aluminum columns in direct compression, the general design 
formulas are expressed as follows: 


Fallow — — Uus p = 8, (11-83a) 
Y 
atow = — (s - p. E Sı == =S, (830 
2 
TE KL 
tow = — s =s 11-83 
“a n, (KL [ry r - N e) 


In these equations, KL/r is the effective slenderness ratio, the stress ay is 
the compressive yield stress (0.2%ffset), ny is the factor of safety with 
respect to the yield stress, n, is the factor of safety with respect to the 
ultimate stress, and B, and D, are constants. 

The values of the various quantities appearing in Eqs. (11-83a, b, 
and c) depend upon the particular aluminum alloy, the temper of the 
finished product, and the use to which it will be put. Numerous alloys 
and tempers are available, so the Aluminum Association gives tables of 
values based upon the material and usage. 

As examples, the following formulas apply to two alloys used in build- 
ings and aircraft structures. In these particular cases, the short-column 
region is very small and can be combined with the intermediate-column 
region; thus, for these materials, the slenderness ratio S; is taken as zero. 


Case 1. Alloy 2014-T6 Sı = 0, $5 = 55 


Fong, = 30.7 — 0.23 (E ksi bess (11-84a) 
r r 


ioe E (11-84b) 
(KL/r) 
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Case 2. Alloy 6061-T6 Sı = 0, So = 66 
O4low = 20.2 — 0.126 (E ksi 0x = = 66 (11-85a) 
r r 


51,000 ksi KL 
low = —— “= > 66 11-85b 
Oall (KLIr? p ( ) 





Note that these formulas give the allowable stresses, hence they already 
incorporate the factors of safety, which are 1.65 and 1.95 for ny and ny, 
respectively. Also, note that the allowable stresses have units of kips per 
square inch (ksi). Finally, observe that the design curves (Fig. 11-35 
on the preceding page) meet with distinctly different shopes at the 
slenderness ratio S>. 


Wood 


Wood structural members are readily available in the form of sawn 
lumber, glued-laminated timbers, and round poles and piles. Their 
strength depends upon many factors, the most important being the 
species (such as Douglas fir or southern pine) and the grade (such 
as Select Structural or Construction). Among the other factors affecting 
strength are moisture content and duration of loading (wood will support 
greater loads for short durations than for long durations). 

The design of wood structural members, like those of steel and 
aluminum, is governed by codes and specifications. In the United States, 
the most widely used design codes for wood are those of the American 
Forest and Paper Association (Ref. 5-6), which publishes the National 
Design Specifications for Wood Construction and related manuals. The for- 
mulas and requirements described in this section are taken from those 
specifications. We will limit our discussion to columns of rectangular cross 
section constructed of either sawn lumber or glued-laminated timber. 

The allowable stress in compression, parallel to the grain of the 
wood, on the cross section of a column is denoted in the specifications 
as F}, which is the same as Ca1ow in the notation of this book. Therefore, 
the allowable axial load on a centrally loaded column is 


FP stiow = Tiiowå = E (11-86) 


in which A is the cross-sectional area of the column. 
The allowable stress F; for use in the preceding equation is given 
in the specifications as 


F} = F.C*Cp = F* Cp (11-87) 


in which F. is the compressive design stress for the particular species 
and grade of wood, C* is an adjustment factor for various service condi- 
tions, Cp is the column stability factor, and F* is the adjusted 
compressive design stress (equal to the product of F, and the adjustment 
factor C*). Each of these terms will now be described. 
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The design stress F, is based upon laboratory tests of wood speci- 
mens and is listed in tables in the specifications. For instance, typical 
values of F. for structural grades of Douglas fir and southern pine are in 
the range of 700 to 2000 psi (5 to 14 MPa). 

The adjustment factor C* takes into account the service condi- 
tions, that is, the actual conditions of use, including duration of loading, 
wet conditions, and high temperatures. When solving problems in this 
book, we will assume C* = 1.0, which is not unreasonable for ordinary 
indoor conditions. 

The column stability factor Cp is based upon buckling considera- 
tions analogous to those described in connection with Figs. 11-29 and 
11-32. For wood columns, a single buckling formula has been devised 
that covers the entire region of column behavior, including short, inter- 
mediate, and long columns. The formula, which follows as Eq. (11-89), 
gives the stability factor Cp in terms of several variables, one of which 
is the wood slenderness ratio: 


L 
Wood slenderness ratio — (11-88) 


in which L, is the effective length for buckling and d is the depth of the 
cross section in the plane of buckling. 

The effective length L, appearing in the wood slenderness ratio is the 
same as the effective length KL in our earlier discussions (see Fig. 11-19). 
However, note carefully that the slenderness ratio L,/d is not the same as 
the slenderness ratio L/r used previously (see Eq. 11-17). The dimension 
d is the depth of the cross section in the plane of buckling, whereas r is the 
radius of gyration of the cross section in the plane of buckling. Also, 
note that the maximum permissible value of the wood slenderness ratio 
Leld is 50. 

The column stability factor Cp is calculated from the following 
formula: 


Cp 


2 


2c 2c 


in which F.g is the Euler buckling coefficient (Eq. 11-90), F7? is the 
adjusted compressive design stress (see Eq. 11-87), and c is a constant 
depending upon the type of column (for instance, c — 0.8 for sawn lumber 
and 0.9 for glued-laminated timber). 

The Euler buckling coefficient is defined as follows: 


P= K-gE' 
= Ed) 





(11-90) 


in which K,g is a buckling coefficient, E' is an adjusted modulus of 
elasticity, and L,/d is the wood slenderness ratio. 

The coefficient K.g is based upon the method of grading and is 
equal to 0.3 for visually graded lumber and 0.418 for glued-laminated 
timber. The adjusted modulus £' is equal to the modulus of elasticity E 
multiplied by an adjustment factor for service conditions. When 
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solving problems in this book, we will assume that these adjustment 
factors equal 1.0, and therefore E' = E. Typical values of the modulus E 
for structural lumber are in the range of 1,200,000 to 2,000,000 psi 
(8 to 14 GPa). 

In summary, Eqs. (11-86) through (11-90) are the general equations 
for the buckling of wood columns. However, when solving problems in 
this book, we assume the following specific conditions: 


1. The columns have rectangular cross sections and are constructed of 
either sawn lumber or glued-laminated timber. 

2. The adjustment factor C* = 1.0, and therefore the following three 
relations may be used: 


F; = Oanow = F-Cp pore (11-91a,b) 
P allow — FA g F.CpA (11-92) 


3. The constant c = 0.8 or 0.9 (for sawn lumber and glued-laminated 
timber, respectively). 

4. The coefficient K.- = 0.3 or 0.418 (for sawn lumber and 
glued-laminated timber, respectively). 

5. The modulus E’ = E. 


With these conditions, the equation for the Euler buckling coefficient 
(Eq. 11-90) becomes 


p.— Kuk 
E (Leld? 





(11-93) 


and the nondimensional ratio F..-/F% which we will denote by the 
Greek letter @ (phi), becomes 
p cE Kirk 
= —— = —_~, 11-94 
? po JL 
With this simplified notation, the equation for the column stability factor 
becomes 





— m 11-95 
a 26 26 l ) 


1T - 4 di p 

Ü 
Note that the slenderness ratio L,/d enters the calculation of Cp through 
the ratio d. 

A graph of the stability factor is shown in Fig. 11-36. The curves 
for Cp are plotted for two values of the ratio E/F.. Note that both 
curves have zero slope for L,/d equal to zero, and both curves terminate 
at L./d = 50, which is the upper limit permitted by the specifications. 
Although these curves are plotted for specific values of the various 
parameters, they show in general how the stability factor varies with 
the slenderness ratio L,/d. 
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FIG. 11-36 Typical curves for the column 
stability factor Cp (rectangular wood 
columns) 





Le 
d 


Limitations 


The preceding formulas for the design of steel, aluminum, and wood 
columns are intended solely for use in solving problems in this book. 
They should not be used for the design of actual columns, because they 
represent only a small part of the complete design process. Many factors 
besides those discussed here enter into the design of columns, and there- 
fore textbooks or other references on structural design should be 
consulted before designing a column for a specific application. 

Furthermore, all design formulas presented in specifications and 
codes, such as the formulas given in this section, require informed 
judgment in their use. There are many cases of structures that “met the 
code” but nevertheless collapsed or failed to perform adequately. Meet- 
ing the code requirements is not enough for a safe design—practical 
design experience is also essential. 


Example 11-5 


FIG. 11-37 Example 11-5. Steel wide- 
flange column 
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A steel column is constructed from a W 10 X 60 wide-flange section (Fig. 11-37). 
Assume that the column has pin supports and may buckle in any direction. Also, 
assume that the steel has modulus of elasticity E = 29,000 ksi and yield stress 
gy = 36 ksi. 

(a) If the length of the column is L = 20 ft, what is the allowable axial load? 

(b) If the column is subjected to an axial load P = 200 k, what is the max- 
imum permissible length? 

| 


Hn 






Solution 

We will use the AISC formulas (Eqs. 11-79 through 11-82) when analyzing 
this column. Since the column has pin supports, the effective-length factor 
K — 1. Also, since the column will buckle about the weak axis of bending, we 
will use the smaller radius of gyration: r — 2.57 in. 
as obtained from Table E-1, Appendix E. The critical slenderness ratio 


(Eq. 11-76) is 
2 2 : 
(=) _ a . |2«^Q9000ks) _ 156 | (a) 
Foe Oy 36 ksi 


(a) Allowable axial load. If the length L = 20 ft, the slenderness ratio of the 
column is 








TET Ont) ane) 


= 93.4 
r Deo) ane 


continued 
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which is less than the critical ratio (Eq. a). Therefore, we will use Eqs. (11-79) 
and (11-81) to obtain the factor of safety and allowable stress, respectively: 


3 3 
m =Š p SELD _ (KL IY _ 5, 3034) 03A _ gg 
3 S(KL [r),. S(KL [r). 3 8(126.1) 8(126.1) 
2 p 
Oalow _ 1 f E ELi ES f |. (93.4) | — 0.384 


Falow = 0.3840y = 0.384(36 ksi) = 13.8 ksi 


Since the cross-sectional area of the column is A = 17.6 in.” (from Table E-1), 
the allowable axial load is 


Pies = Jallow A = (13.8 ks1)(17.6 in.) = 243k = 


(b) Maximum permissible length. To determine the maximum length when 
the axial load P = 200 k, we begin with an estimated value of the length and then 
use a trial-and-error procedure. Note that when the load P = 200 k, the maximum 
length is greater than 20 ft (because a length of 20 ft corresponds to an axial load 
of 243 k). Therefore, as a trial value, we will assume L = 25 ft. The correspon- 
ding slenderness ratio is 


L _ (25 fÐ(12 in./ft) 

vU t XS 
which is less than the critical ratio. Therefore, we again use Eqs. (11-79) and 
(11-81) to obtain the factor of safety and allowable stress: 


S  S(KL/r) (KL [ry SON S UE T (6n 
ny = + = 1915 
3 8(KL/r).  8(KL/) 3  8(1261)  8(126.D 


SEE -ih (KL Ir |- I h- (116.7? 
2(KL/r)~ 2(126.1)? 


= 116.7 


= | = 0.299 
1:915 


Oy ni 
C;now = 0.2990 = 0.299(36 ksi) = 10.8 ksi 


Thus, the allowable axial load corresponding to a length L = 25 ft is 


Pika = O5llow A x (10.8 ks1)(17.6 in.?) = 190k 


which is less than the given load of 200 k. Therefore, the permissible length is 
less than 25 ft. 

Performing similar calculations for L = 24.0 ft and L = 24.5 ft, we obtain 
the following results: 


L=24.0ft Pow = 201k 
L=24.5ft Pow = 194k 
L=25.0ft  Payow = 190k 


Interpolating between these results, we see that a load of 200 k corresponds to a 
length of 24.1 ft. Thus, the maximum permissible length of the column is 


Lmax = 24.1 ft E 





Find the minimum required thickness fmin for a steel pipe column of length 
L = 3.6 m and outer diameter d = 160 mm supporting an axial load P = 240 kN 
(Fig. 11-38). The column is fixed at the base and free at the top. (Use 
E = 200 GPa and oy = 250 MPa.) 


FIG. 11-38 Example 11-6. Steel pipe 
column 





Solution 
We will use the AISC formulas (Eqs. 11-79 through 11-82) when analyzing 
this column. Since the column has fixed-free end conditions, the effective length is 


L.e = KL = 2(8.6m) = 72m 


Also, the critical slenderness ratio (Eq. 11-76) is 


Z 2 
(=) M a (b) 
r jc Oy 250 MPa 


First trial. To determine the required thickness of the column, we will use 
a trial-and-error method. Let us start by assuming a trial value t = 7.0 mm. Then 
the moment of inertia of the cross-sectional area is 


es | ae — al es TR A EN 6 4 
[= AG (d 21)*| = — |(160 mm) (146 mm)^| = 9.866 x 10 mm 


continued 
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Also, the cross-sectional area and radius of gyration are 
A= " |a? — (a — 2)7|= z |(160 mm)? — (146 mm)?| = 3365 mm? 


NES 
— oem oO E E 
A 3365 mm 


Therefore, the slenderness ratio of the column is 


2Q. 
E Te 
r 54.15 mm 


Since this ratio is larger than the critical slenderness ratio (Eq. b), we obtain the 
factor of safety and the allowable stress from Eqs. (11-80) and (11-82): 


Hn» — 1.92 


ins, GE BIEE (sm 


5 = _, = 0.2326 
oy  2n(KL/r 2(1.92)33.0) 


Glow = 0.23260 = 0.2326(250 MPa) = 58.15 MPa 


Thus, the allowable axial load is 


P ov. F Tallow A zs (58.15 MPa)(3365 mm^?) = 196 kN 


Since this load is less than the required load of 240 kN, we must try a larger value 
of the thickness f. 

Additional trials. Performing similar calculations for t = 8 mm and f = 
9 mm, we get the following results: 


t — 7.0mm Pajiow = 196 kN 
t = 8.0mm Pilos = 220 KN 


t = 9.0 mm E OM = 243 kN 


By interpolation, we see that t = 8.9 mm corresponds to a load of 240 KN. 
Therefore, the required thickness of the pipe column is 


tmin = 8.9 mm «umm 


Example 11-7 


FIG. 11-39 Example 11-7. Aluminum tube 
in compression 
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An aluminum tube (alloy 2014-T6) with an effective length L = 16.0 in. is com- 
pressed by an axial force P = 5.0 k (Fig. 11-39). 

Determine the minimum required outer diameter d if the thickness t equals 
one-tenth the outer diameter. 





Solution 

We will use the Aluminum Association formulas for alloy 2014-T6 
(Eqs.11-84a and b) for analyzing this column. However, we must make an initial 
guess as to which formula is applicable, because each formula applies to a 
different range of slenderness ratios. Let us assume that the slenderness ratio of 
the tube is less than 55, in which case we use Eq. (11-84a) with K = I: 


Duos = 30.7 — 023(4) ksi (c) 


In this equation, we can replace the allowable stress by the actual stress P/A, 
that is, by the axial load divided by the cross-sectional area. The cross- 
sectional area is 


A= |d? - d — 20?| = Ta? — (0:82)? | = 0.28274? (d) 


Therefore, the stress P/A is 


P 50k 17.69 





A2 078710 ETE 
in which P/A has units of kips per square inch (ksi) and d has units of inches (in.). 
Substituting into Eq. (c), we get 


17.69 
d? 





= 30.7 — 023(4) ksi (e) 
r 


continued 
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The slenderness ratio L/r can also be expressed in terms of the diameter d. 
First, we find the moment of inertia and radius of gyration of the cross 
section: 


[=< |d* — d - 21)*| = J |a* — (0.84)*| = 0.028984 4 


4 
P= E ee = a0 
A V 02827d 


Therefore, the slenderness ratio 1s 


L  160in. — 49.97 in. 


- (f) 
r O-32020 d 


where (as before) the diameter d has units of inches. 
Substituting into Eq. (e), we obtain the following equation, in which d is the 
only unknown quantity: 





With a little rearranging, this equation becomes 
30.74" — 11.494 — 17.69 = 0 


from which we find 
d = 0.97 in. 
This result is satisfactory provided the slenderness ratio is less than 55, as 


required for Eq. (c) to be valid. To verify that this is the case, we calculate the 
slenderness ratio from Eq. (f): 


L _ 49.97 in. = O — 515 
r d 0.97 1n. 


Therefore, the solution is valid, and the minimum required diameter is 


dain = 0.97 in. a 


FIG. 11-40 Example 11-8. Wood post in 
compression 
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A wood post of rectangular cross section (Fig. 11-40) is constructed of Douglas 
fir lumber having a compressive design stress F, = 11 MPa and modulus of elas- 
ticity E = 13 GPa. The length of the post is L and the cross-sectional dimensions 
are b and h. The supports at the ends of the post provide pinned-end conditions, 
so the length L becomes the effective length Le. Also, buckling is free to occur 
about either principal axis of the cross section. (Note: Since the post is made of 
sawn lumber, the constant c equals 0.8 and the coefficient K- g equals 0.3.) 

(a) Determine the allowable axial load P4jo,, if L = 1.8 m, b = 120 mm, 
and A — 160 mm. 

(b) Determine the maximum allowable length Lmax if the axial load 
P = 100 kN, b = 120 mm, and h = 160 mm. 

(c) Determine the minimum width b min of the cross section if the column is 
square, P — 125 kN, and L — 2.6 m. 





Solution 
(a) Allowable axial load. The allowable load (from Eq. 11-92) is 


JAN = FA ES JA 
in which F, = 11 MPa and 
A = bh = (120 mm)(160 mm) = 19.2 x 10° mm? 


To find the stability factor Cp, we first calculate the slenderness ratio, as 
follows: 


continued 
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in which d is the smaller dimension of the cross section. Next, we obtain the ratio 
$ from Eq. (11-94): 


>= = = 1.5758 
F*  F(LJ/dy (11 MPa)(15) 














Then we substitute ¢ into Eq. (11-95) for Cp, while also using c = 0.8, and we 
obtain 


Cp = 0.8212 


1 Ss E 1.5758 
1.6 1.6 0.8 


Finally, the allowable axial load is 
Pow = F-CpA = (11 MPa)(0.8212)(19.2 X 10° mm?) = 173 kN. «mm 


(b) Maximum allowable length. We begin by determining the required 
value of Cp. Rearranging Eq. (11-92) and replacing Paiow by the load P, we 
obtain the formula for Cp shown below. Then, we substitute numerical values 
and obtain the following result: 


ated 100 kN 


= LL —— —s- = 0.47348 
F.A (11 MPa)(19.2 X 10° mm?) 


Substituting this value of Cp into Eq. (11-95), and also setting c equal to 0.8, we 
get the following equation in which ¢ is the only unknown quantity: 








Cp = 0.47348 = 19 — ep- 


1.6 1.6 0.8 


Solving numerically by trial and error, we find 
o = 0.55864 
Finally, from Eq. (11-94), we get 


L  |KgeE | | (0303GP39 jg 
d oF. (0.55864)(11 MPa) ^ 


and 





Lmax = 25.19d = (25.19)(120 mm) = 3.02 m 


Any larger value of the length L will produce a smaller value of Cp and hence a 
load P that is less than the actual load of 100 KN. 

(c) Minimum width of square cross section. The minimum width bnin can be 
found by trial and error, using the procedure described in part (a). The steps are 
as follows: 


Select a trial value of b (meters) 


1 
2. Calculate the slenderness ratio L/d = 2.6/b (nondimensional) 
3. Calculate the ratio o from Eq. (11-94): 


des KE — (0.313 GPa) 


-— E — 52.448b^ dimensional 
FAL.[d) | (11 MPa)(2.6/b)* (nondimensional) 


4. Substitute $ into Eq. (11-95) and calculate Cp (nondimensional) 
5. Calculate the load P from Eq. (11-92): 


P = F.CpA = (11 MPa)(Cp)(b”) = 11,000 Cpb? (kilonewtons) 


6. Compare the calculated value of P with the given load of 125 KN. If P is less 
than 125 KN, select a larger trial value for b and repeat steps (2) through (7). 
If P is larger than 125 KN by a significant amount, select a smaller value 
for b and repeat the steps. Continue until P reaches a satisfactory value. 


Let us take a trial value of b equals to 130 mm, or 0.130 m. Then steps (2) 
through (5) produce the following results: 


mE o = 52.448 b* = 0.88637 
C» = 0.64791 P= 11.000 Cb = 1204 kN) 


Since the given load is 125 kN, we select a larger value of b, say 0.132 m, for the 
next trial. Proceeding in this manner with successive trials, we obtain the fol- 
lowing results: 


b = 0.132 m; P = 126.3 EN b = 0.131 m; P = 123.4 kN 


Therefore, the minimun width of the square cross section is 


bmin = 0.132 m = 132 mm 
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CHAPTER SUMMARY & REVIEW 


In Chapter 11, we investigated the elastic and inelastic behavior of axially loaded 
members known as columns. First, the concepts of buckling and stability of these slen- 
der compression elements were discussed using equilibrium of simple column models 
made up of rigid bars and elastic springs. Then, elastic columns with pinned ends, 
acted on by centroidal compressive loads, were considered and the differential equa- 
tion of the deflection curve was solved to obtain the buckling load (P.,) and buckled 
mode shape; linear elastic behavior was assumed. Three additional support cases 
were investigated, and the buckling load for each case was expressed in terms of the 
column's effective length, that is, the length of an equivalent pinned-end column. 
Behavior of pinned-end columns with eccentric axial loads was discussed and the 
secant formula was derived which defines the maximum stress in these columns. 
Three theories for inelastic buckling of columns were presented. Finally, formulas for 
design of columns made of steel, aluminum, and wood were presented and discussed. 


The major concepts presented in this chapter are as follows: 


1. Buckling instability of slender columns is an important mode of failure which 
must be considered in their design (in addition to strength and stiffness). 


2. Aslender column with pinned ends and length L, acted on by a compressive load 
at the centroid of the cross section, and restricted to linear elastic behavior, will 
buckle at the Euler buckling load P. = 7^ El/L^ in the fundamental mode; 
hence, the buckling load depends on the flexural rigidity (E/) and length (L) but 
not the strength of the material. 


3. Changing the support conditions, or providing additional lateral supports, 
changes the critical buckling load. However, P., for these other support cases 
may be obtained by replacing the actual column length (/) by the effective length 
(Ly) in the formula for P, above. Three additional support cases are shown in 
Fig. 11-19. 


4. Columns with eccentric axial loads behave quite differently from those with cen- 
troidal loads. The maximum compressive stress in pinned-end columns with 
load P applied at eccentricity e is defined by the secant formula; a graph of this 
formula (Fig. 11-27) shows that column load-carrying capacity decreases with 
increasing eccentricity. 


5. Long columns (i.e., large slenderness ratios L/r) buckle at low values of com- 
pressive stress; short columns (i.e., low L/r) fail by yielding and crushing of the 
material; and intermediate columns (with values of L/r which lie between those 
for long and short columns) fail by inelastic buckling. The critical buckling load 
for inelastic buckling is always less than the Euler buckling load; the dividing 
lines between short, intermediate, and long columns are not precisely defined. 


6. Three theories for inelastic buckling of intermediate columns are: the tangent- 
modulus theory, the reduced-modulus theory, and the Shanley theory. However, 
empirical formulas are actually used for the design of columns because the theo- 
retical formulas do not account for such things as residual stresses in steel 
columns and other factors. 


7. Design formulas for actual columns of various materials are based on both the- 
ory and observed behavior in laboratory tests. 
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idealized Buckling Models 


11.2-1 The figure shows an idealized structure consisting 
of one or more rigid bars with pinned connections and lin- 
early elastic springs. Rotational stiffness is denoted Br, and 
translational stiffness is denoted $. 

Determine the critical load P,, for the structure. 


PROB. 11.2-1 


11.2-2 The figure shows an idealized structure consisting 
of one or more rigid bars with pinned connections and lin- 
early elastic springs. Rotational stiffness is denoted Br, and 
translational stiffness is denoted £. 

(a) Determine the critical load P., for the structure 
from figure part (a). 

(b) Find P,, if another rotational spring is added at 5 
from figure part (b). 













B 
L L 
Elastic , 
a supports Elastic 
supports 
"d 
Dn Br 
A 
(a) (b) 
PROB. 11.2-2 


11.2-3 The figure shows an idealized structure consisting 
of one or more rigid bars with pinned connections and 
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linearly elastic springs. Rotational stiffness is denoted Br, 
and translational stiffness is denoted $. 
Determine the critical load P,, for the structure. 


NIS 





PROB. 11.2-3 


11.2-4 The figure shows an idealized structure consisting 
of bars AB and BC which are connected using a hinge at B 
and linearly elastic springs at A and B. Rotational stiffness is 
denoted Bp and translational stiffness is denoted f. 

(a) Determine the critical load Po, for the structure 
from figure part (a). 

(b) Find Pa if an elastic connection is now used to 
connect bar segments AB and BC from figure part (b). 


| 
















C [L——C 
Elastic 
LP? ,— connection 
PR 
B 
L 
l Hinge 
a Plastig L2 Elastic 
support 
support 
PR R 
A A 

(a) (b) 

PROB. 11.2-4 
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11.2-5 The figure shows an idealized structure consisting 
of two rigid bars joined by an elastic connection with rota- 
tional stiffness Br. Determine the critical load Po for the 
structure. 


Elastic connection 


PR 






P 
— 


D 







PROB. 11.2-5 


11.2-6 The figure shows an idealized structure consisting 
of rigid bars ABC and DEF joined by linearly elastic spring 
p between C and D. The structure is also supported by 
translational elastic support 6 at B and rotational elastic sup- 
port at Bp at E. 

Determine the critical load P,, for the structure. 





Elastic support 


Elastic support 


PROB. 11.2-6 


11.2-7 The figure shows an idealized structure consisting 
of an L-shaped rigid bar structure supported by linearly 
elastic springs at A and C. Rotational stiffness in denoted Bp 
and translational stiffness is denoted B. 

Determine the critical load P,, for the structure. 






L Elastic 
support 


Br = 3BL^[2 


PROB. 11.2-7 


Critical Loads of Columns with Pinned Supports 


The problems for Section 11.3 are to be solved using the 
assumptions of ideal, slender, prismatic, linearly elastic 
columns (Euler buckling). Buckling occurs in the plane of 
the figure unless stated otherwise. 


11.3-1 Calculate the critical load P., for a W 8 X 35 steel 
column (see figure) having length L = 24 ft and 
E — 30 X 10? psi under the following conditions: 

(a) The column buckles by bending about its strong 
axis (axis 1—1), and (b) the column buckles by bending 
about its weak axis (axis 2-2). In both cases, assume that the 
column has pinned ends. 





PROBS. 11.3-1 through 11.3-3 


11.3-2 Solve the preceding problem for a W250 X 89 steel 
column having length L — 10 m. Let E — 200 GPa. 


11.3-3 Solve Problem 11.3-1 for a W 10 X 45 steel column 
having length L = 28 ft. 


11.3-4 A horizontal beam AB is pin-supported at end A and 
carries a CW moment M at joint 5, as shown in the figure. The 
beam is also supported at C by a pinned-end column of length L; 
the column is restrained laterally at 0.6L from the base at D. 
Assume the column can only buckle in the plane of the frame. 
The column is a solid steel bar (E — 200 GPa) of square cross 
section having length L = 2.4 m side dimensions b = 70 mm. 
Let dimensions d = L/2. Based upon the critical load of the 
column, determine the allowable moment M if the factor of 
safety with respect to buckling is n — 2.0. 





PROB. 11.3-4 


11.3-5 A horizontal beam AB is pin-supported at end A and 
carries a load Q at joint B, as shown in the figure. The beam 


is also supported at C by a pinned-end column of length L; 
the column is restrained laterally at 0.6L from the base at D. 
Assume the column can only buckle in the plane of the 
frame. The column is a solid aluminum bar (E = 10 X 10° 
psi) of square cross section having length L — 30 in. and 
side dimensions b = 1.5 in. Let dimension d = L/2. Based 
upon the critical load of the column, determine the allow- 
able force Q if the factor of safety with respect to buckling 
is n = 1.8. 





PROB. 11.3-5 


11.3-6 A horizontal beam AB is supported at end A and car- 
ries a load Q at joint B, as shown in the figure part (a). The 
beam is also supported at C by a pinned-end column of 
length L. The column has flexural rigidity £7. 

(a) For the case of a guided support at A (figure part 
(a)), what is the critical load Qan other words, at what 
load Q,, does the system collapse because of Euler buckling 
of the column DC) 

(b) Repeat (a) if the guided support at A is replaced by 
column AF with length 3L/2 and flexural rigidity EJ (see 
figure part (b)). 





(a) 
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(b) 


PROB. 11.3-6 


11.3-7 A horizontal beam AB has a guided support at end 
A and carries a load Q at end B, as shown in the figure part (a). 
The beam is supported at C and D by two identical pinned- 
end columns of length L. Each column has flexural rigidity ET. 

(a) Find an expression for the critical load Q,,. (In other 
words, at what load Q,, does the system collapses because 
of Euler buckling of the columns} 

(b) Repeats (a) but assume a pin support at A. Find an 
expression for the critical moment M,, (1.e., find the moment 
M at B at which the system collapses because of Euler buck- 
ling of the columns). 





(a) (b) 


PROB. 11.3-7 
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11.3-8 A slender bar AB with pinned ends and length L is 
held between immovable supports (see figure). 

What increase AT in the temperature of the bar will 
produce buckling at the Euler load? 


| A AT B | 
- 
PROB. 11.3-8 
11.3-9 A rectangular column with cross-sectional dimen- 
sions b and A is pin-supported at ends A and C (see figure). At 
midheight, the column is restrained in the plane of the figure 
but is free to deflect perpendicular to the plane of the figure. 


Determine the ratio h/b such that the critical load is the 
same for buckling in the two principal planes of the column. 


mm 


B 


Section X-X 





PROB. 11.3-9 


11.3-10 Three identical, solid circular rods, each of radius r 
and length L, are placed together to form a compression 
member (see the cross section shown in the figure). 

Assuming pinned-end conditions, determine the critical 
load P,, as follows: (a) The rods act independently as individual 
columns, and (b) the rods are bonded by epoxy throughout 
their lengths so that they function as a single member. 

What is the effect on the critical load when the rods act 
as a single member? 


PROB. 11.3-10 


11.3-11 Three pinned-end columns of the same material 
have the same length and the same cross-sectional area 
(see figure). The columns are free to buckle in any direction. 
The columns have cross sections as follows: (1) a circle, 
(2) a square, and (3) an equilateral triangle. 

Determine the ratios P, : P» : P3 of the critical loads for 
these columns. 


(1) (2) (3) 
PROB. 11.3-11 


11.3-12 A long slender column ABC is pinned at ends A 
and C and compressed by an axial force P (see figure). At 
the midpoint B, lateral support is provided to prevent deflec- 
tion in the plane of the figure. The column is a steel wide- 
flange section (W 250 X 67) with E = 200 GPa. The 
distance between lateral supports is L = 5.5 m. 

Calculate the allowable load P using a factor of safety 
n = 2.4, taking into account the possibility of Euler buckling 
about either principal centroidal axis (i.e., axis 1—1 or axis 2-2). 





! L W250 x 67 
x 
i 1 1 


1 L 
H 2 
à Section X-X 


11.3-13 The roof over a concourse at an airport is supported 
by the use of pretensioned cables. At a typical joint in the 
roof structure, a strut AB is compressed by the action of 
tensile forces F in a cable that makes an angle a = 75? 
with the strut (see figure and photo). The strut is a circular 
tube of steel (E = 30,000 ksi) with outer diameter də = 2.5 in. 
and inner diameter d, — 2.0 in. The strut is 5.75 ft long and is 
assumed to be pin-connected at both ends. 

Using a factor of safety n — 2.5 with respect to the 
critical load, determine the allowable force F in the 
cable. 


PROB. 11.3-12 


PROB. 11.3-13 





Cable and strut at typical joint of airport concourse roof 


11.3-14 The hoisting arrangement for lifting a large pipe is 
shown in the figure. The spreader is a steel tubular section 
with outer diameter 70 mm and inner diameter 57 mm. Its 
length is 2.6 m and its modulus of elasticity is 200 GPa. 

Based upon a factor of safety of 2.25 with respect to 
Euler buckling of the spreader, what is the maximum weight 
of pipe that can be lifted Assume pinned conditions at the 
ends of the spreader.) 
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PROB. 11.3-14 


11.3-15 A pinned-end strut of aluminum (E = 10,400 ksi) 
with length L = 6 ft is constructed of circular tubing with 
outside diameter d = 2 in. (see figure). The strut must resist 
an axial load P = 4 kips with a factor of safety n = 2.0 with 
respect to the critical load. 

Determine the required thickness t of the tube. 


ad=2 im, 


PROB. 11.3-15 


11.3-16 The cross section of a column built up of two steel 
I-beams (S 150 X 25.7 sections) is shown in the figure. The 
beams are connected by spacer bars, or lacing, to ensure that 
they act together as a single column. (The lacing is repre- 
sented by dashed lines in the figure.) 

The column is assumed to have pinned ends and may 
buckle in any direction. Assuming E = 200 GPa and 
L = 8.5 m, calculate the critical load P,, for the column. 


V 150 x 25.7 





PROB. 11.3-16 
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11.3-17 The truss ABC shown in the figure supports a ver- 
tical load W at joint 5. Each member is a slender circular 
steel pipe (E = 30,000 ksi) with outside diameter 4 in. 
And wall thickness 0.25 in. The distance between supports 
is 23 ft. Joint B is restrained against displacement perpendi- 
cular to the plane of the truss. 

Determine the critical value W,, of the load. 





PROB. 11.3-17 


*11.3-18 A truss ABC supports a load W at joint B, as 
shown in the figure. The length L; of member AB is fixed, 
but the length of strut BC varies as the angle 0 is changed. 
Strut BC has a solid circular cross section. Joint B is 
restrained against displacement perpendicular to the plane 
of the truss. 

Assuming that collapse occurs by Euler buckling 
of the strut, determine the angle 0 for minimum weight of 
the strut. 





PROB. 11.3-18 


11.3-19 An 5 6 X 12.5 steel cantilever beam AB is sup- 
ported by a steel tie rod at B has shown. The tie rod is just 
taut when a roller support is added at C at a distance S to the 
left of B, then the distributed load q is applied to beam seg- 
ment AC. Assume E = 30 X 10° psi and neglect the self 
weight of the beam and tie rod. See Table E-2(a) in 
Appendix £E for the properties of the S-shape beam. 

(a) What value of uniform load q will, if exceeded, result 
in buckling of the tie rod if Lj = 6 ft, S = 2 ft, H = 3 ft, 
d — 0.25 in.? 


(b What minimum beam moment of inertia J, is 
required to prevent buckling of the tie rod if g = 200 Ib/ft, 
L, = 6 ft, H = 3 ft, d = 0.25 in., S = 2 ft? 

(c) For what distance S will the tie rod be just on the verge 
of buckling if q = 200 lb/ft, Lj, = 6 ft, H = 3 ft, d = 0.25 in? 





Tie rod, diameter d 


PROB. 11.3-19 


Columns with Other Support Conditions 


The problems for Section 11.4 are to be solved using the 
assumptions of ideal, slender, prismatic, linearly elastic 
columns (Euler buckling). Buckling occurs in the plane of 
the figure unless stated otherwise. 


11.4-1 An aluminum pipe column (E = 10,400 ksi) with 
length L = 10.0 ft has inside and outside diameters d, = 5.0 
in. and d = 6.0 in., respectively (see figure). The column is 
supported only at the ends and may buckle in any direction. 

Calculate the critical load P., for the following end con- 
ditions: (1) pinned-pinned, (2) fixed-free, (3) fixed-pinned, 
and (4) fixed-fixed. 





PROBS. 11.4-1 and 11.4-2 


11.4-2 Solve the preceding problem for a steel pipe col- 
umn (E = 210 GPa) with length L = 1.2 m, inner diameter 
d, = 36 mm, and outer diameter d5 = 40 mm. 


11.4-3 A wide-flange steel column (E = 30 X 10° psi) 
of W 12 X 87 shape (see figure) has length L = 28 ft. It 
is supported only at the ends and may buckle in any direction. 

Calculate the allowable load Panow based upon the crit- 
ical load with a factor of safety n — 2.5. Consider the fol- 
lowing end conditions: (1) pinned-pinned, (2) fixed-free, 
(3) fixed-pinned, and (4) fixed-fixed. 


PROBS. 11.4-3 and 11.4-4 


11.4-4 Solve the preceding problem for a W 250 X 89 
shape with length L = 7.5m and E = 200 GPa. 


11.4-5 The upper end of a W 8 X 21 wide-flange steel 
column (E = 30 X 10° ksi) is supported laterally between 
two pipes (see figure). The pipes are not attached to the 
column, and friction between the pipes and the column is 
unreliable. The base of the column provides a fixed support, 
and the column is 13 ft long. 

Determine the critical load for the column, considering 
Euler buckling in the plane of the web and also perpendi- 
cular to the plane of the web. 





PROB. 11.4-5 


11.4-6 A vertical post AB is embedded in a concrete foun- 
dation and held at the top by two cables (see figure). The 
post is a hollow steel tube with modulus of elasticity 
200 GPa, outer diameter 40 mm, and thickness 5 mm. The 
cables are tightened equally by turnbuckles. 

If a factor of safety of 3.0 against Euler buckling in the 
plane of the figure is desired, what is the maximum allow- 
able tensile force 7,;,y, in the cables? 
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PROB. 11.4-6 


11.4-7 The horizontal beam ABC shown in the figure is 
supported by columns BD and CE. The beam is prevented 
from moving horizontally by the pin support at end A. Each 
column is pinned at its upper end to the beam, but at the 
lower ends, support D is a guided support and support E is 
pinned. Both columns are solid steel bars (E = 30 X 10° psi) 
of square cross section with width equal to 0.625 in. A 
load Q acts at distance a from column BD. 

(a) If the distance a = 12 in., what is the critical value 
Q,, of the load? 

(b) If the distance a can be varied between O and 40 
in., what is the maximum possible value of Q,,’What is the 
corresponding value of the distance a? 


45 in. 






0.62510, 0.625 in. 


PROB. 11.4-7 
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11.4-8 The roof beams of a warehouse are supported by 
pipe columns (see figure) having outer diameter d) = 
100 mm and inner diameter d, = 90 mm. The columns have 
length L — 4.0 m, modulus E — 210 GPa, and fixed sup- 
ports at the base. 

Calculate the critical load P,, of one of the columns 
using the following assumptions: (1) the upper end is 
pinned and the beam prevents horizontal displacement; 
(2) the upper end is fixed against rotation and the beam 
prevents horizontal displacement; (3) the upper end is 
pinned but the beam is free to move horizontally; and (4) 
the upper end is fixed against rotation but the beam is free 
to move horizontally. 


Roof beam 





PROB. 11.4-8 


11.4-9 Determine the critical load P,, and the equation of 
the buckled shape for an ideal column with ends fixed 
against rotation (see figure) by solving the differential equa- 
tion of the deflection curve. (See also Fig. 11-17.) 


w eo 


2 


PROB. 11.4-9 


11.4-10 An aluminum tube AB of circular cross section 
has a guided support at the base and is pinned at the top to 
a horizontal beam supporting a load Q — 200 kN (see 
figure). 

Determine the required thickness f£ of the tube if its 
outside diameter d is 200 mm and the desired factor of 
safety with respect to Euler buckling is n = 3.0. (Assume 
E = 72 GPa.) 








d = 200 mm 





PROB. 11.4-10 


*11.4-11 The frame ABC consists of two members AB and 
BC that are rigidly connected at joint B, as shown in part (a) 
of the figure. The frame has pin supports at A and C. 
A concentrated load P acts at joint B, thereby placing 
member AB in direct compression. 

To assist in determining the buckling load for member 
AB, we represent it as a pinned-end column, as shown in 
part (b) of the figure. At the top of the column, a rotational 
spring of stiffness Br represents the restraining action 
of the horizontal beam BC on the column (note that the 
horizontal beam provides resistance to rotation of joint B 
when the column buckles). Also, consider only bending 
effects in the analysis (1.e., disregard the effects of axial 
deformations). 

(a) By solving the differential equation of the deflec- 
tion curve, derive the following buckling equation for this 
column: 


BrL 
EI 





(kL cot kL — 1) - XXL? =0 


in which L is the length of the column and £7 is its flexural 
rigidity. 


(b) For the particular case when member BC is identical 
to member AB, the rotational stiffness Be equals 3ET/L (see 
Case 7, Table G-2, Appendix G). For this special case, deter- 
mine the critical load P.,.. 














(a) (b) 
PROB. 11.4-11 


Columns with Eccentric Axial Loads 


When solving the problems for Section 11.5, assume that 
bending occurs in the principal plane containing the 
eccentric axial load. 


11.5-1 An aluminum bar having a rectangular cross sec- 
tion (2.0 in. X 1.0 in.) and length L = 30 in. is compressed 
by axial loads that have a resultant P = 2800 lb acting at 
the midpoint of the long side of the cross section (see 
figure). 

Assuming that the modulus of elasticity E is equal to 
10 X 10° psi and that the ends of the bar are pinned, calcu- 
late the maximum deflection 6 and the maximum bending 
moment M max- 


|. — 2800 Ib 





PROB. 11.5-1 
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11.5-2 A steel bar having a square cross section (50 mm X 
50 mm) and length L — 2.0 m is compressed by axial loads 
that have a resultant P = 60 kN acting at the midpoint of 
one side of the cross section (see figure). 

Assuming that the modulus of elasticity E is equal to 210 
GPa and that the ends of the bar are pinned, calculate the max- 
imum deflection ô and the maximum bending moment M max- 


| 60 kN 





PROB. 11.5-2 


11.5-3 Determine the bending moment M in the pinned-end 
column with eccentric axial loads shown in the figure. Then 
plot the bending-moment diagram for an axial load 
P = 0.3P.,. 

Note: Express the moment as a function of the distance x 
from the end of the column, and plot the diagram in nondi- 
mensional form with M/Pe as ordinate and x/L as abscissa. 


€ 


PROBS. 11.5-3 through 11.5-5 


11.5-4 Plot the load-deflection diagram for a pinned-end 
column with eccentric axial loads (see figure) if the eccen- 
tricity e of the load is 5 mm and the column has length L — 
3.6 m, moment of inertia J = 9.0 X 10° mm^, and modulus of 
elasticity E — 210 GPa. 
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Note: Plot the axial load as ordinate and the deflection 
at the midpoint as abscissa. 


11.5-5 Solve the preceding problem for a column with 
e = 020 in., L = 12 ft, I = 21.7 in^, and E = 30 X 10° psi. 


11.5-6 A wide-flange member (W 200 X 22.5) is com- 
pressed by axial loads that have a resultant P acting at the 
point shown in the figure. The member has modulus of 
elasticity E — 200 GPa and pinned conditions at the ends. 
Lateral supports prevent any bending about the weak axis of 
the cross section. 

If the length of the member is 6.2 m and the deflection is 
limited to 6.5 mm, what is the maximum allowable load 
P aliw? 





PROB. 11.5-6 


11.5-7 A wide-flange member (W 10 X 30) is compressed 
by axial loads that have a resultant P = 20 k acting at the 
point shown in the figure. The material is steel with modulus 
of elasticity E = 29,000 ksi. Assuming pinned-end condi- 
tions, determine the maximum permissible length Lmax 1f 
the deflection is not to exceed 1/400th of the length. 


W 10 x 30 








7 


PROBS. 11.5-7 and 11.5-8 


11.5-8 Solve the preceding problem (W 250 X 44.8) if the 
resultant force P equals 110 kN and E = 200 GPa. 


11.5-9 The column shown in the figure is fixed at the base and 
free at the upper end. A compressive load P acts at the top of 
the column with an eccentricity e from the axis of the column. 

Beginning with the differential equation of the deflec- 
tion curve, derive formulas for the maximum deflection 6 
of the column and the maximum bending moment M max in 
the column. 








X 
P P| | 6 
€ m— i |j«— 
B 
L 
A 
y — 
(a) (b) 


PROB. 11.5-9 


11.5-10 An aluminum box column of square cross section 
is fixed at the base and free at the top (see figure). The out- 
side dimension b of each side is 100 mm and the thickness f 
of the wall is 8 mm. The resultant of the compressive loads 
acting on the top of the column is a force P — 50 kN acting 
at the outer edge of the column at the midpoint of one side. 

What is the longest permissible length L,,,, of the 
column if the deflection at the top is not to exceed 30 mm? 
(Assume E = 73 GPa.) 





PROBS. 11.5-10 and 11.5-11 


11.5-11 Solve the preceding problem for an aluminum 
column with b = 6.0 in., t = 0.5 in., P = 30k, and E = 10.6 
X 10° ksi. The deflection at the top is limited to 2.0 in. 


11.5-12 A steel post AB of hollow circular cross section is 
fixed at the base and free at the top (see figure). The inner 
and outer diameters are d, = 96 mm and d, = 110 mm, 
respectively, and the length L = 4.0 m. 

A cable CBD passes through a fitting that is welded to the 
side of the post. The distance between the plane of the cable 
(plane CBD) and the axis of the post is e = 100 mm, and 
the angles between the cable and the ground are a = 53.13°. 
The cable is pretensioned by tightening the turnbuckles. 


If the deflection at the top of the post is limited to 
ô = 20 mm, what is the maximum allowable tensile force 
T in the cableXAssume E = 205 GPa.) 





PROB. 11.5-12 


11.5-13 A frame ABCD is constructed of steel wide-flange 
members (W 8 X 21; E = 30 X 10° psi) and subjected to 
triangularly distributed loads of maximum intensity 
qo acting along the vertical members (see figure). The dis- 
tance between supports is L — 20 ft and the height of the 
frame is h = 4 ft. The members are rigidly connected at 5 
and C. 

(a) Calculate the intensity of load qo required to produce 
a maximum bending moment of 80 k-in. in the horizontal 
member BC. 

(b) If the load qo is reduced to one-half of the value cal- 
culated in part (a), what is the maximum bending moment in 
member BC?What is the ratio of this moment to the 
moment of 80 k-in. in part (a)? 





Section E-E 


PROB. 11.5-13 
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The Secant Formula 


When solving the problems for Section 11.6, assume that 
bending occurs in the principal plane containing the 
eccentric axial load. 


11.6-1 A steel bar has a square cross section of width 
b — 2.0 in. (see figure). The bar has pinned supports at the 
ends and is 3.0 ft long. The axial forces acting at the end of 
the bar have a resultant P = 20 k located at distance 
e — 0.75 1n. from the center of the cross section. Also, the 
modulus of elasticity of the steel is 29,000 ksi. 

(a) Determine the maximum compressive stress Cmax in 
the bar. 

(b) If the allowable stress in the steel is 18,000 psi, 
what is the maximum permissible length L max of the bar? 





PROBS. 11.6-1 through 11.6-3 


11.6-2 A brass bar (E — 100 GPa) with a square cross 
section is subjected to axial forces having a resultant P 
acting at distance e from the center (see figure). The bar is 
pin supported at the ends and is 0.6 m in length. The side 
dimension b of the bar is 30 mm and the eccentricity e of 
the load is 10 mm. 

If the allowable stress in the brass 1s 150 MPa, what 1s 
the allowable axial force Panow? 


11.6-3 A square aluminum bar with pinned ends carries a load 
P = 25 k acting at distance e = 2.0 in. from the center (see 
figure). The bar has length L = 54 in. and modulus of elasticity 
E = 10,600 ksi. 

If the stress in the bar is not to exceed 6 ksi, what is the 
minimum permissible width b,,;,, of the bar? 
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11.6-4 A pinned-end column of length L — 2.1 m is con- 
structed of steel pipe (E — 210 GPa) having inside diameter 
d, = 60 mm and outside diameter d) = 68 mm (see figure). 
A compressive load P — 10 kN acts with eccentricity 
e — 30 mm. 

(a) What is the maximum compressive stress Omax in 
the column? 

(b) If the allowable stress in the steel is 50 MPa, what 
is the maximum permissible length Lmax of the column? 





PROBS. 11.6-4 through 11.6-6 


11.6-5 A pinned-end strut of length L — 5.2 ft is con- 
structed of steel pipe (E — 30 X 10? ksi) having inside 
diameter d, = 2.0 in. and outside diameter d» = 2.2 in. (see 
figure). A compressive load P — 2.0 k is applied with 
eccentricity e = 1.0 in. 

(a) What is the maximum compressive stress Omax in 
the strut? 

(b) What is the allowable load Pj, if a factor of safety 
n = 2 with respect to yielding is required (Assume that the 
yield stress oy of the steel is 42 ksi.) 


11.6-6 A circular aluminum tube with pinned ends supports 
a load P — 18 kN acting at distance e — 50 mm from the 
center (see figure). The length of the tube is 3.5 m and its 
modulus of elasticity is 73 GPa. 

If the maximum permissible stress in the tube is 
20 MPa, what is the required outer diameter d» if the ratio 
of diameters is to be d;/d» = 0.9? 


11.6-7 A steel column (E = 30 X 10° ksi) with pinned ends 
is constructed of a W 10 X 60 wide-flange shape (see 
figure). The column is 24 ft long. The resultant of the axial 
loads acting on the column is a force P acting with an eccen- 
tricity e — 2.0 in. 

(a) If P = 120 k, determine the maximum compressive 
stress Omax in the column. 


(b) Determine the allowable load Py oy if the yield 
stress is ay = 42 ksi and the factor of safety with respect to 
yielding of the material is n — 2.5. 


W 10 x 60 





PROB. 11.6-7 


11.6-8 A W 410 X 85 steel column is compressed by a force 
P = 340 kN acting with an eccentricity e = 38 mm., as shown 
in the figure. The column has pinned ends and length L. Also, 
the steel has modulus of elasticity E — 200 GPa and yield 
stress gy — 250 MPa. 

(a) If the length L — 3 m, what is the maximum com- 
pressive stress Cmax in the column? 

(b) If a factor of safety n — 2.0 is required with respect 
to yielding, what is the longest permissible length Lmax of 
the column? 


W 410 x 85 





PROB. 11.6-8 


11.6-9 A steel column (E — 30 X 10? ksi) that is fixed at 
the base and free at the top is constructed of a W 8 x 35 
wide-flange member (see figure). The column is 9.0 ft long. 
The force P acting at the top of the column has an eccen- 
tricity e = 1.25 in. 

(a) If P = 40 k, what is the maximum compressive 
stress in the column? 

(b) If the yield stress is 36 ksi and the required factor of 
safety with respect to yielding is 2.1, what is the allowable 
load P. llow? 


4l Le 
A P 
L 
Section A-A 





PROBS. 11.6-9 and 11.6-10 


11.6-10 A W 310 X 74 wide-flange steel column with 
length L = 3.8 m is fixed at the base and free at the top (see 
figure). The load P acting on the column is intended to be 
centrally applied, but because of unavoidable discrepan- 
cies in construction, an eccentricity ratio of 0.25 is speci- 
fied. Also, the following data are supplied: E = 200 GPa, 
Oy = 290 MPa, and P = 310 KN. 

(a) What is the maximum compressive stress Omax in 
the column? 

(b) What is the factor of safety n with respect to 
yielding of the steel? 


11.6-11 A pinned-end column with length L = 18 ft is 
constructed from a W 12 X 87 wide-flange shape (see figure). 
The column is subjected to a centrally applied load P, — 180 k 
and an eccentrically applied load P5 = 75 k. The load P, acts at 
distance s — 5.0 in. from the centroid of the cross section. The 
properties of the steel are E = 29,000 ksi and oy = 36 ksi. 

(a) Calculate the maximum compressive stress in the 
column. 

(b) Determine the factor of safety with respect to yielding. 


Wide-flange 
column 








PROBS. 11.6-11 and 11.6-12 
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11.6-12 The wide-flange pinned-end column shown in the 
figure carries two loads, a force P, — 450 kN acting at the cen- 
troid and a force P, = 270 kN acting at distance s = 100 mm, 
from the centroid. The column is a W 250 X 67 shape with 
L = 4.2 m, E = 200 GPa, and oy = 290 MPa. 

(a) What is the maximum compressive stress in the 
column? 

(b) If the load P, remains at 450 kN, what is the largest 
permissible value of the load P, in order to maintain a factor 
of safety of 2.0 with respect to yielding? 


11.6-13 AW 14 X 53 wide-flange column of length L — 15 ft 
is fixed at the base and free at the top (see figure). The 
column supports a centrally applied load P, = 120 k and a load 
P, = 40 k supported on a bracket. The distance from the 
centroid of the column to the load P> is s = 12 in. Also, the 
modulus of elasticity is E — 29,000 ksi and the yield stress is 
gy — 36 ksi. 

(a) Calculate the maximum compressive stress in the 
column. 

(b) Determine the factor of safety with respect to 
yielding. 
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PROBS. 11.6-13 and 11.6-14 


11.6-14 A wide-flange column with a bracket is fixed at the 
base and free at the top (see figure). The column supports a 
load P, = 340 kN acting at the centroid and a load P; = 110 
kN acting on the bracket at distance s — 250 mm, from the 
load P;. The column is a W 310 X 52 shape with L = 5 m, 
E = 200 GPa, and oy = 290 MPa. 

(a) What is the maximum compressive stress in the 
column? 

(b) If the load P, remains at 340 kN, what is the largest 
permissible value of the load P, in order to maintain a factor 
of safety of 1.8 with respect to yielding? 
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Design Formulas for Columns 


The problems for Section 11.9 are to be solved assuming 
that the axial loads are centrally applied at the ends of the 
columns. Unless otherwise stated, the columns may buckle 
in any direction. 


Steel Columns 


11.9-1 Determine the allowable axial load P,,, for a 
W 10 X 45 steel wide-flange column with pinned ends (see 
figure) for each of the following lengths: L = 8 ft, 16 ft, 
24 ft, and 32 ft. (Assume E = 29,000 ksi and oy = 36 ksi.) 
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PROBS. 11.9-1 through 11.9-6 


11.9-2 Determine the allowable axial load Pjj4, for a 
W 310 X 129 steel wide-flange column with pinned ends 
(see figure) for each of the following lengths: L — 3 m, 6 m, 
9 m, and 12 m. (Assume E = 200 GPa and oy = 340 MPa.) 


11.9-3 Determine the allowable axial load P,j,4,, for a 
W 10 X 60 steel wide-flange column with pinned ends (see 
figure) for each of the following lengths: L — 10 ft, 20 ft, 
30 ft, and 40 ft. (Assume E = 29,000 ksi and oy = 36 ksi.) 


11.9-4 Select a steel wide-flange column of nominal depth 
250 mm. (W 250 shape) to support an axial load P = 800 kN 
(see figure). The column has pinned ends and length 
L = 4.25 m. Assume E = 200 GPa and oy = 250 MPa. 
(Note: The selection of columns is limited to those listed in 
Table E-1 (b), Appendix E.) 


11.9-5 Select a steel wide-flange column of nominal depth 
12 in. (W 12 shape) to support an axial load P = 175 k (see 
figure). The column has pinned ends and length L = 35 ft. 
Assume E = 29,000 ksi and oy = 36 ksi. (Note: The selec- 
tion of columns is limited to those listed in Table E-1, 
Appendix E.) 


11.9-6 Select a steel wide-flange column of nominal depth 
360 mm. (W 360 shape) to support an axial load P = 1100 kN 
(see figure). The column has pinned ends and length L — 6 m. 
Assume E = 200 GPa and ay = 340 MPa. (Note: The selec- 
tion of columns is limited to those listed in Table E-1 (b), 
Appendix E.) 


11.9-7 Determine the allowable axial load P,j,,, for a steel 
pipe column with pinned ends having an outside diameter 
of 4.5 in. and wall thickness of 0.237 in. for each of the fol- 
lowing lengths: L — 6 ft, 12 ft, 18 ft, and 24 ft. (Assume 
E = 29,000 ksi and oy = 36 ksi.) 


11.9-8 Determine the allowable axial load P,j,,, for a steel 
pipe column with pinned ends having an outside diameter of 
220 mm and wall thickness of 12 mm for each of the fol- 
lowing lengths: L = 2.5 m, 5 m, 7.5 m, and 10 m. (Assume 
E = 200 GPa and oy = 250 MPa.) 


11.9-9 Determine the allowable axial load P now for a steel 
pipe column that is fixed at the base and free at the top (see 
figure) for each of the following lengths: L — 6 ft, 9 ft, 12 ft, 
and 15 ft. The column has outside diameter d = 6.625 in. and 
wall thickness t = 0.280 in. (Assume E = 29,000 ksi and 
gy — 36 ksi.) 
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PROBS. 11.9-9 through 11.9-12 


11.9-10 Determine the allowable axial load Panow for a 
steel pipe column that is fixed at the base and free at the top 
(see figure) for each of the following lengths: L — 2.6 m, 
2.8 m, 3.0 m, and 3.2 m. The column has outside diameter 
d = 140 mm and wall thickness t = 7 mm. (Assume 
E = 200 GPa and oy = 250 MPa.) 


11.9-11 Determine the maximum permissible length Lmax 
for a steel pipe column that is fixed at the base and free at 


the top and must support an axial load P = 40 k (see figure). 
The column has outside diameter d = 4.0 in., wall thickness 
t = 0.226 in., E = 29,000 ksi, and oy = 42 ksi. 


11.9-12 Determine the maximum permissible length Lmax 
for a steel pipe column that is fixed at the base and free at 
the top and must support an axial load P = 500 KN (see 
figure). The column has outside diameter d = 200 mm, wall 
thickness t = 10 mm, E = 200 GPa, and ay = 250 MPa. 


11.9-13 A steel pipe column with pinned ends supports an 
axial load P — 21 k. The pipe has outside and inside diam- 
eters of 3.5 in. and 2.9 in., respectively. What is the max- 
imum permissible length Lmax of the column if E = 29,000 
ksi and oy = 36 ksi? 


11.9-14 The steel columns used in a college recreation 
center are 16.75 m long and are formed by welding three 
wide-flange sections (see figure). The columns are pin- 
supported at the ends and may buckle in any direction. 


Calculate the allowable load Panow for one column, 
assuming E = 200 GPa and oy = 250 MPa. 


W 310 x 129 


W 610 x 241 


W 310 x 129 


PROB. 11.9-14 


11.9-15 A W 8 x 28 steel wide-flange column with pinned 
ends carries an axial load P. What is the maximum permis- 
sible length Lmax of the column if (a) P = 50 k, and (b) P = 
100 kXAssume E = 29,000 ksi and oy = 36 ksi.) 


PROBS. 11.9-15 and 11.9-16 


11.9-16 A W 250 X 67 steel wide-flange column with 
pinned ends carries an axial load P. What is the maximum 
permissible length Lmax of the column if (a) P = 560 KN, and 
(b) P = 890 kNX Assume ŒE = 200 GPa and ay = 290 MPa.) 
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11.9-17 Find the required outside diameter d for a steel pipe 
column (see figure) of length L — 20 ft that is pinned at both 
ends and must support an axial load P — 25 k. Assume that 
the wall thickness f is equal to 2/20. (Use E = 29,000 ksi 
and oy = 36 ksi.) 


ws 


PROBS. 11.9-17 through 11.9-20 


11.9-18 Find the required outside diameter d for a steel pipe 
column (see figure) of length L — 3.5 m that is pinned at 
both ends and must support an axial load P = 130 KN. 
Assume that the wall thickness ¢ is equal to 42/20. (Use 
E = 200 GPa and oy = 275 MPa). 


11.9-19 Find the required outside diameter d for a steel pipe 
column (see figure) of length L — 11.5 ft that is pinned at 
both ends and must support an axial load P — 80 k. Assume 
that the wall thickness f is 0.30 in. (Use E = 29,000 ksi and 
Oy = 42 ksi.) 


11.9-20 Find the required outside diameter d for a steel pipe 
column (see figure) of length L — 3.0 m that is pinned at 
both ends and must support an axial load P = 800 KN. 
Assume that the wall thickness t is 9 mm. (Use E = 
200 GPa and ay = 300 MPa.) 


Aluminum Columns 


11.9-21 An aluminum pipe column (alloy 2014-T6) with 
pinned ends has outside diameter d» — 5.60 in. and inside 
diameter d, — 4.80 in. (see figure). 

Determine the allowable axial load Panow for each of 
the following lengths: L = 6 ft, 8 ft, 10 ft, and 12 ft. 


did 


PROBS. 11.9-21 through 11.9-24 
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11.9-22 An aluminum pipe column (alloy 2014-T6) with 
pinned ends has outside diameter d; = 120 mm and inside 
diameter dj = 110 mm (see figure). 
Determine the allowable axial load P,),,, for each of 
the following lengths: L — 1.0 m, 2.0 m, 3.0 m, and 4.0 m. 
(Hint: Convert the given data to USCS units, determine 
the required quantities, and then convert back to SI units.) 


11.9-23 An aluminum pipe column (alloy 6061-T6) that is 
fixed at the base and free at the top has outside diameter 
d» = 3.25 in. and inside diameter d; = 3.00 in. (see figure). 

Determine the allowable axial load Panow for each of 
the following lengths: L = 2 ft, 3 ft, 4 ft, and 5 ft. 


11.9-24 An aluminum pipe column (alloy 6061-T6) that is 
fixed at the base and free at the top has outside diameter 
dz = 80 mm and inside diameter d, = 72 mm (see figure). 
Determine the allowable axial load P,),,, for each of 
the following lengths: L = 0.6 m, 0.8 m, 1.0 m, and 1.2 m. 
(Hint: Convert the given data to USCS units, determine 
the required quantities, and then convert back to SI units.) 


11.9-25 A solid round bar of aluminum having diameter d 
(see figure) is compressed by an axial force P — 60 k. The 
bar has pinned supports and is made of alloy 2014-T6. 

(a) If the diameter d — 2.0 in., what is the maximum 
allowable length Lmax of the bar? 

(b) If the length L — 30 in., what is the minimum 
required diameter d min? 


Cor 
PROBS. 11.9-25 through 11.9-28 


11.9-26 A solid round bar of aluminum having diameter d 
(see figure) is compressed by an axial force P — 175 kN. 
The bar has pinned supports and is made of alloy 2014-T6. 

(a) If the diameter d — 40 mm, what is the maximum 
allowable length Lmax of the bar? 

(b) If the length L — 0.6 m, what is the minimum 
required diameter dyin? 

(Hint: Convert the given data to USCS units, determine 
the required quantities, and then convert back to SI units.) 


11.9-27 A solid round bar of aluminum having diameter d 
(see figure) is compressed by an axial force P — 10 k. The 
bar has pinned supports and is made of alloy 6061 -T6. 

(a) If the diameter d — 1.0 in., what is the maximum 
allowable length Lmax of the bar? 

(b) If the length L — 20 in., what is the minimum 
required diameter dyin? 


11.9-28 A solid round bar of aluminum having diameter d 
(see figure) is compressed by an axial force P — 60 kN. The 
bar has pinned supports and is made of alloy 6061 -T6. 

(a) If the diameter d — 30 mm, what is the maximum 
allowable length Lmax of the bar? 

(b) If the length L — 0.6 m, what is the minimum 
required diameter dyin? 

(Hint: Convert the given data to USCS units, determine 
the required quantities, and then convert back to SI units.) 


Wood Columns 


When solving the problems for wood columns, assume 
that the columns are constructed of sawn lumber (c — 0.8 
and K.g = 0.3) and have pinned-end conditions. Also, 
buckling may occur about either principal axis of the 
cross section. 


11.9-29 A wood post of rectangular cross section (see 
figure) is constructed of 4 in. X 6 in. structural grade, 
Douglas fir lumber (F. = 2,000 psi, E = 1,800,00 psi). The 
net cross-sectional dimensions of the post are b — 3.5 in. 
and h = 5.5 in. (see Appendix F). 

Determine the allowable axial load Panow for each of 
the following lengths: L — 5.0 ft, 7.5 ft, and 10.0 ft. 


1 
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PROB. 11.9-29 through 11.9-32 


11.9-30 A wood post of rectangular cross section (see 
figure) is constructed of structural grade, southern pine 
lumber (F, = 14 MPa, E = 12 GPa). The cross-sectional 
dimensions of the post (actual dimensions) are b = 100 mm 
and h = 150 mm. 

Determine the allowable axial load Panow for each of 
the following lengths: L — 1.5 m, 2.0 m, and 2.5 m. 


11.9-31 A wood column of rectangular cross section (see 
figure) is constructed of 4 in. X 8 in. construction grade, 
western hemlock lumber (F. = 1,000 psi, E = 1,300,000 psi). 
The net cross-sectional dimensions of the column are 
b = 3.5 in. and h = 7.25 in. (see Appendix F). 
Determine the allowable axial load Panow for each of 
the following lengths: L = 6 ft, 8 ft, and 10 ft. 


11.9-32 A wood column of rectangular cross section (see 
figure) is constructed of structural grade, Douglas fir lumber 
(F. = 12 MPa, E = 10 GPa). The cross-sectional dimen- 
sions of the column (actual dimensions) are b — 140 mm 
and h = 210 mm. 

Determine the allowable axial load P,),,, for each of 
the following lengths: L — 2.5 m, 3.5 m, and 4.5 m. 


11.9-33 A square wood column with side dimensions b (see 
figure) is constructed of a structural grade of Douglas fir for 
which F. = 1,700 psi and E = 1,400,000 psi. An axial force 
P — 40 k acts on the column. 

(a) If the dimension b = 5.5 in., what is the maximum 
allowable length Lmax of the column? 

(b) If the length L = 11 ft, what is the minimum 
required dimension bmin? 


m 
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PROBS. 11.9-33 through 11.9-36 


11.9-34 A square wood column with side dimensions b 
(see figure) is constructed of a structural grade of southern 
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pine for which F, = 10.5 MPa and E = 12 GPa. An axial 
force P — 200 kN acts on the column. 

(a) If the dimension b = 150 mm, what is the maximum 
allowable length Lmax of the column? 

(b) If the length L — 4.0 m, what is the minimum 
required dimension bmin? 


11.9-35 A square wood column with side dimensions b (see 
figure) is constructed of a structural grade of spruce for 
which F. = 900 psi and E = 1,500,000 psi. An axial force 
P = 8.0 k acts on the column. 

(a) If the dimension b = 3.5 in., what is the maximum 
allowable length Lmax of the column? 

(b) If the length L = 10 ft, what is the minimum 
required dimension bmin? 


11.9-36 A square wood column with side dimensions b (see 
figure) is constructed of a structural grade of eastern white 
pine for which F. = 8.0 MPa and E = 8.5 GPa. An axial 
force P = 100 KN acts on the column. 

(a) If the dimension b = 120 mm, what is the maximum 
allowable length Lmax of the column? 

(b) If the length L = 4.0 m, what is the minimum 
required dimension bmin? 











Steel members come in a wide variety of shapes; the properties of the cross section are needed for analysis and design. 
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Review of Centroids and 
Moments of Inertia 


CHAPTER OVERVIEW 


Topics covered in Chapter 12 include centroids and how to locate them 
(Sections 12.2 and 12.3), moments of inertia (Section 12.4), parallel- 
axis theorems (Section 12.5), polar moments of inertia (Section 12.6), 
products of inertia (Section 12.7), rotation of axes (Section 12.8), and 
principal axes (Section 12.9). Only plane areas are considered. There are 
numerous examples within the chapter and problems at the end of the 
chapter available for review. 

A table of centroids and moments of inertia for a variety of common 
geometric shapes is given in Appendix D for convenient reference. 


Chapter 12 is organized as follows: 


12.1 Introduction 902 

12.2 Centroids of Plane Areas 902 

12.3 Centroids of Composite Areas 905 

12.4 Moments of Inertia of Plane Areas 909 

12.5 Parallel-Axis Theorem for Moments of Inertia 912 

12.6 Polar Moments of Inertia 916 

12.7 Products of Inertia 918 

12.8 Rotation of Axes 921 

12.9 Principal Axes and Principal Moments of Inertia 923 
Problems 927 
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12.1 INTRODUCTION 


12.2 CENTROIDS OF PLANE AREAS 














O X 


FIG. 12-1 Plane area of arbitrary shape 
with centroid C 


This chapter is a review of the definitions and formulas pertaining to 
centroids and moments of inertia of plane areas. The word *review" is 
appropriate because these topics are usually covered in earlier courses, 
such as mathematics and engineering statics, and therefore most readers 
will already have been exposed to the material. However, since cen- 
troids and moments of inertia are used repeatedly throughout the 
preceding chapters, they must be clearly understood by the reader and 
the essential definitions and formulas must be readily accessible. 

The terminology used in this and earlier chapters may appear 
puzzling to some readers. For instance, the term “moment of inertia" is 
clearly a misnomer when referring to properties of an area, since no mass 
is involved. Even the word “area” is used inappropriately. When we say 
"plane area," we really mean “plane surface." Strictly speaking, area is a 
measure of the size of a surface and is not the same thing as the surface 
itself. In spite of its deficiencies, the terminology used in this book is so 
entrenched in the engineering literature that it rarely causes confusion. 


The position of the centroid of a plane area is an important geometric 
property. To obtain formulas for locating centroids, we will refer to 
Fig. 12-1, which shows a plane area of irregular shape with its centroid 
at point C. The xy coordinate system is oriented arbitrarily with its 
origin at any point O. The area of the geometric figure is defined by the 
following integral: 


A= fas (12-1) 


in which dA is a differential element of area having coordinates x and y 
(Fig. 12-1) and A is the total area of the figure. 

The first moments of the area with respect to the x and y axes are 
defined, respectively, as follows: 


Du | ydà  Q,- | x dA Ea) 


Thus, the first moments represent the sums of the products of the differ- 
ential areas and their coordinates. First moments may be positive or 
negative, depending upon the position of the xy axes. Also, first 
moments have units of length raised to the third power; for instance, in. 
or mm’. 

The coordinates x and y of the centroid C (Fig. 12-1) are equal to 
the first moments divided by the area: 


FIG. 12-2 Area with one axis of 
symmetry 














FIG. 12-3 Area with two axes of 
symmetry 


FIG. 12-4 Area that is symmetric about a 
point 





The centroid of wide-flange steel sections 
lies at the intersection of the axes of 
symmetry 
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A A (12-3a,b) 
| dA dA 


If the boundaries of the area are defined by simple mathematical expres- 
sions, we can evaluate the integrals appearing in Eqs. (12-3a) and 
(12-3b) in closed form and thereby obtain formulas for x and y. The 
formulas listed in Appendix D were obtained in this manner. In general, 
the coordinates x and y may be positive or negative, depending upon the 
position of the centroid with respect to the reference axes. 

If an area is Symmetric about an axis, the centroid must lie on that 
axis because the first moment about an axis of symmetry equals zero. For 
example, the centroid of the singly symmetric area shown in 
Fig. 12-2 must lie on the x axis, which is the axis of symmetry. Therefore, 
only one coordinate must be calculated in order to locate the centroid C. 

If an area has two axes of symmetry, as illustrated in Fig. 12-3, the 
position of the centroid can be determined by inspection because it lies 
at the intersection of the axes of symmetry. 

An area of the type shown in Fig. 12-4 is symmetric about a point. It 
has no axes of symmetry, but there is a point (called the center of symme- 
try) such that every line drawn through that point contacts the area in a 
symmetrical manner. The centroid of such an area coincides with the cen- 
ter of symmetry, and therefore the centroid can be located by inspection. 

If an area has irregular boundaries not defined by simple mathemat- 
ical expressions, we can locate the centroid by numerically evaluating the 
integrals in Eqs. (12-3a) and (12-3b). The simplest procedure is to divide 
the geometric figure into small finite elements and replace the integra- 
tions with summations. If we denote the area of the ith element by 
AA,, then the expressions for the summations are 

7L 
A= 


AA; Q= >. yiAAj pem > XAA; (12-4a,b,c) 
i=1 ¡=i 


i—1 


in which n is the total number of elements, y; is the y coordinate of the 
centroid of the ith element, and x; is the x coordinate of the centroid of 
the ith element. Replacing the integrals in Eqs. (12-3a) and (12-3b) by 
the corresponding summations, we obtain the following formulas for the 
coordinates of the centroid: 


X; AA; ^ Y; AA, 
— y _ i=l — x _ i=l 
— CM = L————— = C um —L———— 12-5a,b 
" A y A = ( a) 


The accuracy of the calculations for x and y depends upon how closely 
the selected elements fit the actual area. If they fit exactly, the results 
are exact. Many computer programs for locating centroids use a numer- 
ical scheme similar to the one expressed by Eqs. (12-5a) and (12-5b). 
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| Example 12-1 





FIG. 12-5 Example 12-1. Centroid of a 
parabolic semisegment 


A parabolic semisegment OAB is bounded by the x axis, the y axis, and a parabolic 
curve having its vertex at A (Fig. 12-5). The equation of the curve is 


2) 
y=f@ = i(i - =) (a) 


in which b is the base and A is the height of the semisegment. 
Locate the centroid C of the semisegment. 


Solution 

To determine the coordinates x and y of the centroid C (Fig. 12-5), we will 
use Eqs. (12-3a) and (12-3b). We begin by selecting an element of area dA in the 
form of a thin vertical strip of width dx and height y. The area of this differential 
element is 


2 
dA — ydx — i = a (b) 


Therefore, the area of the parabolic semisegment is 


b 2 
a= faa = [ i - )ar= 20 (c) 
0 


Note that this area is 2/3 of the area of the surrounding rectangle. 

The first moment of an element of area dA with respect to an axis is obtained 
by multiplying the area of the element by the distance from its centroid to the 
axis. Since the x and y coordinates of the centroid of the element shown in 
Fig. 12-5 are x and y/2, respectively, the first moments of the element with 
respect to the x and y axes are 





ae 2\2 2 
o.- [ža] P (i-a dy = Sen (d) 
7 o b 15 
L 2 2 
o, - [sai - | i -£ja- 5 (e) 
0 


in which we have substituted for dA from Eq. (b). 
We can now determine the coordinates of the centroid C: 


MO ME B NE 
26 os ea I f i 


These results agree with the formulas listed in Appendix D, Case 17. 
Notes: The centroid C of the parabolic semisegment may also be located by 
taking the element of area dA as a horizontal strip of height dy and width 


y 
=b /1-= h 
x 7 (h) 


This expression is obtained by solving Eq. (a) for x in terms of y. 
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12.3 CENTROIDS OF COMPOSITE AREAS 


J 





(b) 


FIG. 12-6 Centroid of a composite area 
consisting of two parts 


In engineering work we rarely need to locate centroids by integration, 
because the centroids of common geometric figures are already known 
and tabulated. However, we frequently need to locate the centroids of 
areas composed of several parts, each part having a familiar geometric 
shape, such as a rectangle or a circle. Examples of such composite areas 
are the cross sections of beams and columns, which usually consist of 
rectangular elements (for instance, see Figs. 12-2, 12-3, and 12-4). 

The areas and first moments of composite areas may be calculated 
by summing the corresponding properties of the component parts. Let us 
assume that a composite area is divided into a total of n parts, and let us 
denote the area of the ith part as A;. Then we can obtain the area and 
first moments by the following summations: 


A=)>A; Q.—-» WA; Q= XA,  (12-6a,b,c) 
i=1 


in which x; and y; are the coordinates of the centroid of the ith part. 
The coordinates of the centroid of the composite area are 





= — (12-7a,b) 


Since the composite area is represented exactly by the n parts, the 
preceding equations give exact results for the coordinates of the centroid. 

To illustrate the use of Eqs. (12-7a) and (12-7b), consider the 
L-shaped area (or angle section) shown in Fig. 12-6a. This area has 
side dimensions b and c and thickness t. The area can be divided into 
two rectangles of areas A, and A» with centroids C, and C5, respec- 
tively (Fig. 12-6b). The areas and centroidal coordinates of these two 
parts are 


pi t b 
A, = +bt = — = — 
$ A 2 5 2 





A» = (c — Dt X2 = 


Therefore, the area and first moments of the composite area (from 
Eqs. 12-6a, b, and c) are 


A — A1 +A 7 t(b+c-—t) 
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(a) 





(b) 


FIG. 12-7 Composite areas with a cutout 
and a hole 


Cutouts in beams must be considered in 
centroid and moment of inertia calculations 


Q, = yA; + JA = DU + ct — 1) 
Q, = x,A, T X2ÁÅ> = nc T c* — r) 


Finally, we can obtain the coordinates x and y of the centroid C of the 
composite area (Fig. 12-6b) from Eqs. (12-7a) and (12-7b): 











(12-8a,b) 
A 2(D test) 


A 


TUA Sgen 


A similar procedure can be used for more complex areas, as illustrated 
in Example 12-2. 

Note 1: When a composite area is divided into only two parts, the 
centroid C of the entire area lies on the line joining the centroids 
C, and C, of the two parts (as shown in Fig. 12-6b for the L-shaped 
area). 

Note 2: When using the formulas for composite areas (Eqs. 12-6 
and 12-7), we can handle the absence of an area by subtraction. This 
procedure is useful when there are cutouts or holes in the figure. 

For instance, consider the area shown in Fig. 12-7a. We can ana- 
lyze this figure as a composite area by subtracting the properties of 
the inner rectangle efgh from the corresponding properties of the 
outer rectangle abcd. (From another viewpoint, we can think of 
the outer rectangle as a "positive area" and the inner rectangle as a 
"negative area.") 

Similarly, if an area has a hole (Fig. 12-7b), we can subtract the 
properties of the area of the hole from those of the outer rectangle. 
(Again, the same effect is achieved if we treat the outer rectangle as a 
"positive area" and the hole as a "negative area.") 








FIG. 12-8 Example 12-2. Centroid of a 
composite area 


The cross section of a steel beam is constructed of a W 18 X 71 wide-flange sec- 
tion with a 6 in. X 1/2 in. cover plate welded to the top flange and a C 10 X 30 
channel section welded to the bottom flange (Fig. 12-8). 

Locate the centroid C of the cross-sectional area. 





C 10 x 30 


Solution 

Let us denote the areas of the cover plate, the wide-flange section, and the 
channel section as areas A4, A>, and A3, respectively. The centroids of these three 
areas are labeled C4, C5, and C3, respectively, in Fig. 12-8. Note that the com- 
posite area has an axis of symmetry, and therefore all centroids lie on that axis. 
The three partial areas are 


"eoim 5n com 9945 —:20/5 dn. A — 8.82 me 


in which the areas A> and A4 are obtained from Tables E-1 and E-3 of 
Appendix E. 

Let us place the origin of the x and y axes at the centroid C5 of the wide-flange 
section. Then the distances from the x axis to the centroids of the three areas are as 
follows: 


y,70 y= —— + 0.649 in. = 9.884 in. 


continued 
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in which the pertinent dimensions of the wide-flange and channel sections are 
obtained from Tables E-1 and E-3. 

The area A and first moment Q, of the entire cross section are obtained from 
Eqs. (12-6a) and (12-6b) as follows: 


A=) Aj — A1 t Aa * Aa 
j=] 


t= 


= soU th eI = I 


or 2 iA; = yA; + y2A + y3A3 
i=l 


= (9.485 in.)(3.0 in.?) + 0 — (9.884 in.)(8.82 in.) = —58.72 in? 


Now we can obtain the coordinate y to the centroid C of the composite area from 
Eq. (12-7b): 


= Q, Sie in.” 0 . 
y = CEU = ae = a TE n. 
A 32.62 in.” H 





Since y is positive in the positive direction of the y axis, the minus sign means 
that the centroid C of the composite area is located below the x axis, as shown in 
Fig. 12-8. Thus, the distance c between the x axis and the centroid C is 


c = 1.80 in. q 


Note that the position of the reference axis (the x axis) is arbitrary; however, in 
this example we placed it through the centroid of the wide-flange section because 
it slightly simplifies the calculations. 
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12.4 MOMENTS OF INERTIA OF PLANE AREAS 





FIG. 12-9 Plane area of arbitrary shape 











FIG. 12-10 Moments of inertia of a 
rectangle 


The moments of inertia of a plane area (Fig. 12-9) with respect to the x 
and y axes, respectively, are defined by the integrals 


= | y?dA = | dA rene) 


in which x and y are the coordinates of the differential element of 
area dA. Because the element dA is multiplied by the square of the dis- 
tance from the reference axis, moments of inertia are also called second 
moments of area. Also, we see that moments of inertia of areas (unlike 
first moments) are always positive quantities. 

To illustrate how moments of inertia are obtained by integration, we 
will consider a rectangle having width b and height h (Fig. 12-10). The x 
and y axes have their origin at the centroid C. For convenience, we use a 
differential element of area dA in the form of a thin horizontal strip of 
width b and height dy (therefore, dA = bdy). Since all parts of the elemen- 
tal strip are the same distance from the x axis, we can express the moment 
of inertia Z, with respect to the x axis as follows: 


7 h/2 5 bh? 
l= | y'dÀ = gays (a) 
i 12 


In a similar manner, we can use an element of area in the form of a vertical 
strip with area dA = hdx and obtain the moment of inertia with respect to 
the y axis: 


He hp? 
L- | x^dA = | xhdx = —— (b) 
pp 12 


If a different set of axes is selected, the moments of inertia will have 
different values. For instance, consider axis BB at the base of the rectangle 
(Fig. 12-10). If this axis is selected as the reference, we must define y as 
the coordinate distance from that axis to the element of area dA. Then the 
calculations for the moment of inertia become 


h 
bh? 
IBB = [ora = | y bdy = EX (c) 


0 


Note that the moment of inertia with respect to axis 5B is larger than the 
moment of inertia with respect to the centroidal x axis. In general, the 
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- d.i 


h x 


= 











(b) 


FIG. 12-11 Composite areas 


moment of inertia increases as the reference axis is moved parallel to 
itself farther from the centroid. 

The moment of inertia of a composite area with respect to any 
particular axis is the sum of the moments of inertia of its parts with 
respect to that same axis. An example is the hollow box section shown 
in Fig. 12-11a, where the x and y axes are axes of symmetry through the 
centroid C. The moment of inertia Z, with respect to the x axis is equal to 
the algebraic sum of the moments of inertia of the outer and inner rec- 
tangles. (As explained earlier, we can think of the inner rectangle as a 
"negative area" and the outer rectangle as a “positive area.") Therefore, 


l= bh? — bhi (d) 
ü 12 12 


This same formula applies to the channel section shown in Fig. 12-11b, 
where we may consider the cutout as a "negative area." 

For the hollow box section, we can use a similar technique to obtain 
the moment of inertia 7, with respect to the vertical axis. However, in the 
case of the channel section, the determination of the moment of inertia 
I, requires the use of the parallel-axis theorem, which is described in the 
next section (Section 12.5). 

Formulas for moments of inertia are listed in Appendix D. For 
shapes not shown, the moments of inertia can usually be obtained by using 
the listed formulas in conjunction with the parallel-axis theorem. If an area 
is of such irregular shape that its moments of inertia cannot be obtained in 
this manner, then we can use numerical methods. The procedure is to divide 
the area into small elements of area AA;, multiply each such area by the 
square of its distance from the reference axis, and then sum the products. 


Radius of Gyration 


A distance known as the radius of gyration is occasionally encountered 
in mechanics. Radius of gyration of a plane area is defined as the square 
root of the moment of inertia of the area divided by the area itself; thus, 


_ E (12-10a,b) 
= iv 
A 


in which r, and r, denote the radii of gyration with respect to the x and y 
axes, respectively. Since moment of inertia has units of length to the 
fourth power and area has units of length to the second power, radius of 
gyration has units of length. 

Although the radius of gyration of an area does not have an obvious 
physical meaning, we may consider it to be the distance (from the refer- 
ence axis) at which the entire area could be concentrated and still have 
the same moment of inertia as the original area. 


mo 
| 
T 


Example 12-3 








FIG. 12-12 Example 12-3. Moments of 
inertia of a parabolic semisegment 
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Determine the moments of inertia 7, and J, for the parabolic semisegment OAB 
shown in Fig. 12-12. The equation of the parabolic boundary is 


p 
y= fo =a(t - 4) (e) 


(This same area was considered previously in Example 12-1.) 


Solution 

To determine the moments of inertia by integration, we will use Eqs. (12-9a) 
and (12-9b). The differential element of area dA is selected as a vertical strip of 
width dx and height y, as shown in Fig. 12-12. The area of this element is 


2 
dA -ya =i - Jas (f) 


Since every point in this element is at the same distance from the y axis, the 
moment of inertia of the element with respect to the y axis is x^dA. Therefore, 
the moment of inertia of the entire area with respect to the y axis 1s obtained as 
follows: 





b 2 3 
L= fraa -| eii E Jar- amp (p «mm 


0 b^ 


To obtain the moment of inertia with respect to the x axis, we note that the 
differential element of area dA has a moment of inertia dl, with respect to the 
x axis equal to 


3 
dl, = i (doy? — d 


as obtained from Eq. (c). Hence, the moment of inertia of the entire area with 
respect to the x axis is 


b 23 Es 2\3 3 
y h n 16bh 
Ya) (re a ce rere gu e h) «mm 
| Za ES 5a: 105 e 


These same results for 7, and J, can be obtained by using an element in 
the form of a horizontal strip of area dA = x dy or by using a rectangular 
element of area dA — dx dy and performing a double integration. Also, note 
that the preceding formulas for 7, and J, agree with those given in Case 17 of 
Appendix D. 
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12.5 PARALLEL-AXIS THEOREM FOR MOMENTS OF INERTIA 


FIG. 12-13 Derivation of parallel-axis 
theorem 


In this section we will derive a very useful theorem pertaining to moments 
of inertia of plane areas. Known as the parallel-axis theorem, it gives the 
relationship between the moment of inertia with respect to a centroidal 
axis and the moment of inertia with respect to any parallel axis. 

To derive the theorem, we consider an area of arbitrary shape with 
centroid C (Fig. 12-13). We also consider two sets of coordinate axes: 
(1) the x.y, axes with origin at the centroid, and (2) a set of parallel xy 
axes with origin at any point O. The distances between the two sets of 
parallel axes are denoted d, and d5. Also, we identify an element of 
area dA having coordinates x and y with respect to the centroidal axes. 

From the definition of moment of inertia, we can write the following 
equation for the moment of inertia Z, with respect to the x axis: 


n= [o+ aaa = [yaa + 22, [san + az [an (a) 


The first integral on the right-hand side is the moment of inertia Z., with 
respect to the x, axis. The second integral is the first moment of the area 
with respect to the x, axis (this integral equals zero because the x, axis 
passes through the centroid). The third integral is the area A itself. 
Therefore, the preceding equation reduces to 


I= ly, + Ad? (12-11a) 


Proceeding in the same manner for the moment of inertia with respect to 
the y axis, we obtain 


SN (12-110) 

















"cr 
2 2 


FIG. 12-10 Moments of inertia of a 
rectangle (Repeated) 


FIG. 12-14 Plane area with two parallel 
noncentroidal axes (axes 1-1 and 2-2) 
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Equations (12-11a) and (12-11b) represent the parallel-axis theorem for 
moments of inertia: 


The moment of inertia of an area with respect to any axis in its plane is equal 
to the moment of inertia with respect to a parallel centroidal axis plus the 
product of the area and the square of the distance between the two axes. 


To illustrate the use of the theorem, consider again the rectangle 
shown in Fig. 12-10. Knowing that the moment of inertia about the x axis, 
which is through the centroid, is equal to 5/7/12 (see Eq. a of Section 
12.4), we can determine the moment of inertia /gg about the base of the 
rectangle by using the parallel-axis theorem: 

Igp = I, + Ad 12 + bh > 3 
This result agrees with the moment of inertia obtained previously by 
integration (Eq. c of Section 12.4). 

From the parallel-axis theorem, we see that the moment of inertia 
increases as the axis is moved parallel to itself farther from the centroid. 
Therefore, the moment of inertia about a centroidal axis is the least 
moment of inertia of an area (for a given direction of the axis). 

When using the parallel-axis theorem, it is essential to remember that 
one of the two parallel axes must be a centroidal axis. If it is necessary to 
find the moment of inertia /, about a noncentroidal axis 2-2 
(Fig. 12-14) when the moment of inertia /; about another noncentroidal 
(and parallel) axis 1-1 is known, we must apply the parallel-axis theorem 
twice. First, we find the centroidal moment of inertia /,. from the known 
moment of inertia /,: 


1, — I, — Adi (b) 


Then we find the moment of inertia /, from the centroidal moment of 
inertia: 


h = I, -*Ad$-71, + A(d$ — dî) (12-12) 


This equation shows again that the moment of inertia increases with 
increasing distance from the centroid of the area. 


Yc 
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Example 12-4 





FIG. 12-15 Example 12-4. Parallel-axis 
theorem 


The parabolic semisegment OAB shown in Fig. 12-15 has base b and height h. 
Using the parallel-axis theorem, determine the moments of inertia J, and J, with 
respect to the centroidal axes x, and ye. 











Solution 

We can use the parallel-axis theorem (rather than integration) to find the 
centroidal moments of inertia because we already know the area A, the 
centroidal coordinates x and y, and the moments of inertia Z, and J, with 
respect to the x and y axes. These quantities were obtained earlier in 
Examples 12-1 and 12-3. They also are listed in Case 17 of Appendix D and 
are repeated here: 


_ 2bh 3b 2h — , _ 16b" — , _ 2hb' 


GEN COE CIE IERI RU 


A 
3 8 








To obtain the moment of inertia with respect to the x, axis, we use Eq. (b) 
and write the parallel-axis theorem as follows: 





l6bh? — 2bh | 2h y _ 8bi? 
105 3 


Bal (12-133) «mm 


L = 1, — Ay? = Tos 


In a similar manner, we obtain the moment of inertia with respect to the y, axis: 


I 


y 


3 2 > 
2hb* _ 2bh (22) _ I9hb" (12-13b) «mm 


=], — Ax? = —— - —— 
cu m ETT 38 480 


Thus, we have found the centroidal moments of inertia of the semisegment. 





Example 12-5 


C0730 


FIG. 12-16 Example 12-5. Moment of 
inertia of a composite area 
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Determine the moment of inertia Z- with respect to the horizontal axis C-C through 
the centroid C of the beam cross section shown in Fig. 12-16. (The position of the 
centroid C was determined previously in Example 12-2 of Section 12.3.) 

Note: From beam theory (Chapter 5), we know that axis C-C is the neutral 
axis for bending of this beam, and therefore the moment of inertia 7. must be 
determined in order to calculate the stresses and deflections of this beam. 


Solution 

We will determine the moment of inertia 7. with respect to axis C-C by 
applying the parallel-axis theorem to each individual part of the composite area. 
The area divides naturally into three parts: (1) the cover plate, (2) the wide-flange 
section, and (3) the channel section. The following areas and centroidal distances 
were obtained previously in Example 12-2: 


"ecce UEM DS OTT NOSE EUIS 
y 485 im) $5709 — 884 im c = 1.80 in. 


The moments of inertia of the three parts with respect to horizontal axes through 
their own centroids C4, C5, and C; are as follows: 


- bh? 


dabo —(60 in.)(0.5 in.)? = 0.063 in. 


Loon eel SS ZU 


The moments of inertia /; and /; are obtained from Tables E-1 and E-3, respectively, 
of Appendix E. 

Now we can use the parallel-axis theorem to calculate the moments of 
inertia about axis C-C for each of the three parts of the composite area: 


(I), = l + Ay, + o = 0.063 in.^ + (3.0 in.2(11.28 in.) = 382 in. 
(UP =l +A = lun. + (20.8 in. X1.80 in.) = 1240 in." 


(I.)3 = I4 + A(y4 — C)* = 3.94 in.* + (8.82 in.*)(8.084 in.) = 580 in. 


The sum of these individual moments of inertia gives the moment of inertia of 
the entire cross-sectional area about its centroidal axis C-C: 


L. = (03 + (IÐ + (I = 2200 in.4 imm 


This example shows how to calculate moments of inertia of composite areas by 
using the parallel-axis theorem. 
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12.6 POLAR MOMENTS OF INERTIA 





FIG. 12-17 Plane area of arbitrary shape 





FIG. 12-13 Derivation of parallel-axis 
theorem (Repeated) 


The moments of inertia discussed in the preceding sections are defined 
with respect to axes lying in the plane of the area itself, such as the x and y 
axes in Fig. 12-17. Now we will consider an axis perpendicular to the 
plane of the area and intersecting the plane at the origin O. The moment of 
inertia with respect to this perpendicular axis is called the polar moment 
of inertia and is denoted by the symbol Jp. 

The polar moment of inertia with respect to an axis through O per- 
pendicular to the plane of the figure is defined by the integral 


m foa (12-14) 


in which p is the distance from point O to the differential element of 
area dA (Fig. 12-17). This integral is similar in form to those for 
moments of inertia 7, and 7, (see Eqs. 12-9a and 12-9b). 

Inasmuch as p* = x^ + y^, where x and y are the rectangular coordi- 
nates of the element dA, we obtain the following expression for /p: 


Toss | p^dA = | (x^ + y*)dA = | x dA + | y^dA 
Thus, we obtain the important relationship 
lg = E (12-15) 


This equation shows that the polar moment of inertia with respect to an 
axis perpendicular to the plane of the figure at any point O is equal to the 
sum of the moments of inertia with respect to any two perpendicular axes x 
and y passing through that same point and lying in the plane of the figure. 

For convenience, we usually refer to Jp simply as the polar moment of 
inertia with respect to point O, without mentioning that the axis is perpendicu- 
lar to the plane of the figure. Also, to distinguish them from polar moments of 
inertia, we sometimes refer to 7, and J, as rectangular moments of inertia. 

Polar moments of inertia with respect to various points in the 
plane of an area are related by the parallel-axis theorem for polar 
moments of inertia. We can derive this theorem by referring again to 
Fig. 12-13. Let us denote the polar moments of inertia with respect to 
the origin O and the centroid C by (/p)o and (/p)c, respectively. Then, 
using Eq. (12-15), we can write the following equations: 


Up)o — Í; T L; Up)c — Ly, T Ly (a) 


Now refer to the parallel-axis theorems derived in Section 12.5 for rect- 
angular moments of inertia (Eqs. 12-11a and 12-11b). Adding those two 
equations, we get 


L +I, = 1 +, + A(dj + d3) 


FIG. 12-18 Polar moment of inertia of a 
circle 
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Substituting from Eqs. (a), and also noting that d 2 = dî + d$ (Fig. 12-13), 
we obtain 


(Ip)o = (Ip)c + Ad? (12-16) 


This equation represents the parallel-axis theorem for polar moments 
of inertia: 


The polar moment of inertia of an area with respect to any point O in its plane 
is equal to the polar moment of inertia with respect to the centroid C plus the 
product of the area and the square of the distance between points O and C. 


To illustrate the determination of polar moments of inertia and the 
use of the parallel-axis theorem, consider a circle of radius r (Fig. 12-18). 
Let us take a differential element of area dA in the form of a thin ring of 
radius p and thickness dp (thus, dA = 27p dp). Since every point in the 
element is at the same distance p from the center of the circle, the polar 
moment of inertia of the entire circle with respect to the center is 


r 4 
(Ip)c = | p^dA = | 2p dp = = (12-17) 
0 
This result is listed in Case 9 of Appendix D. 
The polar moment of inertia of the circle with respect to any point B 
on its circumference (Fig. 12-18) can be obtained from the parallel-axis 
theorem: 


4 4 
(Ip)g = (Ip)c + Ad? = -= tori) = m (12-18) 


As an incidental matter, note that the polar moment of inertia has its 
smallest value when the reference point is the centroid of the area. 

A circle is a special case in which the polar moment of inertia can 
be determined by integration. However, most of the shapes encoun- 
tered in engineering work do not lend themselves to this technique. 
Instead, polar moments of inertia are usually obtained by summing the 
rectangular moments of inertia for two perpendicular axes (Eq. 12-15). 
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12.7 PRODUCTS OF INERTIA 











O X 


FIG. 12-19 Plane area of arbitrary shape 


O 


FIG. 12-20 The product of inertia equals 
zero when one axis is an axis of 
symmetry 





O 


FIG. 12-21 Plane area of arbitrary shape 


The product of inertia of a plane area is defined with respect to a set of 
perpendicular axes lying in the plane of the area. Thus, referring to the 
area shown in Fig. 12-19, we define the product of inertia with respect 
to the x and y axes as follows: 


I ]» dA (12-19) 


From this definition we see that each differential element of area dA is 
multiplied by the product of its coordinates. As a consequence, products 
of inertia may be positive, negative, or zero, depending upon the position 
of the xy axes with respect to the area. 

If the area lies entirely in the first quadrant of the axes (as in 
Fig. 12-19), then the product of inertia is positive because every element 
dA has positive coordinates x and y. If the area lies entirely in the second 
quadrant, the product of inertia is negative because every element has a 
positive y coordinate and a negative x coordinate. Similarly, areas 
entirely within the third and fourth quadrants have positive and negative 
products of inertia, respectively. When the area is located in more than 
one quadrant, the sign of the product of inertia depends upon the distri- 
bution of the area within the quadrants. 

A special case arises when one of the axes is an axis of symmetry 
of the area. For instance, consider the area shown in Fig. 12-20, 
which is symmetric about the y axis. For every element dA having 
coordinates x and y, there exists an equal and symmetrically located 
element dA having the same y coordinate but an x coordinate of oppo- 
site sign. Therefore, the products xy dA cancel each other and the 
integral in Eq. (12-19) vanishes. Thus, the product of inertia of an 
area is zero with respect to any pair of axes in which at least one axis 
is an axis of symmetry of the area. 

As examples of the preceding rule, the product of inertia /,, 
equals zero for the areas shown in Figs. 12-10, 12-11, 12-16, and 
12-18. In contrast, the product of inertia /,, has a positive nonzero 
value for the area shown in Fig. 12-15. (These observations are valid 
for products of inertia with respect to the particular xy axes shown in 
the figures. If the axes are shifted to another position, the product of 
inertia may change.) 

Products of inertia of an area with respect to parallel sets of axes 
are related by a parallel-axis theorem that is analogous to the corre- 
sponding theorems for rectangular moments of inertia and polar 
moments of inertia. To obtain this theorem, consider the area shown 
in Fig. 12-21, which has centroid C and centroidal x.y, axes. The 





u— 7 
FIG. 12-22 Parallel-axis theorem for 
products of inertia 
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product of inertia 7,, with respect to any other set of axes, parallel to 
the x.y, axes, is 


Ls = je T d5)(y T d,)dA =|» dA + 4: dA + 2 dA + aja 


in which d, and d» are the coordinates of the centroid C with respect to 
the xy axes (thus, d, and d; may have positive or negative values). 

The first integral in the last expression is the product of inertia J, ,,. 
with respect to the centroidal axes; the second and third integrals equal 
zero because they are the first moments of the area with respect to the 
centroidal axes; and the last integral is the area A. Therefore, the preced- 
ing equation reduces to 


Ly =I... + Add (12-20) 


y cYc 


This equation represents the parallel-axis theorem for products of 
inertia: 


The product of inertia of an area with respect to any pair of axes in its 
plane is equal to the product of inertia with respect to parallel centroidal 
axes plus the product of the area and the coordinates of the centroid with 
respect to the pair of axes. 


To demonstrate the use of this parallel-axis theorem, let us deter- 
mine the product of inertia of a rectangle with respect to xy axes having 
their origin at point O at the lower left-hand corner of the rectangle 
(Fig. 12-22). The product of inertia with respect to the centroidal x,y, 
axes is zero because of symmetry. Also, the coordinates of the centroid 
with respect to the xy axes are 


h b 
d=—- d=% 
* 5 * 9 


Substituting into Eq. (12-20), we obtain 


21.2 
+ Ad,d, = 0 + [A (5 EE (12-21) 





| 


= P5 


212 4 


This product of inertia is positive because the entire area lies in the 
first quadrant. If the xy axes are translated horizontally so that the 
origin moves to point B at the lower right-hand corner of the rectan- 
gle (Fig. 12-22), the entire area lies in the second quadrant and the 
product of inertia becomes —b*h7/4. 

The following example also illustrates the use of the parallel-axis 
theorem for products of inertia. 
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Example 12-6 


FIG. 12-23 Example 12-6. Product of 
inertia of a Aection 


Determine the product of inertia /,, of the Zection shown in Fig. 12-23. The 
section has width b, height h, and constant thickness f. 











Solution 

To obtain the product of inertia with respect to the xy axes through the 
centroid, we divide the area into three parts and use the parallel-axis theorem. 
The parts are as follows: (1) a rectangle of width b — t and thickness f in the 
upper flange, (2) a similar rectangle in the lower flange, and (3) a web rectangle 
with height / and thickness f. 

The product of inertia of the web rectangle with respect to the xy axes is 
zero (from symmetry). The product of inertia (/,,), of the upper flange rectangle 
(with respect to the xy axes) is determined by using the parallel-axis theorem: 


(E = I. y. de Add» (a) 
in which J, , is the product of inertia of the rectangle with respect to its own cen- 


troid, A is the area of the rectangle, d; is the y coordinate of the centroid of the 
rectangle, and d, is the x coordinate of the centroid of the rectangle. Thus, 


em b 

—0 A — (b —ty(t dit e. d == 

oe (b — t)(f) 1c m c 
Substituting into Eq. (a), we obtain the product of inertia of the rectangle in the 


upper flange: 


Mo) = Ly, + Adid = 0 + (b — vof = za) = “u — fYb — f) 


The product of inertia of the rectangle in the lower flange is the same. Therefore, 
the product of inertia of the entire ection is twice ( 7,,)1, or 


I E SPEE) (12-22) «mm 


Note that this product of inertia is positive because the flanges lie in the first and 
third quadrants. 
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FIG. 12-24 Rotation of axes 
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The moments of inertia of a plane area depend upon the position of the 
origin and the orientation of the reference axes. For a given origin, the 
moments and product of inertia vary as the axes are rotated about that 
origin. The manner in which they vary, and the magnitudes of the maxi- 
mum and minimum values, are discussed in this and the following 
section. 

Let us consider the plane area shown in Fig. 12-24, and let us 
assume that the xy axes are a pair of arbitrarily located reference axes. 
The moments and products of inertia with respect to those axes are 


I, = | y*^dA Lo | x^dA Ly = | xydA (a,b,c) 


in which x and y are the coordinates of a differential element of area dA. 
The xjy, axes have the same origin as the xy axes but are rotated 

through a counterclockwise angle 0 with respect to those axes. The 

moments and product of inertia with respect to the x,y, axes are denoted 


La D and Ly, respectively. To obtain these quantities, we need the 


coordinates of the element of area dA with respect to the x,y; axes. 
These coordinates may be expressed in terms of the xy coordinates and 
the angle 0 by geometry, as follows: 


xı xcos 0 + y sin 0 y,7ycos0—xsinO — (12-23a,b) 


Then the moment of inertia with respect to the x, axis is 
ic ia = fo cos 0 —x sin 0)7dA 


= cos? [^aa F sin? | dA — 2 sin 0 cos à [os dA 
or, by using Eqs. (a), (b), and (c), 
L = I, cos” 0 + I, sin” 6 — 21, sin 6 cos 6 (12-24) 
Now we introduce the following trigonometric identities: 
cos^0 = >a + cos 20) sin?0= 51 — cos 20) 


2 sin 0 cos 0 = sin 20 
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Then Eq. (12-24) becomes 





Lb px 
xp 3 24 5 ~ cos 20 — JSt p (12-25) 


In a similar manner, we can obtain the product of inertia with respect to 
the x,y, axes: 


I 


x1y1 


= fa dA = fo cos 0 + y sin 0)(y cos 0 — xsin 0)dA 
= (I, — Isin 0 cos 0 + I,,(cos* 0 — sin? 0) (12-26) 


Again using the trigonometric identities, we obtain 


I 
> sin 20 + Ly cos 20 (12-27) 


EN X 
wi 2 


Equations (12-25) and (12-27) give the moment of inertia /,, and 
the product of inertia /,,,, with respect to the rotated axes in terms of the 
moments and product of inertia for the original axes. These equations 
are called the transformation equations for moments and products of 
inertia. 

Note that these transformation equations have the same form as the 
transformation equations for plane stress (Eqs. 7-4a and 7-4b of 
Section 7.2). Upon comparing the two sets of equations, we see that Z, 
corresponds to Ox, /,,,, corresponds to —7,,,,, Iy corresponds to oy, L 
corresponds to o,, and /,, corresponds to — 7,,. Therefore, we can also 
analyze moments and products of inertia by the use of Mohr's circle 
(see Section 7.4). 

The moment of inertia /,, may be obtained by the same procedure 
that we used for finding /,, and /,,,,. However, a simpler procedure is to 
replace 0 with 0 + 90? in Eq. (12-25). The result is 


hth Eh 


e 
I > cos 20 + L sin 20 (12-28) 


J1 2 


This equation shows how the moment of inertia /,,, varies as the axes are 
rotated about the origin. 

A useful equation related to moments of inertia is obtained by 
taking the sum of /,, and /,, (Eqs. 12-25 and 12-28). The result is 


TS (12-29) 


UE 
This equation shows that the sum of the moments of inertia with respect 
to a pair of axes remains constant as the axes are rotated about the 
origin. This sum is the polar moment of inertia of the area with respect 
to the origin. Note that Eq. (12-29) is analogous to Eq. (7-6) for stresses 
and Eq. (7-72) for strains. 
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12.9 PRINCIPAL AXES AND PRINCIPAL MOMENTS OF INERTIA 


The transformation equations for moments and products of inertia 
(Eqs. 12-25, 12-27, and 12-28) show how the moments and products of 
inertia vary as the angle of rotation 0 varies. Of special interest are the 
maximum and minimum values of the moment of inertia. These values 
are known as the principal moments of inertia, and the corresponding 
axes are known as principal axes. 


Principal Axes 


To find the values of the angle 0 that make the moment of inertia /,, 
a maximum or a minimum, we take the derivative with respect to 0 of the 
expression on the right-hand side of Eq. (12-25) and set it equal to zero: 


(I -—lI)sm20*9-21.c60s20- 0 (a) 


Solving for 0 from this equation, we get 


xy (12-30) 
IET 





tan oru 


in which 6, denotes the angle defining a principal axis. This same result 
is obtained if we take the derivative of J, (Eq. 12-28). 

Equation (12-30) yields two values of the angle 26, in the range 
from 0 to 360°; these values differ by 180°. The corresponding values of 
0, differ by 90° and define the two perpendicular principal axes. One of 
these axes corresponds to the maximum moment of inertia and the other 
corresponds to the minimum moment of inertia. 

Now let us examine the variation in the product of inertia /,,,, as 
0 changes (see Eq. 12-27). If 0 = 0, we get Ly, = Iwy, as expected. If 
0 = 90°, we obtain /,,,, = —1,,. Thus, during a 90° rotation the product 
of inertia changes sign, which means that for an intermediate orientation 
of the axes, the product of inertia must equal zero. To determine this 


orientation, we set Z, y, (Eq. 12-27) equal to zero: 


(L —L)sn28-r 2I cos 20 = 0 


This equation is the same as Eq. (a), which defines the angle 0, to the 
principal axes. Therefore, we conclude that the product of inertia is zero 
for the principal axes. 

In Section 12.7 we showed that the product of inertia of an area 
with respect to a pair of axes equals zero if at least one of the axes is an 
axis of symmetry. It follows that if an area has an axis of symmetry, that 
axis and any axis perpendicular to it constitute a set of principal axes. 

The preceding observations may be summarized as follows: (1) princi- 
pal axes through an origin O are a pair of orthogonal axes for which the 
moments of inertia are a maximum and a minimum; (2) the orientation of 
the principal axes is given by the angle 6, obtained from Eq. (12-30); (3) the 
product of inertia is zero for principal axes; and (4) an axis of symmetry is 
always a principal axis. 
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ae: Si a 


FIG. 12-25 Rectangle for which every 
axis (in the plane of the area) through 
point O is a principal axis 





(a) 





(b) 


FIG. 12-26 Examples of areas for which 
every centroidal axis is a principal axis 
and the centroid C is a principal point 


Principal Points 


Now consider a pair of principal axes with origin at a given point O. If 
there exists a different pair of principal axes through that same point, then 
every pair of axes through that point is a set of principal axes. Furthermore, 
the moment of inertia must be constant as the angle 0 is varied. 

The preceding conclusions follow from the nature of the transforma- 
tion equation for /,, (Eq. 12-25). Because this equation contains 
trigonometric functions of the angle 26, there is one maximum value and 
one minimum value of /,, as 20 varies through a range of 360° (or as 0 
varies through a range of 180°). If a second maximum exists, then the 
only possibility is that /,, remains constant, which means that every pair 
of axes is a set of principal axes and all moments of inertia are the same. 

A point so located that every axis through the point is a principal 
axis, and hence the moments of inertia are the same for all axes through 
the point, is called a principal point. 

An illustration of this situation is the rectangle of width 2b and 
height b shown in Fig. 12-25. The xy axes, with origin at point O, are 
principal axes of the rectangle because the y axis is an axis of symmetry. 
The x'y' axes, with the same origin, are also principal axes because the 
product of inertia J... equals zero (because the triangles are symmetri- 
cally located with respect to the x' and y' axes). It follows that every 
pair of axes through O is a set of principal axes and every moment of 
inertia is the same (and equal to 2b*/3). Therefore, point O is a principal 
point for the rectangle. (A second principal point is located where the 
y axis intersects the upper side of the rectangle.) 

A useful corollary of the concepts described in the preceding four 
paragraphs applies to axes through the centroid of an area. Consider an 
area having two different pairs of centroidal axes such that at least one 
axis in each pair is an axis of symmetry. In other words, there exist two 
different axes of symmetry that are not perpendicular to each other. 
Then it follows that the centroid is a principal point. 

Two examples, a square and an equilateral triangle, are shown in Fig. 
12-26. In each case the xy axes are principal centroidal axes because their 
origin is at the centroid C and at least one of the two axes is an axis of 
symmetry. In addition, a second pair of centroidal axes (the x'y' axes) 
has at least one axis of symmetry. It follows that both the xy and x'y' 
axes are principal axes. Therefore, every axis through the centroid C is a 
principal axis, and every such axis has the same moment of inertia. 

If an area has three different axes of symmetry, even if two of them 
are perpendicular, the conditions described in the preceding paragraph 
are automatically fulfilled. Therefore, if an area has three or more axes 
of symmetry, the centroid is a principal point and every axis through the 
centroid is a principal axis and has the same moment of inertia. These 
conditions are fulfilled for a circle, for all regular polygons (equilateral 
triangle, square, regular pentagon, regular hexagon, and so on), and for 
many other symmetric shapes. 

In general, every plane area has two principal points. These points lie 
equidistant from the centroid on the principal centroidal axis having the 





FIG. 12-27 Geometric representation of 
Eq. (12-30) 
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larger principal moment of inertia. A special case occurs when the two 
principal centroidal moments of inertia are equal; then the two principal 
points merge at the centroid, which becomes the sole principal point. 


Principal Moments of Inertia 


Let us now determine the principal moments of inertia, assuming that Z, 
I, and /,, are known. One method is to determine the two values of 6, 
(differing by 90?) from Eq. (12-30) and then substitute these values into 
Eq. (12-25) for /,,. The resulting two values are the principal moments 
of inertia, denoted by /, and /;. The advantage of this method is that we 
know which of the two principal angles 6, corresponds to each principal 
moment of inertia. 

It is also possible to obtain general formulas for the principal 
moments of inertia. We note from Eq. (12-30) and Fig. 12-27 (which is 
a geometric representation of Eq. 12-30) that 





LEE = 
cos 20, = E : sin 26, — Ea (12-31a,b) 


in which 


E I. ~ ty \ 2 
R= CM subs (12-32) 
is the hypotenuse of the triangle. When evaluating R, we always take the 
positive square root. 
Now we substitute the expressions for cos 20, and sin 26, (from 
Eqs. 12-31a and b) into Eq. (12-25) for /,, and obtain the algebraically 
larger of the two principal moments of inertia, denoted by the symbol /;: 


- p 
2L. (5 | 472 (12-33a) 


The smaller principal moment of inertia, denoted as /,, may be obtained 
from the equation 


Lt+h=1,.+1, 


(see Eq. 12-29). Substituting the expression for /, into this equation and 
solving for J, we get 





I = I, zs L, m I, NH L, z E I2 (12-33b) 
2 2 Xy 


Equations (12-332) and (12-33b) provide a convenient way to calculate 
the principal moments of inertia. 

The following example illustrates the method for locating the principal 
axes and determining the principal moments of inertia. 
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Example 12-7 








Determine the orientations of the principal centroidal axes and the magnitudes of 
the principal centroidal moments of inertia for the cross-sectional area of 
the ection shown in Fig. 12-28. Use the following numerical data: height 
h = 200 mm, width b = 90 mm, and constant thickness t = 15 mm. 


Solution 

Let us use the xy axes (Fig. 12-28) as the reference axes through the cen- 
troid C. The moments and product of inertia with respect to these axes can be 
obtained by dividing the area into three rectangles and using the parallel-axis 
theorems. The results of such calculations are as follows: 





I, = 29.29 X 10? mm^ L= 5.667 X 10? mm^ J, = —9.366 X 10? mm 
FIG. 12-28. Example 12-7. Principal axes 
and principal moments of inertia for a 


Zsection 
Substituting these values into the equation for the angle 0, (Eq. 12-30), we get 





2], 
(ano s Moa E e 


L-I, 


Thus, the two values of 0, are 
db es ED and JUD 2 


Using these values of 6, in the transformation equation for /,, (Eq. 12-25), we 
find I, = 32.6 X 10° mm^" and 2.4 X 10° mm", respectively. These same values 
are obtained if we substitute into Eqs. (12-33a) and (12-33b). Thus, the principal 
moments of inertia and the angles to the corresponding principal axes are 


I, = 32.6 X 10°mm* 6, = 192? cm 
4x 


h=24%X10°mm* 86, = 1092? 


The principal axes are shown in Fig. 12-28 as the xj y, axes. 
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Centroids of Areas 


The problems for Section 12.2 are to be solved by 
integration. 


12.2-1 Determine the distances x and y to the centroid C of 
a right triangle having base b and altitude / (see Case 6, 
Appendix D). 


12.2-2 Determine the distance y to the centroid C of a 
trapezoid having bases a and b and altitude h (see Case 8, 
Appendix D). 


12.2-3 Determine the distance y to the centroid C of a 
semicircle of radius r (see Case 10, Appendix D). 


12.2-4 Determine the distances x and y to the centroid C of 
a parabolic spandrel of base 5 and height A (see Case 18, 
Appendix D). 


12.2-5 Determine the distances x and y to the centroid C of 
a semisegment of nth degree having base b and height A (see 
Case 19, Appendix D). 


Centroids of Composite Areas 


The problems for Section 12.3 are to be solved by using the 
formulas for composite areas. 


12.3-1 Determine the distance y to the centroid C of a trape- 
zoid having bases a and b and altitude h (see Case 8, 
Appendix D) by dividing the trapezoid into two triangles. 


12.3-2 One quarter of a square of side a is removed (see 
figure). What are the coordinates x and y of the centroid C 
of the remaining area? 


NS 


NS 





PROBS. 12.3-2 and 12.5-2 
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12.3-3 Calculate the distance y to the centroid C of the 
channel section shown in the figure if a = 6 in., b = 1 in., 
and c — 2 in. 





PROBS. 12.3-3, 12.3-4, and 12.5-3 


12.3-4 What must be the relationship between the dimen- 
sions a, b, and c of the channel section shown in the figure 
in order that the centroid C will lie on line BB? 


12.3-5 The cross section of a beam constructed of a 
W 24 X 162 wide-flange section with an 8 in. X 3/4 in. 
cover plate welded to the top flange is shown in the figure. 

Determine the distance y from the base of the beam to 
the centroid C of the cross-sectional area. 


Plate 8 in. X 1 in. 


W 24 x 162 


a 


~<l 


O X 
PROBS. 12.3-5 and 12.5-5 
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12.3-6 Determine the distance y to the centroid C of the 
composite area shown in the figure. 





30 mm 





120 mm 
PROBS. 12.3-6, 12.5-6, and 12.7-6 


12.3-7 Determine the coordinates x and y of the centroid C 
of the L-shaped area shown in the figure. 





PROBS. 12.3-7, 12.4-7, 12.5-7, and 12.7-7 


12.3-8 Determine the coordinates x and y of the centroid C 
of the area shown in the figure. 





PROB. 12.3-8 


Moments of Inertia 


Problems 12.4-1 through 12.4-4 are to be solved by 
integration. 


12.4-1 Determine the moment of inertia 7, of a triangle of 
base b and altitude h with respect to its base (see Case 4, 
Appendix D). 


12.4-2 Determine the moment of inertia [gz of a trapezoid 
having bases a and b and altitude h with respect to its base 
(see Case 8, Appendix D). 


12.4-3 Determine the moment of inertia J, of a parabolic 
spandrel of base b and height A with respect to its base (see 
Case 18, Appendix D). 


12.4-4 Determine the moment of inertia J, of a circle 
of radius r with respect to a diameter (see Case 9, 
Appendix D). 


Problems 12.4-5 through 12.4-9 are to be solved by 
considering the area to be a composite area. 


12.4-5 Determine the moment of inertia /pg of a rectangle 
having sides of lengths b and A with respect to a diagonal of 
the rectangle (see Case 2, Appendix D). 


12.4-6 Calculate the moment of inertia 7, for the composite 
circular area shown in the figure. The origin of the axes is at 
the center of the concentric circles, and the three diameters 
are 20, 40, and 60 mm. 


be 


PROB. 12.4-6 


12.4-7 Calculate the moments of inertia 7, and J, with 
respect to the x and y axes for the L-shaped area shown in 
the figure for Prob. 12.3-7. 


12.4-8 A semicircular area of radius 150 mm has a rectan- 
gular cutout of dimensions 50 mm X 100 mm (see figure). 

Calculate the moments of inertia Z, and 7, with respect 
to the x and y axes. Also, calculate the corresponding radii 
of gyration ry and r;. 


O 
50 | 50 


mm); mm 


150 mm 150 mm 


PROB. 12.4-8 


12.4-9 Calculate the moments of inertia 7, and J, of a 
W 16 X 100 wide-flange section using the cross-sectional 
dimensions given in Table E-l, Appendix E. (Disregard the 
cross-sectional areas of the fillets.) Also, calculate the 
corresponding radii of gyration rı and r2, respectively. 
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Parallel-Axis Theorem 


12.5-1 Calculate the moment of inertia J, of a W 12 X 50 
wide-flange section with respect to its base. (Use data from 
Table E-l, Appendix E.) 


12.5-2 Determine the moment of inertia 7, with respect to 
an axis through the centroid C and parallel to the x axis for 
the geometric figure described in Prob. 12.3-2. 


12.5-3 For the channel section described in Prob. 12.3-3, 
calculate the moment of inertia Z., with respect to an axis 
through the centroid C and parallel to the x axis. 


12.5-4 The moment of inertia with respect to axis 1-1 
of the scalene triangle shown in the figure is 90 X 10° 
mm^. Calculate its moment of inertia J, with respect to 
axis 2-2. 


l 1 


LL as 15 mm 
ps os 


2 4 


PROB. 12.5-4 


12.5-5 For the beam cross section described in Prob. 
12.3-5, calculate the centroidal moments of inertia /,, and Z, 
with respect to axes through the centroid C such that the x, 
axis is parallel to the x axis and the y, axis coincides with the 
y axis. 


12.5-6 Calculate the moment of inertia J, with respect to 
an axis through the centroid C and parallel to the x axis for 
the composite area shown in the figure for Prob. 12.3-6. 


12.5-7 Calculate the centroidal moments of inertia /,,. and 
I, with respect to axes through the centroid C and parallel 
to the x and y axes, respectively, for the L-shaped area 
shown in the figure for Prob. 12.3-7. 
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12.5-8 The wide-flange beam section shown in the figure 
has a total height of 250 mm and a constant thickness of 
15 mm. 

Determine the flange width b if it is required that the 
centroidal moments of inertia 7, and J, be in the ratio 3 to 1, 
respectively. 


250 mm 
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Polar Moments of Inertia 


12.6-1 Determine the polar moment of inertia Jp of an 
isosceles triangle of base b and altitude h with respect to its 
apex (see Case 5, Appendix D). 


12.6-2 Determine the polar moment of inertia (/p)c with 
respect to the centroid C for a circular sector (see Case 13, 
Appendix D). 


12.6-3 Determine the polar moment of inertia 7p for a 
W 8 X 21 wide-flange section with respect to one of its out- 
ermost corners. 


12.6-4 Obtain a formula for the polar moment of inertia 
Ip with respect to the midpoint of the hypotenuse for a right 
triangle of base b and height h (see Case 6, Appendix D). 


12.6-5 Determine the polar moment of inertia (/p)c with 
respect to the centroid C for a quarter-circular spandrel (see 
Case 12, Appendix D). 


Products of Inertia 


12.7-1 Using integration, determine the product of inertia 
L for the parabolic semisegment shown in Fig. 12-5 (see 
also Case 17 in Appendix D). 


12.7-2 Using integration, determine the product of inertia 


I, for the quarter-circular spandrel shown in Case 12, 
Appendix D. 


12.7-3 Find the relationship between the radius r and the 


distance b for the composite area shown in the figure in 
order that the product of inertia /,,, will be zero. 





PROB. 12.7-3 


12.7-4 Obtain a formula for the product of inertia /,, of the 
symmetrical L-shaped area shown in the figure. 


y 





ze —y 
JEN 


PROB. 12.7-4 


12.7-5 Calculate the product of inertia J, with respect to 
the centroidal axes 1-1 and 2-2 for an L 6 X 6 X 1 in. angle 
section (see Table E-4, Appendix E). (Disregard the 
cross-sectional areas of the fillet and rounded corners.) 


12.7-6 Calculate the product of inertia /,, for the composite 
area shown in Prob. 12.3-6. 


12.7-7 Determine the product of inertia J, , with respect to 
centroidal axes x, and y, parallel to the x and y axes, respec- 
tively, for the L-shaped area shown in Prob. 12.3-7. 


Rotation of Axes 

The problems for Section 12.8 are to be solved by using the 
transformation equations for moments and products of 
inertia. 


12.8-1 Determine the moments of inertia /,, and J,, and 
the product of inertia /,,,, for a square with sides b, 
as shown in the figure. (Note that the x,y, axes are cen- 
troidal axes rotated through an angle 0 with respect to the 





xy axes.) 
yA P 
x] 
0 
——»-——À 
PROB. 12.8-1 


12.8-2 Determine the moments and product of inertia 
with respect to the x,y, axes for the rectangle shown in 
the figure. (Note that the x; axis is a diagonal of the 


rectangle.) 
yı 
h 


y 
X] 
X 
s 
PROB. 12.8-2 


12.8-3 Calculate the moment of inertia J; for a W 12 X 50 
wide-flange section with respect to a diagonal passing 
through the centroid and two outside corners of the 
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flanges. (Use the dimensions and properties given in 
Table E-1.) 


*12.8-4 Calculate the moments of inertia /,, and /,,, and the 
product of inertia /,,,, with respect to the x,y, axes for 
the L-shaped area shown in the figure if a = 150 mm, 
b = 100 mm, t = 15 mm, and 0 = 30°. 








PROBS. 12.8-4 and 12.9-4 


*12.8-5 Calculate the moments of inertia /,, and /,,, and the 
product of inertia /,,,, with respect to the x,y, axes for 
the Section shown in the figure if b = 3 in., h = 4 in., 
t = 0.5 in., and 0 = 60°. 





Loa! 


PROBS. 12.8-5, 12.8-6, 12.9-5, and 12.9-6 


*12.8-6 Solve the preceding problem if b = 80 mm, 
h = 120 mm, t = 12 mm, and 0 = 30°. 
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Principal Axes, Principal Points, 
and Principal Moments of Inertia 


12.9-1 An ellipse with major axis of length 2a and minor yı 
axis of length 2b is shown in the figure. 

(a) Determine the distance c from the centroid C of the h 
ellipse to the principal points P on the minor axis (y axis). 

(b) For what ratio a/b do the principal points lie on the 
circumference of the ellipseXc) For what ratios do they lie 


inside the ellipse? d — b = i 


X] 


PROB. 12.9-3 


12.9-4 Determine the angles 6,, and 6,, defining the ori- 
entations of the principal axes through the origin O and the 
corresponding principal moments of inertia /; and /, for the 
L-shaped area described in Prob. 12.8-4 (a — 150 mm, 
b = 100 mm, and t = 15 mm). 


y 





PROB. 12.9-1 








12.9-2 Demonstrate that the two points P, and P}, located 
as shown in the figure, are the principal points of the "S x 
isosceles right triangle. p= 


PROBS. 12.8-4 and 12.9-4 


12.9-5 Determine the angles 6,, and 6,, defining the ori- 
entations of the principal axes through the centroid C and 
the corresponding principal centroidal moments of inertia /, 
and J, for the Aection described in Prob. 12.8-5 
(b = 3 in., h = 4 in., and t = 0.5 in). 

















PROB. 12.9-2 


12.9-3 Determine the angles 6,, and 6,, defining the ori- 
entations of the principal axes through the origin O for the 
right triangle shown in the figure if b = 6 in. and h = 8 in. 
Also, calculate the corresponding principal moments of 
inertia /, and h. PROBS. 12.8-5, 12.8-6, 12.9-5, and 12.9-6 
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12.9-6 Solve the preceding problem for the Aection *12.9-8 Determine the angles 6,, and 6,, defining the 
described in Prob. 12.8-6 (b = 80 mm, h = 120 mm, and orientations of the principal centroidal axes and the 
t = 12 mm). corresponding principal moments of inertia /; and J, for 

the L-shaped area shown in the figure if a = 80 mm, 


b = 150 mm, and t = 16 mm. 


y Ye 


X1 


PROBS. 12.9-8 and 12.9-9 








PROBS: 12.879; TAB, 12873 and 149 *12.9-9 Solve the preceding problem if a = 3 in., b = 6 in., 


l o. and t = 5/8 in. 
12.9-7 Determine the angles 6,, and 6,, defining the 
orientations of the principal axes through the centroid C for 
the right triangle shown in the figure if h = 2b. Also, deter- 
mine the corresponding principal centroidal moments of 


inertia J, and Jp. 





PROB. 12.9-7 
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who fought in Napoleon’s campaign against Russia and 
was given up for dead on the battlefield. He survived, was 
taken prisoner, and later returned to France to continue his 
work in mathematics. His major contributions to mathemat- 
ics are in geometry; in mechanics he is best known for his 
work on properties of materials and dynamics. (For the 
work of Bernoulli and Poncelet in connection with stress- 
strain diagrams, see Ref. 1-1, p. 88, and Ref. 1-2, Vol. I, 
pp. 10, 533, and 873.) 


1-5 James and James, Mathematics Dictionary, Van Nos- 
trand Reinhold, New York (latest edition). 


1-6 Robert Hooke (1635-1703) was an English scientist 
who performed experiments with elastic bodies and devel- 
oped improvements in timepieces. He also formulated the 
laws of gravitation independently of Newton, of whom he 
was a contemporary. Upon the founding of the Royal 
Society of London in 1662, Hooke was appointed its first 
curator. (For the origins of Hooke's law, see Ref. 1-1, 
pp. 17-20, and Ref. 1-2, Vol. I, p. 5.) 
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1-7 Thomas Young (1773-1829) was an outstanding Eng- 
lish scientist who did pioneering work in optics, sound, 
impact, and other subjects. (For information about his work 
with materials, see Ref. 1-1, pp. 90—98, and Ref. 1-2, Vol. I, 
pp. 80-86.) 


Thomas Young 
(1773-1829) 





1-8 Siméon Denis Poisson (1781-1840) was a great 
French mathematician. He made many contributions to 
both mathematics and mechanics, and his name is pre- 
served in numerous ways besides Poisson's ratio. For 
instance, we have Poisson's equation in partial differential 
equations and the Poisson distribution in theory of proba- 
bility. (For information about Poisson's theories of material 
behavior, see Ref. 1-1, pp. 111-114; Ref. 1-2, Vol. I, 
pp. 208—318; and Ref. 1-3, p. 13.) 


S. D. Poisson 
(1781-1840) 





2-1 Timoshenko, S. P., and Goodier, J. N., Theory of Elas- 
ticity, 3rd Ed., McGraw-Hill Book Co., Inc., New York, 
1970 (see p. 110). Note: James Norman  Goodier 
(1905-1969) was well known for his research contributions 


to theory of elasticity, stability, wave propagation in 
solids, and other branches of applied mechanics. Born in 
England, he studied at Cambridge University and later at 
the University of Michigan. He was a professor at Cornell 
University and subsequently at Stanford University, where 
he headed the program in applied mechanics. 


2-2 Leonhard Euler (1707-1783) was a famous Swiss 
mathematician, perhaps the greatest mathematician of all 
time. Ref. 11-1 gives information about his life and works. 


(For his work on statically indeterminate structures, see 
Ref. 1-1, p. 36, and Ref. 2-3, p. 650.) 


2-3 Oravas, G. A., and McLean, L., “Historical develop- 
ment of energetical principles in elastomechanics," Applied 
Mechanics Reviews, Part I, Vol. 19, No. 8, August 1966, 
pp. 647—658, and Part II, Vol. 19, No. 11, November 1966, 
pp. 919—933. 


2-4 Louis Marie Henri Navier (1785—1836), a famous 
French mathematician and engineer, was one of the 
founders of the mathematical theory of elasticity. He con- 
tributed to beam, plate, and shell theory, to theory of 
vibrations, and to the theory of viscous fluids. (See 
Ref. 1-1, p. 75; Ref. 1-2, Vol. I, p. 146; and Ref. 2-3, p. 652, 
for his analysis of statically indeterminate structures.) 


2-5 Piobert, G., Morin, A.-J., and Didion, I., “Commission 
des Principes du Tir" Mémorial de l'Artillerie, Vol. 5, 
1842, pp. 501—552. 

Note: This paper describes experiments made by firing 
artillery projectiles against iron plating. On page 505 
appears the description of the markings that are the slip 
bands. The description is quite brief, and there is no indica- 
tion that the authors attributed the markings to inherent 
material characteristics. Guillaume Piobert (1793— 1871) 
was a French general and mathematician who made many 
studies of ballistics; when this paper was written, he was a 
captain in the artillery. 


2-6 Lüders, W., “Ueber die Ausserung der elasticitüt an 
stahlartigen Eisenstüben und Stahlstiben, und über eine 
beim Biegen solcher Stábe beobachtete Molecularbewe- 
gung," Dingler's Polytechnisches Journal, Vol. 155, 1860, 
pp. 18-22. 

Note: This paper clearly describes and illustrates the 
bands that appear on the surface of a polished steel 
specimen during yielding. Of course, these bands are only 
the surface manifestation of three-dimensional zones of 
deformation; hence, the zones should probably be charac- 
terized as “wedges” rather than bands. 


2-7 Benoit Paul Emile Clapeyron (1799-1864) was a 
famous French structural engineer and bridge designer; he 
taught engineering at the Ecole des Ponts et Chaussées in 


Paris. It appears that Clapeyron's theorem, which states that 
the work of the external loads acting on a linearly elastic 
body is equal to the strain energy, was first published in 
1833. (See Ref. 1-1, pp. 118 and 288; Ref. 1-2, Vol. I, 
p. 578; and Ref. 1-2, Vol. II, p. 418.) 


2-8 Poncelet investigated longitudinal vibrations of a bar 
due to impact loads (see Ref. 1-1, p. 88). See Ref. 1-4 for 
additional information about his life and works. 


2-9 Budynas, R., and Young, W. C., Roark's Formulas for 
Stress and Strain, McGraw-Hill Book Co., Inc., New York, 
2002. 


2-10 Barré de Saint-Venant (1797—1886) is generally rec- 
ognized as the most outstanding elastician of all time. Born 
near Paris, he studied briefly at the École Polytechnique 
and later graduated from the École des Ponts et Chaussées. 
His later professional career suffered greatly from his 
refusal, as a matter of conscience and politics, to join his 
schoolmates in preparing for the defense of Paris in March 
1814, just prior to Napoleon's abdication. As a conse- 
quence, his achievements received greater recognition in 
other countries than they did in France. 

Some of his most famous contributions are the formu- 
lation of the fundamental equations of elasticity and the 
development of the exact theories of bending and torsion. 
He also developed theories for plastic deformations and 
vibrations. His full name was Adéhmar Jean Claude Barré, 
Count de Saint-Venant. (See Ref. 1-1, pp. 229-242; 
Ref. 1-2, Vol. I, pp. 833-872, Vol. II, Part I, pp. 1-286, 
Vol. II, Part IL, pp. 1-51; and Ref. 2-1, pp. 39-40.) 


2-11 Zaslavsky, A., “A note on Saint-Venant’s principle," 
Israel Journal of Technology, Vol. 20, 1982, pp. 143-144. 


2-12 Ramberg, W. A., and Osgood, W. R., “Description of 
stress-strain curves by three parameters," National Advisory 
Committee for Aeronautics, Technical Note No. 902, July 
1943. 


3-1 The relationship between torque and angle of twist 
in a circular bar was correctly established in 1784 by 
Charles Augustin de Coulomb (1736-1806), a famous 
French scientist (see Ref. 1-1, pp. 51—53, 82, and 92, and 
Ref. 1-2, Vol. I, p. 69). Coulomb made contributions in 
electricity and magnetism, viscosity of fluids, friction, 
beam bending, retaining walls and arches, torsion and 
torsional vibrations, and other subjects (see Ref. 1-1, 
pp. 47—54). 

Thomas Young (Ref. 1-7) observed that the applied 
torque is balanced by the shear stresses on the cross sec- 
tion and that the shear stresses are proportional to the 
distance from the axis. The French engineer Alphonse 
J. C. B. Duleau (1789-1832) performed tests on bars in 
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torsion and also developed a theory for circular bars (see 
Ref. 1-1, p. 82). 


C. A. de Coulomb 
(1736-1806) 





3-2 Bredt, R., “Kritische Bemerkungen zur Drehungselas- 
tizitat,” Zeitschrift des Vereines Deutscher Ingenieure, 
Vol. 40, 1896, pp. 785—790, and 813-817. 

Note: Rudolph Bredt (1842-1900) was a German 
engineer who studied in Karlsruhe and Zürich. Then he 
worked for a while in Crewe, England, at a train factory, 
where he learned about the design and construction of cranes. 
This experience formed the basis for his later work as a crane 
manufacturer in Germany. His theory of torsion was devel- 
oped in connection with the design of box-girder cranes. 


5-1 A proof of the theorem that cross sections of a beam in 
pure bending remain plane can be found in the paper by 
Fazekas, G. A., “A note on the bending of Euler beams," 
Journal of Engineering Education, Vol. 57, No. 5, January 
1967. The validity of the theorem has long been recog- 
nized, and it was used by early investigators such as Jacob 
Bernoulli (Ref. 1-4) and L. M. H. Navier (Ref. 2-4). For a 
discussion of the work done by Bernoulli and Navier in 
connection with bending of beams, see Ref. 1-1, pp. 25-27 
and 70-75. 


5-2 Galilei, Galileo, Dialogues Concerning Two New 
Sciences, translated from the Italian and Latin into English 
by Henry Crew and Alfonso De Salvio, The Macmillan 
Company, New York, 1933 (translation first published in 
1914.) 

Note: This book was published in 1638 by Louis 
Elzevir in Leida, now Leiden, Netherlands. Two New 
Sciences represents the culmination of Galileo's work on 
dynamics and mechanics of materials. It can truly be said 
that these two subjects, as we know them today, began with 
Galileo and the publication of this famous book. 

Galileo Galilei was born in Pisa in 1564. He made 
many famous experiments and discoveries, including those 
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on falling bodies and pendulums that initiated the science 
of dynamics. Galileo was an eloquent lecturer and attracted 
students from many countries. He pioneered in astronomy 
and developed a telescope with which he made many astro- 
nomical discoveries, including the mountainous character 
of the moon, Jupiter's satellites, the phases of Venus, and 
sunspots. Because his scientific views of the solar system 
were contrary to theology, he was condemned by the 
church in Rome and spent the last years of his life in seclu- 
sion in Florence; during this period he wrote Two New 
Sciences. Galileo died in 1642 and was buried in Florence. 


Galileo Galilei 
(1564-1642) 





5-3 The history of beam theory is described in Ref. 1-1, 
pp. 11-47 and 135-141, and in Ref. 1-2. Edme Mariotte 
(1620-1684) was a French physicist who made develop- 
ments in dynamics, hydrostatics, optics, and mechanics. He 
made tests on beams and developed a theory for calculating 
load-carrying capacity; his theory was an improvement on 
Galileo’s work, but still not correct. Jacob Bernoulli 
(1654-1705), who is described in Ref. 1-4, first determined 
that the curvature is proportional to the bending moment. 
However, his constant of proportionality was incorrect. 
Leonhard Euler (1707—1783) obtained the differential 
equation of the deflection curve of a beam and used it to 
solve many problems of both large and small deflections 
(Euler’s life and work are described in Ref. 11-1). The first 
person to obtain the distribution of stresses in a beam and 
correctly relate the stresses to the bending moment proba- 
bly was Antoine Parent (1666-1716), a French physicist 
and mathematician. Later, a rigorous investigation of 
strains and stresses in beams was made by Saint-Venant 
(1797-1886); see Ref. 2-10. Important contributions were 
also made by Coulomb (Ref. 3-1) and Navier (Ref. 2-4). 


9-4 Manual of Steel Construction (ASD/LRFD), published 
by the American Institute of Steel Construction, Inc., One 


East Wacker Drive, (Suite 3100), Chicago, Illinois 60601. 
(For other publications and additional information, go to 
their website: www.aisc.org.) 


95-5 Aluminum Design Manual, published by the Aluminum 
Association, Inc., 900 19th Street NW, Washington, D.C. 
20006. (For other publications and additional information, 
go to their website: www.aluminum.org.) 


5-6 National Design Specification for Wood Construction 
(ASD/LRFD), published by the American Wood Council, a 
division of the American Forest and Paper Association, 
1111 19th Street NW, (Suite 800), Washington, D.C. 20036. 
(For other publications and additional information, go to 
their websites: www.awc.org and www.afandpa.org.) 


5-7 D. J. Jourawski (1821—1891) was a Russian bridge and 
railway engineer who developed the now widely used 
approximate theory for shear stresses in beams (see 
Ref. 1-1, pp. 141—144, and Ref. 1-2, Vol. II, Part I, pp. 641— 
642). In 1844, only two years after graduating from the 
Institute of Engineers of Ways of Communication in 
St. Petersburg, he was assigned the task of designing and 
constructing a major bridge on the first railway line from 
Moscow to St. Petersburg. He noticed that some of the 
large timber beams split longitudinally in the centers of the 
cross sections, where he knew the bending stresses were 
zero. Jourawski drew free-body diagrams and quickly dis- 
covered the existence of horizontal shear stresses in the 
beams. He derived the shear formula and applied his theory 
to various shapes of beams. Jourawski's paper on shear in 
beams is cited in Ref. 5-8. His name is sometimes translit- 
erated as Dimitrii Ivanovich Zhuravskii. 


5-8 Jourawski, D. J., “Sur la résistance d’un corps prisma- 
tique...," Annales des Ponts et Chaussés, Mémoires et 
Documents, 3rd Series, Vol. 12, Part 2, 1856, pp. 328—351. 


5-9 Zaslavsky, A., “On the limitations of the shearing 
stress formula,” International Journal of Mechanical Engi- 
neering Education, Vol. 8, No. 1, 1980, pp. 13-19. (See 
also Ref. 2-1, pp. 358-359.) 


5-10 Maki, A. C., and Kuenzi, E. W., “Deflection and 
stresses of tapered wood beams," Research Paper FPL 34, 
U. S. Forest Service, Forest Products Laboratory, Madison, 
Wisconsin, September 1965, 54 pages. 


6-1 Timoshenko, S. P., *Use of stress functions to study 
flexure and torsion of prismatic bars," (in Russian), 
St. Petersburg, 1913 (reprinted in Vol. 82 of the Memoirs of 
the Institute of Ways of Communication, pp. 1—21). 

Note: In this paper, the point in the cross section of a 
beam through which a concentrated force should act in 
order to eliminate rotation was found. Thus, this work con- 
tains the first determination of a shear center. The particular 


beam under investigation had a solid semicircular cross 
section (see Ref. 2-1, pp. 371—373). 


7-1 Augustin Louis Cauchy (1789-1857) was one of the 
greatest mathematicians. Born in Paris, he entered the 
École Polytechnique at the age of 16, where he studied 
under Lagrange, Laplace, Fourier, and Poisson. He was 
quickly recognized for his mathematical prowess, and at 
age 27 he became a professor at the École and a member of 
the Academy of Sciences. His major works in pure mathe- 
matics were in group theory, number theory, series, 
integration, differential equations, and analytical functions. 
In applied mathematics, Cauchy introduced the con- 
cept of stress as we know it today, developed the equations 
of theory of elasticity, and introduced the notion of 
principal stresses and principal strains (see Ref. 1-1, 
pp. 107-111). An entire chapter is devoted to his work on 
theory of elasticity in Ref. 1-2 (see Vol. I, pp. 319-376). 


7-2 See Ref. 1-1, pp. 229—242. Note: Saint-Venant was a 
pioneer in many aspects of theory of elasticity, and Tod- 
hunter and Pearson dedicated their book, A History of the 
Theory of Elasticity (Ref. 1-2), to him. For further informa- 
tion about Saint- Venant, see Ref. 2-10. 


7-3 William John Macquorn Rankine (1820-1872) was born 
in Edinburgh, Scotland, and taught engineering at Glasgow 
University. He derived the stress transformation equations in 
1852 and made many other contributions to theory of elastic- 
ity and applied mechanics (see Ref. 1-1, pp. 197—202, and 
Ref. 1-2, Vol. II, Part I, pp. 86 and 287—322). His engineering 
subjects included arches, retaining walls, and structural theory. 

Rankine also achieved scientific fame for his work 
with fluids, light, sound, and behavior of crystals, and he is 
especially well known for his contributions to molecular 
physics and thermodynamics. His name is preserved by the 
Rankine cycle in thermodynamics and the Rankine absolute 
temperature scale. 


7-4 The famous German civil engineer Otto Christian 
Mohr (1835-1918) was both a theoretician and a practical 
designer. He was a professor at the Stuttgart Polytechnikum 
and later at the Dresden Polytechnikum. He developed the 
circle of stress in 1882 (Ref. 7-5 and Ref. 1-1, pp. 283— 288). 

Mohr made numerous contributions to the theory of 
structures, including the Williot-Mohr diagram for truss 
displacements, the moment-area method for beam deflec- 
tions, and the Maxwell-Mohr method for analyzing 
statically indeterminate structures. (Note: Joseph Victor 
Williot, 1843-1907, was a French engineer, and James 
Clerk Maxwell, 1831—1879, was a famous British scientist.) 


7-5 Mohr, O., “Uber die Darstellung des Spannungs- 
zustandes und des Deformationszustandes eines Kórperele- 
mentes," Zivilingenieur, 1882, p. 113. 
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8-1 Karl Culmann (1821-1881) was a famous German 
bridge and railway engineer. In 1849—1850 he spent two 
years traveling in England and the United States to study 
bridges, which he later wrote about in Germany. He 
designed numerous bridge structures in Europe, and in 
1855 he became professor of structures at the newly 
organized Zürich Polytechnicum. Culmann made many 
developments in graphical methods and wrote the first book 
on graphic statics, published in Zürich in 1866. Stress 
trajectories are one of the original topics presented in this 
book (see Ref. 1-1, pp. 190—197). 


9-1 The work of Jacob Bernoulli, Euler, and many others 
with respect to elastic curves is described in Ref. 1-1, 
pp. 27 and 30-36, and Ref. 1-2. Another member of the 
Bernoulli family, Daniel Bernoulli (1700—1782), proposed 
to Euler that he obtain the differential equation of the 
deflection curve by minimizing the strain energy, which 
Euler did. Daniel Bernoulli, a nephew of Jacob Bernoulli, is 
renowned for his work in hydrodynamics, kinetic theory of 
gases, beam vibrations, and other subjects. His father, John 
Bernoulli (1667—1748), a younger brother of Jacob, was an 
equally famous mathematician and scientist who first 
formulated the principle of virtual displacements, and 
solved the problem of the brachystochrone. 

John Bernoulli established the rule for obtaining the lim- 
iting value of a fraction when both the numerator and 
denominator tend to zero. He communicated this last rule to 
G. F. A. de l'Hópital (1661—1704), a French nobleman who 
wrote the first book on calculus (1696) and included this the- 
orem, which consequently became known as L'Hópital's rule. 

Daniel's nephew, Jacob Bernoulli (1759-1789), also 
known as James or Jacques, was a pioneer in the theory of 
plate bending and plate vibrations. 

Much interesting information about the many promi- 
nent members of the Bernoulli family, as well as other 


Jacob Bernoulli 
(1654—1705) 
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pioneers in mechanics and mathematics, can be found in 
books on the history of mathematics. 


9-2 Castigliano, A., Théorie de l'équilibre des systémes 
élastiques et ses applications, A. F. Negro, Turin, 1879, 480 
pages. 

Note: In this book Castigliano presented in very com- 
plete form many fundamental concepts and principles of 
structural analysis. Although Castigliano was Italian, he 
wrote this book in French in order to gain a wider audience 
for his work. It was translated into both German and English 
(Refs. 9-3 and 9-4). The English translation was republished 
in 1966 by Dover Publications and is especially valuable 
because of the introductory material by Gunhard A. Oravas 
(Refs. 9-5 and 9-6). 

Castigliano's first and second theorems appear on 
pp. 15-16 of the 1966 edition of his book. He identified 
them as Part 1 and Part 2 of the “Theorem of the Differential 
Coefficients of the Internal Work." In mathematical form, 
they appear in his book as 


dW, dW; 
Es = —— and = 
dry arm, 


where W; is the internal work (or strain energy), F, repre- 
sents any one of the external forces, and r, is the displace- 
ment of the point of application of Fp. 

Castigliano did not claim complete originality for the 
first theorem, although he stated in the Preface to his book 
that his presentation and proof were more general than any- 
thing published previously. The second theorem was orig- 
inal with him and was part of his thesis for the civil 
engineering degree at the Polytechnic Institute of Turin in 
1873. 

Carlo Alberto Pio Castigliano was born of a poor fam- 
ily in Asti in 1847 and died of pneumonia in 1884, while at 
the height of his productivity. The story of his life is told by 
Oravas in the introduction to the 1966 edition, and a bibli- 
ography of Castigliano's works and a list of his honors and 
awards are also given there. His contributions are also doc- 
umented in Refs. 2-3 and 1-1. He used the name Alberto 
Castigliano when signing his writings. 


9-3 Hauff, E., Theorie des Gleichgewichtes elastischer 
Systeme und deren Anwendung, Carl Gerold's Sohn, Vienna, 
1886. (A translation of Castigliano’s book, Ref. 9-2.) 


9-4 Andrews, E. S., Elastic Stresses in Structures, Scott, 
Greenwood and Son, London, 1919. (A translation of 
Castigliano's book, Ref. 9-2.) 


9-5 Castigliano, C. A. P., The Theory of Equilibrium of 
Elastic Systems and Its Applications, translated by E. S. 
Andrews, with a new introduction and biographical portrait 
by G. A. Oravas, Dover Publications, Inc., New York, 1966. 


(A republication of Ref. 9-4 but with the addition of histori- 
cal material by Oravas.) 


9-6 Oravas, G. A., “Historical Review of Extremum Prin- 
ciples in Elastomechanics," an introductory section 
(pp. xx-xlvi) of the book, The Theory of Equilibrium of 
Elastic Systems and Its Applications, by C. A. P. 
Castigliano, translated by E. S. Andrews, Dover Publications, 
Inc., New York, 1966 (Ref. 9-5). 


9-7 Macaulay, W. H., “Note on the deflection of beams,” 
The Messenger of Mathematics, vol. XLVIII, May 1918— 
April 1919, Cambridge, 1919, pp. 129-130. 

Note: William Herrick Macaulay, 1853-1936, was an 
English mathematician and Fellow of King’s College, 
Cambridge. In this paper he defined “by { f(x)}, a function 
of x which is zero when x is less than a and equal to f(x) 
when x is equal to or greater than a.” Then he showed how 
to use this function when finding beam deflections. Unfor- 
tunately, he did not give any references to the earlier work 
of Clebsch and Fóppl; see Refs. 9-8 through 9-10. 


9-8 Clebsch, A., Theorie der Elasticitüt fester Körper, 
B. G. Teubner, Leipzig, 1862, 424 pages. (Translated into 
French and annotated by Saint-Venant, Théorie de l'Élas- 
ticité des Corps Solides, Paris, 1883. Saint-Venant’s notes 
increased Clebsch's book threefold in size.) 

Note: The method of finding beam deflections by inte- 
grating across points of discontinuity was presented first in 
this book; see Ref. 1-1, pp. 258—259 and Ref. 9-10. Rudolf 
Friedrich Alfred Clebsch, 1933-1872, was a German math- 
ematician and scientist. He was a professor of engineering 
at the Karlsruhe Polytechnicum and later a professor of 
mathematics at Göttingen University. 


9-9 Fóppl, A., Vorlesungen über technische Mechanik, 
Vol. III: Festigkeitslehre, B. G. Teubner, Leipzig, 1897. 

Note: In this book, Fóppl extended Clebsch's method 
for finding beam deflections. August Fóppl, 1854—1924, 
was a German mathematician and engineer. He was a pro- 
fessor at the University of Leipzig and later at the 
Polytechnic Institute of Munich. 


9-10 Pilkey, W. D., *Clebsch's method for beam deflec- 
tions," Journal of Engineering Education, vol. 54, no. 5, 
January 1964, pp. 170—174. This paper describes Clebsch's 
method and gives a very complete historical account, with 
many references. 


10-1 Zaslavsky, A., “Beams on immovable supports," 
Publications of the International Association for Bridge 
and Structural Engineering, Vol. 25, 1965, pp. 353-3062. 


11-1 Euler, L., “Methodus inveniendi lineas curvas maximi 
minimive proprietate gaudentes . . . ," Appendix I, “De 
curvis elasticis," Bousquet, Lausanne and Geneva, 1744. 


(English translation: Oldfather, W. A., Ellis, C. A., and 
Brown, D. M., Isis, Vol. 20, 1933, pp. 72-1060. Also, 
republished in Leonhardi Euleri Opera Omnia, series 1, 
Vol. 24, 1952.) 

Note: Leonhard Euler (1707-1783) made many 
remarkable contributions to mathematics and mechanics, 
and he is considered by most mathematicians to be the most 
productive mathematician of all time. His name, 
pronounced “oiler,” appears repeatedly in present-day text- 
books; for instance, in mechanics we have Euler's equations 
of motion of a rigid body, Euler's angles, Euler's equations 
of fluid flow, the Euler load in column buckling, and much 
more; and in mathematics we encounter the famous Euler 
constant, as well as Euler's numbers, the Euler identity 
(¿°? — cos 0 -- i sin 6), Euler's formula (e7 + 1 = 0), 
Euler's differential equation, Euler's equation of a varia- 
tional problem, Euler's quadrature formula, the Euler 
summation formula, Euler's theorem on homogeneous 
functions, Euler's integrals, and even Euler squares (square 
arrays of numbers possessing special properties). 


Leonhard Euler 
(1707—1783) 





In applied mechanics, Euler was the first to derive the 
formula for the critical buckling load of an ideal, slender 
column and the first to solve the problem of the elastica. 
This work was published in 1744, as cited previously. He 
dealt with a column that is fixed at the base and free at the 
top. Later, he extended his work on columns (Ref. 11-2). 
Euler's numerous books include treatises on celestial 
mechanics, dynamics, and hydromechanics, and his papers 
include subjects such as vibrations of beams and plates and 
statically indeterminate structures. 

In the field of mathematics, Euler made outstanding 
contributions to trigonometry, algebra, number theory, 
differential and integral calculus, infinite series, analytic 
geometry, differential equations, calculus of variations, and 


References and Historical Notes 941 


many other subjects. He was the first to conceive of trigono- 
metric values as the ratios of numbers and the first to present 
the famous equation e'^ = cos 0 + i sin 6. Within his books 
on mathematics, all of which were classical references for 
many generations, we find the first development of the 
calculus of variations as well as such intriguing items as the 
proof of Fermat's “last theorem" for n = 3 and n = 4. Euler 
also solved the famous problem of the seven bridges of 
Königsberg, a problem of topology, another field in which 
he pioneered. 

Euler was born near Basel, Switzerland, and attended 
the University of Basel, where he studied under John 
Bernoulli (1667-1748). From 1727 to 1741 he lived and 
worked in St. Petersburg, where he established a great repu- 
tation as a mathematician. In 1741 he moved to Berlin upon 
the invitation of Frederick the Great, King of Prussia. He 
continued his mathematical research in Berlin until the year 
1766, when he returned to St. Petersburg at the request of 
Catherine II, Empress of Russia. 

Euler continued to be prolific until his death in St. 
Petersburg at the age of 76; during this final period of his 
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A.1 SYSTEMS OF UNITS 


Systems of Units 
and Conversion Factors 


Measurement systems have been a necessity since people first began to build 
and barter, and every ancient culture developed some sort of measurement sys- 
tem to serve its needs. Standardization of units took place gradually over the 
centuries, often through royal edicts. Development of the British Imperial Sys- 
tem from earlier measurement standards began in the 13th century and was well 
established by the 18th century. The British system spread to many parts of the 
world, including the United States, through commerce and colonization. In the 
United States the system gradually evolved into the U.S. Customary System 
(USCS) that is in common use today. 

The concept of the metric system originated in France about 300 years ago 
and was formalized 1n the 1790s, at the time of the French Revolution. France 
mandated the use of the metric system in 1840, and since then many other coun- 
tries have done the same. In 1866 the United States Congress legalized the 
metric system without making it compulsory. 

A new system of units was created when the metric system underwent a 
major revision in the 1950s. Officially adopted in 1960 and named the Interna- 
tional System of Units (Systéme International d'Unités), this newer system is 
commonly referred to as SI. Although some SI units are the same as in the old 
metric system, SI has many new features and simplifications. Thus, SI is an 
improved metric system. 

Length, time, mass, and force are the basic concepts of mechanics for 
which units of measurement are needed. However, only three of these quantities 
are independent since all four of them are related by Newton's second law of 
motion: 


F — ma (A-1) 


in which F is the force acting on a particle, m is the mass of the particle, and a is 
its acceleration. Since acceleration has units of length divided by time squared, 
all four quantities are involved in the second law. 

The International System of Units, like the metric system, is based upon 
length, time, and mass as fundamental quantities. In these systems, force is 
derived from Newton's second law. Therefore, the unit of force is expressed in 
terms of the basic units of length, time, and mass, as shown in the next section. 

SI is classified as an absolute system of units because measurements of 
the three fundamental quantities are independent of the locations at which the 
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measurements are made; that is, the measurements do not depend upon the effects 
of gravity. Therefore, the SI units for length, time, and mass may be used any- 
where on earth, in space, on the moon, or even on another planet. This is one of 
the reasons why the metric system has always been preferred for scientific work. 

The British Imperial System and the U.S. Customary System are based 
upon length, time, and force as the fundamental quantities with mass being 
derived from the second law. Therefore, in these systems the unit of mass is 
expressed in terms of the units of length, time, and force. The unit of force is 
defined as the force required to give a certain standard mass an acceleration 
equal to the acceleration of gravity, which means that the unit of force varies 
with location and altitude. For this reason, these systems are called gravita- 
tional systems of units. Such systems were the first to evolve, probably 
because weight is such a readily discernible property and because variations in 
gravitational attraction were not noticeable. It is clear, however, that in the mod- 
ern technological world an absolute system is preferable. 


The International System of Units has seven base units from which all other units 
are derived. The base units of importance in mechanics are the meter (m) for 
length, second (s) for time, and kilogram (kg) for mass. Other SI base units pertain 
to temperature, electric current, amount of substance, and luminous intensity. 

The meter was originally defined as one ten-millionth of the distance from 
the North Pole to the equator. Later, this distance was converted to a physical 
standard, and for many years the standard for the meter was the distance 
between two marks on a platinum-iridium bar stored at the headquarters of the 
International Bureau of Weights and Measures (Bureau International des Poids 
et Mesures) in Sévres, a suburb on the western edge of Paris, France. 

Because of the inaccuracies inherent in the use of a physical bar as a stan- 
dard, the definition of the meter was changed in 1983 to the length of the path 
traveled by light in a vacuum during a time interval of 1/299792458 of a second.* 
The advantages of this “natural” standard are that it is not subject to physical 
damage and is reproducible at laboratories anywhere in the world. 

The second was originally defined as 1/86400 of a mean solar day 
(24 hours equals 86,400 seconds). However, since 1967 a highly accurate 
atomic clock has set the standard, and a second is now defined to be the dura- 
tion of 9,192,631,770 periods of the radiation corresponding to the transition 
between the two hyperfine levels of the ground state of the cesium-133 atom. 
(Most engineers would probably prefer the original definition over the new 
one, which hasn't noticeably changed the second but which is necessary 
because the earth's rotation rate is gradually slowing down.) 

Of the seven base units in SI, the kilogram is the only one that is still 
defined by a physical object. Since the mass of an object can only be deter- 
mined by comparing it experimentally with the mass of some other object, a 
physical standard is needed. For this purpose, a one-kilogram cylinder of 
platinum-iridium, called the International Prototype Kilogram (IPK), is kept 
by the International Bureau of Weights and Measures at Sévres. (At the 
present time, attempts are being made to define the kilogram in terms of a 


*'Taking the reciprocal of this number gives the speed of light in a vacuum (299,792,458 
meters per second). 
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fundamental constant, such as the Avogadro number, thus removing the need 
for a physical object.) 

Other units used in mechanics, called derived units, are expressed in terms 
of the base units of meter, second, and kilogram. For instance, the unit of force 
is the newton, which is defined as the force required to impart an acceleration 
of one meter per second squared to a mass of one kilogram.* From Newton's 
second law (F = ma), we can derive the unit of force in terms of base units: 


1 newton = (1 kilogram)(1 meter per second squared) 
Thus, the newton (N) is given in terms of base units by the formula 
1 N = 1 kg-m/s* (A-2) 


To provide a point of reference, we note that a small apple weighs approxi- 
mately one newton. 

The unit of work and energy is the joule, defined as the work done when 
the point of application of a force of one newton is displaced a distance of one 
meter in the direction of the force.** Therefore, 


] joule = (1 newton)(1 meter) = 1 newton meter 
or 1J=1 Nm (A-3) 


When you raise this book from desktop to eye level, you do about one joule of 
work, and when you walk up one flight of stairs, you do about 200 joules of work. 
The names, symbols, and formulas for SI units of importance in mechanics 
are listed in Table A-1. Some of the derived units have special names, such as 
newton, joule, hertz, watt, and pascal. These units are named for notable persons 
in science and engineering and have symbols (N, J, Hz, W, and Pa) that are capi- 
talized, although the unit names themselves are written in lowercase letters. Other 
derived units have no special names (for example, the units of acceleration, area, 
and density) and must be expressed in terms of base units and other derived units. 

The relationships between various SI units and some commonly used metric 
units are given in Table A-2. Metric units such as dyne, erg, gal, and micron are 
no longer recommended for engineering or scientific use. 

The weight of an object is the force of gravity acting on that object, and 
therefore weight is measured in newtons. Since the force of gravity depends 
upon altitude and position on the earth, weight is not an invariant property of a 
body. Furthermore, the weight of a body as measured by a spring scale is 
affected not only by the gravitational pull of the earth but also by the centrifugal 
effects associated with the rotation of the earth. 

As a consequence, we must recognize two kinds of weight, absolute weight 
and apparent weight. The former is based upon the force of gravity alone, and 
the latter includes the effects of rotation. Thus, apparent weight is always less 
than absolute weight (except at the poles). Apparent weight, which is the weight 
of an object as measured with a spring scale, is the weight we customarily use in 
business and everyday life; absolute weight is used in astroengineering and 
certain kinds of scientific work. In this book, the term “weight” will always 
mean “apparent weight." 


*Sir Isaac Newton (1642—1727) was an English mathematician, physicist, and astronomer. 
He invented calculus and discovered the laws of motion and gravitation. 


** James Prescott Joule (1818—1889) was an English physicist who developed a method 
for determining the mechanical equivalent of heat. His last name is pronounced “jool.” 
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TABLE A-1 PRINCIPAL UNITS USED IN MECHANICS 


Un 


International System (SI) U.S. Customary System (USCS) 


Quantity 
Unit Symbol, Formula Symbol | Formula 


Acceleration (angular) radian per second squared 


rad/s? radian per second squared rad/s? 


Acceleration (linear) meter per second squared foot per second squared ft/s? 


kg/m? slug per cubic foot 


Area m ft? 


Square meter 


Density (mass) slug/ft° 


(Specific mass) 


kilogram per cubic meter 


Density (weight) N lb/ft? 


(Specific weight) 


newton per cubic meter 


pound per cubic foot 


m 
N pound per foot 

S 

m 


Z 
= 


Energy; work joule ft-lb 


Force newton (base unit) 


Force per unit length Ib/ft 


(Intensity of force) 


newton per meter 


=] 


Frequency hertz S 


N 


Length meter ( (base unit) 


Mass Ib-s?/ft 


kilogram (base unit) | slug 


inch to fourth power 
kg:m? slug foot squared 


foot-pound per second 
(N:m/s) 


pound per square foot 


inch to third power 


Moment of a force; torque | newton meter lb-ft 


Moment of inertia (area) | meter to fourth power 


Moment of inertia (mass) | kilogram meter squared slug-ft* 


Z 
= 


zZ 
a 
un 


Power watt ft-Ib/s 


Ib/ft? 


1 


Pressure pascal 


in.* 
Section modulus n^ 


meter to third power m 


Stress 


p 
I 
p 
p 


pascal N pound per square inch 1 Ib/in.* 


Notes: 1 joule (J) = 1 newton meter (N-m) = 1 watt second (W:s) 


1 hertz (Hz) = 1 cycle per second (cps) or 1 revolution per second (rev/s) 

1 watt (W) = 1 joule per second (J/s) = 1 newton meter per second (N-m/s) 
1 pascal (Pa) = 1 newton per meter squared (N/m) 

1 liter (L) = 0.001 cubic meter (m?) = 1000 cubic centimeters (cm) 


(base unit) 
rad/s 
S ft/s 


Time second 


Velocity (angular) radian per second 


f 
Velocity (linear) f 


meter per second m 


/s* 
g 
/m? cf 
/m 
b 

4 

N/m? sf 
3 
/m? S 
/s 

10 > m? al 

3 


b 
H 
t 
S 
p 
liter g 


Volume (liquids) 





Volume (solids) 


cubic meter 


TABLE A-2 ADDITIONAL UNITS IN COMMON USE 
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The acceleration of gravity, denoted by the letter g, is directly 
proportional to the force of gravity, and therefore it too depends upon position. 
In contrast, mass is a measure of the amount of material in a body and does not 
change with location. 

The fundamental relationship between weight, mass, and acceleration of 
gravity can be obtained from Newton's second law (F — ma), which in this case 
becomes 


W = mg (A-4) 


In this equation, W is the weight in newtons (N), m is the mass in kilograms 
(kg), and g is the acceleration of gravity in meters per second squared (m/s?). 
Equation (A-4) shows that a body having a mass of one kilogram has a weight 
in newtons numerically equal to g. The values of the weight W and the accel- 
eration g depend upon many factors, including latitude and elevation. 
However, for scientific calculations a standard international value of g has 
been established as 


g — 9.806650 m/s? (A-5) 


SI and Metric Units 


1 gal = 1 centimeter per second squared (cm/s?) 1 centimeter (cm) = 10 * meters (m) 


for example, g ~ 981 gals) 
1 are (a) = 100 square meters (m?) 
] hectare (ha) = 10,000 square meters (m?) 
1 erg = 10 joules (J) 
] kilowatt-hour (KWh) — 3.6 megajoules (MJ) 
1 dyne = 10 ^? newtons (N) 
] kilogram-force (kgf) = 1 kilopond (kp) 
= 9.80665 newtons (N) 


1 cubic centimeter (cm?) = 1 milliliter (mL) 

1 micron = 1 micrometer (wm)= 10° ° meters (m) 

1 gram (g) = 10 ? kilograms (kg) 

1 metric ton (t) = 1 megagram (Mg) = 1000 kilograms (kg) 
1 watt (W) = 10’ ergs per second (erg/s) 

1 dyne per square centimeter (dyne/cm?) aq pascals (Pa) 
1 bar = 10° pascals (Pa) 

1 stere = 1 cubic meter (m?) 


USCS and Imperial Units 


1 kilowatt-hour (kWh) = 2,655,220 foot-pounds (ft-Ib) 1 kilowatt (kW) 
1 British thermal unit (Btu) = 778.171 foot-pounds (ft-lb) = 737.562 foot-pounds per second (ft-Ib/s) 


1 kip (k) = 1000 pounds (lb) 
1 ounce (oz) = 1/16 pound (Ib) 
] ton — 2000 pounds (Ib) 


1 Imperial ton (or long ton) = 2240 pounds (lb) 


] poundal (pdl) = 0.0310810 pounds (Ib) 
— 0.138255 newtons (N) 


1 inch (in.) = 1/12 foot (ft) 
1 mil = 0.001 inch (in.) 

1 yard (yd) = 3 feet (ft) 

1 mile = 5280 feet (ft) 


= 1.34102 horsepower (hp) 


] pound per square inch (psi) 
— |44 pounds per square foot (psf) 


] revolution per minute (rpm) 
= 277/60 radians per second (rad/s) 


1 mile per hour (mph) 

= 22/15 feet per second (fps) 
1 gallon (gal.) = 231 cubic inches (in.?) 
1 quart (qt) = 2 pints = 1/4 gallon (gal.) 
1 cubic foot (cf) = 576/77 gallons 

= 7.48052 gallons (gal.) 


1 horsepower (hp) = 550 foot-pounds per second (ft-Ib/s) 1 Imperial gallon = 277.420 cubic inches (in.?) 
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This value is intended for use under standard conditions of elevation and lati- 
tude (sea level at a latitude of approximately 45?). The recommended value of g 
for ordinary engineering purposes on or near the surface of the earth is 


g — 9.81 m/s? (A-6) 


Thus, a body having a mass of one kilogram has a weight of 9.81 newtons. 

Atmospheric pressure varies considerably with weather conditions, loca- 
tion, altitude, and other factors. Consequently, a standard international value for 
the pressure at the earth's surface has been defined: 


] standard atmosphere = 101.325 kilopascals (A-7) 
The following simplified value is recommended for ordinary engineering work: 
] standard atmosphere — 101 kPa (A-8) 


Of course, the values given in Eqs. (A-7) and (A-8) are intended for use in cal- 
culations and do not represent the actual ambient pressure at any given location. 

A basic concept in mechanics is moment or torque, especially the moment 
of a force and the moment of a couple. Moment is expressed in units of force 
times length, or newton meters (N-m). Other important concepts in mechanics 
are work and energy, both of which are expressed in joules, a derived unit that 
happens to have the same units (newton meters) as the units of moment. How- 
ever, moment is a distinctly different quantity from work or energy, and the joule 
should never be used for moment or torque. 

Frequency is measured in units of hertz (Hz), a derived unit equal to the 
reciprocal of seconds (1/s or s '). The hertz is defined as the frequency of a 
periodic phenomenon for which the period is one second; thus, it is equivalent 
to one cycle per second (cps) or one revolution per second (rev/s). It is custom- 
arily used for mechanical vibrations, sound waves, and electromagnetic waves, 
and occasionally it is used for rotational frequency instead of the traditional 
units of revolution per minute (rpm) and revolution per second (rev/s).* 

Two other derived units that have special names in SI are the watt (W) and 
the pascal (Pa). The watt is the unit of power, which is work per unit of time, 
and one watt is equal to one joule per second (J/s) or one newton meter per second 
(N - m/s). The pascal is the unit of pressure and stress, or force per unit area, and is 
equal to one newton per square meter (N/m?).** 

The liter is not an accepted SI unit, yet it is so commonly used that it cannot 
be discarded easily. Therefore, SI permits its use under limited conditions for 
volumetric capacity, dry measure, and liquid measure. Both uppercase L and 
lowercase | are permitted as symbols for liter in SI, but in the United States only 
L is permitted (to avoid confusion with the numeral 1). The only prefixes permit- 
ted with liter are milli and micro. 

Loads on structures, whether due to gravity or other actions, are usually 
expressed in force units, such as newtons, newtons per meter, or pascals (new- 
tons per square meter). Examples of such loads are a concentrated load of 25 kN 


*Heinrich Rudolf Hertz (1857—1894) was a German physicist who discovered electro- 
magnetic waves and showed that light waves and electromagnetic waves are identical. 


**James Watt (1736—1819) was a Scottish inventor and engineer who developed a prac- 
tical steam engine and discovered the composition of water. Watt also originated the term 
"horsepower." Blaise Pascal (1623—1662) was a French mathematician and philosopher. 
He founded probability theory, constructed the first calculating machine, and proved 
experimentally that atmospheric pressure varies with altitude. 
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acting on an axle, a uniformly distributed load of intensity 800 N/m acting on a 
small beam, and air pressure of intensity 2.1 kPa acting on an airplane wing. 

However, there is one circumstance in SI in which it is permissible to 
express a load in mass units. If the load acting on a structure is produced by 
gravity acting on a mass, then that load may be expressed in mass units (kilo- 
grams, kilograms per meter, or kilograms per square meter). The usual 
procedure in such cases is to convert the load to force units by multiplying by 
the acceleration of gravity (g — 9.81 m/s?). 


SI Prefixes 


Multiples and submultiples of SI units (both base units and derived units) are 
created by attaching prefixes to the units (see Table A-3 for a list of prefixes). 
The use of a prefix avoids unusually large or small numbers. The general rule is 
that prefixes should be used to keep numbers in the range 0.1 to 1000. 

All of the recommended prefixes change the size of the quantity by a multiple 
or submultiple of three. Similarly, when powers of 10 are used as multipliers, the 
exponents of 10 should be multiples of three (for example, 40 X 10? N is satisfac- 
tory but 400 X 10? N is not). Also, the exponent on a unit with a prefix refers to the 
entire unit; for instance, the symbol mm^? means (mm)? and not m(m)’. 


Styles for Writing SI Units 


Rules for writing SI units have been established by international agreement, and 
some of the most pertinent ones are described here. Examples of the rules are 
shown in parentheses. 

(1) Units are always written as symbols (kg) in equations and numerical 
calculations. In text, units are written as words (kilograms) unless numerical 
values are being reported, in which case either words or symbols may be used 
(12 kg or 12 kilograms). 

(2) Multiplication is shown in a compound unit by a raised dot (KN:m). 
When the unit is written in words, no dot is required (kilonewton meter). 


TABLE A-3 SI PREFIXES 


Symbol Multiplication factor 


1 000 000 000 000 
1 000 000 000 

1 000 000 

] 000 

100 


10 
0.1 
0.01 
0.001 
0.000 001 
0.000 000 001 
0.000 000 000 001 





Note: The use of the prefixes hecto, deka, deci, and centi is not recommended in SI. 
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(3) Division is shown in a compound unit by a slash (or solidus) or by multi- 
plication using a negative exponent (m/s or m-s |). When the unit is written in 
words, the slash is always replaced by "per" (meter per second). 

(4) A space is always used between a number and its units (200 Pa or 
200 pascals) with the exception of the degree symbol (either angle or tempera- 
ture), where no space is used between the number and the symbol (45°, 20°C). 

(5) Units and their prefixes are always printed in roman type (that 1s, 
upright or vertical type) and never in italic type (slanted type), even when the 
surrounding text is in italic type. 

(6) When written as words, units are not capitalized (newton) except at the 
beginning of a sentence or in capitalized material such as a title. When written 
as a symbol, units are capitalized when they are derived from the name of a per- 
son (N). An exception is the symbol for liter, which may be either L or 1, but the 
use of uppercase L is preferred to avoid confusion with the numeral 1. Also, 
some prefixes are written with capital letters when used in symbols (MPa) but 
not when used in words (megapascal). 

(7) When written as words, units are singular or plural as appropriate to the 
context (1 kilometer, 20 kilometers, 6 seconds). When written as symbols, units 
are always singular (1 km, 20 km, 6 s). The plural of hertz is hertz; the plurals 
of other units are formed in the customary manner (newtons, watts). 

(8) Prefixes are not used in the denominator of a compound unit. An excep- 
tion is the kilogram (kg),which is a base unit and therefore the letter “k” is not 
considered as a prefix. For example, we can write kN/m but not N/mm, and we 
can write J/kg but not mJ/g. 


Pronunciation of SI Prefixes and Units 


A guide to the pronunciation of a few SI names that are sometimes mispro- 
nounced is given in Table A-4. For instance, kilometer is pronounced 


TABLE A-4 PRONUNCIATION OF SI PREFIXES AND UNITS 


Prefix Pronunciation 


same as ferra, as in ferra firma 


pronounced jig-uh; with a pronounced as in about 
(Alternate pronunciation: gig-uh) 


same as mega in megaphone 

pronounced kill-oh; rhymes with pillow 
pronounced mill-eh, as in military 

same as micro in microphone 

pronounced nan-oh; rhymes with man-oh 
pronounced pea-ko 

Note: The first syllable of every prefix is accented. 


Unit Pronunciation 


joule pronounced jool; rhymes with cool and pool 


kilogram pronounced kill-oh-gram 
kilometer pronounced kill-oh-meter 
pascal pronounced pas-kal, with the accent on kal 
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kill-oh-meter, not kil-om-eter. The only prefix that generates arguments is giga— 
the official pronunciation is jig-uh, but many people say gig-uh. 


The units of measurement traditionally used in the United States have never 
been made mandatory by the government; hence for lack of a better name they 
are called the “customary” units. In this system the base units of relevance to 
mechanics are the foot (ft) for length, second (s) for time, and pound (lb) for 
force. The foot is defined as 


1 ft = 0.3048 m (exactly) (A-9) 


The second is the same as in SI and is described in the preceding section. 

The pound is defined as the force that will give to a certain standard mass 
an acceleration equal to the acceleration of gravity. In other words, the pound is 
the weight of the standard mass, which is defined as 0.45359237 kg (exactly). 
The weight of this amount of mass (see Eq. A-4) is 


W = (0.45359237 kg)(9.806650 m/s?) = 4.448222 N 


in which the standard international value of g is used (see Eq. A-5). Thus, the 
pound is defined as follows: 


1 Ib = 4.448222 N (A-10) 


which shows that the pound (like the foot) is actually defined in terms of SI units. 
The unit of mass in USCS, called the slug, is a derived unit defined as the 

mass that will be accelerated one foot per second squared when acted upon by a 

force of one pound. Writing Newton's second law in the form m — F/a, we get 


which shows that the slug is expressed in terms of base units by the formula 
1 slug = 1 Ib-s?/ft (A-11) 


To obtain the mass of an object of known weight, we use the second law in the 
form 


m = — (A-12) 


where m is the mass in slugs, W is the weight in pounds, and g is the accelera- 
tion of gravity in feet per second squared. 

As discussed previously, the value of g depends upon the location, but in 
calculations where location is not relevant, the standard international value of g 
may be used: 


g = 32.1740 ft/s? (A-13) 
For ordinary purposes, the recommended value is 
g = 32.2 ft/s? (A-14) 


From the preceding equations we conclude that an object having a mass of 1 
slug will weigh 32.2 pounds at the earth’s surface. 
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A.4 TEMPERATURE UNITS 


Another unit of mass in USCS is the pound-mass (Ibm), which is the mass 
of an object weighing 1 pound, that is, 1 Ibm — 1/32.2 slug. 

As mentioned previously, atmospheric pressure varies considerably with 
local conditions; however, for many purposes the standard international value 
may be used: 


] standard atmosphere — 14.6959 pounds per square inch (A-15) 
or, for ordinary engineering work: 
] standard atmosphere — 14.7 psi (A-16) 


These values are intended for use in calculations and obviously do not represent 
the actual atmospheric pressure. 

The unit of work and energy in USCS is the foot-pound (ft-Ib), defined as 
the work done when the point of application of a force of one pound is dis- 
placed a distance of one foot in the direction of the force. The unit of moment 
or torque is the pound-foot (Ib-ft), which comes from the fact that moment is 
expressed in units of force times length. Although in reality the same units 
apply to work, energy, and moment, it is common practice to use the pound-foot 
for moment and the foot-pound for work and energy. 

The symbols and formulas for the most important USCS units used in 
mechanics are listed in Table A-1. 

Many additional units from the U. S. Customary and Imperial systems 
appear in the mechanics literature; a few of these units are listed in the lower 
part of Table A-2. 


Temperature is measured in SI by a unit called the kelvin (K), and the corresponding 
scale is the Kelvin temperature scale. The Kelvin scale is an absolute scale, which 
means that its origin (zero kelvins, or 0 K) is at absolute zero temperature, a theoret- 
ical temperature characterized by the complete absence of heat. On the Kelvin scale, 
water freezes at approximately 273 K and boils at approximately 373 K. 

For nonscientific purposes the Celsius temperature scale is normally used. 
The corresponding unit of temperature is the degree Celsius (°C), which is equal 
to one kelvin. On this scale, water freezes at approximately zero degrees (0°C) 
and boils at approximately 100 degrees (100°C) under certain standard condi- 
tions. The Celsius scale is also known as the centigrade temperature scale. 

The relationship between Kelvin temperature and Celsius temperature is 
given by the following equations: 


Temperature in degrees Celsius = temperature in kelvins — 273.15 
or TCC) = T(K) — 273.15 (A-17) 


where T denotes the temperature. When working with changes in temperature, 
or temperature intervals, as is usually the case in mechanics, either unit can be 
used because the intervals are the same.* 


*Lord Kelvin (1824-1907), William Thomson, was a British physicist who made many 
scientific discoveries, developed theories of heat, and proposed the absolute scale of tem- 
perature. Anders Celsius (1701—1744) was a Swedish scientist and astronomer. In 1742 he 
developed the temperature scale in which O and 100 correspond, respectively, to the 
freezing and boiling points of water. 
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The U.S. Customary unit for temperature is the degree Fahrenheit (°F). On 
the Fahrenheit temperature scale, water freezes at approximately 32 degrees 
(32°F) and boils at approximately 212 degrees (212°F). Each Fahrenheit degree 
is exactly 5/9 of one kelvin or one degree Celsius. The corresponding absolute 
scale is the Rankine temperature scale, related to the Fahrenheit scale by the 
equation 


T(°F) = T(*R) — 459.67 (A-18) 


Thus, absolute zero corresponds to —459.67°F.* 
The conversion formulas between the Fahrenheit and Celsius scales are as 
follows: 


T(?C) = > (TCP) -32 TOF) = ZTC) +32  (A-19a,b) 


As before, T denotes the temperature on the indicated scale. 


A.5 CONVERSIONS BETWEEN UNITS 


Quantities given in either USCS or SI units can be converted quickly to the 
other system by using the conversion factors listed in Table A-5. 

If the given quantity is expressed in USCS units, it can be converted to SI 
units by multiplying by the conversion factor. To illustrate this process, assume 
that the stress in a beam is given as 10,600 psi and we wish to convert this 
quantity to SI units. From Table A-5 we see that a stress of 1 psi converts to 
6894.76 Pa. Therefore, the conversion of the given value is performed in the 
following manner: 


(10,600 psi)(6894.76) = 73100000 Pa = 73.1 MPa 


Because the original value is given to three significant digits, we have rounded 
the final result to three significant digits also (see Appendix B for a discussion 
of significant digits). Note that the conversion factor of 6894.76 has units of 
pascals divided by pounds per square inch, and therefore the equation is dimen- 
sionally correct. 

To reverse the conversion process (that is, to convert from SI units to USCS 
units), the quantity in SI units is divided by the conversion factor. For instance, 
suppose that the moment of inertia of the cross-sectional area of a beam is given 
as 94.73 X 10° mm^. Then the moment of inertia in USCS units is 


94.73 X 10° mm^ 
416,231 


in which the term 416,231 1s the conversion factor for moment of inertia. 


= 228 in" 


*William John Macquorn Rankine (1820-1872) was a Scottish engineer and physicist. He 
made important contributions in such diverse fields as thermodynamics, light, sound, 
stress analysis, and bridge engineering. Gabriel Daniel Fahrenheit (1686—1736) was a 
German physicist who experimented with thermometers and made them more accurate by 
using mercury in the tube. He set the origin (0?) of his temperature scale at the freezing 
point of a mixture of ice, salt, and water. 
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TABLE A-5 CONVERSIONS BETWEEN U.S. CUSTOMARY UNITS AND SI UNITS 


Times conversion factor 


U.S. Customary unit Equals SI unit 


Acceleration (linear) 
foot per second squared : 0.3048* 0.305 meter per second squared 
inch per second squared in./s? 0.0254* 0.0254 meter per second squared 
Area 
square foot 0.09290304* id Square meter 
Square inch in. 645.16* square millimeter 
Density (mass) 
slug per cubic foot slug/ft^ 515.379 kilogram per cubic meter kg/m’ 


Density (weight) 
pound per cubic foot i 157.087 157 newton per cubic meter 
pound per cubic inch in 271.447 271 kilonewton per cubic 
meter 


Energy; work 
foot-pound - 1.35582 joule (N-m) 
inch-pound In.- 0.112985 joule 
kilowatt-hour 3.07 ; megajoule 
British thermal unit 1055.06 joule 











Force 
pound newton (kg-m/s”) 
kip (1000 pounds) kilonewton 


Force per unit length 
pound per foot 14.5939 newton per meter 


pound per inch in. 175.127 newton per meter 


kip per foot 14.5939 kilonewton per meter 
kip per inch In. 75x27 kilonewton per meter 


0.3048* meter 
204° millimeter 
1.609344* kilometer 


Mass 
Ib-s^/ft 14.5939 kilogram 


Moment of a force; torque 
pound-foot - 1.33582 ; newton meter 


pound-inch -in. 0.112985 newton meter 
kip-foot - 1.35582 ; kilonewton meter 
kip-inch -in. 0.112985 kilonewton meter 





* An asterisk denotes an exact conversion factor (Continued) 
Note: To convert from SI units to USCS units, divide by the conversion factor 
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TABLE A-5 (Continued) 





U.S. Customary unit Equals SI unit 


Moment of inertia (area) 
inch to fourth power in. 416,231 416,000 millimeter to fourth 
power 
inch to fourth power in. 0.416231 x 10°° 0.416 X 107° | meter to fourth power 


Moment of inertia (mass) 
slug foot squared slug-ft? 1.35582 kilogram meter squared 


Power 
foot-pound per second ft-Ib/s 1.35582 watt (J/s or N-m/s) 
foot-pound per minute ft-Ib/min 0.0225970 watt 
horsepower 
(550 ft-Ib/s) 745.701 watt 






Pressure; stress 
pound per square foot 47.8803 pascal (N/m?) 
pound per square inch 6894.76 pascal 
kip per square foot 47.8803 kilopascal 
kip per square inch i 6.89476 . megapascal 


Section modulus 
inch to third power in. 16,387.1 16,400 millimeter to third 
power 
inch to third power in. 16.3871 x 107° 16.4 x 10°° meter to third power 


Velocity (linear) 
foot per second 0.3048* meter per second 
inch per second in. 0.0254* meter per second 
mile per hour 0.44704* meter per second 
mile per hour 1.609344* ; kilometer per hour 


Volume 
cubic foot 0.0283168 0.0283 cubic meter m? 
cubic inch in." 16.3871 X 10 ° 16.4 X 10? | cubic meter m? 
cubic inch in. 16.3871 16.4 cubic centimeter (cc) cm 
gallon (231 in.?) 3.78541 3.79 liter L 
gallon (231 in.?) l 0.00378541 0.00379 cubic meter m? 


* An asterisk denotes an exact conversion factor 
Note: To convert from SI units to USCS units, divide by the conversion factor 
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Problem Solving 


The study of mechanics of materials divides naturally into two parts:first, under- 
standing the general concepts and principles, and second, applying those concepts 
and principles to physical situations. An understanding of the general concepts is 
obtained by studying the discussions and derivations presented in books such as 
this one. Skill in applying the concepts is accomplished by solving problems on 
your own. Of course, these two aspects of mechanics are closely related, and 
many experts in mechanics will argue that you dont really understand the 
concepts if you cant apply them. f is easy to recite the principles, but applying 
them to real situations requires an in-depth understanding. That is why teachers of 
mechanics place so much emphasis on problems. Problem solving gives meaning 
to the concepts and also provides an opportunity to gain experience and develop 
udgment. 

Some of the homework problems in this book require symbolic solutions 
and others require numerical solutions. h the case of symbolic problems (also 
called analytical, algebraic, or literal problems), the data are supplied in the 
form of symbols for the various quantities, such as P for load, L for length, and E 
for modulus of elasticity. Such problems are solved in terms of algebraic 
variables, and the results are expressed as formulas or mathematical expressions. 
Symbolic problems usually do not involve numerical calculations, except when 
numerical data are substituted into the final symbolic result in order to obtain a 
numerical value. However, this final substitution of numerical data should not 
Obscure the fact that the problem was solved in symbolic terms. 

h contrast, numerical problems are those in which the data are given in 
the form of numbers (with appropriate units); for example, a load might be 
given as 12 kN, a length as 3 m, and a dimension as 150 mm. The solution of a 
numerical problem is carried out by performing calculations from the begin- 
ning, and the results, both intermediate and final, are in the form of numbers. 

An advantage of a numerical problem is that the magnitudes of all quantities 
are evident at every stage of the solution, thereby providing an opportunity to 
observe whether the calculations are producing reasonable results. Also, a 
numerical solution makes it possible to keep the magnitudes of quantities within 
prescribed limits. For instance, suppose the stress at a particular point in a beam 
must not exceed a certain allowable value. f this stress is calculated as an inter- 
mediate step in the numerical solution, you can verify immediately whether or 
not it exceeds the limit. 


B.2 STEPS IN SOLVING PROBLEMS 
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Symbolic problems have several advantages too. Because the results are 
algebraic formulas or expressions, you can see immediately how the variables 
affect the answers. For instance, if a load appears to the first power in the 
numerator of the final result, you know that doubling the load will double the 
result. Equally important is the fact that a symbolic solution shows what 
variables do not affect the result. For instance, a certain quantity may cancel out 
of the solution, a fact that might not even be noticed in a numerical solution. 
Furthermore, a symbolicsolution makes it convenient to check the dimensional 
homogeneity of all terms in the solution. And most important, a symbolic solu- 
tion provides a general formula that is applicable to many different problems, 
each with a different set of numerical data. h contrast, a numerical solution is 
good for only one set of circumstances, and a complete new solution is required 
if the data are changed. Of course, symbolic solutions are not feasible when the 
formulas become too complex to manipulate; when that happens, a numerical 
solution is required. 

h more advanced work in mechanics, problem solving requires the use of 
numerical methods. This term refers to a wide variety of computational meth- 
ods, including standard mathematical procedures (such as numerical 
integration and numerical solution of differential equations) and advanced 
methods of analysis (such as the finite-element method). Computer programs 
for these methods are are readily available. More specialized computer 
programs are also available for performing routine tasks, such as finding 
deflections of beams and finding principal stresses. However, when studying 
mechanics of materials, we concentrate on the concepts rather than on the use 
of particular computer programs. 


The procedures used in solving problems will vary among individuals and will 
vary according to the type of problem. Nevertheless, the following suggestions 
will help in reducing mistakes. 

1. Make a clear statement of the problem and draw a figure portraying the 
mechanical or structural system to be investigated. An important part of this step is 
identifying what is known and what is to be found. 

2. Simplify the mechanical or structural system by making assumptions 
about its physical nature. This step is called modeling, because it involves creating 
(on paper) an idealized model of the real system. The obgctive is to create a 
model that represents the real system to a sufficient degree of accuracy that the 
results obtained from the model can be applied to the real system. 

Here are a few examples of idealizations used in modeling mechanical 
systems. (a) Finite obects are sometimes modeled as particles, as when deter- 
mining the forces acting on a pint of a truss. (b) Deformable bodies are 
sometimes represented as rigid bodies, as when finding the reactions of a stati- 
cally determinate beam or the forces in the members of a statically determinate 
truss. (c) The geometry and shapes of obects may be simplified, as when we 
consider the earth to be a sphere or a beam to be perfectly straight. (d) Distrib- 
uted forces acting on machines and structures may be represented by equivalent 
concentrated forces. (e) Forces that are small compared to other forces, or forces 
that are known to have only a minor effect on the results, may be disregarded 
(friction forces are sometimes in this category). (f) Supports of structures often 
may be considered as immovable. 
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3. Draw large and clear sketches as you solve problems. Sketches always 
aid in understanding the physical situation and often bring out aspects of the 
problem that would otherwise be overlooked. 

4. Apply the principles of mechanics to the idealized model to obtain the 
governing equations. h statics, the equations usually are equations of equilib- 
rium obtained from Newtons first law;in dynamics, they usually are equations 
of motion obtained from Newtons second law. h mechanics of materials, the 
equations are associated with stresses, strains, deformations, and displacements. 

5. &é mathematical and computational techniques to solve the equations 
and obtain results, either in the form of mathematical formulas or numerical 
values. 

6. hterpret the results in terms of the physical behavior of the mechanical 
or structural system;that is, give meaning or significance to the results, and 
draw conclusions about the behavior of the system. 

7. Check the results in as many ways as you can. Because errors can be 
disastrous and expensive, engineers should never rely on a single solution. 

8. Finally, present your solution in clear, neat fashion so that it can be 
easily reviewed and checked by others. 


The basic concepts in mechanics are length, time, mass, and force. Each of 
these physical quantities has a dimension, that is, a generalized unit of meas- 
urement. For example, consider the concept of length. There are many units of 
length, such as the meter, kilometer, yard, foot, and inch, yet all of these units 
have something in commoneach one represents a distinct length and not 
some other quantity such as volume or force. Therefore, we can refer to the 
dimension of length without being specific as to the particular unit of meas- 
urement. Similar comments can be made for the dimensions of time, mass, 
and force. These four dimensions are customarily denoted by the symbols L, 
T, M, and F, respectively. 

Every equation, whether in numeric form or symbolic form, must be dimen- 
sionally homogeneous, that is, the dimensions of all terms in the equation must 
be the same. To check the dimensional correctness of an equation, we disregard 
numerical magnitudes and write only the dimensions of each quantity in the 
equation. The resulting equation must have identical dimensions in all terms. 

As an example, consider the following equation for the deflection 6 at the 
midpoint of a simple beam with a uniformly distributed load: 


E 277] 8 
384EI 





The corresponding dimensional equation is obtained by replacing each quantity 
by its dimensions;thus, the deflection 6 is replaced by the dimension L, the 
intensity of uniform load q is replaced by F/L (force per unit of length), the 
length L of the beam is replaced by the dimension L, the modulus of elasticity E 
is replaced by F/L? (force per unit of area), and the moment of inertia J is 
replaced by L^. Therefore, the dimensional equation is 


(F/L)L* 
Loe 
(F/L”)L 
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When simplified, this equation reduces to the dimensional equation L = L, as 
expected. 

Dimensional equations can be written either in generalized terms using the 
LTMF notation or in terms of the actual units being used in the problem. For 
instance, if we are making calculations for the preceding beam deflection using 
BCS units, we can write the dimensional equation as follows: 


(Ib/in.)in.^ 
IH —— n D A 
(Ib/in.^in.4 


which reduces to in. = in. and is dimensionally correct. Frequent checks for 
dimensional homogeneity (or consistency of units) help to eliminate errors when 
performing derivations and calculations. 


Engineering calculations are performed by calculators and computers that 
operate with great precision. For instance, some computers routinely perform 
calculations with more than 25 digits in every numerical value, and output 
values with 10 or more digits are available in even the most inexpensive 
hand-held calculators. hder these conditions it is important to realize that the 
accuracy of the results obtained from an engineering analysis is determined 
not only by the calculations but also by factors such as the accuracy of the 
given data, the approximations inherent in the analytical models, and the 
validity of the assumptions used in the theories. h many engineering situa- 
tions, these considerations mean that the results are valid to only two or three 
significant digits. 

As an example, suppose that a computation yields the result 
R — 6287.46 Ib for the reaction of a statically indeterminate beam. To state 
the result in this manner is misleading, because it implies that the reaction is 
known to the nearest 1/100 of a pound even though its magnitude is over 
6000 pounds. Thus, it implies an accuracy of approximately 1/600,000 and 
a precision of 0.01 Ib, neither of which is ypstified. hstead, the accuracy 
of the calculated reaction depends upon matters such as the following: 
(1) how accurately the loads, dimensions, and other data used in the analysis 
are known, and (2) the approximations inherent in the theories of beam 
behavior. Most likely, the reaction R in this example would be known only 
to the nearest 10 pounds, or perhaps only to the nearest 100 pounds. Conse- 
quently, the result of the computation should be stated as either R = 6290 Ib 
or R — 6300 Ib. 

To make clear the accuracy of a given numerical value, it is common 
practice to use significant digits. A significant digit is a digit from 1 to 9 or any 
zero not used to show the position of the decimal point;for instance, the num- 
bers 417, 8.29, 7.30, and 0.00254 each have three significant digits. However, 
the number of significant digits in a number such as 29,000 is not apparent. 1 
may have two significant digits, with the three zeros serving only to locate the 
decimal point, or it may have three, four, or five significant digits if one or more 
of the zeros is valid. By using powers of ten, the accuracy of a number such as 
29.000 can be made clearer. When written as 29 X 10? or 0.029 x 106, the 
number is understood to have two significant digits;when written as 29.0 x 10° 
or 0.0290 X 10°, it has three significant digits. 
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When a number is obtained by calculation, its accuracy depends upon the 
accuracy of the numbers used in performing the calculations. A rule of thumb 
that serves for multiplication and division is the following:The number of sig- 
nificant digits in the calculated result is the same as the least number of 
significant digits in any of the numbers used in the calculation. As an illustra- 
tion, consider the product of 2339.3 and 35.4. The calculated result is 
82,811.220 when recorded to eight digits. However, stating the result in this 
manner is misleading because it implies much greater accuracy than is war- 
ranted by either of the original numbers. hasmuch as the number 35.4 has only 
three significant digits, the proper way to write the result is 82.8 X 10°. 

For calculations involving addition or subtraction of a column of num- 
bers, the last significant digit in the result is found in the last column of digits 
that has significant digits in all of the numbers being added or subtracted. To 
make this notion clearer, consider the following three examples: 








459.637 838.49 856,400 
T 7.2 = — 847,900 
Result from calculator: 4 66.837 831.49 8,500 
Write the result as: 466.8 831 8,500 


h the first example, the number 459.637 has six significant digits and the num- 

ber 7.2 has two. When added, the result has four significant digits because all 
digits in the result to the right of the column containing the 2 are meaningless. 
h the second example, the number 7 is accurate to one significant digit (that is, 

it is not an exact number). Therefore, the final result is accurate only as far as 
the column containing the 7, which means it has three significant digits and is 
recorded as 831. h the third example, the numbers 856,400 and 847,900 are 

assumed to be accurate to four significant digits, but the result of the subtraction 
is accurate to only two significant digits since none of the zeros is significant. h 

general, subtraction results in reduced accuracy. 

These three examples show that numbers obtained by calculation may 
contain superfluous digits having no physical meaning. Therefore, when re- 
porting such numbers as final results, you should give only those digits that are 
significant. 

h mechanics of materials, the data for problems are usually accurate to about 
1%, or perhaps 0.1% in some cases, and therefore the final results should be 
reported to a comparable accuracy. When greater accuracy is warranted, it will be 
obvious from the statement of the problem. 

Although the use of significant digits provides a handy way to deal with the 
matter of numerical accuracy, it should be recognized that significant digits are 
not valid indicators of accuracy. To illustrate this fact, consider the numbers 999 
and 101. Three significant digits in the number 999 correspond to an accuracy of 
1/999, or 0.1%, whereas the same number of significant digits in the number 101 
corresponds to an accuracy of only 1/101, or 1.096. This disparity in accuracy can 
be reduced by always using one additional significant digit for numbers beginning 
with the digit 1. Thus, four significant digits in the number 101.1 gives about the 
same accuracy as three significant digits in the number 999. 

h this book we generally will follow the rule that final numerical results 
beginning with the digits 2 through 9 should be recorded to three significant digits 
and those beginning with the digit 1 should be recorded to four significant digits. 
However, to preserve numerical accuracy and avoid round-off errors during the 
calculation process, the results of intermediate calculations will usually be 
recorded with additional digits. 


B.5 ROUNDING OF NUMBERS 
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Many of the numbers entering into our calculations are exact, for example, 
the number 77, fractions such as 1/2, and integers such as the number 48 in the 
formula PL*/48EI for a beam deflection. Exact numbers are significant to an 
infinite number of digits and therefore have no role in determining the accuracy 
of a calculated result. 


The process of discarding the insignificant digits and keeping only the signifi- 
cant ones is called rounding. To illustrate the process, assume that a number is 
to be rounded to three significant digits. Then the following rules apply: 

(a) f the fourth digit is less than 5, the first three digits are left unchanged 
and all succeeding digits are dropped or replaced by zeros. For example, 37.44 
rounds to 37.4 and 673,289 rounds to 673,000. 

(b) f the fourth digit is greater than 5, or if the fourth digit is 5 and is 
followed by at least one digit other than zero, then the third digit is increased by 
1 and all following digits are dropped or replaced by zeros. For example, 26.37 
rounds to 26.4 and 3.245002 rounds to 3.25. 

(c) Finally, if the fourth digit is 5 and all following digits (if any) are zeros, 
then the third digit is unchanged if it is an even number and increased by 1 if it 
is an odd number, and the 5 is replaced by a zero. (Trailing and leading zeros 
are retained only if they are needed to locate the decimal point.) This process is 
usually described as founding to the even digit. Since the occurrence of even 
and odd digits is more or less random, the use of this rule means that numbers 
are rounded upward about as often as downward, thereby reducing the chances 
of accumulating round-off errors. 

The rules described in the preceding paragraphs for rounding to three sig- 
nificant digits apply in the same general manner when rounding to any other 
number of significant digits. 
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Mathematical Formulas 


Mathematical Constants 
7 = 3.14159... e —2.71828 ... 27 radians = 360 degrees 


(dina -dewese 519958 S FE radians — 0.0174533 rad 
T 
Conversions: Multiply degrees by EET to obtain radians 


Multiply radians by Es) to obtain degrees 
T 


Exponents 
A" A 
(AB) = A"p" (4) = ^ A= VAP AOS ASO) 


Logarithms 


log = common logarithm (logarithm to the base 10) 10 =y logy =x 
In = natural logarithm (logarithm to the base e) e=y Iny=x 


e"A=A 10°%4=A inge =A  logl10^—A 

A 1 
log AB = log A + log B log 5 — log A — log B log -7 = —log A 
log A" = n log A log1 =Inl=0 log 10 = 1 Ine=1 


In A = (In 1O)(log A) = 2.30259 log A log A = (log e)(In A) = 0.434294 In A 
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Trigonometric Functions 


sin X COS X 1 1 
tan x = —— cot x = ——— sec x = —— csc x = —— 

COS x sin X COS X sin x 
sin? x + cos? x = 1 tan? x + 1 2 sec? x cot? x + 1 = csc? x 
sin (—x) = —sin x cos (—x) = cos x tan (—x) = —tan x 


sin (x + y)=sinxcosy+cosxsiny cos (x € y) = cos x cos y — sin x sin y 














; 2 tan x 

sin 2x = 2 sinxcosx cos 2x = cos? x — six tan 2x = —— —;— 
] —tan^ x 
] — cos 2x sin 2x 
tan x — = 
sin 2x 1 + cos 2x 

. 1 1 

su x a = COS 2X) cos? x = m + cos 2x) 


For any triangle with sides a, b, c and opposite angles A, B, C: 


: a b C 
Law of sines ——— = ——— = ——— 
sin A sin B sin C 





Law of cosines c? =a + b? — 2ab cos C C 


Quadratic Equation and Quadratic Formula 


pa wht Vb* = ac 


ax’ + bx +c =0 








2a 
Infinite Series 
: —-]-x-x-—-.. (—l= x= 1) 
ID dX 
2 3 
lpdamq4epEe Xen 
2 8 16 
1 x 3x7 5x 
= a Ede ia —-l<x<l1 
TET 2 8 16 Rp 
LE 
Oe ee ae F (—99 < x <0) 
21 3! 
3 5 7 
sinx=x—-——+——-=—+... (—% < x < o) 
3! 5! 7! 
2 4 6 
cox-1—-2—-4. T E (—99 < x « oo) 
2! 4! 6! 


Note: Ë xis very small compared to 1, only the first few terms in the series are 
needed. 
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Derivatives 

(ax) =a Lar) Ett (au) = act 

4 iy) = vB 4 yt 4 (o) . vidit — udu 

d d dx — dx\v y? 

doeet sts dy | dy du du _ 1 

dx dx dx du dx dx |. dxídu 

Ty Sn u) = cos u pu u) = NILUM 

— (tan u) = sec? u — — (cot u) = —csc? u — 

dH er u) = ox tu EE desee u) = — n 

dx dx dx dx 

d ] du d log e du d 1 du 
eae a ele 
d du d du 

—— [A — V4 l = gd Ay — gt 

2) a Oe 7 ud . dx 


Indefinite Integrals 
Note: A constant must be added to the result of every integration 


| a dx = ax | u dv = uv — | vdu (integration by parts) 





n+1 
fe" dx = 2 (n # —1) [£-mu (x # 0) 
n X 





+1 
oe (n # 1) fa + bor ae = 09 — (n # —1) 
igne" Rog" 


|S = tan! » (xin radians) (a 0, b — 0) 























| ] = = => In (C (x in radians) (a 0, b 0) 
a — X a a— DX 

x uy 1 x dx 1 a 
Se = bs eines? [25-3 + In (a + b 
leer p goma ui (a + bx? = a " 
| x dx L a + 2bx | Kak me a+ 3bx 

(a + bxy 2b^(a + bx)’ (a + bx)* 6b^(a + bx)? 
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2 
| TY E - [a + bx)\(—3a + bx) + 2a” In(a + bx)] 
a X 


feti T 
(a + bx)” p a+b 
a(3a + 4bx) 
f ek 25 (p 4| jugum COMMA bn 
| xXdx 7 a^ + 3abx + 3b*x? 
(ac bxy* 3a + bx — 


_ COS ax 


sin ax 
sin ax dx = cos ax dx = ——— 
a 


tan ax dx = — -in (sec ax) | cot ax dx = = In (sin ax) 
a 


sin 2ax 


[sec ax dx = E In (sec ax + tan ax) Js ax dx — E In (csc ax — cot ax) 
a a 
[si sin 2ax 


x . 
sin? ax dx = = — ————— | cos” ax dx = = + ———— (xin radians) 
4a 2 4a 
sin ax x COS ax l . 
x sin ax dx = —,— — ——_ (xm radians) 
a a 
COS aX , xsinax 
x cos ax dx = —3— + — ——— (xin radians) 
a a 





[ew ax = E xe dx =S (ax - 1) fin ax dx = xin ax —1) 
a a 


1 7T ax | 2 3/2 
a = — a ee V Zan 
l- m an | | a + bx dx (a + bx) 


25 2. 
[Ve + Bx? dx == a + bx? + m [Bs n3 
2b a 


22 
bx bx 
+ /1+ 
eS 24 pee Laft a | 
[Ve — bx * dx = > a 2_ px? 4 4 . dni 2X 
2b 








Definite Integrals 


[pe dx = -f fe) dx MS dx — | 5o dx + | foa 
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Properties of Plane Areas 


Notation: A = area 
X, y — distances to centroid C 
I, I, = moments of inertia with respect to the x and y axes, 
respectively 
I, = product of inertia with respect to the x and y axes 
Ip = I, + I, = polar moment of inertia with respect to the origin of 
the x and y axes 


Igg = moment of inertia with respect to axis B-B 


Rectangle (Origin of axes at centroid) 


se Wb xe 

2 2 
p, = 2 p, = H p. Ip = P5 og + BY 
$9 32 » p v P 12 


Rectangle (Origin of axes at corner) 


bh? hb? b*h? bh > > 
I = — I, = — L = — Ip =— (k? +b 
x 3 y 3 xy 4 p 3 ) 
D» 
Ijg = æ= 
Uto 6(D + h’) 


Triangle (Origin of axes at centroid) 





A — bh (TRE ani z^ 
2 3 4 73 
bh? bh > 2 
= je iei 
e d6 v= ^36! Mn 


bh 
Ly = Ty (5 - 2c) Ip = Zee dob? oboe 
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Triangle (Origin of axes at vertex) 
B — B 3 
p-2È a bh 

12 12 

bh? bh? 
I = 24 (3b — 2c) Ipp 2E 4 


(3b? — 3bc + c?) 


Isosceles triangle (Origin of axes at centroid) 





bh _ b _ h 
A = — = = 

2) 993 "$3 

bh? hb? 
L=— J= pose 
* . 36 " 48 id 

3 

= an (Ah? + 3b?) — pp NL dS 


— 144 12 
(Note: For an equilateral triangle, h = V3 b/2.) 








6 y Right triangle (Origin of axes at centroid) 
bh —_b —_h 
A iid zo 
h 5 ~ 5 43 
DI pab p h __ bh 
inn B 7" 36 "7 36 ^" 7 
—— bh bh? 
Ip= 2 (kK tb) Ig-——— 
P 3 6 ( ) BB j5 
7 P Right triangle (Origin of axes at vertex) 
Bay bh? hb? bh? 
L = — I, = — iv 
12 12 24 
h 
bh? 


bh 42 | 32 
Ip = —( +b Igg = —— 
P 124 ) BB 4 


Trapezoid (Origin of axes at centroid) 


A-hatb  .. hat bd) 
2 "^ 3(a4 b) 
y PG + 4ab + b°) _ Wa + b) 


I — 
36(a + b) BB i2 





968 APPENDIX D Properties of Plane Areas 


Circle (Origin of axes at center) 











d’ mr? — qd* 
A = nr = Ux L=L= — 
T 4 * 7? 14 64 
4 4 4 4 
TY md Sar 57d 
9 AM 32 is 4 64 


Semicircle (Origin of axes at centroid) 





2 
A-TÜÉ yaar 
2 OT 

_ On? — 64)r* " o oar’ u |—Omr* 

L = TQ. = 0.109874 I, ES ES he = 0 Ipnp = g 


Quarter circle (Origin of axes at center of circle) 


a 
Tr "E Ar 
A = —— = = — 
4 Tug 377 
4 4 5 4 
Tr r (97^ — 64)r A 
= 1, = | ee Ing > == m 0.054 
16 14477 aad 


Quarter-circular spandrel (Origin of axes at point of tangency) 


10 — 3 
A= ( " zy penc 2r Seer uae ee 
4 3(4 — 7) 3(4 — 7) 
54r 1 T 
L= ( — 32) * = 0.01825rf — I,— Ing = E — =) * = 0.13707" 


Circular sector (Origin of axes at center of circle) 


a = angle in radians (a = 7/2) 


A-a?  X-rsna y=" 


I, = ^- (a + sin a cos a) I = -7 (@ — sin a cos a) Ly = 0 Ip = — 





14 y 
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Circular segment (Origin of axes at center of circle) 


a = angle in radians (a = 7/2) 


— 2r sin @ 
A = r^(a — sin a cos a) y = — | — 
3 \a-sinacosa 


4 
r . , 
I, = (a 7 sin æ cos a + 2 sin’ a cos a) Ly = 0 


r 
I, = — (3a — 3 sin a cos a — 2 sin? acos a) 


” 12 


Circle with core removed (Origin of axes at center of circle) 


a = angle in radians (a x 7/2) 
a-arcco-  b-Vr-aq A= 2°(a = a) 
r r 
or 3ab  2ab’? r^ ab , 2ab? 
mI ca S you qw gt w50 


Ellipse (Origin of axes at centroid) 


3 3 
Xe Ru al jo 
4 4 
mab 2 2 
h,-0 p=- tÀ) 


Circumference ~ ml.5( a + b) — Vab | (a5 bu) 
= 417b^[ad* 4a  (0<b<a/3) 


Parabolic semisegment (Origin of axes at corner) 
2 
x 
y =f) = (i -— =| 
_ 2bh 3b 2h 


3 8 
3 3 242 
z — lobh g 2hb I bh 


t 105 d I5 = 12 


A 
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Parabolic spandrel (Origin of axes at vertex) 





h y-f0)-^ 














aobh = _ 3b V 3h 
i 3 4 > 10 
b MP, B? 
* 21 í 5 dd 12 
Semisegment of nth degree (Origin of axes at corner) 
jor ; 
m = foo = H{1 - 3) (n > 0) 
Acn t D i. m 
nw 2(n + 2) 2n 1 


"m 2bh^n? |. hbn 7 py 








20 y Spandrel of nth degree (Origin of axes at point of tangency) 
VION AF fwo m9 
x 
_  b(n- 1) —.  h(n t 1) 
“i "o n2 ^" 2Qn +1) 


es me I . poh bR 


L= y7 D ug ota oq 
3(3n + 1) n5 4(n + 1) 








21 y Sine wave (Origin of axes at centroid) 


A=—— y= 
; TT ? 8 
X 
B -8,-(3 T 4 


32 
bh? = 0.08659bh> I (4 - 32 =~ 0.2412hb? 
Ls S -- | » TT 





22 Thin circular ring (Origin of axes at center) 


Approximate formulas for case when t is small 


3 
A — 2art = mdt jug dip fln 





ad?^t 








L0 = lar t= 


n-*DQn*DOn*D b 3043)  antbdDn+2 
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Thin circular arc (Origin of axes at center of circle) 
Approximate formulas for case when t is small 


p — angle in radians (Note: For a semicircular arc, B = 77/2.) 
A=2pt y= RF 
p 
I, = r°t(B + sin £ cos D) L= r°t( B — sin £ cos B) 
28 + sin26 1- E 
2 B 


Thin rectangle (Origin of axes at centroid) 
Approximate formulas for case when t is small 


I. = 0 las =r 


A= bt 


Regular polygon with n sides (Origin of axes at centroid) 


C = centroid (at center of polygon) 
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n = number of sides (n = 3) b = length of a side 
P = central angle for a side q@ = interior angle (or vertex angle) 
—300 a= (— Z zigo. æ + B = 180° 
n n 
R, = radius of circumscribed circle (line CA) R, = radius of inscribed circle (line CB) 
?. 
R; = 7 ME p R = Poat A= e cot É 


I. = moment of inertia about any axis through C (the centroid C is a principal point and 


every axis through C is a principal axis) 


b* 
c= 2 (cot E\ sc0r £ + ] Ip = 21. 
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Properties of 
Structural-Steel 
Shapes 


In the following tables, the properties of a few structural-steel shapes are 
presented as an aid to the reader in solving problems in the text. These 
tables were compiled from the extensive tables in the Manual of Steel 
Construction, published by the American Institute of Steel Construction, 
Inc. (Ref. 5-4). 


Notation: 
I — moment of inertia 
S — section modulus 
r= VI/A = radius of gyration 
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TABLE E-1(a) PROPERTIES OF WIDE-FLANGE SECTIONS (W SHAPES) — USCS UNITS 
(ABRIDGED LIST) 


Web 
Designation Area | Depth | thickness m | Thickness. LENS NER E 


W 30 x 211 
W 30 X 132 


W 24 X 162 
W 24 x 94 


W 18 X 119 
W 18 X 71 


W 16 x 100 
W 16 X 77 
W 16 X 57 
W 16 X 31 


W 14 X 120 
W 14 x 82 
W 14 x 53 
W 14 x 26 


W 12 X 87 
W 12 x 50 
W 12 x 35 
W 12 X 14 


W 10 x 60 
W 10 X 45 
W 10 x 30 
W 10 X 12 


W 8x35 
W 8 x 28 
W 8 X 21 
W 8 X 15 





Note: Axes 1-1 and 2-2 are principal centroidal axes. 
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TABLE E-1(b) PROPERTIES OF WIDE-FLANGE SECTIONS (W SHAPES) — SI UNITS 
(ABRIDGED LIST) 


: cT I 
[ejercen 
328 


Designation 


W 760 x 314 
W 760 x 196 


W 610 x 241 
W 610 x 140 


W 460 X 177 
W 460 x 106 


W 410 x 149 
W 410 x 114 
W 410 x 85 

W 410 X 46.1 


W 360 x 179 
W 360 x 122 
W 360 x 79 
W 360 x 39 


W 310 x 129 
W 310 x 74 
W 310 x 52 
W 310 x 21 


W 250 x 89 
W 250 X 67 
W 250 X 44.8 
W 250 x 17.9 


W 200 x 52 

W 200 X 41.7 
W 200 x 31.3 
W 200 x 22.5 


meter | Area | Depth eee Width mae s- 
Da [emm [m pm | m poner perr 


Note: Axes 1-1 and 2-2 are principal centroidal axes. 
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TABLE E-2(a) PROPERTIES OF I-BEAM SECTIONS (S SHAPES) — USCS UNITS 
(ABRIDGED LIST) 


Weight 
per Web LL. i 
Designation foot Area EISE CON thickness wan thickness 


o 24 x 100 
o 24 X 80 


o 20 Xx 96 
o 20 X 75 


o 18 X 70 
o 18 X 54.7 


o I5 X 50 
o 15 X 42.9 


S12 x 50 
o 12.X 35 


o 10 x 35 
o 10 x 25.4 


o8 X 23 
S 8 X 18.4 


96X172 
9 6X 12.5 


o4X9.5 
94X77 





Note: Axes 1-1 and 2-2 are principal centroidal axes. 
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TABLE E-2(b) PROPERTIES OF I-BEAM SECTIONS (S SHAPES) - SI UNITS 
(ABRIDGED LIST) 


Mass 
per Web uu a 
meter | Area ate thickness | Width | thickness 
Um [om um [om [are | e [enr ron 


Designation 


S 610 X 149 
S 610 X 119 


o 510 X 143 
S 510 X 112 


o 460 X 104 
o 460 X 81.4 


o 380 x 74 
o 380 X 64 


o 310 x 74 
o 310 X 52 


5250 X. 52 
o 250 X 37.8 


o 200 x 34 
o 200 X 27.4 


5 150X 25.7 
o 150 X 18.6 


S 100 X 14.1 
S 100 X 11.5 





Note: Axes 1-1 and 2-2 are principal centroidal axes. 
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TABLE E-3(a) PROPERTIES OF CHANNEL SECTIONS (C SHAPES) — USCS UNITS 
(ABRIDGED LIST) 


Web = = 
Area COS wm thickness | Width | thickness 
epe pw B 


idi a 


C 15 x 50 
C 15 x 40 
C 15 X 33.9 


C 12 X 30 
C 12 X 25 
C 12 X 20.7 


C 10 x 30 
C 10 X 25 
C 10 X 20 
C 10 X 15.3 


C 8 X 18.7 
C 8 X 13.7 
C8 x 11.5 


C6 xX 13 
C 6 x 10.5 
C6x82 


C4X 7.2 
C4x54 





Notes: 1. Axes 1-1 and 2-2 are principal centroidal axes. 
2. The distance c is measured from the centroid to the back of the web. 
3. For axis 2-2, the tabulated value of S is the smaller of the two section moduli for this axis. 
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TABLE E-3(b) PROPERTIES OF CHANNEL SECTIONS (C SHAPES) — SI UNITS 
(ABRIDGED LIST) 


em 
m e 
Designation Ine Area | Depth TM Width Wi Eus 
om sere | mm om rer ren e [rer P [rt m [a 


C 380 X 74 
C 380 X 60 
C 380 X 50.4 


C 310 X 45 
C 310 X 37 
C 310 x 30.8 


C 250 X 45 
C 250 X 37 
C 250 x 30 
C 250 X 22.8 


C 200 X 27.9 
C 200 X 20.5 
C 200 X 17.1 


C 150 X 19.3 
C 150 X 15.6 
C 150 xX 12.2 


C 100 X 10.8 
C 100 x 8 





Notes: 1. Axes 1-1 and 2-2 are principal centroidal axes. 
2. The distance c is measured from the centroid to the back of the web. 
3. For axis 2-2, the tabulated value of S 1s the smaller of the two section moduli for this axis. 
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TABLE E-4(a) PROPERTIES OF ANGLE SECTIONS WITH EQUAL LEGS (L SHAPES) — USCS UNITS 
(ABRIDGED LIST) 


Weight Axis 1-1 and Axis 2-2 


L8X8X]1 
L8 X 8X 3/4 
L8x8x 1/2 


L6x6x1 
L6x6x3/A 
L6x6x1/2 


L.5 «5 X 7/8 
L5x5x1/2 
L5x5 x 3/8 


L4x4 x 3/4 
L4x4x 1/2 
L4x4 x 3/8 


L 3-1/2 X 3-1/2 X 3/8 
L 3-1/2 X 3-1/2 X 1/4 


L3x3x 1/2 
L3x3x 1/4 





Notes: 1. Axes 1-1 and 2-2 are centroidal axes parallel to the legs. 

2. The distance c is measured from the centroid to the back of the legs. 

3. For axes 1-1 and 2-2, the tabulated value of S is the smaller of the two section 
moduli for those axes. 

4. Axes 3-3 and 4-4 are principal centroidal axes. 

5. The moment of inertia for axis 3-3, which is the smaller of the two principal 
moments of inertia, can be found from the equation /33 = Ares. 

6. The moment of inertia for axis 4-4, which is the larger of the two principal 
moments of inertia, can be found from the equation /44 + 133 = hi + lho. 
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TABLE E-4(b) PROPERTIES OF ANGLE SECTIONS WITH EQUAL LEGS (L SHAPES) - SI UNITS 
(ABRIDGED LIST) 


Mass Axis 1-1 and Axis 2-2 


per 
Designation meter 


L 203 x 203 X 25.4 
L 203 x 203 X 19 
lL 203-xX 203 X 12:7 


L 152 X 152 X 25.4 
L 152 X 152 X 19 
L152 1529€ 127 


L 127 X 127 X 22.2 
L 127 X 127 X 12.7 
L 127 X 127 X 9.5 


L 102 X 102 X 19 
L 102 X 102 X 12.7 
L 102 X 102 X 9.5 


L 89 X 89 X 9.5 
L 89 X 89 X 6.4 


L76 X76 x 12.7 
L 76 X 76 X 6.4 





Notes: 1. Axes 1-1 and 2-2 are centroidal axes parallel to the legs. 

2. The distance c is measured from the centroid to the back of the legs. 

3. For axes 1-1 and 2-2, the tabulated value of S is the smaller of the two section 
moduli for those axes. 

4. Axes 3-3 and 4-4 are principal centroidal axes. 

5. The moment of inertia for axis 3-3, which is the smaller of the two principal 
moments of inertia, can be found from the equation /34 = Ar2 in. 

6. The moment of inertia for axis 4-4, which is the larger of the two principal 
moments of inertia, can be found from the equation /44 + 133 = hi + Iho. 
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TABLE E-5(a) PROPERTIES OF ANGLE SECTIONS WITH UNEQUAL LEGS (L SHAPES) — USCS UNITS 
(ABRIDGED LIST) 


ME > [>a [eels >| >= [ef > 


L8x6x 1 
L8x6xX 1/2 


L7x4x 3/4 
L7x4x 1/2 


L6x4 X 3/4 
L6x4X 1/2 


L5 X 3-1/2 X 3/4 
L 5X 3-1/2 X 1/2 


L5X3x12 
L5X3X 1/4 


L 4 X 3-1/2 X 1/2 
L 4 X 3-1/2 X 1/4 


L4x3x 1/2 
L4x3 x 3/8 
L4x3-x 1/4 


Notes: 1. Axes 1-1 and 2-2 are centroidal axes parallel to the legs. 

. The distances c and d are measured from the centroid to the backs of the legs. 

. For axes 1-1 and 2-2, the tabulated value of S is the smaller of the two section moduli for those axes. 

. Axes 3-3 and 4-4 are principal centroidal axes. 

. The moment of inertia for axis 3-3, which is the smaller of the two principal moments of inertia, can be found from the 
equation /33 = AKT. 

6. The moment of inertia for axis 4-4, which is the larger of the two principal moments of inertia, can be found from the 

equation /44 + [33 = I4, + hz. 


Un BW NHN Re 
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TABLE E-5(b) PROPERTIES OF ANGLE SECTIONS WITH UNEQUAL LEGS (L SHAPES) - SI UNITS 
(ABRIDGED LIST) 





Mass Axis 2-2 
per 


L 203 X 152 X 25.4 247 146 
L 203 X 152 X 12.7 131 78.5 


L178 X 102 x 19 137 49.3 
L 178 X 102 X 12.7 94.9 34.4 


L 152 X 102 X 19 102 48.3 
L 152 X 102 X 12.7 70.6 33.8 


L 127 X 89 x 19 69.8 36.1 
L.127 X 89 X127 48.7 25.4 


L 127 X 76 X 12.7 47.4 18.5 
L 127 X 76 X 6.4 24.7 9.83 


L 102 X 89 X 12.7 31.5 24.6 
L 102 X 89 X 6.4 16.6 13.0 


L 102 X 76 X 12.7 30.6 18.0 
L 102 X 76 X 9.5 23.6 13.9 
L 102 X 76 X 6.4 16.2 9.59 


Notes: 1. Axes 1-1 and 2-2 are centroidal axes parallel to the legs. 

. The distances c and d are measured from the centroid to the backs of the legs. 

. For axes 1-1 and 2-2, the tabulated value of S is the smaller of the two section moduli for those axes. 

. Axes 3-3 and 4-4 are principal centroidal axes. 

. The moment of inertia for axis 3-3, which is the smaller of the two principal moments of inertia, can be found from the 
equation /33 = Ar Žin. 

6. The moment of inertia for axis 4-4, which is the larger of the two principal moments of inertia, can be found from the 

equation /44 + h3 = hi + Ino. 


mB WN Re 


Properties of 
Structural Lumber 


PROPERTIES OF SURFACED LUMBER (ABRIDGED LIST) 


Weight 
per linear 
foot 
(weight 


density — 
35 Ib/ft^) 


Moment of Section Moment of Section 
Nominal Net inertia modulus inertia modulus 


dimensions dimensions 


Lox. 7.25 
Loo 
1.5 x 11.25 


2:3 XxX 9.3 
2:5 2€ 5:3 
2:925. 1.23 
BIKI 
2.9 LL23 


3.5 X 3.5 
3.5 X 5.5 
3:9 2671.25 
23.9 X923 
3:5 X 11.25 


3:9. 9€ 209 
55 X73 
5.5 X 9.5 
2.9 25 M28 


LIK re 
pee Ps, 
798 1123 





Note: Axes 1-1 and 2-2 are principal centroidal axes. 
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Deflections and Slopes 
of Beams 


TABLE G-1 DEFLECTIONS AND SLOPES OF CANTILEVER BEAMS 
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v = deflection in the y direction (positive upward) 

v' = dv/dx = slope of the deflection curve 

Op = —V(L) = deflection at end B of the beam (positive downward) 

05 = —v'(L) = angle of rotation at end B of the beam (positive clockwise) 
EI = constant 


2 
X X 
Yes 6 dint x) vis GP - Sie ex) 


24ET 
5-82 a - 
B SEI P 6EI 
qx 
mE AE OF — 4ax + x?) (0 E xx a) 
X 
v= E — 3ax + x?) (0 € x 5 a) 
3 3 
a a 
= (Ax — a) '——5— — (azxzL) 
24EI OET 
? 3 
qa qu 
At x = iE 7 SEI 
X—aGa v SEI v 6EI 
3 3 
qa 1^ 
Op = ——(AL — — KFI 
P EU 7 57 egi 


APPENDIX G  Deflections and Slopes of Beams 


2 























qbx 
v= — OLT 3a — 2%) (0zx-za) 
I2EI 
=- L+a-) (exa 
v= 27m ü syza 
y = Erd — 4Lx? + 6I?x? — Aa?x + a?) (0 cS X mL) 
y' — -— — 3Lx? + 3L7x — a’) (a x x x L) 
6EI 
qab qabL 
Atx=a: v=— (3L. Fa) v = ———— 
I2EI 2EI 
pen p -40L +0 oa -a@ 
24EI 6EI 
v= POL = y) v= "s ES 
6EI AEI 
pa PL EIE 
^ 3EI ~ 
v= PX Ba = y' co — x) (V=7= a) 
6EI AEI i 
2 2 
v= —=£ (3x — a) v= Ed (qm x L) 
6EI 2EI 
3 2 
At x = v= ae ICI 
SEI AEI 
Pa? Pa? 
Op = Sp. 05 — 
B = GET! ) ^ 2EI 
Mox? T Mox 
2EI | El 
MoL? MoL 
Op = 2 by = : 
9/271 EI 


985 


(Continued) 


986 APPENDIX G  Deflections and Slopes of Beams 
































Mox? Mox 
7 Mi Se. = j= 0) 
——t€^— DEI EI 
Maa Maa 
Ee | " peu Oud dise (asx L) 
Moa? ; Moa 
Atx=a: v = 
EI EI 
5 u Moa ar ) o E Moa 
B^ EI 2 EE. 
x? 
g 4o y = ——2À9* (07? — 1072x + 5Lx? — x?) 
— I20LEI 
(= AT GLa AL oa 
d "o Ier idonea 
qoL* u qoL” 








5, = — 
P  30EI P ^ 2AEI 


9 40 = -——— (201? — 10L?x + 
y= ue um 6I?x + x?) 














OU 
Host gal 
B 7 B o F 
120EI SEI 
= TX qoL TX 
10 0 _q=qcos OL. v= MEI [sr cos 48D? + 3a? Lx^ — ps 
oL TX 
y2— = (27°11 — mx? — 8I? sin x 
T EI 2L 
2qoL* 3 qo L^ 2 
= = 24 0, = — 6$ 
B= 3E ) B= ET — ®) 


APPENDIX G  Deflections and Slopes of Beams 987 


TABLE G-2 DEFLECTIONS AND SLOPES OF SIMPLE BEAMS 





» v = deflection in the y direction (positive upward) 

Oa 05 v' = dv/dx = slope of the deflection curve 

x Oc = —V(L/2) = deflection at midpoint C of the beam (positive downward) 
X, = distance from support A to point of maximum deflection 


Omax ^ —~Vmax ^ maximum deflection (positive downward) 
L 0, = —v'(0) = angle of rotation at left-hand end of the beam 
(positive clockwise) 


05 = v'(L) = angle of rotation at right-hand end of the beam 
(positive counterclockwise) 





EI = constant 
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Properties 
of Materials 


Notes: 


]. Properties of materials vary greatly depending upon manufacturing 
processes, chemical composition, internal defects, temperature, previous load- 
ing history, age, dimensions of test specimens, and other factors. The tabulated 
values are typical but should never be used for specific engineering or design 
purposes. Manufacturers and materials suppliers should be consulted for infor- 
mation about a particular product. 

2. Except when compression or bending is indicated, the modulus of elas- 
ticity E, yield stress oy, and ultimate stress oy are for materials in tension. 
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TABLE H-1 WEIGHTS AND MASS DENSITIES 








Weight density y 


Mass density p 





Material 





Ib/ft kN/m’ slugs/ft? kg/m? 
Aluminum alloys 160-180 26-28 5.2—5.4 2,600-2,800 
2014-T6, 7075-T6 175 28 5.4 2,800 





6061-T6 170 26 32 2,700 


520—540 82—85 16-17 8,400-8,600 
510-550 80—86 16-17 8,200—8,800 
5-460 | 6&2 | 13-4 | 1000-1400 


Concrete 
Plain 145 23 2,300 
Reinforced 150 24 . 2,400 
Lightweight 70—115 11-18 1,100-1,800 


Plastics 
Nylon 55-70 A 880—1,100 
Polyethylene 60—90 960—1,400 
Granite, marble, quartz 


26—28 
Limestone, sandstone 20-28 2,000-2,900 








Rock 


2,600-2,900 





o| s 





Water, fresh 1,000 
sea 1,020 
Wood (air dry) 
Douglas fir .1—5. 9-1. 480—560 
Oak 3-7. 2-1. 640—720 


Southern pine .5—6. .1-1. 560—640 
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TABLE H-2 MODULI OF ELASTICITY AND POISSON'S RATIOS 


Modulus of elasticity E Shear modulus of elasticity G 
Material Poisson's 
Aluminum alloys 10,000—11,400 70-79 3,800—4,300 
2014-T6 10,600 73 4,000 


6061-T6 10,000 70 3,800 
7075-T6 10,400 3,900 2 


1 


J 
N 


Monel (67% Ni, 30% Cu) 170 


Plastics 
Nylon 300-500 
Polyethylene 100—200 


Rock (compression) 
Granite, marble, quartz 6,000—14,000 40—100 
Limestone, sandstone 3,000-10,000 20-70 


Rubber 0.0007—0.004 


Wood (bending) 
Douglas fir 1,600—1,900 11-13 
Oak 1,600—1,800 11-12 
Southern pine 1,600—2,000 11-14 


0.4 
0.4 


11,400 


0.03—0.2 0.0002-0.001 0.45—0.50 
10,800—11,800 75—80 0.27—0.30 
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TABLE H-3 MECHANICAL PROPERTIES 





Yield stress oy Ultimate stress oy MuR 
Material » ongation 
(2 in. gage 


Aluminum alloys — — — 100—550 1—45 
2014-T6 480 13 
6061-T6 310 n 
7075-T6 550 


Tein comson ||| o ao | 
ownee commesso —— | — [| — | m» | —- 


Glass 
Plate glass 
Glass fibers 1,000-3,000 | 7,000—20,000 


Magnesium alloys 12—40 80-280 20-50 140—340 
Monel (67% Ni, 30% Cu) 25-160 170—1,100 65-170 450—1,200 


Plastics 
Nylon 40—80 20—100 
Polyethylene 7—28 15—300 
Rock (compression) 
50-280 
NN 200 











Limestone, sandstone 


Steel 





Granite, marble, quartz 
| 720 | 100-800 | 800 


High-strength 
Machine 
Spring 
Stainless 

Tool 


Steel, structural 
ASTM-A36 
ASTM-A572 
ASTM-A514 


340—1,000 
340—700 
400—1,600 
280—700 
520 


200—700 
250 
340 
700 


80-180 
80-125 
100—270 
60—150 
130 





550-1,200 
550—860 
700—1,900 
400—1,000 
900 


340—830 
400 
500 
830 


(Continued) 
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TABLE H-3 MECHANICAL PROPERTIES (Continued) 


Yield stress oy Ultimate stress o; RS 
Material elongation 
(2 in. gage 
ksi 


Titanium alloys 110—150 760—1,000 130-170 900—1,200 


Wood (bending) 
Douglas fir 
Oak 
Southern pine 


Wood (compression parallel to grain) 
Douglas fir 
Oak 
Southern pine 


DL Ieee 
ON Oo v © o 


T 
OO 





8—12 

8-14 

8-14 

6—10 

5-8 

6—10 
TABLE H-4 COEFFICIENTS OF THERMAL EXPANSION 


Coefficient of Coefficient of 
Material thermal expansion « Material thermal expansion « 
[li feme ORC OSEE OC 
1 


Aluminum alloys 13 Plastics 
Polyethylene 80—160 140—290 


P 
oo 


Oo 
ON 


3 
l 
Magnesiumalloys 14.5-16.0 | 26.1-28.8 eee 
Monel (67% Ni, 30% Cu) 73 Titanium alloys 4.5—6.0 8.1-11 
13 


o ee a e 


Steel 10-18 

92-98 —— | i 
1 

12 


9 
4 
J 
3 


J 
N 








Answers to Problems 


CHAPTER 1 
1.221 (a) oag = 1443 psi; (b) P» = 1487.5 Ibs; 
(C) tgc = 0.5 in. 
12-2 (a) ø = 65 MPa; (b) e = 4.652 X 10 * 
1.2-3 (a) Rg = 127.3 1b (cantilever), 191.3 Ib (V-brakes); 
o. = 204 psi (cantilever), 306 psi (V-brakes); 
(b) (b) Ocable = 26,946 psi (both) 
1.2-4 (a) ô = 0.220 mm; (b) P = 34.6 kN 
12-5 (a) 0c = 2.128 ksi; xc = 19.22 in., yc = 19.22 in. 
12-6 ©, = 133 MPa 
1.2-7 0, = 25.5 ksi; o> = 35.8 ksi; 
12-8 o£. = 521 MPa 
12-9 (a) T = 184 lb, ø = 10.8 ksi; (D) eu, = 5 X 10 * 
1.2210 (a) T = 819 N, ø = 74.5 MPa; 
(b) €, = 4.923 X 10° * 
1.2-141 (a) T, = 5877 Ib, T> = 4679 Ib, T, = 7159 Ib; 
(b) e, = 49 ksi, o2 = 39 ksi, 03 = 60 ksi 
12-312 (a) o, = yw (L^ — x*)/2g; (b) Cmax = yo? L^2g 
1.2-13 (a) Tag = 1620 Ib, Tgc = 1536 Ib, Tcp = 1640 Ib 
(b) cag = 13,501 psi, ogc = 12,799 psi, 
Ocp = 13,667 psi 
1.2-14 (a) Tao = Tag = 50.5 KN; (b) o = 166 MPa 
1.33312 (a) Lmax = 11,800 ft; (b) Lmax = 13,500 ft 
1.3-2 (a) Lmax 7900 m; (b) L44, = 8330 m 
1.3-3 &longation = 6.5, 24.0, 39.0; 
Geduction = 8.1, 37.9, 74.9; 
Bttle, ductile, ductile 
13-4 11.9 X 10° m; 12.7 X 10° m; 6.1 X 10° m; 
6.5 X 10° m; 23.9 X 10° m 
13-5 oc ~ 31 ksi 
1.3-6 op ~ 47 MPa, Slope ~ 2.4 GPa, gy ~ 53 MPa; 
Bttle 
1.3-7 dp = 65,000 psi, Slope = 30 X 10° psi, 
oy ~ 69,000 psi, gy ^ 113,000 psi; 
Elongation = 6%Reduction = 31% 
1.4-41 0.13 in. longer 


4.0 mm longer 
(a) 2.809 in.; (b) 31.8 ksi 
(a) 2.966 mm; (b) 180 MPa 
(b) 0.71 in.; (c) 0.58 in.; (d) 49 ksi 
Pmax = 157k 
P = 27.4 kN (tension) 
P = —15.708 kips 
AL = 1.886 mm; %ecrease 
in x-sec area = 0.072% 
Ad = —1.56 X 10 * in., P = 2.154 kips 
(a) E = 104 GPa; (b) v = 0.34 
(4) Adrena 082 10" ^an. 
(b) vy44, = 0.34 
(E) Atap = 2.732 X 10 -* in, 
AdABinner = 1.366 X 10^ in. 
AV — 9789 mm? 
op = 7.04 ksi, Taye = 10.756 ksi 
op = 139.86 MPa; Pa, = 144.45 kN 
(a) T = 12.732 ksi; (b) op = 20 ksi; 
Opg = 26.667 ksi 
(a) A, = 254.6 N, A, = 1072 N, B, = —254.6N 
(b) Aresuianc = 1101.8 N 
(c) T= 5.48 MPa, o, = 6.886 MPa 
(a) Tmax = 2979 psi; (b) Opmax = 936 psi 
T, = 13.176 kN, T» = 10.772 kN, 
Tiave = 25.888 MPa, T2ave = 21.166 MPa, 
Op, = 7.32 MPa, op = 5.985 MPa 
(a) Resultant — 1097 Ib; 
(b) op = 4999 psi 
(6) Fane = 2799 pst, rj. — 609 psi 
G — 2.5 MPa 
(a) Yaver = 0.004; (b) V = 89.6 k 
(a) Yaver = 0.50; (b) ô = 4.50 mm 
(a) Taver = 6050 psi; (b) o; = 9500 psi 
Taver = 42.9 MPa 
(a) A, = 0, A, = 170 Ib, M4 = 4585 in.-Ib 
(DB, = 253.6 In, B= 160 Ib, B, = 299.5 Ib, 
C, = —B, 


995 


996 


1.6-14 


1.6-15 


1.6-16 


1.6217 


1.6-18 


1.6-19 


1.7-1 
1.7-2 
1.7-3 
1.7-4 


1.7-5 
1.7-6 


1.7-7 
1.7-8 


1.7-9 

1.7-10 
1.7-11 
1.7-12 


1.7-13 
1.7-14 
1.7-15 
1.7-16 


1.8-1 
1.8-2 
1.8-3 
1.8-4 
1.8-5 
1.8-6 
1.8-7 
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(c) Tg = 3054 psi, Tc = 1653 psi 
(d) Cpg = 4797 psi, a; c = 3838 psi 
For a bicycle with L/R — 1.8: 
(a) T = 1440 N; (b) Tave = 147 MPa 
P P b 
ur One Ome a 
(a) A, = 0, B, = 0, A, = 490 KN; Fac = 0, 
Fag = 490 kN, Fac = —693 kN 
(b) 7, = 963 MPa 
(c) a, = 1361 MPa 
(a) O, = 12.679 Ib, O, = 1.294 Ib, Oes = 12.745 lb 
(b) To = 519 psi, o; o = 816 psi 
(c) T = 362 psi 
(a) F = 154 N, o = 3.06 MPa 
(b) Taye = 1.96 MPa 
(c) op = 1.924 MPa 
(a) P — 394.6 Ib 
(b) C, = 374 Ib, C, = —237 Ib, Cres = 443 Ib 
(c) T= 18,038 psi, a; c = 4722 psi 
Patlow = 3140 Ib 
Tmax = 5216 KN:m 
Patlow = 607 Ib 
(a) Tube BC (yield): Pa = 11 kN 
(b) P, (yield) = 7.6 kN 
(c) Tube AB (yield): Pa = 17.2 KN 
P = 294 k 
(a) F = 1.171 KN 
(b) Shear: F, = 2.863 kN 
Wmax = 5110 Ib 
(Dd ec WO rs -2I rT 
(b) Shear at A: Wnax = 59.5 KN 
Pa = 10.21 kips 
Cart = 5739 N; P max = 445 N 
Wmax = 0.305 kips 
Shear in rivets in CG & CD controls: 
Plow = 45.8 KN 
(a) Pa = 0, (0.587 d^); (b) Pa = 21.6 kips 
Plow = 96.5 KN 
Pmax = 11.98 psf 
(a) Panow = az (7d /4)V 1 — (RIL); 
(b) Panow = 9.77 KN 
(a) dmin = 3.751 in.; (b) dmin = 4.006 in. 
(a) din = 225 mm; (b) dyin = 242 mm 
(a) dmin = 0.704 in.; (b) di, = 0.568 in. 
dmin = 63.3 mm 
Amin = 0.651 in. 
(b) Amin = 435 mm? 
Amin = 0.372 in. 





1.8-8 da, = 5.59 mm 

1.8-9 n = 11.6, or 12 bolts 

1.8-10 (d5)min = 131 mm 

18-11 A, = 1.189 in? 

1.8-12 (a) fmin = 18.8 mm, use t = 20 mm; 
(b) Din = 297 mm 

18-13 (a) opr = 10.375 ksi € ano; Opr = 378 psi < Opa 
(b) new ogc = 25 ksi so increase rod BC to 4 in. 
diameter; increase diameter of washer at 
B to 1.5625 in 

1.8-14 (a) d, = 24.7 mm; (b) Pmax = 49.4 kN 

18-15 0 = arccos 1/V3 = 54.7? 

CHAPTER 2 

22-1 6 = 6W/(5k) 

22-2 (a)ô = 12.5 mm; (b) n = 5.8 

22-3 (a) 6,/0, = 1.67; (b) d./d, = 1.29 

2.2-4 h= 13.4 mm 

22-5 h-—L — Tpmaxd-/4k 

22-6 x= II8 mm 

2.2-7 Oc = 16P/9k 

2.2-8 (a) dg = 2.5 mm; (b) Pmax = 390 KN 

24-9 Prax = 72.3 1b 

2.2-10 (a) x = 134.7 mm; (b) Kk, = 0.204 N/mm; 
(c) b = 74.1 mm; (d) k3 = 0.638 N/mm 

2.2-11 (a) te min = 0.024 in.; (b) 6, = 0.031 in.; 
(C) Amin = 0.049 in. 

2.2-12 04 = 0.200 mm, 6p = 0.880 mm 

2.2-13 0 = 35.1°, 6 = 1.78 1n. 

2.2-14 0 = 35.1°,6 = 44.5 in. 

2.3-1 6 = 0.0276 in. 

2.3-2 (a) 0 = 0.675 mm; (b) Pmax = 267 kN 

2.3-3 (a) 0 = 0.0131 in. (elongation); (b) P = 1310 Ib 

2.3-4 (a) 6 = TPL/6Ebt; (b) 6 = 0.500 mm 

2.3-5 (a) 0 = TPL/6Ebt; (b) 6 = 0.021 in. 

2.3-6 (a) O4c = 3.72 mm; (b) Po = 44.2 kN 

2.3-7 (a) 6 = 0.0589 in.; (b) ô = 0.0501 in. 

2.3-8 (a) dmax = 23.871 mm; (b) b = 132.33 mm; 
(c) x = 14.1 mm 

2.3-9  (a)ó = PL/2EA; (b) o = Py/AL 

2.3-10 (a) 054 = 0.024 mm; (b) Pmax = 8.154 kN; 
(c) L5 = 9.156 mm 

2-11 (a) R, = —3P/2; (b) N, = 3P/2 (tension), Nə = P/2 
(tension); (c) x = L/3; (d) 65 = 2PL/3EA; 
(e) B = 1/11 

23-12 (3)6e = W(L? — h*)/2EAL:; 


(b) 8g = WL/2EA; (c) B = 3 


2.4-11 


2.4-12 


2.4-13 
2.4-14 
2.4-15 


2.4-16 
2.4-17 
2.5-1 
2.5-2 
2.5-3 
2.5-4 


2.5-5 


(b) 6 = 0.010 in. 

6 = 2PH/3Eb" 

§ = 2WL/mrd^E 

(a) ô = 2.185 mm; (b) 6 = 6.736 mm 

(b) 6 = 11.14 ft 

(a) P = 1330 Ib; (b) Panow = 1300 Ib 

(a) P = 104 kN; (b) Pmax = 116 kN 

(a) Pg/P = 3/11; (b) aso = 1/2; 

(c) Ratio = 1 

(a) If x x L/2, Ra = (-3PL)/(2(x + 3L)), 
Rg = —P(2x + 3L)/Q(x + 3L)) 
If x = L/2, Ra = (—P(x + L)/(x + 3L), 
Rg = (-2PL)((x + 3L) 


(b) If x < L/2, 6 = PL(2x + 3D x + 3L)Emd] 
If x = L/2, 6 = 8PL(x + L)/B( x + 3D)Emd?] 


(c) x = 3L/10 or x = 21/3 

(d) Rg = —0.434 P, Ra = —0.566 P 

(e) Rg = pgmrd-L/8, RA = 3 pgmd’L/32 

(a) 41.79(b) oy = 32.7 ksi, og = 51.4 ksi 
(a) 0 = 1.91 mm; (b) 6 = 1.36 mm; 

(c) 0 = 2.74 mm 


(a) R4 = 10.5 KN to the left; 

Rp = 2.0 KN to the right; 
(b) Fgc = 15.0 KN (compression) 
(b) e, = 1610 psi (compression), 

o, = 9350 psi (tension) 
(a) Ra = (37/70) pgAL, Rc = (19/70) pgAL 
(b) 8g = (—17/70) pgL^/E 
(c) og = —pgL/14, oc = —19 pgL/35 
(a) P, = PEIE; + E2); 
(b) e = b(E; — E4)/E( E + E41) 
(c) a3/05» = E/E 
(a) Patow = 1504 N; (b) Pago, = 820 N; 
(c) Panow — 703 N 
də = 0.338 in., Lə = 48.0 in. 
ôac = 0.176 mm 
(a) oc = 10,000 psi, ap = 12,500 psi; 
(b) ôg = 0.0198 in. 
Pmax = 1800 N 
o, = 3 ksi, op = 2 ksi, o = 2 ksi 
o = 11,700 psi 
T = 40.3°C 
AT = 185°F 
(a) AT = 24°€(b) clevis: ope = 42.412 MPa; 
washer: Oop, = 51 MPa 
(a) a = Ea(AT5)/A 
(b) a = Ea(AT5)/K( EA/KL) + 1] 


2.5-16 


2.5-17 
2.5-18 
2.5-19 


2.5-20 
2.5-21 
2.5-22 


2.5-23 


2.5-24 


2.5-25 


2.6-1 


2.6-2 


2.6-3 


2.6-4 


2.6-5 


2.6-6 
2.6-7 


Answers to Problems 997 


(a) N = 51.78 kN, max. o, = 26.37 MPa, 
óc = —0.314 mm 

(b) N = 31.24 KN, max. o. = 15.91 MPa, 
óc = —0.546 mm 


ô = 0.123 in. 
AT = 34°C 
T = 15.0 ksi 


Patlow = 39.5 kN 

(a) T4 = 400 Ib, Tg = 200 Ib; 

(b) T4 = 454 Ib, Tg = 92 Ib; (c) AT = 153?F 

(a) o = 98 MPa; (b) T = 35°C 

(a) o = —957 psi; (b) F, = 3006 Ibs (& 

(c) o = —2560 psi 

s = PL/6EA 

(a) P, = 231.4 kips; Ra = —55.2 k, Rg = 55.2 k 

(b) P; = 145.1 k; Ry = —55.2 k, Rp = 55.2 k 

(c) For Pi, Tmax = 13.393 ksi; for P5, 

Tmax = 19.444 ksi 

(d) AT = 65.8°F; R4 = 0, Rp = 0 

(e) Ra = —55.2k, Rg = 55.2 k 

(a) Ra = [7s + a AT (Lı + Ly) L,/EA)) 
+ (LA/EA2) + (I/k3] Rp = —Ra 

(b) 6g = a AT (Li) — R4 (Lı/EA;), 0c = a AT (Li 
+ Ly) — Ra { Lı/EA:) + (Lo/EA2)| 

Tg = 660 Ib, Tc = 780 Ib 

Patiow = 1.8 MN 

(a) à, = —0.196 ksi, o, = 3.42 ksi 

(b) oa = 2.736 ksi, 7. = 0.285 ksi 

0 = 25.0 MPa 

a, = 2400 psi 

(a) Pg = 25.367 kN, P, = —Pg 

(b) Sreqa = 25.674 mm 

(c) Ofinal = 0.35 mm 

(a) F, = —0.174 k; (b) F, = 0.174 k; 

(c) Le = 12.009 in.; (d) AT = 141.9?F 

o, = 500 MPa (tension), 

o. = 10 MPa (compression) 

(a) F, = 0.174 k; (b) F, = —0.174 k; 

(c) Le = 11.991 1in.; (d) AT = —141.6 °F 

P max = 42,600 Ib 

dmin = 6.813 mm 

Pmax = 24,000 Ib 

(a) ATmax = —46?Q(b) AT = +9.93°C 

(a) Tmax = 10,800 psi; (b) AT max = —49.9?F; 

(c) AT = +75.9°F 

(a) Omax = 84.0 MPa; (b) Tmax = 42.0 MPa 

(a) Omax = 18,000 psi; (b) Tmax = 9,000 psi 
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2.6-8 


2.6-9 


2.6-10 


2.6-11 


2.6-12 


2.6-13 
2.6-14 


2.6-15 


2.6-16 


2.6-17 
2.6-18 
2.6-19 
2.7-1 
2.1-2 
2.1-3 
2.7-4 
2.7-9 
2.7-6 
2.7-7 


2.7-8 


2.7-9 


2.7-10 


2.7-11 


2.7-12 
2.8-1 


2.8-2 


Answers to Problems 


Element A: o, = 105 MPa (compression); 
Element B: Tnax = 52.5 MPa 

Nap = 90 kips (£ (a) o, —10.91 ksi; 
(b) og = — 8.18 ksi, Tg = 4.72 ksi; 

(c) og = — 5.45 ksi, Tọ = 5.45 ksi; 

(a) (1) e, = —945 kPa; (2) dg = —807 kPa, 


To = 334 kPa; (3) og = —472 kPa, Tọ = 472 kPa; 


Omax = —945 kPa, Tmax = —472 kPa 
(b) Omax = —378 kPa, Tmax = —189 kPa 
(a) T5, = 1154 psi; (b) o, = —1700 psi, 


o(pg + 7/2) = —784 psi; 
(c) Pmax = 14688 Ib 


(a) ATmax = 31.3°Qb) o,, = —21.0 MPa (compres- 


sion), Tyg = 30 MPa (W); (c) 
Nac = 10 kips; din = 1.42 in. 
(a) Og = 0.57 MPa, Tọ = —1.58 MPa; 

(b) a = 33.3°; (c) a = 26.6° 

(a) 0 = 35.26°, Tọ = —7070 psi; 

(b) Cmax = 15,000 psi, Tmax = 7,500 psi 

Og, = 54.9 MPa, 9$» = 18.3 MPa, 

Tg = —31.7 MPa 

Omax = 10,000 psi, Tmax = 5,000 psi 

(a) 0 = 30.96°; (b) Prax = 1.53 kN 

(a) AT ax = 21.7°F; (b) AT max = 25.3?F 

(a) U = 23P°L/12EA; (b) U = 125 in.-Ib 

(a) U = 5P*^L/AqEd^; (b) U = 1.036 J 

U — 5040 in.-Ib 

(c) U = P?L/2EA + POL/2EA + Q?L/AEA 

Aluminum:171 psi, 1740 in. 

(a) U = P°L/EA; (b) 65 = 2PL/EA 

(a) U, = 0.0375 in.-Ib; (b) Uz = 2.57 in.-Ib; 

(c) U3 = 2.22 in.-Ib 

(a) U = 5k87; (b) 8 = W/10k; 

(c) F, = 3W/10, F> = 3W/20, F4 = W/10 
P?L b; 


= Jue 
2Et(b> m b) b, 


B — 0.62 


PEL bz 
(09 = b — b) ^ bi 
(a) P, = 270 kN; (b) 6 = 1.321 mm; 
(c) U = 243 J 
(a) x = 2s, P = 2(k, + ks; 
(b) U, = (2k, + kds” 
(a) U = 6.55 J; (b) óc = 168.8 mm 
(a) Omax = 0.0361 in.; (b) Cmax = 22,600 psi; 
(c) Impact factor = 113 
(a) Omax = 6.33 mm; (b) Cmax = 359 MPa; 
(c) Impact factor = 160 








2.8-3 


2.8-4 
2.8-5 
2.8-6 
2.8-7 
2.8-8 
2.8-9 
2.8-10 
2.8-11 
2.8-12 
2.8-13 
2.8-14 
2.10-1 


2.10-2 


2.10-3 
2.10-4 
2.10-5 
2.10-6 


2.10-7 
2.11-2 


2.11-3 
2.11-4 


2.11-5 


2.11-6 


2.12-1 
2.12-2 
2.12-3 
2.12-4 
2.12-5 
2.12-6 
2.12-7 
2.12-8 


2.12-9 


2.12-10 


2.12-11 


(a) Omax = 0.0312 in.; (b) Cmax = 26,000 psi; 
(c) Impact factor = 130 

(a) Omax = 215 mm; (b) Impact factor = 3.9 
(a) Omax = 9.21 in.; (b) Impact factor = 4.6 
v = 13.1 m/s 


h max = 8.55 in 
Lmin = 9.25 m 
Lmin 500 in 
Vmax = 5.40 m/s 
Omax = 11.0 in 
L = 25.5 m 


(a) Impact factor = 1 + (1 + 2EA/W)!"°; (b) 10 
Omax = 33.3 MPa 

(a) Omax ~ 6.2 ksi and 6.9 ksi; 

(b) Omax ^ 11.0 ksi and 9.0 ksi 

(a) Omax ~ 26 MPa and 29 MPa; 

(b) Cmax ~ 25 MPa and 22 MPa 

Pmax c;bt/3 

Omax ~ 46 MPa 

Omax ~ 6100 psi 

(a) No, it makes it weaker; P, = 25.1 kN; 
P> ~ 14.4 kN; (b) do ~= 15.1 mm 
dmax ^ 0.51 in. 

(a) 0c = 1.67 mm; (b) óc = 5.13 mm; 
(c) dc = 11.88 mm 

(b) P — 17.7 k 

For P = 30 kN: 6 = 6.2 mm; 

for P = 40 kN: 6 = 12.0 mm 

For P = 24k: 6 = 0.18 in.; 

for P = 40 k: 6 = 0.68 in. 

For P = 3.2 KN: 0g = 4.85 mm; 

for P = 4.8 kN: 6g = 17.3 mm 

Py = Pp = 2o0yA sin 0 


Pp = 201 kN 

(a) Pp = 5ayA 

Pp = 20yA(1 + sin a) 
Pp = 47.9 k 

Pp = 82.5 kN 

Pp = 20.4k 


(a) Py = oyA, by = 30yL/2E; 

(b) Pp = 40yA/3, òp = 30yL/E 
(a) Py = oyA, by = oyL/E; 

(b) Pp = 5ayA/4, 0p = 20 yL/E 
(a) Wy = 28.8 KN, dy = 125 mm; 
(b) Wp = 48 kN, dp = 225 mm 

(a) Py = 70.1 k, dy = 0.01862 in.; 
(b) Pp = 104.3 k, dp = 0.02862 in. 


CHAPTER 3 3.4-10 
32-1 d, = 0.413 in. 3.4-11 
3.2-2 9 Linin 162.9 mm 
3.2-3 (a) y, = 267 X 10 radians; (b) r min = 2.2 inches 
32-4 (a) y; = 393 X 10 radians; (b) r2 max = 50.9 mm 
32-5 (a) yı = 195 X 10 ? radians; (b) r> max = 2.57 inches 3.4-12 
3.3-1 Tmax = 8340 psi 3.4-13 
3.3-2 (a) Tmax = 23.8 MPa; 
(b) 0 = 9.12?/m 
3.3-3 (a) Tmax = 18,300 psi: aay 
(b) d = 3.32? 
3.3-4 (a) kr = 2059 N-m; 3.4-15 
(b) Tmax = 27.9 MPa, Ymax = 997 X 10 radians 
3.3-5 Lmin = 38.0 in. 
3.3-6 Tmax = 6.03 N:m, o = 2.20? 
3.3-7 Tmax = 15,930 psi; Ymax = 0.00509 radians; 
G = 3.13 X 10° psi 
3.3-8 Tnax = 9164 N:m 
3.3-9 Tmax = 4840 psi 
3.3-10 dnin = 63.3 mm 
33-11 (a) T2 = 5170 psi; nee 
(b) 7, = 3880 psi; 
(c) 6 = 0.00898°/in. TAAN 
3.3-12 (a) T = 30.1 MPa; 
(b) 7; = 20.1 MPa; 34-18 
(c) 0 = 0.306°/m 
3.3-13 da, = 2.50 in. 
3.3-14 d, = 64.4 mm 
3.3-15 (a) Ti max = 4.602 in.-kips; 
(b) Ti max = 4.314 in.-kips; 
(c) torque:6.25 %weight:25% 
3.3-16 (a) ġ = 5.19°; 
(b) d = 88.4 mm; 
(c) ratio = 0.524 
3.3-17 rə = 1.40 in. 
3.141 (a) Tmax = 7600 psi; 
(b) dc = 0.16? 
3.4-2 (a) Thar = 79.6 MPa, Tube = 32.3 MPa; 34-20 
(b) $4 = 9.43? 
3.4-3 (a) Tmax = 4.653 ksi; 
(b) dp = 0.98° 
34-4 Tan, = 459 Ncm 
3.4-5 d, = 0.818 in. 
34-66 d= 77.5 mm 
34-7 (a) d= 1.78 in.; 
(b) d — 1.83 in. 
3.4-8  dpg/d4 = 1.45 
3.4-9 Minimum d; = 2.52 in. 


Answers to Problems 


Minimum dg = 48.6 mm 


(a) Ry = —3T/2; 
(b) T, = 1.57, T» = 0.5T; 
(c) x = 7L/lT; 


(d) $» = (12/17)(TL/GIp) 
p = 3TL/22Gtd., 





(a) bd = 2.79°; 
(b) d = 2.21? 
—T 19 TL 
R, = — (b = —-—_—{ 
G) R7 06 7 V tub 
4Fd| L, 
Pp mios 3 
mG lilii 
L, 
4 Ly" 
3 
J (il = T dgx) (fL =i F px 





EE 
id 

0550142? 

Tmax = l6tL/md; 

(b) 6 = 16tL^hr Gd* 

Tmax — 8t4L/ md: 

(b) 6 = 16L Br Gd* 











@ R= 2 
T, x L 
(b) n) = [2-2 | nid 2 
x-LÝ | L 
nel) =- T E gH eu 
TL 
c = 0 
ee 144GI, 
T 
(ae 0 


AB 
34-19 Lmax = 4.42 m; (b) 6 = 170° 





2 
(a) T = [ss | 
0,max p,allow 4 


m (d,' — d,*) 
b) T, — T E 
( ) 0,max " 16d, 


z( 
= T, allow 


16d, 
2 
a ar. [808 
(c) C,max p.allow G 


T. 


0,max 


SM 
Az 
| 
SS 
dx 
— 
Ld 





999 


dx 


1000 


3.5-1 
3.5-2 


3.5-3 


3.5-4 
3.5-5 
3.5-6 
3.5-7 
3.5-8 
3.5-9 
3.5-10 
3.7-1 
3.7-2 
3.7-3 
3.7-4 
3.7-5 
3.7-6 
3.7-7 
3.7-8 
3.7-9 
3.7-10 
3.8-1 
3.8-2 
3.8-3 
3.8-4 
3.8-5 
3.8-6 
3.8-7 
3.8-8 
3.8-9 
3.8-10 


Answers to Problems 


2(d,* —d* 
Pe max — a | p | J 
2 


L, n Ls 

m u d‘) ia u a 
(a) Cmax = 6280 psi; (b) T = 74,000 Ib-in. 
(a) Emax = 320 X 10 $; (b) Cmax = 51.2 MPa; 
(c) T = 20.0 kN: m 
(a) dj = 2.40 in.; (b) o = 2.205; 
(c) Ymax = 1600 X 107° rad 
G — 30.0 GPa 
T — 4200 Ib-in. 
dmin = 37.7 mm 
d, = 0.60 in. 
d, = 79.3 mm 
(a) Tmax = 5090 psi; (b) Ymax = 
(a) Tmax = 23.9 MPa; (b) Ymax = 884 x 107° 
(a) Tmax = 4950 psi; (b) d, = 3.22 in. 
(a) Tmax = 50.0 MPa; (b) d; = 32.3 mm 
(a) H = 6560 hp; (b) Shear stress is halved 
(a) Tmax = 16.8 MPa; (b) Pmax = 267 kW 
dy, = 4.28 in. 
dj, = 110 mm 
Minimum d, — 1.221d 
Pmax = 91.0 kW 
d = 2.75 in. 
d = 53.4 mm 
@max = 3ToL/5GIp 
(a) x = L/4; (b) Pmax = 
Pmax = 2b Tsel Gd 
Panow = 2710 N 
(To)max = 3680 Ib-in. 
(To)max = 150 N:m 
(a) alL = d4K(d4 + dg); (b) a/L = dala + d5) 
Ta = toL/6, Tz = tgL/3 
x = 30.12 in. 
(a) 7, = 32.7 MPa, Tə = 49.0 MPa; 
(b) d = 1.030°; (c) kr = 22.3 kKN-m 


432 x 10 rad 


ToL/8GIp 


rad 


3.8-11 


3.8-12 
3.8-13 
3.8-14 


3.8-15 


3.8-16 


3.9-10 


3.9-11 


3.10-1 


3.10-2 
3.10-3 
3.10-4 
3.10-5 
3.10-6 
3.10-7 


(a) 7, = 1790 psi, Tə = 2690 psi; 
(b) d = 0.354°; (c) kr = 809 k-in. 
= = 1520 N:m 
Tmax = 9.13 k-in. 
(a) Tio = 9-51 Nm; (D) T5 dios — 6.55 IN*m; 
(c) T3 alow — 7.41 Nem; (d) Tmax = 635 Nem 
(a) T4 = 15,292 in.-lb, Tz = 24,708 in.-Ib 
(b) T4 = 8,734 in.-Ib, Tg = 31,266 in.-Ib 


GD| I, 
uuu X cem 
Lu dd us 
Rr P 
| di dd 
FAT pp 
= L | Lea T P 
(c) Bmax = 7 el ee | rm 
| ee oe 
P max E AZ [acts | 


a 


(b) Pex — 


L 
p, allow 4G 
2 


(d) P max m 0, allow 


b,allow G 


(a) U = 32.0 in.-Ib; (b) $ = 0.775? 
(a) U = 5.36 J; (b) 6 = 1.53 


L es + Lj)(d, = ts) fe 


P max = pe 
Ioa pp 


U = 22.6 in.-Ib 
U = 1.84] 
(c) Uz = T*L/2GIp + TIL^[2GIp + t7L7/6GIp 


U = 19T% L/32GIp 
p = To La Lg l[G(Lg Ipa + La Ipp)] 
U = tô L?/40GIp 

T?I(d, + d 
pes (dA : 2p) 
T Gtd, dg 


B^ GlpAlpg 
2L(Ip + Ipp) 


i= u Aml,L HE S 27 GL, 
ce g S E L 


Timor = Eo psi; 

(b) Texact — 6830 psi 

tnin = 77d/64 

(a) T = 1250 psi; (b) $ = 0.373? 
(a) 7 = 9.17 MPa; (b) @ = 0.140? 
UU, = 2 

T = 35.0 MPa, @ = 0.570? 

T = 2390 psi, 0 = 0.00480°/in. 


2TL(d, + dg) 


(D & = a Gtd2d2 


U = 





310-8 7 = T V3/9bt, 0 = 2T/9Gb*t 
3.10-9 (a) d/h. = 1 + 1/46? 

3.10-10 7 = 2T(1 + BY'/tL2 B 

3.10-11 4,44, = 0.140 in. 

3.10-12 (a) t = 6.66 mm; (b) t = 7.02 mm 
311-1 Tnax ~ 6200 Ib-in. 

3.11-2 Rmin ^ 4.0 mm 

3.11-3 For D, = 0.8 in.: Tmax ~ 6400 psi 
3.11-4 D» ~ 115 mm; lower limit 

311-5 D, = 1.31 in. 


CHAPTER 4 


4.3-1 V = 333 Ib, M = 50667 lb-in 

4.3-2 V = —0.9375 kN, M = 4.125 kN-m 

4.3-3 V=0,M=0 

4.3-4 V = 7.0 kN, M = —9.5 kN: m 

4.3-5 V = —1810 Ib, M = —12580 Ib-ft 

4.3-6 V = —1.0 kN, M = —7.0 kN: m 

4.3-7 b/L = 1/2 

4.3-8 M = 108 N:m 

4.3-9 N = P sin 0, V = P cos 0, M = Pr sin 0 

4.3-10 V = —6.04 kN, M = 15.45 kN-m 

4.3-11 P = 1200 Ib 

4.3-12 V= —4.167 kN, M = 75 kN-m 

4.3-13 (a) Vg = 6,000 Ib, Mg = 9,000 lb-ft; 
(b) V,, = 0, M,, = 21,000 Ib-ft 

4.3-14 N = 21.6 kN (compression), V = 7.2 kN, 
M = 50.4 kN-m 

43-15 Vina = 91wL^a/30g, M, = 229wL'afT15g 


451 Vinx = P, Max = Pa 
45-2 Va = Mo/L, My, = Moa/L 
453 Vmax = GL/2, Mmax = —3qL^[8 
454 Voas = P, Mmax = PL/4 
45-5 Vmax = —2P/3, Ma, = PL/9 
45-6 — Vinx = 2MyV/L, Maa = 7 MjJ/3 
4.5-7 V = P/2, Mmax = 3PL/8 
45-8 Vinx = P, Mmax = —Pa 
459 Vmax = qL/2, Max = 54L [12 
45340 Vmax = —qoL/2, Max = —qoL^/6 
45-1 Rp = 206.67 Ib, R4 = 73.33 Ib 
Vmax = —206.67 Ib, Minax = 2933.33 Ib-in 
45-12 Via. = 1200 N, Max = 960 N-m 
45-13 Vmax = 200 Ib, M44 = —1600 Ib-ft 
45-34 Via. = 4.5 kN, M4, = —11.33 kKN:m 
45-15 Vina = —1300 Ib, M4, = —28,800 Ib-in. 


4.5-16 
4.5-17 


4.5-18 


4.5-19 
4.5-20 
4.5-21 


4.5-22 
4.5-23 
4.5-24 


4.5-25 
4.5-26 
4.5-27 
4.5-28 
4.5-29 


4.5-30 


4.5-31 


4.5-32 


4.5-33 


4.5-34 
4.5-35 


4.5-36 


4.5-37 


4.5-38 


Answers to Problems 1007 


Vmax = 15.338 kN, Mmax = 9.802 KN-m 
The first case has the larger maximum moment 


(37) 


The third case has the larger maximum moment 
E 
5 
Vmax = 900 lb, Mmax = —900 Ib-ft 
Vmax = —10.0 KN, Ma, = 16.0 kKN-m 
Two cases have the same maximum 
moment (PL) 
Vmax = 32.97 KN, M4, = —61.15 kKN-m 
Vmax = —800 Ib, M4, = 4800 Ib-ft 
Maz = —PL (clockwise), A, = 0, Ay = 0 


1 1 
Com Td (upward), D, = a (upward) 


Vmax = P/12, Mmax = PL 

Vmax = 9.25 k, Mmax = 46.875 k-ft 
Vaax = 4.6 KN, M4, = —6.24 KN-m 
Vmax = —432.857 lb, Mmax = 776.47 1b-ft 
Vmax = — 2.8 KN, Ma, = 1.450 kN: m 
a = 0.5858L, Vmax = 0.2929qL, 
M, = 0.02145gL* 

Vmax = 2.5 KN, Mmax = 5.0 KN-m 
M, = —qoL’/6 (clockwise), 

A, = 0, B, = qoL/6 (upward) 

Vinax = ~oL/2, Max = qoL^/6 

M max = 12 kN: m 

M max = Mpos = 2448 Ib-ft, 

Mpeg = —2160 Ib-ft 

Vinax = —WoL/3, Max = —WoLl7/12 
M, = —7woL7/60 (clockwise), 

« = —3 wgL/10 (leftward) 

y = —3 woL/20 (downward) 

C, = woL/12 (upward) 

D, = woL/6 (upward) 

Vmax = —3woL/20, Mmax = —TwoL^/60 
(a) x = 9.6 m, Vinax = 28 KN; 

(b) x = 4.0 m, M max = 78.4 KN-m 
A, = 50.38 Ib (right) 

A, = 210 Ib (upward) 

B, = —50.38 Ib (left) 

Nmax 214.8 Ib, Vinax = —47.5 Ib, 
M max = 270 lb-ft 

(a) A, = —qoL/2 (leftward) 


1002 


4.5-39 


4.5-40 


Answers to Problems 


A, = 17qoL/18 (upward) 
D, = —qoL/2 (leftward) 
D, = —4qoL/9 (downward) 


Mp = 0 
Nmax m qoL/2, Vmax - 17qoL/18, 
Max = qoL^ 


(b) B, = qoL/2 (rightward) 
= —qoL/2 + 5qgL/3 = "7qgL/6 (upward) 
D, = qdoL/2 (rightward) 
—5qoL/3 (downward) 
Mp = O 
Nmax = 540L/3, Vinax = 540L/3, Max = Gol’ 
M, =0 
Ray = qoL/6 (upward) 
Rc, = qoL/3 (upward) 
Rax = 0 


S 
| 


Nmax = —3WgL/20; Vas = —WoL/3, 
Maus = Bwel 1125 

M, =0,4,=0 

Ay = —4253.2 N (downward) 

Mp = 0 

D, = —1400 N (leftward) 


D, = —13553.2 N (upward) 
Nmax = —13553.2 N, Vmax = 14000 N, 
Mmax 55,200 N-m 


CHAPTER 5 
54-1  €4, = 1300 x 10 © 
5.4-2 Lain = 3.93 m 
5.4-3 €a = 6400 X10 ° 
54-4 p = 68.75 m; k = 1.455 X 10° m” 5 
ô = 29.1 mm 
54-5 e= 255 X ]0 ? 
54-6 €— 640 Xx 10 ? 
5.5-1 (a) Omax = 52.4 ksi; (b) Cmax increases 33% 
5.5-2 (a) Omax = 249.7 MPa; (b) Cmax decreases 20% 
5.5-3. (a) Omax = 38.2 ksi; (b) Cmax increases 10% 
5.5-4 (a) Omax = 8.63 MPa; (b) Cmax = 6.49 MPa 
5.5-5 Omax = 21.6 ksi 
5.5-6 Omax = 203 MPa 
5.5-7 Omax = 3420 psi 
5.5-8 Omax = 121 MPa 
5.5-9 Omax = 10.82 ksi 
5.55-10 Omax = 7.0 MPa 
55-11 Omax = 432 psi 
5.55-12 Omax = 2.10 MPa 
55-13 (a) a, = 30.93 M/d^; (b) a, = 360M/(73bh"); 


(c) o, = 85.2 MId? 


5.5-14 
5.5-15 
5.5-16 
5.5-17 
5.5-18 


5.5-19 
5.5-20 
5.5-21 
5.5-22 
5.5-23 


5.5-24 
5.5-25 


5.6-1 
5.6-2 
5.6-3 
5.6-4 
5.6-5 
5.6-6 
5.6-7 
5.6-8 
5.6-9 
5.6-10 
5.6-11 
5.6-12 
5.6-13 
5.6-14 
5.6-15 
5.6-16 
5.6-17 
5.6-18 
5.6-19 
5.6-20 
5.6-21 
5.6-22 
5.6-23 


5.7-1 


5.7-2 


5.7-3 


Cmax = 10.965M/d? 

Omax = 21.4 ksi 

o. = 61.0 MPa; g, = 35.4 MPa 

o. = 15,964 psi; o, = 4341 psi 

(a) o. = 1.46 MPa; c, = 1.51 MPa; 
(b) e. = 1.67 MPa (+14% oa, 1.38 MPa (—9% 
(c) 0. = 0.73 MPa (—50% oa, = 0.76 MPa (— 509% 
o, = 7810 psi; o = 13,885 psi 

Omax = 3pL^ao/t 

o, = 18,509 psi; e. = 12,494 psi 

o = 25.1 MPa, 17.8 MPa, —23.5 MPa 
d = 3 ft, Omax = 171 psi; d = 6 ft, 
Omax = 830 psi 

g, = —0, = 23 qo E r/(271 ED 

(a) F = 104.8 Ib; 

(b) Omax = 36 ksi 

d, = 4.00 in. 

dj, = 11.47 mm 

W 8 x 28 

W 200 X 41.7 

o 10 X 25.4 

bwin 150mm 

S = 19.6 in.^; use 2 X 10 in. joists 
Smax = 450 mm 

Go,allow ^ 627.9 Ib/ft 


Amin = 30.6 mm 
OS 23 
dmin = 31.6 mm 


(A) danow = 1055 Ib/ft; (b) danow = 282 Ib/ft 
b = 152 mm, h = 202 mm 
b = 10.25 in. 
t — 13.6 mm 
] :1.260 :1.408 
Qmax ^ 10.28 kN/m 
6.57% 
(a) bai, = 11.91 mm; (b) bnin = 11.92 mm 
Smax = 72.0 in. 
(a) B = 1/9; (b) 5.35% 
Increase when d/h > 0.6861; decrease when 
d/h < 0.6861 
(a) x = IM Cmax —PLIOI: OCmaxlOg = 2 
(b) x = 0.209L, Omax = 0.394 PL/h4?; 
Omax/0g = 3.545 
(a) x = 4 m; Omax = 37.73 MPa; eJ op = 9/8 
(b) x = 2 m; Omax = 25.15 MPa; o,,,/0,, = 4/3 
(a) x = 8 1N.3 Omax = 1250 psi; Omax/Og = 1.042 
(b) x = 4.642 in.; Omax = 1235 psi; 
Omax/Omn = 1.215 


(a) m4 = 209.6 MPa; (b) og = 221.0 MPa; 
(c) x = 0.625 m; (d) Omax = 231.0 MPa; 
(e) Omax = 213.8 MPa 

(a) 1 S dp/d4 = 1.5; 

(b) Omax = Op = 32PL/mdg 


h, = hgx/L 
b, = 2bg x/L 
h; = hg V x/L 


(a) Tmax = 715 kPa, Cmax = 4.65 MPa 

(b) Tmax = 1430 kPa, Omax = 18.6 MPa 
Mmax = 25.4 k-ft 

Tmax = 500 kPa 

Tmax = 2400 psi 

(a) Lo = h(G'anow/Tatow); 

(b) Lo = (h/2)(Ganow/Tanow) 

Pattiow = 2.027 k 

(a) Mmax = 72.3 Nem 

(b) Mmax = 9.02 N-m 

(a) 8 X 12 in. beam 

(b) 8 X 12 in. beam 

(a) P = 38.0 kN; (b) P = 35.6 kN 

(a) w; = 121 Ib/ft^; (b) w> = 324 Ib/ft^; 

(C) Wane = 121 Ib/fC 

(a) b = 87.8 mm (b) b = 89.1 mm 

dmin 5.7 in 

(a) W = 28.6 kN; (b) W = 38.7 kN 

(a) d = 10.52 in.; (b) d = 2.56 in. 

(a) d = 266 mm; (b) d = 64 mm 

(a) Tmax = 5795 psi; (b) Tmin = 4555 psi; 
(C) Taver = 5714 psi; (d) Vweb = 28.25 k 

(a) Tmax = 28.43 MPa; (b) Tin = 21.86 MPa; 
(C) Taver = 27.41 MPa; (d) Vwen = 119.7 kN 
(a) Tmax = 4861 psi; (b) Tmin = 4202 psi; 
(C) Taver = 4921 psi; (d) Vwep = 9.432 k 

(a) Tmax = 32.28 MPa; (b) Tin = 21.45 MPa; 
(Cc) Taver = 29.24 MPa; (d) Vwen = 196.1 kN 
(a) Tmax = 2634 psi; (b) Tmin = 1993 psi; 
(C) Taver = 2518 psi; (d) Vweb = 20.19 k 

(a) Tmax = 28.40 MPa; (b) Tin = 19.35 MPa; 
(c) Taver = 25.97 MPa; (d) Vwen = 58.63 kN 
dmax ^ 1270 Ib/ft 

Qmax = 123.7 kN/m 

O54 29 

V = 273 kN 

Tmax = 1.42 ksi, Tmin = 1.03 ksi 

Tmax — 19.7 MPa 

Tmax ^ 2221 psi 

Vmax = 676 Ib 


5.11-2 
5.11-3 
5.11-4 
5.11-5 


5.11-6 
5.11-7 
5.11-8 
5.11-9 
5.11-10 
5.11-11 


5.11-12 
5.12-1 
5.12-2 


5.12-3 
5.12-4 


5.12-5 
5.12-6 
5.12-7 
5.12-8 
5.12-9 
5.12-10 
5.12-11 


5.12-12 


5.12-13 


5.12-14 


5.12-15 


5.12-16 


5.12-17 


5.12-18 


Answers to Problems 


Vmax = 1.924 MN 

F = 1994 Ib/in 

Vmax = 10.7 kN 

(a) Smax = 5.082 in 

(b) Smax = 3.472 in 

(a) sa = 78.3 mm; (b) sg = 97.9 mm 
(a) Smax = 2.77 in.; (b) Smax = 1.85 in. 
Smax ^" 92mm 

Vmax = 18.3 k 

Smax = 235 mm 

(a) case (1) 

(b) case (2) 

(c) case (3) 

(d) case (3) 

Smax = 180 mm 

o, = 14,660 psi, o = —14,990 psi 
o, = 5770 kPa 

o. = 6668 kPa 

tmin = 0.477 in. 

o, = —11.83 MPa, o, = —12.33 MPa 
tmin = 12.38 mm 

o, = 302 psi, ao = —314 psi 


Tmax = 108.6 KN 

a = arctan ( d} + d7)/(4hd,)| 

(a) d = 70 mm (b) d = 76.5 mm 
Aine = 32.2 ft 

W = 33.3 kN 


(a) o, = 87.6 psi, o = —99.6 psi; 
(b) dmax = 28.9 in. 

(a) b = «r:d/6 

(b) b = «r:d/3 

(c) Rectangular post 

(a) o, = 1900 psi, c, = —1100 psi; 
(b) &h stresses increase in magnitude 
(a) o, = 8P/b*, o. = —4P/b?; 

(b) o, = 9.11P/b*, o. = —6.36P/b* 
(a) o, = 856.8 psi, o, = —5711 psi 
(b) yo = —4.62 in 
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(c) o, = 453 psi, o, = —2951 psi, yg = —6.33 in 


(a) o, = 3.266 MPa, o. = —24.226 MPa 
(b) yo = —76.241 mm 

(c) o, = 1.587 MPa, o, = —20.33 MPa, 
yo = —100.8 mm 

(a) o, = 15.483 ksi 

(b) e, = 2.909 ksi 

(a) yg = —21.5 mm 

(b) P = 67.3 kN 

(c) yo = 148.294 mm, P = 149.6 kN 
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5.13-1 
5.13-2 
5.13-3 


5.13-4 
5.13-5 


Answers to Problems 


(a) d = 0.50 in., Cmax = 15,500 psi; 
(b) R = 0.10 in., Cmax ^ 49,000 psi 
(a) d = 16 mm, Cmax = 81 MPa; 

(b) R= 4mm, Omax ^ 200 MPa 

b, ~ 0.24 in. 

b^ 33mm 

(a) Rmin ^ 0.45 in.; (b) dmax = 4.13 in. 





CHAPTER 6 
62-1 cu = £1980 psi, Ooore = £531 psi 
62-2 (a) Minax = 58.7 KN-m; (b) Max = 90.9 KN-m 
62-3 (a) Mmax = 172 kin; (b) Ma, = 96 k-in 
3 
624 M, = 14 0. G 4 ie 
2592 E. 
6.2-5 (a) o,, = 666 psi, o, = 13897 psi 
(b) Gmax = 665 Ib/ft 
(c) Mo max = 486 Ib-ft 
62-6 Manow = 768 N:m 
62-7 (a) Oface = 3610 psi, Ccore = 4 pst 
(b) face = 3630 psi, aco, = 0 
62-8 (a) Oface = 14.1 MPa, Ccore = 0.21 MPa; 
(b) Oface = 14.9 MPa, Ocore = O 
62-9 o, = 4120 psi, e, = 5230 psi 
6.2-10 o,, = 5.1 MPa (comp.), o, = 37.6 MPa (tens.) 
6.2-11 (a) Optywood = 1131 psi, oi, = 969 psi 
(b) qua = 95.52 Ib/ft 
6.2-12. Qo ax = 15.53 kN/m 
63-1 (a) Ma, = 442 k-in (b) Mmax = 189 k-in 
63-2  fnin = 15.0 mm 
6.3-3 (a) Gatlow = 454 lb/ft 
(b) & ooa = 277 psi, Cstee = 11782 psi 
63-4 of, = 49.9 MPa, o,, = 1.9 MPa 
6.3-5 o, = 1860 psi, 0, = 72 psi 
63-6 o, = 12.14 MPa, c, = 0.47 MPa 
6.3-7 (a) Gatlow = 264.5 Ib/ft 
(b) danow = 281.5 Ib/ft 
6.3-8 o, = 93.5 MPa 
63-9 M.,,,, = 81.1 k-ft 
6.3-10 S4 = 50.6 mm^; Metal A 
6.3-11 oc, = 13,400 psi (tens.), 
o. = 812 psi (comp.) 
6.3-12. Manow = 16.2 kN: m 
6.4-1 tan B =h/b so NA lies along other diagonal 
64-2 B =51.8°, Omax = 17.5 MPa 
6.4-3 B = 42.8°, Omax = 1036 psi 
64-4 p = 78.9°, o4 = —oag = 102 MPa, 


Op— Op — —48 MPa 


p = 72.69, 04 = —ag = 14554 psi, 

Og = —Op = —4953 psi 

B = —79.3°, Omax = 8.87 MPa 

B = —78.83°, Omax = 1660 psi 

B = —81.77°, Omax = 69.4 MPa 

B = 72.91°, Omax = 8600 psi 

B = 60.65°, Omax = 20.8 MPa 

(a) m4 = 45,420 sin a + 3,629 cos a (psi); 

(b) tan B = 37.54 tana 

p = 79.0°, Cmax = 16.6 MPa 

(a) B = —76.2°, Omax = 8469 psi 

(b) B = —79.4°, Omax = 8704 psi 

p = 83.07°, o, = 5,060 psi, o = —10,420 psi 
p = 83.39°, o, = 10.5 MPa, e, = —23.1 MPa 
p = 75.56°, a, = 3080 psi, oe = —3450 psi 

B = 75.78°, o, = 31.7 MPa, o = —39.5 MPa 
(a) B = —28.73°, a, = 4263 psi, oe = —4903 psi 
(b) B = —38.47°, a, = 5756 psi, oe = —4868 psi 
p = 78.06°, o, = 40.7 MPa, o. = —40.7 MPa 
p = 82.3°, a, = 1397 psi, a. = —1157 psi 

p = 2.93°, g, = 6.56 MPa, o. = —6.54 MPa 
For 0 = 0: o, = —o, = 2.546MJr^; 

for 0 = 45°: ag, = 4.535M/r°, a, = —3.955MJr^; 
for 0 = 90°: c, = 3.867M/r°, a, = —5.244M/r? 
p = —78.88°, a, = 131.07 MPa, 

Oo. = —148.49 MPa 

B = —11.7°, o, = 28.0 ksi, oe = —24.2 ksi 

p = —56.47°, o, = 31.00 MPa, 

o. = —28.95 MPa 

(a) Tmax = 3584 psi, (b) Tg = 430 psi 

(a) Tmax = 29.7 MPa, 

(b) Tg = 4.65 MPa 

(a) Tmax = 3448 psi, 

(b) Tmax = 3446 psi 

(a) Tmax = 27.04 MPa, 

(b) Tmax = 27.02 psi 


e = 1.027 in 

e = 22.104 mm 

De- cL ie 
2477 + 38 


2 





a " erre] 


(a e—— 
2\ h+3b 23h + 48b 


f = 2(2b, + b3)/(3b, + b2) 


(a) f = 16r(r5 — ri)f3m(r$ — ri 
(b) = 4a 

q = 1000 Ib/in 

(a) 56.7%(b) M = 12.3 kN-m 


610-5 f= 1.12 

610-6 f= 1.15 

610-7 Z = 17.0 in, f= 1.14 

6.10-8 Z = 1.209 x 10° mm?, f = 1.11 

6.10-9 My = 525.0 k-ft, Mp = 591.3 k-ft, f = 1.13 
6.10-10 My = 377.5 kN-m, Mp = 427.1 kN-m, f = 1.13 
6.10-11 My = 4320 k-in., Mp = 5450 k-in.; f = 1.26 
6.10-12 My = 672 kN:m, Mp = 878 kN:m, f = 1.31 
6.10-13 My = 1619 k-in, Mp = 1951 k-in, f = 1.21 
6.10-14 My = 122 kN:m, Mp = 147 KN:m; f= 1.20 
6.10-15 (a) M = 5977 k-in; (b) 22.4% 

6.10-16 (a) M = 524 kN-m;; (b) 36% 

6.10-17 (a) M — 2551 k-in; (b) 7.796 

6.10-18 Z = 136 X 10? mm’, f = 1.79 

6.10-19 Mp = 1120 k-in. 

6.10-20 Mp = 295 kN:m 


CHAPTER 7 
72-1 For @ = 60°: oca = 2910 psi, Tayı = —2012 psi 
7.2-2 For 6 = 30°: a4, = 119.2 MPa, 7,4); = 5.30 MPa 
7.2-3 For0 = 50°: a4, = —1243 psi, 
Tx1y1 — 1240 psi 
7.2-4 For 0 = 52°: g44 = —31.8 MPa, 
tayi 110.1 MPa 
7.2-5 For 0 = 30°: o4, = —3041 psi, 74,4, = —12725 psi 
7.2-6 For 0 = —35°: g,, = —6.4 MPa, 
Fig = —18.9 MPa 
7.2-7 For 0 = 40°: o4, = —13032 psi, 7,,,, = 4954 psi 
7.2-8 For 0 = —42.5°: o,; = —51.9 MPa, 
Tx1y1 = —14.6 MPa 
7.2-9 Normal stress on seam, 187 psi tension. Shear 
stress, 163 psi clockwise. 
7.2-10 Normal stress on seam, 1440 kPa tension. Shear 
stress, 1030 kPa clockwise. 
Oy = —125 psi, T, = 375 psi 
7.2212 o,, = 10.0 MPa, 7,, = —5.0 MPa 
7.2-13 0 = 56.31? 
7.2-14 0 = 38.66? 
7.2-15 o, = —12813 psi, oy = —6037 psi, 
Txy = —4962 psi 
72-16 o, = 56.5 MPa, o, = —18.3 MPa, 
Txy = —32.6 MPa 
7.2-17 o, = 3805 psi, 7,, = 2205 psi 
7.2-18 o, = —60.7 MPa, 7,, = —27.9 MPa 
7.2-19 o, = —3700 psi, 7, = 3282 psi, 0, = 43.66? 
7.3-1 og, = 4988 psi, 0,, = 14.08? 


7.3-2 


7.3-3 


7.3-4 


7.3-5 


7.3-6 


7.3-7 


7.3-8 


7.3-9 


7.3-10 


7.3-11 


7.3-12 


7.3-13 


7.3-14 


7.3-15 


7.3-16 


7.3-17 


7.3-18 


7.3-19 


7.3-20 


7.4-1 


7.4-2 


7.4-3 


7.4-5 


7.4-6 


Answers to Problems 


035: 120 MP3,0,4 — = 

Gi = —9T7T pst, 05, — 62.11" 

a, = 54 MPa, 0,, = —14.18? 

Tmax = 13065 psi, 0,, = —53.45° 
Tmax = 19.3 MPa, 0,, = 61.43? 
Tmax = 6851 psi, 0,; = 61.85? 

Tmax = 26.7 MPa, 0,, = 19.08? 

(a) a, = 180 psi, 0,, = —20.56°; 
(D) aas = 130 pst, 8. 065.56" 
(a) a, = 27.8 MPa, 6,; = 116.49; 
(b) Tmax = 70.3 MPa, 0,, = 71.4? 
(a) = 2925 psi, 0, = —25.295 
(b) Tmax = 1165 psi, 0,, = —70.29° 
(a) 93 = 2202 KPa; 95; = =13.70°; 
(b) Tmax = 1000 kPa, 0,, = —58.70° 
(a) a, = 14764 psi, 0,, = 7.909; 
(b) Tmax = 6979 psi, 0,, = —37.10° 
(a) a, = 29.2 MPa, 0,, = —17.98°; 
(b) Tmax = 66.4 MPa, 0,, = —62.98° 
(a) a4 = —1228 psi, 0,, = 24.73°; 
(b) Tmax = 5922 psi, 05; = —20.27? 
(a) a, = 76.3 MPa, 0pı = 107.47°; 
(b) Tmax = 101.3 MPa, 0,, = 62.47? 
2171 psi= g= 9029psi 

18.7 MPa S o, = 65.3 MPa 

(a) a = 1410 psi; 

(b)o, = 6700 psi, 05, = —25.50* 
(a) o = 11.7 MPa; 

(b) a; = 33.0 MPa, 0,, = 63.15? 
(a) For 0 = 24°: a4 = 9493 psi, 
Txty1 = —4227 psi; 

(b) Tmax = 5688 psi, 0,, = —45.0? 
(a) For 0 = —27°: o1 = 38.9 MPa, 
Tayi = 19.8 MPa; 

(b) Tmax = 24.5 MPa, 0,, = —45.0° 
(a) For 0 = 26.57°: a4 = —4880 psi, 
Tx1y1 = 2440 psi; 

(b) Tmax = 3050 psi, 0,, = 45.0? 

(a) For 0 = 25°: o,, = —36.0 MPa, 
Tayi = ~ 23.7 MPa, 

(b) Tmax = 33.5 MPa, 0,, = 45.0? 
(a) For 0 = 55°: a4 = 250 psi, 
Tx1y1 = —3464 psi; 

(b) Tmax = 4000 psi, 6,; = —45.0° 
(a) For 0 = 21.80°: 

g,, = —17.1 MPa, 

Tiga 20.) MP 

(b) Tmax = 43.0 MPa, 0,, = 45.0? 
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7.4-9 


7.5-7 


Answers to Problems 


(a) For 0 = 52°: o1 = 2620 psi, 
Tayi ^ —655 psi; 

(b) a; = 2700 psi, 0pı = 45.0? 

(a) For 0 = 22.5°: g4, = —9.32 MPa, 
Taxa ^ — 11.11 MPa; 

(b) a; = 14.50 MPa, 0,, = 135.0° 
(a) For 0 = 36.87°: a4 = 3600 psi, 
Tayi = 1050 psi; 

(b) a; = 3750 psi, 65; = 45.0° 

For 0 = 40°: a4 = 27.54 MPa, 

Tx1y1 = —5.36 MPa 

For 0 = —51°: a4, = 11982 psi, 
Tuy 2269 psi 

For 0 = —33°: g4,, = —61.74 MPa, 
Tasi 25170 MPa 

For 0 = 14°: oxı = —1481 psi, 71,1; = 580 psi 


For 0 = 35°: 04, = 46.43 MPa, 7.151 = —9.81 MPa 


For 0 = 65°: oy; = —1846 psi, 74,4 = 3897 psi 
(a) oy = 39.99 MPa; 0,4 = 68.779; 
(b) Tmax = 39.99 MPa, 0,, = 23.77? 
(a) a1 = 7525 psi, O51 = 9.80*; 

(b) Tmax = 3875 psi, 06,, = —35.2? 

(a) 07 = 3.43 MPa, 0,4 = — 19.839; 
(b) Tmax = 15.13 MPa, 0,, = —64.68? 
(a) a, = 7490 psi, 6,1 = 63.189; 

(b) Tmax = 3415 psi, 06,, = —18.20? 
(a) a, = 10865 kPa, 0,, = 115.219; 
(b) Tmax = 4865 kPa, 0,, = 70.21? 

(a) a, = —6923 psi, 0,, = —32.44^; 
(b) Tmax = 7952 psi, 0,, = 102.6? 

(a) oi = 18.2 MPa; 034 = 123.37; 

(b) Tmax = 15.4 MPa, 0,, = 78.3? 
(o = 260I ps0. — aL; 

(b) Tmax = 3265 psi, 06,, = —13.70? 
a, = 26,040 psi, 0, = —13,190 psi, 
At = —32.1 X 10 © in. (decrease) 

o, = 114.1 MPa, o, = 60.2 MPa, 

At = —2610 X 10 ° mm (decrease) 
(a) e, = —v(e, + e/(1 — v); 

(b) e = (1 — 2»)(e, t e)K(1 — v) 

v = 0.35, E = 45 GPa 

v = 1/3, E = 30 X 10° psi 

(azea TSIS 

(b) At = —2100 X 10^? mm (decrease); 
(c) AV = 896 mm? (increase) 

(a) Ymax = 1900 x 10$ 

(b) At = —141 X 10 in. (decrease); 
(c) AV = 0.0874 in.? (increase) 


7.9-8 
7.9-9 
7.5-10 
7.5-11 
7.5-12 


7.6-2 


AV = —56 mm? (decrease); U = 4.04 J 
AV = —0.0603 in.? (decrease); U = 60.0 in.-Ib 
AV = 2640 mm? (increase); U = 67.0 J 
AV = 0.0423 in.? (increase); U = 373 in.-Ib 
(a) Aac = 0.0745 mm (increase); 
(b) Abd = —0.000560 mm (decrease); 
(c) At = —0.00381 mm (decrease); 
(d) AV = 573 mm? (increase); 
(e) U = 25.0 J 
(a) Tmax = 8000 psi; 
(b) Aa = 0.0079 in. (increase), 
Ab = —0.0029 in. (decrease), 
Ac — —0.0011 in. (decrease); 
(c) AV = 0.0165 in? (increase); 
(d) U — 685 in.-Ib 
(a) Tmax = 10.0 MPa; 
(b) Aa = —0.0540 mm (decrease), 
Ab — —0.0075 mm (decrease), 
Ac — —0.0075 mm (decrease); 
(c) AV = —1890 mm? (decrease); (d) U = 50.0 J 
(a) a, = —4200 psi, o, = o; = —2100 psi; 
(b) Tmax = 1050 psi; 
(c) AV = —0.0192 in.? (decrease); 
(d) U = 35.3 in.-Ib 
(a) 0, = —64.8 MPa, o, —0;— 
(b) Tmax = 10.8 MPa; 
(c) AV = —532 mm? (decrease); 
(d) U = 14.8 J 
K = 10.0 X 10° psi 
K = 5.0 GPa 
(a) p = vF/[A(1 — v)j 
(b) 6 = FLU + v X1 — 2»y[EA(1 — v)] 
(a) p = vpo; (b) e = —pe(1 + v1 — 2vyE; 
(c) u = po(l — v*)/2E 
Ad = 0.00104 in. (decrease); 
AV = 0.198 in.? (decrease); U = 438 in.-Ib 
(a) p = 700 MPa; (b) K = 175 GPa; 
(c) U = 2470 J 
€o = 276 X IU 9 e 828 X 107°, u = 4.97 psi 
(a) Ad = 0.00117 in. (increase); 
(b) Ad = 128 X 107° rad (decrease); 
(c) Ais = 128 X 10? rad (increase) 
(a) Ad — 0.0547 mm (increase); 
(b) Ad = 240 x 107° rad (decrease); 
(c) Ais = 240 X 107° rad (increase) 
(a) Ad = 0.00458 in. (increase); 
(b) Ad = 157 X 107° rad (decrease); 
(c) y = —314 X 10° rad (angle ced increases) 


—43.2 MPa; 


7.7-4 


7.7-10 


7.7-11 


7.7-12 


7.7-13 


7.7-14 


7.7-15 


7.7-16 


7.7-17 


7.7-18 


7.7-19 


7.7-20 


7.7-21 


7.7-22 


7.1-23 


7.1-24 


7.7-25 


(a) Ad = 0.168 mm (increase); 

(b) Ad = 317 X 10 © rad (decrease); 

(c) y = —634 X 10° ° rad (angle ced increases) 
For 0 = 50°: e, = 461 x 10~°, 

yay, = 225 X 10-5 

For 0 = 37.5°: e,, = 351 X 10 5, 

Yuy, = —490 x 10? 

e; = 554 X 10 5,0, = —22.95; 

‘Vo = Ags a 10 

e; = 172 X 10 5, 0p, = 163.9°; 

jj 2574 Sc 10° 

(a) For 0 = 75°: e,, = 202 X 10 5, 

Yuy, = —569 X 10 5; (b) e, = 568 X 10 5, 
0,, = 22.85; (C) Ymax = 587 X 107° 

(a) For 6 = 45°: e, = —385 X 10 5, 

Yzy, = 690 X 10 5; (b) e; = —254 X 10 5, 
Op, = 65.75; (c) Ymax = 1041 X 10 ? 

(Tmax)xy = 7800 psi, (Ymax)xy = 676 X 10 5, 
(Ymax)xz = 780 X 107°, (Ymax)yz = 104 X 107° 
(Tmax) = 32.4 MPa, (Ymax) = 1200 X 107°, 
(Ymax)xz = 1600 X 107°, (Ymax)yz = 399 x 107° 
(a) For 0 = 30°: e, = —756 X 10 6, 

yay, = 868 X 10-5: (b) e, = 426 x 1075, 

0,, = 99.8*; (C) Ymax = 1342 X 10? 

(a) For 6 = 50°: e, = —1469 x 10 ^, 

Yuy, = —717 X 10 5; (b) e, = —732 x 10 , 
Op, = 166.0°; (c) Ymax = 911 X 10 ? 

e; = 551 X 10 5,0, = 12.5*; 

Ymax = 662 X 10 9 

e, = 332 X 10 5, 6,, = 12.09; 

Vo 515. X 10-9 

(a) P — 5300 Ib, T — 1390 Ib-in.; 

(D). = 222 X 10 5.0.4 = 2580 psi 

P = 125 kN, a = 30° 

P = 5000 Ib, a = 38° 

Bc Cue ep Poe E 

ys = Xe; — €.)/V3 

For 0,, = 30°: e, = 1550 x 10 5, 

€; = —250 X 10 5, a, = 10,000 psi, 

0 = 2,000 psi 

o, = 91.6 MPa 

Foro —950 56. — 4061 x 10 6, 

yay, = 225 X 10? 

Borg — 513 5e. — 991 X 10 6, 

yay, = —490 x 10 ? 

e, = 554 X 10 5, 0p, = 157.15; 

Ymax = 488 X 10 9 


Answers to Problems 1007 


71-206 €, = 172 X 10 5, 0,, = 163.9; 
Mo E574 X 10 * 

7.7-27 (a) For0 = 75°: e,, = 202 X 10 5, 
Yuy, = —569 X 10 5; (b) e, = 568 X 10 5, 
Op, = 22.85; (c) Ymax = 587 X 10? 

7.4-28 (a) For 0 = 45*: e,, = —385 X 1076, 
Yxıyı = 690 X 10 5; (b) e; = —254 X 10`, 
Op, = 65.75; (C) Ymax = 1041 X 10 ^ 


CHAPTER 8 
82-1 tżt= 2.48 in, tmin = 2.5 in 
82-2 t= 93.75 mm, tnin = 94 mm 
8.2-3 F = 684 lb, o = 280 psi 
82-4 Omax = 2.88 MPa, Emax = 0.452 
8.2-5 Omax = 405 psi, Emax = 0.446 
82-6 p = 2.93 MPa 
82-7 (a) f= 26.4 k/in 
(b) Tmax = 7.543 X 10° psi 
Cean 357 x T10-* 
8.2-8 (a) f= 5.5 MN/m 
(b) Tmax — 57.292 MPa 
(c) Emax = 3.874 X 10 ^ 
82-9 44, = 0.294 in 
82-10 tain = 6.7 mm 
82-11 Do = 90 ft 
83-1 fmin = 0.350 in. 
83-2 (a)h-2224m 
(b) zero 
83-3 n — 225 
83-4 F = 3apr’ 
8.3-5 p = 50 psi 
8.3-6 €,4,, = 6.556 X 10 ° 
83-7 fmin = 0.113 in. 
8.3-3 ti, = 3.71 mm 
8.3-9 (a) h = 25 ft; (b) e, ~ 125 psi 
8.3-10 (a) o; = 24.858 MPa 
(b) e, = 49.716 MPa 
(c) Oy, = 24.858 MPa 
(d) T, = 12.429 MPa 
(e) T. = 24.858 MPa 
83-11 (a) tnin = 0.675 in (b) fmin = 0.338 in 
83-12 (a)o, = 93.333 MPa, o» = 46.667 MPa 
(b) 7, = 23.333 MPa, 7; = 46.667 MPa 
(c) e = 3.967 X 10 7, e, = 9.333 x 10? 
(d) 0 = 35°, gy = 62.02 MPa, 


gy = 77.98 MPa, Tx y, = 21.926 MPa 


y 


1008 


8.3-13 


8.4-1 


8.4-2 


Answers to Problems 


(a) ac, = 7015 psi, o» = 3508 psi 

(b) 7, = 1754 psi, 7; = 3508 psi 

(c) e; = 1.988 X 107, e = 4.677 X 10? 
(d) 0 = 28°, oy; = 4281 psi, ay, = 6242 psi, 


Try, = 1454 psi 
g, = —77.97 psi 
05 = 3620 psi 


Tmax ^ 1849 psi 

g, = 60.306 MPa 

g^ = —0.395 MPa 

Tmax = 30.351 MPa 

(b) a, = 25.696 psi, o»; = —889.696 psi, 
Tmax = 457.696 psi 

P — 11.1 kN 

P = 2.547 k 

(b) e, = 4.5 MPa, o = —76.1 MPa, 

Tmax = 40.3 MPa 

(b) o, = 14,100 psi, o» = —220 psi, Tmax = 7,160 psi 
(b) o; = 8.272 MPa, oa» = —64.292 MPa, 
Tmax = 36.282 MPa 

(b) e, = 159.758 psi, o; = —3393 psi, 

Tmax = 1777 psi 

g, = 17.861 MPa, o» = —0.145 MPa, 

Tmax = 9.003 MPa 

Top of beam o, = 251.838 psi, 

05 = —29,160 psi, Tmax = 14,700 psi 

Top of beam a, = 0 MPa, o» = —325 MPa, 
Tmax = 162.5 MPa 

o, = 5100 psi, e, = —5456 psi, Tmax = 5456 psi 
dmin = 48.4 mm 

o, = 3963 psi, a = —8791 psi, Tmax = 6377 psi 
o, = 16.432 MPa, o, = —41.434 MPa, 

Tmax = 28.933 MPa 

P = 194.234 k 

Pmax = 9.60 MPa 

tmin = 0.125 in. 

Pmax = 0.5522 rad = 31.6? 

o, = 39,950 psi, e. = —2226 psi, 

Tmax = 21,090 psi 

(a) Omax = 56.4 MPa, Tmax = 18.9 MPa; 

(b) Tmax = 231 KN-m 

o, = 4320 psi, e. = — 1870 psi, Tmax = 3100 psi 
o, = 29.15 gR7/d*, o, = —8.78 qR^|d^, 
Tmax = 18.97 qR*/d° 

d = 1.50 in. 

P = 34.1 kN 

(a) Omax = 4534 psi, Tmax = 2289 psi 

(b) Panow = 629.07 Ib 


8.5-16 


8.5-17 


8.5-18 


8.5-19 


8.5-20 


8.5-21 


8.5-22 


8.5-23 


TA = 76.007 MPa, Tg = 19.943 MPa, 

Tc — 23.738 MPa 

(a) ox = 0 psi, oy = 6145 psi, 7, = 291.477 psi 
(b) ea, = 6159 psi, o; = —13.794 psi, 

Tmax ^ 3086 psi 

Pure shear Tmax = 0.804 MPa 

o, = 10,680 psi; No compressive stresses; 

Tmax = 5,340 psi 

(a) a, = 31.183 MPa, o» = —187.155 MPa, 

Tmax ^ 109.169 MPa 

(b) e, = 184.794 MPa, o2 = —35.188 MPa, 

Tmax ~ 109.99 MPa 

(a) m = 0 psi, o; = —20,730 psi, Tmax = 10,365 psi 
(b) a, = 988 psi, o» = —21,719 psi, 

Tmax ^ 11,354 psi 

Maximum g, = 18.346 MPa, o. = — 18.346 MPa, 
Tmax = 9.415 MPa 

Top of beam 

g, = 8591 psi, o» = O psi, 

Tmax = 4295 psi 


CHAPTER 9 


9.2-1 
9.2-2 


9.2-3 
9.2-4 


9.3-11 


9.3-12 


q = qox/L; Triangular load, acting downward 

(a) q = qo sin 7rx/L, Sinusoidal load; 

(b) Ra = Rg = qoL/; (c) Max = qoL Im^ 

q = qo(l — x/L); Triangular load, acting downward 

(a) q = qo(L* — x^yL^; Parabolic load, acting 
downward; 

(b) Ra = 2goL/3; M4 = —qoL^/A 

Omax = 0.182 in., 0 = 0.199? 

h = 96 mm 

L = 120 in. = 10 ft 

Omax = 15.4 mm 


ó/L = 1/400 
E, — 80.0 GPa 

Ó = _ 2 
Let B = afl: ©  3V3(-1 + 8B — 48?) 


max 


The deflection at the midpoint is close to the 
maximum deflection. The maximum difference 
is only 2.6% 

v = —mx°3L — x)/6EI, 85 = mL^[3EI, 

05 = mL? NEI 





v(x) = -—4_(2x' - 12° +112") 
AS EI 
qL 
P  48EI 


9.3-15 


9.3-16 


9.3-17 


9.4-6 


9.4-7 


v(x) = Goh 


(3° = 21x) fr 0< x= 
2AEI 


NI] oS 





v(x) = Ao 
960LEI 


(—160L’x° + 1602 x? + 80Lx* — 16x? 





=L AFIL | for 5 SxSsL 
= NR: I a 
5 160 EI’? © 64 EI 


v(x) = = — 1" _ (200°? — 240x°L 
5760LEI 


+ 96x* = 53L) for 0S x= 


v(x) = ZA (40x? — 1201? + 832x — 32°) 
5760EI 


v(x) = - ———— (-4104x* + 3565L’) 
10368EI 


L 
[ord eue 


(P 
1152EI 
+ 6417x + 3891’) for = aoe 

(P 
144EIL k 
-5Dx + 491") for ZT Sxl 


2 
| 3565PL | 


_ _ 3109PL 
^  ]0368EI| ©  10368EI 


v = —Mox(L — xY LEE, 
Omax = m irap (downward) 





(—648Lx° + 192x3 - 


NID 





[DES HI2L + 6x* 


v(x) = —4 (2x4 =e SHE) 
— A8EI 
- qp 
3EI 
y = —qox ^(ASL* — 40L3x + 1512? 


— x*/360L7 ET; 
85 = 19qgL^[360ET, 05 = qoL^/ASEI 
v = —qox D? — 5D3x? + 3Lx* — °)/90L7 ET; 
max = 61qoL^/5760EI 





v(x) — to a — SLx^ + 20D x? — 167) 
I20EIL 
m 2quL. 
T ]I5EI 





9.4-10 


9.5-14 
9.5-15 
9.5-16 


9.5-17 


9.5-18 


1009 


Answers to Problems 





2 
v(x) = E Ca — L) for OS XSL 
v(x) = =N 20Px + PR — 12L - 
+ 2x! + 3L') for Dee 
_ qL — aD i 
€  128ED ©  AgEI 
E DL 2 2 L 
= -I (—205? + 19L sya“ 
i REP A LE 
v(x) = — (8o Lx* —16x' —120P x 


960 EIL 
+ 40D x? — 251? x + 41L’) 


L 
for —=S=xXxEL 
2 








5 - _ 19qL E aur E Tq L 
? 0, = T 
480EI ° 192 EI ^? 240EI 
05 = TPL? DEI, 63 = SPL'JOEI 
(a) 6; = 11PL°/144ET; (b) 85 = 25PL°/384EI, 
(c) 81/64 = 88/75 = 1.173 
(a) a/L = 2/3; (b) a/L = 1/2 
(a) 6, 6.25 mm (upward) 
(b) 6. 48.36 mm (downward) 
y = Px*(L — X BLEI 
05 = T7qL'AG2ET, 85 = 23gL*/648EI 
Sc = 0.0905 in., ôg = 0.293 in. 
(a) 8, = PL'(10L — 9a)/324EI (positive upward); 
(b) Dward when  a/L < 10/9, downward when 
a/L > 10/9 
(a) 8c = PH*(L + H)/3EI- 
(b) 844, = PHL^JOV3EI 
Hi — 3.5 mm 
= qoL^/AOEI, 85 = 13qgL^/180EI 

04 = q? — 6La* + 4a°)/24EI: 
max = q(5L^ — 2417 a* + 16a*)/384EI 
(a) P/O 9 a/AL 
(b) P/Q = 8a(3L + a)/9L’ 


(c) P/qa = 9a/8L for 0,7 0: 


P/qa = a(AL + a)/3Ľ for 0, = 9 
8 = 19WL7/31,104EI 





k = 3.33 Ib/in 
M, = 7800 N-m, M; = 4200 N-m 
|. 6Pb° 
ET 
— 47Pb° 





EC XE 


1010 


Answers to Problems 


6c = 0.120 in. 
q = I6cEI/TL* 
8, = Pcb’ NEI, 8, = Pc?(c + 3b)3EI 
8 = PL'QL + 3a)/3El 
(a) b/L = 0.4030; (b) 8c = 0.002870gL*/EI 
a = 22.5°, 112.5°, —67.5°, or —157.5° 
05 = 7qL°/162EI, 85 = 23gL*/648EI 
85 = 0.443 in., óc = 0.137 in. 
Ôg = 11.8 mm, 6¢ = 4.10 mm 
P = 64 kN 
04 = MoL/6EL, 05 = MoL/3EL, 
8 = MoL? /16EI 
0, = Pa(L — a)(L — 2a)/6LEI, 
8, = Pa*(L — 2a)*/6LEI, 65 = 0 
04 = MoL/6EI, 05 = 0,8 = MoL7/27EI (downward) 
(a) 8g = PLO + 71,/L)/24EL; 
(b) r= (1 + 7h/D)/8 
(a) 8g = qL*(1 + 15I/I)128EL; 
(b) r= (1 + 15/,/L)/16 
(a) 0, 9.31 in. (upward) 
(b) ô- 9.75 in. (downward) 
v = —qx(21L* — 6ALx? + 32x°)/768EI for 
0 Sx < L/4; 
v = —q(13Lf + 256L°x — 512Lx? 
+ 256x*)/12,288EI for L/A < x = L/2; 
04 = TqL'[256ET, max = 31gL*/4096EI 
0, = 8PL7/243EI, 65 = 8PL?/T29EI1, 
Snax = 0.01363PL7/EI 
v = —2Px(19L? — 27x*)/729EI for 0 E x € L/3; 


v = P(13I? — 175D?x + 243Lx* — 81x°)/1458EI 
for L/3 S x S L; 

0, = 38PL7/729EI, 0c = 34PL7/729EI, 

ôs = 32PL?/2187EI 























P| L ax J (z=) 
y= — | — —_ — — + — + in : 
EL |2(0L*- x) 8L 8 2L 

PE 
5, = 8In2—5 
A SEI, n ) 
| ALQL + 3x) a 
y= oe a S 
24El, (L +x) L 
PL? 
ô, = 
24EI, 
 8PD| L x 1 e 
v= — — — — + In ; 
EL, |2L+x 9L 9 3L 





3 
NEUE 
EL, 


9.7-10 


9.7-11 


9.7-12 


9.8-7 
9.9-2 
9.9-3 
9.9-6 


9.9-7 
9.9-8 
9.9-9 
9.9-10 
9.9-11 
9.9-12 
9.10-1 
9.10-2 























19683PL’ 81L 
v(x) = AES qs + 21n 
2000EI , V 81L + 40x 
EZ oe 6440x -H 
121 121L) 14641L 14641 
8, = RE 299 + asai 2E) 
7320500EI , 9 
ree E SIL, wi " aar) 
2000EI , (81L + 40x 81L 
— 6440x — ] 
14641L 
8, = ARE | 2820 + usum 2E) 
7320500EI , 9 
(a) v' = — gU | "a for0z x-zL, 
16EL, (L 4- x) 
| g^ ES + 14Lx x!) | 3l 
—— s —]n 1-4 = 
2D: 8L(L + x) 
for 0 S x S L; 
(b) 6, = ql n qL (3 — 41n2) 
I6EIA SEL, 
U = AbhL oa 2 ax/45E 
(a) and (b) U = P?L°/96EI; (c) 8 = PL^/A8EI 
.qL 
(a) and (b) U = T 
(a) U = 32EI8 ^[L^; (b) U = a^EI6?/AD? 
(a) U = P?a*(L + a)/6EI; 
(b) 8c = Pa*(L + a)/3EI; 
(c) U = 241 in.-Ib, 8c = 0.133 in. 
C= — (re + 280qL M, + 2560M,") 
85 = 2PL3/3EI + 8V2PL/EA 
8p = Pa*b*/3LEI 
c = Pa*(L + a)/3El 
c = DP, + 5P3)/ASEI, 
ôg = L'(5P, + 16P5)/A8EI 
04 = 7qL7/48EI 
c = Pb*(b + 3h)/3EI, 0c = Pb(b + 2h)/2EI 
óc = 3IqL^/4096EI 
0, = M (L + 3a)3EI, 64 = M4aQL + 3a)/6EI 
c = Pa*(L + ay3EI + PUL + ay [kL? 
8p = 3TqL^/6144EI (upward) 
maz Onl FUF 2h/8,) *] 
Tmax = V 18WER/AL 


9.10-3 max = 0.302 in., Cmax = 21,700 psi 
9.10-4 d — 281 mm 
910-5 W 14 X 53 
9.10-6 h = 360 mm 
910-7 R= V3EIIL, o» [L^ 
9.11-1 v = —a(T> — Tj))(x)Y(L — x)/2h (pos. upward); 
04, = aL(T, — T,)/2h (clockwise); 
max = aL” (Tə — T;)/8h (downward) 
9.11-2 = a(T> — T,)(x*)/2h (upward); 
05 = aL(T>, — T,)/h (counterclockwise); 
ôg = aL*(T, — T,)/2h (upward) 


911-3 v(x) = a(7, —7)(x —L) 

















2h 
0. = a(T, — T)(L * a) (counterclockwise) 
h 
a(T, — T))(2La + a’) 
ô. = ————————————— (upward 
z 2; (upward) 
3 
911-4 (a) 6. = oe (downward) 
9 /3h 
aT,L (22 — 1 
5... ee 
(b) Omax 48), (downward) 
3 
9.11-5 (a) ô = ele (downward) 
6h 
3 
(b) 6 = Biol (downward) 
max 12h 
3 
(c)s = EE (downward) 
max 6h 
| anb " P 
PN Dh (downward) 
CHAPTER 10 


10331 R4 = —Rpg = 3M,/2L, M4 = M,/2: 
v = —Mox*(L — x)/4LEI 
1032 Ry —Re— GL), Ma =Ma  gE N2: 
v = —qx (L — x)*/24EI 
103-3 R, Rp = 3EI8;/L°, M4 = 3EI8gIL^; 
y = —6g X GL — RL 
qU 


1 D 
0, = I a Kd 
6(k,L — ET) 


10.3-4 
103-5 R, — V(0) — qi 
| A 40 ^? 


1 
R, = -V(L) = —qL 
, (D) = 7% 


Ó LAT 
5 85"  DXE.L-ED 


Answers to Problems 1017 


7 
10.3-6 (a) R, = V(O) = PLE 


R, —- -V(L) = E 


a 60 
M EN L 
^ 39 40 
_ do 6 3.4 4 2 
v = ——[-x + 7L xX —6q,L x 
m do ) 
(b) 
2 m —47r+8 
R, = V(0) 2 031: quL = (2 E oT árts] -qL 
*—4m+8 
R, = —V(L) = 0.327q,L = [st tms) TE 
TT 


T^ —127+ 24 
M, = -24L E 


?—12m +24 x! 2LY 
tAE E DW P 
T 2 
24 
10.3-7 (a) R, = VO) = [QL 
T 
24 
I = NVL = 
T 
12 1 
M, = (Z z Lc (counterclockwise) 
T TT 
B m T 


1 TX 
y = —— 67 cos| — 
l ms (=) 


+ 4q,Lx° — 644 x + 7 


M. = (s "E Jat (counterclockwise) 


(b) Ra = Rg = qoL/T, M4 = Mg = 2qoL^ fm; 
y = —qoL^(L? sina x/L + ax? — mL/n EI 


48(4 — 
103-8 — (a) R, = V(0) = zm) QoL 
2 484-7 
R, = -V(L) = (2 = m -QL 
TT TT 
2LY 166- m) 
M , 9, (=) + 4 gb 
TT TT 
32(m — 3) 
M, = Lb 


1012 


10.3-9 


Answers to Problems 


1 TX 
= — —|-—16q.L cos| — | + 8(4 — ma, Lx? 
zl do m M 


— &(6 — TL x + Noa! 


(b R, = VO) = stl 
R, = -V(L) = EN; 
30 
I a 
M = Ta (counterclockwise) 
M, = i gi; (counterclockwise) 
20 
y = LES [x5 — 152x + 26D 
360L EI 
= Pix | 
R, = V(0) = xd 
R, =—V(L)= ae 
20 
M, = 2y p 
A 30 0 
1 





5 3 2.2 
y — —q.x + 3g,Lx° — 2q, L x 
ec do qo do ) 


103-10 R4, = —Rg = 3Mo/2L, M4 = —Mpg = Mọo/4; 


10.3-11 


10.4-1 


10.4-2 


10.4-3 


10.4-4 


v = —Mox(L — 2x) 8LEI for 0 = x = L/2 








M 
jen n 
8 L 
M 
p, = 9M, 
8 L 
1M 
M, =-—* 
8L 
y= 1 [2M 5 Mo | oss) 
EI\ 48L 16 2 
_ 1(9M, 3 9M, >, Mol n 
EI 48L 16 2 8 


R, = Pb(3I? — b^J2D, Rg = Pa?(3L — a)/2L’, 
M, = Pab(L + by2L? 


_ qU qU 

R, = qh, Ma =a, Ma coe 
1 | 17 l 5 
R, = "gd R, = gi M, = ae 


tagltcp = LaplLcp 


10.4-5 


10.4-6 


10.4-7 
10.4-8 
10.4-9 


10.4-10 
10.4-11 


10.4-12 
10.4-13 


10.4-14 
10.4-15 


10.4-16 


10.4-17 
10.4-18 


10.4-19 


10.4-20 
10.4-21 


10.4-22 


10.4-23 
10.4-24 


10.4-25 


10.4-26 


10.5-1 


10.5-2 


R,—2qL, ^" 12 
Ry = Ris = GL 4; Ma = Me = 501 (96 
Ra = GL/8, Rg = 33qL/16, Re = 13gL/16 
R4 = 1100 Ib (downward), 
Rg = 2800 Ib (upward), 
M, = 30,000 Ib-in. (clockwise) 
Rp = 6.436 kN 
(a) The tension force in the tie rod = R, = 604.3 Ib 
(b) RA = 795.7 Ib 
M, = 1307.5 lb-ft = 1.567 X 10^ Ib-in 
R4 = 314L/48, Rg = 179L/A8, M4 = 7917/48 
(a) Ra = —23P/17, Rp = Re = 20P/17, 
M, = 3PL/17; (b) Mmax = PL/2 
Rh = Rep 2255 Re = Re = Tigh 10 
M,(q) = (—800 - q) Ib-in for q < 250 Ib/in 
M,(q) = (—200 - q — 150000) Ib-in 
for g = 250 Ib/in 
R4 = —Rg = 6Moab/L?; M4 = Mob(3a — DIL’, 
Mg = —Moa(3b — L)/L* 
o = 509 psi 
(Map)max = 121qgL7/2048 = 6.05 kN-m; 
(Mcp) max = 5gL7/64 = 8.0kN-m 
F = 3,160 lb, Map = 18,960 lb-ft, 
Mpg = 7,320 lb-ft 
k = 48EI(6 + 5V2)/7L> = 89.63EIJD? 
(a) Va = Ve = 3P/32, Ha = P, Ma = 13PL/32; 
(b) Mmax = 13PL/32 
H, = ap H, = ap M = = 
64 64 128 
Ri = Rg = 3000 lb, Re = 0 
(a) M4 = Mg = qb(3L? — b^y2AL; 
(b) b/L = 1.0, M4 = gL7/12:; 
(c) For a = b = L/3, (Mmax)pos = 19qL7/648 
(a) do/d, = V8 = 1.682; 
(b) Ma = qLX3 — 2 V2)2 = 0.08579qL?; 
(c) Point C is below points A and B by the amount 
0.01307gL*/EI 
Minax = 19q990L7/256, Cmax = 13.4 MPa, 
max = 19goL*/7680EI = 0.00891 mm 
_ 243E,E,IAHa(AT) 
4ADE, + 243IHE,, 


a(T, — TL { 3EI -k ) 


(a)R =— a 
i 2h SEIFI -k 


n- a(T, —T,)V 3EI -k | 
: 2h 3EI +L -k 
a(T, — T) 3EI -k 
M,-R,L 80 E (ek 
2h 3EI +L -k 
Ela(T, — T.) 
(DR =-R, = ee upward 
° 2hL DUE 
R, = EL (downward) 
3EIa(T, — T, 
M,=h,L= I (counterclockwise) 
2 
105-3 Rp —-—R,- a(T, — T)L 
2h 
mE i: | (upward) 
3EI -- D -k 
a(T, — T.) 3EI -k 
Rm EE CNN (xar downward 
o 3 
M,-R,L- e — 
(eue SEI - i | (counterclockwise) 
3EI +L - 
105-4 (a)R = .a(T, — T) 
xe (downward) 
36EI +L -k 
Roo cl, = 80 TOE 
4 2h 
p (upward) 
36EI +L -k 
mE 2 
x A OU c bE 
4 2h 
l Rm (upward) 
36EI + DL - k 
(b) R NC MU (downward) 
Lh 
Ela(T, — T. 
R,= LL (upward) 
OEIa(T, — T.) 
R = ———-——2- (upward) 
Í 2Lh j 
2 
1055 R = ad DL. mum (downward) 
i h 36EI - D -k 
u 2 
TE = SEB 
-a (upward) 
36EI+Ľ -k 


10.6-1 


10.6-2 


CHAPTER 11 
11.2-1 Br/L 
i ki 
112-2 (a) B, — pa tpr (pras es ES Pr 
L L 
11.2-3 P. = 6Br/L 
L-a Ba’ + p + 
11.2-4 (a) P, = a) od = = BL’ + 208, 
aL AL 
3 
11.25 P, = Ii 
L 
3 
112-6 P, =-ĻßL 
5 
7 
11.2727 P = -BL 
r — GP 
11.3-1 (a) Pa = 453 k; 
(b) P,, = 152k 
11.3-2 (a) Pœ = 2803 kN; (b) P,, = 953 kN 
11.3-3 (a) Pa = 650 k; (b) Py. = 140 k 
11.3-4 M allow = 1143 kN:m 
11.3-5 Quilow = 23.8 k 
a EI 
11-6 (a) Q, = 72 
2m ^ EI 
b = 
( ) Q. 9r? 
2m El 
113-7. (a)Q., = D 
3dm EI 
(b) M, = 7? 
11.3-8 AT = T I/aAL? 
11.3-9 h/b=2 
11.3-10 (a) P., = 3v ^ Er^/AL^; (b) Pa = 11m ^ Er /AL? 
11.3-11 P, : P5 : P4 = 1.000 :1.047 :1.209 
11.3-12 T ne = 604 kN 
11.3-13 Faiow — 54.40 k 
11.3-14 Wax = 124 KN 
11.3-15 tain = 0.165 in 


11.3-16 
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Answers to Problems 


c 4? 2h 
[A k | (upward) 
36EI - D. k 

(a) H = q^EA8"JAL?, a, = m^ES ^/AL^; 
(b) o, = 617, 154, and 69 psi 
(a) A = 17q°L’/40,320E71*; o, = ghL*/161; 
(b) o, = 17q°L°/40,320EI*; (c) A = 0.01112 mm, 
o, = 117.2 MPa, c; = 0.741 MPa 














P.. = 497 kN 
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11.3-17 
11.3-18 
11.3-19 


11.4-1 
11.4-2 
11.4-3 
11.4-4 
11.4-5 
11.4-6 
11.4-7 
11.4-8 
11.4-9 
11.4-10 
11.4-11 
11.5-1 
11.5-2 
11.5-3 


11.5-4 


11.5-5 


11.5-6 
11.5-7 
11.5-8 
11.5-9 
11.5-10 
11.5-11 
11.5-12 
11.5-13 


11.6-1 
11.6-2 
11.6-3 
11.6-4 
11.6-5 
11.6-6 
11.6-7 
11.6-8 
11.6-9 
11.6-10 
11.6-11 
11.6-12 
11.6-13 


Answers to Problems 


W.. —51.90k 
0 — arctan 0.5 — 26.57? 
(a) qax = 142.4 lb/ft 
(b) Ip min = 38.52 in^ 
(c) s = 0.264 ft, 2.424 ft 
P.. = 235 k, 58.7 k, 480 k, 939 k 
P, = 62.2 kN, 15.6 kN, 127 kN, 249 kN 
Panos = 253 k, 63.2 k, 517 k, 1011 k 
Parow = 678.0 kN, 169.5 kN, 1387 kN, 2712 kN 
P.. = 229k 
Tow = 18.1 KN 
(a) Qa = 4575 Ib; (b) Q4, = 10065 lb, a = 0 in 
P.. = 447 kN, 875 kN, 54.7 kN, 219 kN 
P.. = Am? EIIL?, v = 8(1 — cos 27rx/L)/2 
tmin = 10.0 mm 
(b) Pa = 13.89 EI/L" 
8 = 0.112 in., Mmax = 1710 Ib-in. 
ô = 8.87 mm, Mj, = 2.03 kN: m 
For P = 0.3P4: M/Pe = 1.162(sin 1.721x/L) 
+ cos 1.721x/L 
P = 583.33 árccos 6/(5 + 8)} 7, in which 
P = kN and ô = mm; 
P = 884 kN when 
ô = 10mm 
P = 125.58 árccos 0.2/0.2 + 8)} 7, in which 


P = kips and 6 = in.; P = 190 k when 6 = 0.4 in. 


Plow = 49.91 kN 

Lmax = 150.5 in. = 12.5 ft 

Lmax = 3.14 m 

ô = e(sec kL — 1), Ma, = Pe sec kL 
Lmax = 221m 

Lmax = 130.3 in. = 10.9 ft 

Tmax = 8.29 kN 

(a) qo = 2230 Ib/ft = 186 Ib/in.; 

(b) Mmax = 37.7 k-in., ratio = 0.47 

(a) Omax = 17.3 ksi; (b) Lmax = 46.2 in. 
Plow = 37.2 KN 

b, = 4.10 in. 

(a) Omax = 38.8 MPa; (b) Lnax = 5.03 m 
(a) Omax = 9.65 ksi; (b) Panow = 3.59 k 
də = 131 mm 

(a) Cmax = 10.9 ksi; (b) Panow = 160k 
(a) Omax = 104.5 MPa; (b) Laax = 3.66 m 
(a) Omax = 9.60 ksi; (b) Panow = 53.6 k 
(a) Omax = 47.6 MPa; (b) n = 5.49 

(a) Omax = 13.4 ksi; (b) n = 2.61 

(a) Omax = 120.4 MPa; (b) P; = 387 kN 
(a) Omax = 17.6 ksi; (b) n = 1.89 


11.6-14 (a) Omax = 106.7 MPa; (b) P2 = 314 kN 
11.94 Pio, = 247 k, 180 k, 96.7 k, 54.4 k 
11.922 — Panow = 2927 kN, 2213 kN, 1276 kN, 718 kN 
11.9-3 P now = 328 k, 243 k, 134 k, 75.3 k 
11.9-4 W 250 x 67 
11.9-5 W 12 X 87 
11.9-6 W 360 x 122 
11.9-7 Panow = 58.9 k, 43.0 k, 23.1 k, 13.0 k 
11.9-8 P now = 1070 KN, 906 kN, 692 kN, 438 kN 
11.9-9 Panow = 95 k, 75 k, 51 k, 32 k 
11.9-10 Panow = 235 kN, 211 kN, 186 kN, 163 kN 
11.9-11 L4, = 5.23 ft 
11.9.12. Lia, = 3.59 m 
11.9-13 Lmax = 166.3 in. = 13.9 ft 
11.9-14 Pow = 5634 kN 
11.9-15 (a) Lmax = 254.6 in. = 21.2 ft; 

(b) Lmax = 173.0 in. = 14.4 ft 
11.9-16 (a) Lmax = 6.41 m, (b) Lmax = 4.76 m 
11.9-17 d= 4.89 in. 
11.9-18 d = 99 mm 
11.9-19 d = 5.23 in. 
11.9-20 d= 194mm 
11.9-21 P now = 142 k, 122 k, 83 k, 58 k 
11.9-22 P now = 312 kN, 242 kN, 124 kN, 70 kN 
11.9-23 Pow = 18.1 k, 14.7 k, 8.3 k, 5.3 k 
11.9-24 Panow = 96 kN, 84 KN, 61 KN, 42 kN 
11.9-25 (a) Lmax = 25.2 in.; (b) dmin = 2.12 in. 
11.9-26 (a) Lmax = 457 mm; (b) dmin = 43.1 mm 
11.9-27 (a) Lmax = 14.8 in; (b) dij, = 1.12 in. 
11.9-28 (a) Lmax = 469 mm; (b) dij, = 33.4 mm 
11.9-29 P now = 25.4 k, 14.1 k, 8.4 k 
11.9-30 Panow = 154 kN, 110 kN, 77 kN 
11.9-31 Parow = 16.8 k, 11.3 k, 7.7 k 
11.9-32 P now = 212 kN, 127 kN, 81 kN 
11.9-33 (a) Lmax = 75.2 in. = 6.27 ft; 

(b) b, = 6.71 in. 
11.9-34 (a) Lmax = 2.08 m; (b) bai, = 184 mm 
11.9-35 (a) Lmax = 74.3 in. = 6.19 ft; (b) bai, = 4.20 in. 
11.9-36 (a) Lmax = 1.51 m; (b) bj, = 165 mm 
CHAPTER 12 
i232 x —y-54/ 
123-3 y = 1.10 in. 
123-4 2 = ab 
12.3-5 y = 13.94 in. 
12.3-6 y = 52.5 mm 
12.3-7 x = 0.99 in., y = 1.99 in. 
12.3-8 x = 137 mm, y = 132 mm 


12.4-6 
12.4-7 
12.4-8 
12.4-9 


12.5-1 
12.5-2 
12.5-3 
12.5-4 
12.5-5 
12.5-6 
12.5-7 
12.5-8 
12.6-1 
12.6-2 
12.6-3 
12.6-4 
12.6-5 
12.7-2 
12.7-3 
12.7-4 
12.7-5 
12.7-6 
12.7-7 
12.8-1 


12.8-2 


I, = 518 X 10° mm* 

I, = 36.1 in^, I = 10.9 in.* 

I, = I, = 194.6 X 10? mm*, ry = r, = 80.1 mm 
I, = 1480 in^, b = 186 in.*, r, = 7.10 in., 

y; 2.50 in. 


I, = 040n:^ 
L= 1la/192 
I = 7.23 inf 


L = 405 x 10° mu 

1, = 6050 in^, 1, = 475 in.* 

L m= 106-% 10° mmf 

1, = 17.40 inf, 1, = 6.27 inf 

b = 250 mm 

Ip = bh(b? + 12h°)/48 

(Ip)c = r*(9a? — 8 sin? a)/18a 

Ip = 233 in^ 

Ip = bh(b^ + h*)/24 

(Up)c = r*(176 — 84r + 98?7)[2(4. — w)] 


Ly = r^DA 

b= 2r 

Ly = b? — t^y4 

ly = —20.5 in.* 

Lg = 243 X 10° mm* 

I, = —6.079 in. 

I, = L, = 07/12, Ly, = 9 
Eh — bh(b^ + n^) 

" BERS 1x + hh)’ 


— b (QR — b) 


"UA IUD + h’) 


12.8-3 
12.8-4 


12.8-5 
12.8-6 


12.9-1 


12.9-2 


12.9-3 


12.9-4 


12.9-5 


12.9-6 


12.9-7 


12.9-8 


12.9-9 


Answers to Problems 


T1503 

I, = 1244 X 10° mm^, J, = 9.68 X 10° mm", 
Ly, 76.03 X 10° mm* 

La = 13.50 inf, L, = 3.84 in^, Ly, = 4.76 in. 
L = 8.75 X 10° mm*, J,, = 1.02 X 10? mm*, 
Lay, = —0.356 X 10° mm* 
(a) c = Va? — b?°/2; (b) a/b = N/5; 

(c) 1 < a/b < V5 

Show that two different sets of principal axes 
exist at each point. 


0,, = —29.87°, 0,, = 60.135, 
heall 1 

b= 889 in" 

Op, = —8.54°, 0,, = 81.46°, 


l = 17.24 x 10° mmî, = 4.88 x 10° mm" 
0,, = 37.73°, Op, = 127.73, I, = 15.45 inf, 
h = 1.89 in^ 


0,, = 32.635, 0,, = 122.63°, 

I, = 8.76 X 10° mm^, D = 1.00 x 10° mm’ 
0,, = 16.85°, 0, = 106.85°, 

I, = 0.2390b*, 

L = 0.0387b4 

0,, = 74.08°, 0,, = —15.92°, 


I, = 8.29 X 10° mm, 

L = 1.00 xX 10° mm 

0,, = 75.73°, 0,, = —14.27°, 
I = 20.07 inf, 
1,522358. 
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Kelvin, William Thomas, Lord, 952n 
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(2-4*), 937 (5-1), 938 (5-3) 

Newton, Isaac, Sir, 954n 


O 
Oravas, Gunhard A., 936 (2-3), 940 (9-2, 9-6) 
Osgood, W. R., 937 (2-12) 


Notes: Numbers in parenthesis are reference numbers. 
An asterisk indicates a reference containing bibliographical information. 
The letter n indicates material in a footnote. 


1016 


P 

Parent, Antoine, 366n, 938 (5-3) 

Pascal, Blaise, 948n 

Pearson, Karl, 935 (1-2*) 

Pilkey, W. D., 940 (9-10) 
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Acceleration of gravity (g), 153, 947—948 
Alternating (reverse) loads, 162-164 
Aluminum, 21—22, 375, 868—869 
beam design, 375 
column design, 868—869 
material properties of, 21—22 
Aluminum Association, 375, 868 
American Forest and Paper Association, 375 
American Institute of Steel Construction (AISC), 375 
Analysis of stress and strain, see Plane stress 
Angle of rotation (0 or y), 254, 681—683, 711—712 
Angle of twist ($), 223—226, 229, 239, 275-276 
bars, 223—226, 229, 239 
per unit length (rate of) (0), 224—225 
thin-walled tubes, 275-276 
Angle sections of beams, 500—501 
Angular speed (w), 254—255 
Anisotropic materials, 29 
Area (A), 8—9, 33, 93-94, 902—911, 966—971 
bearing (A,), 33 
centroids of, 902—908 
composite, 905—908 
cross-sectional, 8—9 
effective (metallic), 93-94 
moment of inertia of, 909—911 
plane, 902—904, 909—911, 966—971 
symmetry of, 903 
Axial force (N), 309, 412-413 
Axial loads (P), 11—14, 49-54, 88-219, 412-417, 
845—849 
bars, 92-93, 100-115, 142-143 
beams, 412-417 
cables, 93—94 
columns, 845—849 
combined stresses from, 412 
direct shear and, 49—54 
dynamic loads (P) and, 153-164 
eccentric (Pe), 413—414, 845—849 
elastoplastic materials, 170—171, 175—180 
elongation (ô) from, 91—106, 154—155, 171—172, 
175-180 
fatigue and, 162-164 
impact loads (P) and, 153-161 
inclined sections (0), 128—139 
length changes of, 91—106, 171—172 
line of action for, 11-14 
linearly elastic materials, 91—106, 142 
misfits and, 124—127 
neutral axis for, 414 
nonlinear behavior, 170—175 
nonuniform conditions and, 100—106 
prestrains and, 124—127 
prismatic bars, 11—14, 92—93 
repeated loads (P) and, 162-164 
springs, 91—92, 142 
static loads (P) and, 140-152 
statically determinate structures, 91—107 
statically indeterminate structures, 107-115 
strain energy (U) from, 140—152 
stress concentrations, 164—169 


Index 


structural design and, 49—54, 169 

structural members, 88-219 

thermal effects and, 116—123 
Axial rigidity (EA), 92 


Bars, 92—93, 100-115, 142-143, 171—172, 223-252. 
See also Prismatic bars 
angle of twist (o), 223—226, 229, 239 
axially loaded, 92—93, 100—115, 142-143, 171—172 
circular, 223—252 
elongation (ô) of, 92-93, 100-106, 171—172 
linearly elastic, 142, 226—237 
nonuniform, 100-106, 143—144, 238—244 
pure shear and, 223—225, 245-252 
segmented, 101, 238—244 
statically determinate, 92—93, 100—107 
statically indeterminate, 107—115 
strain energy (U), 142-143 
tapered, 101—102, 171-172 
torsional deformations of, 223—252 
Beam-columns, 848 
Beams, 304—349, 350—453, 454—535, 635—644, 
676—169, 770—815, 984—989 
axial loads and, 412—417 
bending, 351—354, 374—382, 418-420, 466—487, 
504—513 
built-up, 352, 408-411 
cantilever, 306—307, 310—312, 773—775, 976—978 
circular, 366, 376—377, 397—399 
composite, 455, 457—466 
cross sections of, 356—360, 361—373, 376-377, 
387—399 
curvature (K) of, 351, 353—356, 362-363, 679—684 
deflection (v) of, 353—356, 676—769, 984—989 
design of, 351, 374—382 
drawing symbol conventions for, 306—307 
designations of, 375-376 
doubly symmetric, 455, 459, 461—462, 472-478 
free-body diagrams (FBD), 309 
fully stressed, 383, 386 
idealized model of, 308 
inclined loads and, 455, 472-478 
linearly elastic, 361—373 
loads (P) on, 308, 320—325 
longitudinal displacements at ends of, 801—804 
longitudinal strains (2,) in, 356—360, 457—458 
neutral axis, 357, 361—362, 414, 418—419, 459, 
467—468, 479—481 
nonprismatic, 383—388, 683, 720—742 
plane stresses in, 635—644 
principal stresses in, 637—640 
prismatic, 683—684 
reactions of, 308—313, 803 
rectangular, 365, 376, 387—396, 635—639 
shear center concept for, 455, 487—489 
shear flow (f) and, 408-411 
shear stresses (7) in, 387—407, 489—496, 637 
shear-force and bending-moment diagrams for, 
325—336 
slopes of, 984—989 


statically indeterminate, 770—815 
stress concentrations in, 352, 418—420 
stress resultants for, 305, 313—320, 361, 412-413 
stresses (a) in, 350-453, 454—535 
thin-walled open cross section, 489—492, 496—504 
transformed-section method of analysis, 455, 
466—471 
unsymmetric, 455, 479-487, 488-489 
webs of, 400—407, 494—495 
wide-flange, 376—377, 400—407, 492—496, 639—640 
Bearing stress (o,), 32-34 
Bending, 306, 308, 351—354, 374—382, 418-420, 
454—535, 725—730 
approximate theory of, 461—462 
beams, 351—354, 374—382, 418—420, 454—535, 
504—513 
composite beams, 455, 457—466 
deflections (v) by, 725—730 
doubly symmetric beams, 455, 459, 461—462, 
472—478, 488 
elastoplastic, 504—513 
flexure formula, 351—352, 364, 460, 468—469 
inclined loads and, 455, 472-478 
nonuniform, 353—354 
plane of, 306, 308, 352-353 
pure, 353-354 
shear center (S), 455, 487—489, 496—504 
strain energy (U ) of, 725—730 
stress concentrations in, 418—420 
stresses (normal), 364, 374—382, 454—535 
thin-walled open cross-section beams, 489—492, 
496—504 
transformed-section method of analysis, 455, 
466—471 
unsymmetric beams, 455, 479—489 
wide-flange beams, 376—377, 492—496 
Bending moments (M ), 304—349, 351, 362—364, 374, 
412-413, 472-473, 510, 685—695 
axial force (N) and, 309, 412-413 
beams, 304—349, 351, 362-364, 412-413, 
685—695 
deflections (v) by integration of, 685—695 
diagrams, 325—336 
doubly symmetric beams, 472—473 
elastoplastic materials, 510 
loads and, 320—325 
maximum (M ag) 328, 330, 351; 374 
moment-curvature relationship, 362—364 
shear forces (V) and, 304—349 
sign conventions for, 314—315, 472 
Biaxial stress, 545, 550, 566, 576, 578, 579, 582 
Hooke's law for, 576, 578, 582 
plane stress and, 545, 550, 566, 576, 578, 579, 582 
strain-energy density (u) for, 579 
Bifurcation point, 822 
Bolted connections, 31—35 
Bolts, misfits and prestrains of, 125 
Brittle materials, 22—23 
Buckling, 891—823, 856-863 
columns, 891—823, 856—863 
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Buckling (Continued ) 
critical loads for, 820—821, 828—829 
differential equations for, 824—827, 835—837, 840, 
845 
elastic behavior, 856-858 
equilibrium and, 822-824 
Euler, 823-834 
idealized structures, 819—823 
inelastic, 856—863 
reduced-modulus theory for, 860—861 
Shanely theory for, 861—863 
stress-strain diagrams for, 858—860 
tangent-modulus theory, 858—860 
Built-up beams, 352, 408-411 
first (integral) moment (Q), 410 
glulam (glued laminated), 408 
plate girder, 408, 410 
shear flow (f) in, 408-411 
wide-flange, 410 
wood box, 408, 410—411 
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Camber, 26 
Cantilever beams, 306—307, 310—312, 773-775, 
976—978 
deflections and slopes of, 976—978 
fixed support for, 307—308 
propped, 773—775 
reactions, 310—312 
Castigliano's theorem, 731—743 
applications of, 733—736 
deflections (v) by, 731—743 
derivation of, 731—733 
integral signs for, 736—738 
Celsius (°C), unit of degrees, 116, 952—953 
Center of curvature, 355 
Centroid (C), 362, 487—489, 900—933 
composite areas, 905—908 
moments of inertia and, 900—933 
neutral axis and, 362 
plane areas, 902—904 
shear center (S) and, 487—489 
Channel sections of beams, 497—500 
Circular beams, 366, 376—377, 397—399 
design of, 376—377 
hollow cross sections of, 398 
linearly elastic, 366 
shear stresses (7) in, 397—399 
Circular members, 223—237, 254—258, 270-279 
bars, 223—225, 226—229, 232237 
shafts, 254—258 
tubes, 225—226, 230—231, 270—279 
Circumferential (hoop) stress, 627—628 
Columns, 816—899 
allowable loads, 864—865 
allowable stress, 43—48, 864—871 
buckling, 819—844, 856-863 
critical loads for, 820—821, 828—829 
critical stress of, 830 
design formulas for, 863—881 
eccentric axial loads on, 845—849 
effective length (L) of, 837—838 
elastic behavior, 856-858 
Euler buckling, 823-834, 870-871 
inelastic behavior of, 831—832, 856—858 
inelastic buckling, 856, 858—863 
optimum shapes of, 832 
pinned ends, 823-834 
secant formula for, 850—855 
slenderness ratio, 830, 851, 856—858, 870 
stability of, 891—823 
various support conditions for, 834—844 
Combined loads, 645—660 
critical points of, 647—648 
plane stress and, 645—660 
Compatibility, equations of, 107—115, 176, 259—260, 
784 
Compliance, see Flexibility ( f) 
Composite areas, 905—908 
Composite beams, 455, 457—466 


bending, approximate theory of, 461—462 
doubly symmetric cross sections of, 459, 461—462 
strains (£) and stresses (o) in, 457—459 
Compression, 17—18, 23—24, 91, 134—135, 144 
axially loaded members, 91, 144 
maximum stresses in, 134—134 
strain energy (U) and, 144 
stress-strain diagrams, 23—24 
tests, 17—18 
Concentrated loads, 308, 324, 325—327, 328—330, 727 
deflection (v) and, 727 
diagrams for, 325—327, 328—330 
several acting on beams, 328-330 
shear-force and bending-moments of, 324 
Conservation of energy, principle of, 154 
Continuous beams, 776 
Coordinate axes, 353 
Couples, 36, 222, 308, 325 
bending moments, 325 
loading moments, 308, 325 
shear forces (magnitude) of, 36, 325 
torsional moment of, 222 
Creep, 26 
Critical loads, 820—821, 828—829, 842 
Critical points, 647—648 
Cross sections, 7—8, 92, 270—273, 356—360, 361—373, 
376-377, 387—399, 459, 461—462, 489—492. 
See also Neutral axis; Shear center 
beams, 356-373, 376—377, 387—399, 459, 
461—462, 489—492 
centroid, 362 
circular beams, 366, 376—377, 397—399 
composite beams, 459, 461—462 
doubly symmetric, 365—366, 459, 461—462 
element, 388—389 
hollow circular, 398 
ideal shapes, 377 
linearly elastic materials, 361—373 
median line, 272-273 
neutral axis, 357, 361—362, 459 
neutral surface, 357—358 
normal stresses (a) and, 361—373 
rectangular beams, 365, 376, 388—391, 387—396 
section moduli, 365 
structural members, 92 
subelement, 389—391 
thin-walled beams, 489—492 
thin-walled tubes, 270-273 
Curvature (K) of, 351, 353—356, 358, 362-363, 
679—684, 801—803. See also Deflection 
beams, 351, 353—356, 358, 362-363, 679—684, 
801—803 
center of, 680 
deflection curve for, 353—354, 679—684 
equations for, 355, 684 
moment-curvature relation, 351, 362—363 
moment of inertia and, 363 
radius (p) of, 355, 680 
shortening, 801—803 
sign convention for, 356, 680—681 
small deflections, 355—356 
strain-curvature relation, 358 
Cylindrical pressure vessels, 627—635 


Deflection (v), 353—356, 676—769, 770-815, 
816—899, 984—989. See also Buckling; 
Curvature 

angle of rotation (0) and, 681—683, 711—713 

beams and, 353—356, 676—769, 770—815, 984—989 

bending-moment equation, integration of, 685—695 

boundary conditions, 685 

Castigliano's theorem, 731—743 

columns and, 816—899 

concentrated loads and, 727 

continuity conditions, 686 

curve, 351, 353—354, 679—684, 713—716, 777—783 

differential equations for, 679—684, 748, 777—783, 
824—827, 835—837, 840, 845 

impact loads and, 744—746 


maximum, 846—848 
moment-area method, 711—719 
nonprismatic beams, 683, 720—742 
prismatic beams, 683-684 
shear-force (V) and load (q) equations, integration 
of, 696—701 
sign conventions for, 682—683 
slope of curve, 681, 984—989 
statically indeterminate beams, 770—815 
strain energy (U) of bending, 725—730 
successive integrations, method of, 686 
superposition, method of, 702—710, 784—796, 
798—799 
symmetry conditions, 686 
temperature effects on, 746—748, 799—700 
Deformation sign conventions, 314—315 
Differential equations of deflection (v), 679—684, 
748, 711—183, 799-800, 824—827, 835-837, 
840, 845 
column buckling, 824—827, 835—837, 840, 845 
constants of integration, 826-827 
statically determinate beams, 679—684, 748 
statically indeterminate beams, 777—783, 799—800 
temperature effects and, 748, 799—800 
Dimensionless quantities, 10-11 
Direct shear, 35, 49—54 
Displacements, 91—106, 117—123, 140-152, 175-180, 
221, 259—262, 784—796. See also Bending; 
Deflection; Elongation (6) 
diagrams, 97—99 
elastoplastic analysis and, 175—180 
force (P) relations, 107-115, 176-178, 784—796 
length changes in axially loaded members, 91—106 
load-displacement diagrams, 140—142 
plastic (65), 177-180 
single-load, 144—145 
strain energy (U) and, 140-152 
superposition, method of for, 784—796 
temperature (T) relations, 117—123 
torque (T) relations, 221, 259—262 
yield (0), 175—180 
Distributed loads, 11—12, 308, 321—324, 327—328 
beams and, 308, 321-324 
bending moments of, 323—324 
line of action for, 11—12 
shear force of, 321—323 
uniform, 11—12, 308, 327—328 
Doubly symmetric beams, 455, 459, 461—462, 
472—478, 488 
bending moments (M), 472-473 
bending of, 461—462 
bending stresses in, 472-473 
cross sections of, 459, 461—462 
inclined loads and, 472—478 
neutral axis of, 459, 473—474 
shear center of, 488 
Ductile materials, 21 
Dynamic loads, 153-164 
Dynamic test, 17 


Eccentric axial loads (Pe), 413-414, 845—849 
Eccentricity ratio, 851 
Effective length (L), 837—838, 842 
Effective modulus, 94 
Elastic core of beams, 505, 509—510 
Elastic limit, 25 
Elasticity (E), 19, 24—25, 38, 27-28, 94, 252—253, 
584, 992. See also Yielding 
cables and, 94 
material properties of, 24—25 
modulus of (E), 19, 27—28, 38, 94, 992 
rigidity (G), relationship to, 252—253 
shear and, 38 
volume (bulk) modulus of (K), 584 
Elastoplastic materials, 170—171, 175—180, 504—513 
analysis for, 171, 175—180 
axially loaded members of, 170—171, 175—180 
bending of beams, 504—513 
force-displacement relations, 176—178 


load-displacement diagrams, 175—178 
neutral axis of, 505—507 
plastic displacement (85), 177—180 
plastic modulus (Z), 508—510 
plastic moment (M), 505—508 
shape factor (f), 508—509 
stress—strain diagrams for, 170—171 
yield displacement (ô), 175-180 
yield moment (My), 505, 508—509 
Elongation (6), 91—106, 117—123, 154—155, 171—172, 
175—180. See also Displacement 
axially loaded members, 91—106, 154—155, 
171-172, 175-180 
bars, 92—93, 100-106, 171—172 
cables, 93—94 
conservation of energy, principle of, 154 
elastoplastic analysis, 175—180 
force-displacement relations and, 
impact loading and, 154—155 
linearly elastic materials, 91—99 
maximum (ô nax) 154-155 
nonlinear behavior and, 171—172 
nonuniform conditions and, 100—106 
plastic displacement (6p), 177—180 
prismatic bars, 92—93 
sign conventions for, 92—93 
springs, 91—92 
temperature-displacement relations and, 117—123 
yield displacement (dy), 175—180 
Endurance limit, 163—164 
Energy, see Strain Energy (U) 
Equilibrium, 35-36, 107—115, 176, 259, 784, 822-824 
columns, 822-824 
equations of, 107—115, 176, 259, 784 
neutral, 822, 824 
shear stresses (7) on perpendicular planes, 35—36 
stable, 822-824 
statically indeterminate structures and, 107—115, 
176, 259, 784 
unstable, 822, 824 
Euler buckling, 823-834, 870—871 
Euler load, 828, 865 
Euler's curve, 830, 852 
Extensometer, 16 


Factors of safety (n), 43-44, 858 
Fahrenheit (°F), unit of degrees, 116, 953 
Fatigue, 162-164 
Filament-reinforced materials, 23 
Fillets, stress-concentration factors for, 168, 279—281 
Fixed-end beams, 307—308, 775 
Flexibility (f), 91—93, 229 
prismatic bars, 92—93 
springs, 91—92 
torsional (f), 229 
Flexural rigidity (EI), 351, 363, 460 
Flexure formula, 351—352, 364, 460, 468—469, 635 
bending stresses and, 351—352 
composite beams, 460 
linearly elastic beams, 364 
stress analysis using, 635 
transformed-section method of analysis, 468-469 
Fluctuating loads, 153, 162 
Force-displacement relations, 107-115, 176—178, 
784-796 
Force reaction (Rp) redundants, 784—786 
Free-body diagrams (FBD), 7—8, 32-35, 50-54, 309 
Frequency of rotation (f), 255, 948 


Gage length, 16-17 

Gage pressure, 621 

Glass, material properties of, 23 

Glass fibers, material properties of, 23 
Glulam (glued laminated) beam, 408 


Hertz (Hz), unit of, 255, 948 

Holes at neutral axis of beams, 418—419 
Hollow circular cross sections, 398 
Homogeneous material, 11, 29 


Hooke's law, 27—28, 38, 221, 226—227, 
537, 575—580, 581—582 
biaxial stress, 576, 578, 582 
linear elasticity and, 27—28 
modulus of elasticity (E), 27—28, 38 
modulus of rigidity (G), 38 
plane stress and, 537, 575—580, 581—582 
shear, in, 38, 226-227, 575—576 
strain-energy density (u) and, 578—580 
torsional deformation and, 221, 226-227 
triaxial stress and, 581—582 
uniaxial stress and, 576, 578 
volume change and, 577—578 
Horsepower (hp), unit of, 255 
Hydrostatic stress, 584 


I-beams, 375, 487 
Impact factor, 156-157 
Impact loads, 153-162, 744—746 
deflections (v) by, 744—746 
maximum elongation (ô nax)» 154—155 
maximum shear (7,,,.), 153 
maximum stress (O pax)» 155-156 
suddenly applied, 157 
Inclined loads (P), doubly symmetric beams with, 
472-478 
Inclined sections (0), 128—139, 246—250, 539, 541—547 
maximum shear (7,,,.), 133-135 
maximum stress (O aax)» 133-135 
orientation of, 130-131 
plane stress and (o), 539, 541—547 
planes, 246—250 
shear (75) on, 132-135, 246-250 
sign conventions for, 132, 246 
strains (7) on, 249—250 
stresses (o) on, 128-139, 246-249 
torsional deformation and, 246—250 
uniaxial stress on, 135 
Inertia (Z), 228, 230, 363, 900—933 
moment-curvature relationship, 363 
moments of, 363, 900—933 
parallel-axis theorem for, 912—915, 918—920 
plane areas, 909-911 
polar (L) moments of, 228, 230, 916-917 
principal moments of, 923—926 
products of, 918—920 
radius of gyration (r) and, 910 
rotation of axes and, 921—922 
Inner-surface stresses, 624, 629—630 
Integral (first) moment (Q), 391, 410 
Integral signs, differentiation using, 736—738 
International System (SI) of units, 375, 944—951 
Isotropic materials, 29 


Joule (J), unit of, 141, 145, 263 


Kelvin (K), unit of, 116, 952 
Kinetic energy, 153-154 


Lateral contraction, 20, 28 
Length (L), 91—106, 171—172, 837—838. See also 
Elongation (6) 
axially loaded members, changes of in, 91—106, 
171-172 
compression and, 91 
effective, 837—838 
linearly elastic materials, 91—106 
natural, 91 
nonlinear behavior and, 171—172 
nonuniform conditions and, 100—106 
tension and, 91 
Line of action, 11-12 
Linearly elastic materials, 27—31, 91—106, 142-146, 
226—371, 361—373 
angle of twist ($), 229 
axially loaded members, 91—106, 142—146 
cross-sectional beam stresses, 361—373 
doubly symmetric cross sections, 365—366 
flexibility (f), 91—93, 229 
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Hooke's law, 27—28 226-227] 
moment-curvature relationship, 362—363 
normal stresses (o) and, 361—373 
Poisson’s ratio, 28—29 
properties of, 27—31 
stiffness (k), 91-93, 229 
strain energy (U), 142-146 
torsional deformation of, 226—237 

Load-deflection diagrams, 847—848 

Load-displacement diagrams, 140—142, 175—178 

Load tests, 858 

Loads (P), 43-48, 49—54, 88-219, 308, 320—336, 

412-417, 472-478, 487—489, 645—660, 727, 
744-746, 820—821, 828—829, 845-849, 
864—865, 948—949 

allowable, 45—48, 864—865 

alternating, 162 

axial, 49-54, 88-219, 412-417 

beams and, 308, 320-325, 412-417, 472—478, 
487—489 

columns, 820-821, 828—829, 845—849, 864—865 

combined, 645—660 

concentrated, 308, 324, 325-327, 328—330, 727 

couple (moment), 308, 325 

critical, 820—821, 828—829 

deflection (v) and, 696—701, 727, 744—746 

distributed, 308, 321—324 

dynamic, 153-164 

eccentric axial (Pe), 413—414, 845—849 

equations of shear-force and intensity, 645—660 

factors of safety, 43—44 

fluctuating, 153, 162 

impact, 153-162, 744—746 

inclined, 472—478 

intensity (q), 308, 645—660 

linearly varying, 308 

one-directional, 162 

plane stress and, 645—660 

repeated, 162-164 

shear center concept using, 487—489 

shear-force and bending-moment diagrams for, 
325-336 

sign conventions for, 320—321 

single displacements, 144—145 

static, 140—153 

strain energy (U ) and, 144—145 

structural design and, 50 

uniform, 308, 327—328 

units of, 948—949 

yield (Py), 175-180 

Longitudinal (axial) stress, 628—629 

Longitudinal strain (¢,), 356-360, 457—458 

Lüders' bands, 135 


Magnitude, 36, 153 

Margin of safety, 44 

Mechanics of materials, 2-87, 956—944 
deflections, 984—989 
dimensional homogeneity, 958—950 
linearly elastic materials, 27—31 
mathematical formulas for, 962—965 
numerical problems in, 6, 956—961 
properties of materials, 15—31, 972—983, 990—994 
rounding numbers for, 961 
shear, 32-42, 49-54 
significant digits, 959-961 
strain (£), 7, 10-11 
stress (o), 7-10, 11-14, 43-48 
stress-strain diagrams, 17—24 
structural design, 49-54 
symbolic problems in, 6, 956-959 
tests for, 15-18 

Median line, 272-273 

Membrane stresses, 622 

Misfits, 124—127 

Modulus of elasticity (E), 19, 27—28, 38, 94, 

252—253, 902 

Modulus of resilience (u,), 145—146 

Modulus of rigidity (G), 38, 252-253, 992 
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Modulus of toughness (u,), 146 
Mohr's circle, 558—574, 581, 592—593 
construction of, 560—562 
equations of, 558—559 
inclined stress elements and, 562—564 
maximum shear stresses (7,,,.) and, 565 
plane strain and, 592—593 
plane stress and, 588—574 
principal stresses and, 564—565 
triaxial stress and, 581 
Moment-area method of deflection, 711—719 
angle of rotation (0), 711—713 
tangential deviation, 713—715 
Moment-curvature relationship, 351, 362—363, 460, 468 
bending moments, 362—363 
composite beams, 460 
flexural rigidity (EI), 351, 363, 460 
transformed-section method of analysis, 468 
Moment reaction (M ,) redundants, 786—787 
Moments, 222, 304—349, 391, 410, 505—510, 943. 
See also Bending moments (M); Inertia (7) 
couple, of a, 222 
elastoplastic bending and, 505—510 
integral (first) (Q), 391, 410 
plastic (Mp), 505—508 
twisting, 222 
yield (My), 505, 508—509 


Necking, 20 
Neutral axis, 357, 361—362, 414, 418—419, 459, 
467—468, 473-474, 479—481, 505—507 
composite beams, 459 
doubly symmetric beams, 459, 473—474 
eccentric axial loads (Pe) and, 414 
elastoplastic bending and, 505—507 
holes at, 418—419 
inclined loads, relationship to, 473—474 
linearly elastic beams, 361—362 
stress concentrations in bending at, 418—419 
transformed-section method of analysis, 
467—468 
unsymmetric beams, 479—481 
Neutral surface, 357—358 
Nonlinear behavior of axially loaded members, 
170-174 
elastoplastic materials, 170—171 
elongation (6) and, 171—172 
Ramberg-Osgood equation for, 172-174 
statically indeterminate structures and, 173 
stress—strain diagrams for, 170—173 
Notches, rectangular beams with, 419—420 


Offset method, 21—22 
Orientation of inclined sections, 130-131 
Overhangs, beams with, 306—307, 312—313 


Parallel-axis theorem, 912-915, 918—920 
Partially elastic state, 25 
Pascals (Pa), unit of, 145, 228, 266, 948 
Percent elongation, 22 
Percent reduction in area, 22 
Permanent set, 25 
Pin support, simply supported beams, 306—307 
Pinned-end columns, 823-834 
Piobert's bands, 135 
Pitch of threads, 95, 125 
Plane areas, 902—904, 909—911, 966—971 
centroid (C) of, 902—904 
moment of inertia of, 909—911 
properties of, 966—971 
Plane of bending, 306, 308, 352—353 
Plane strain (£), 584—599 
calculation of stresses from, 594 
maximum shear strains (y,,,,), 592 
measurements of, 593—594 
Mohr’s circle for, 592—593 
plane stress versus, 585—586 
principal strains, 591—592 
transformation equations for, 587—591 


Plane stress (o), 536-617, 618—675 
analysis of stress and strain as, 536-617 
applications of, 618—675 
beams and, 635—644 
biaxial stress and, 545, 550, 566, 576—579, 582 
combined loads and, 645—660 
Hooke's law for, 537, 575—582 
inclined sections (0), 539, 541—547 
maximum shear stresses (T ax) 552—554, 565, 
580—581 
Mohr’s circle for, 558—574 
plane strain and, 584—599 
pressure vessels and, 621—635 
principal stresses, 548—557, 564—565 
pure shear and, 545, 551, 566, 576, 580 
spherical stress, 583—584 
strain-energy density (u), 578—580, 582-583 
transformation equations for, 539, 543—544 
triaxial stress, 537—538, 580—584 
uniaxial stress and, 544—545, 550, 566, 576—579 
unit volume change and, 577—578, 582 
Planes, 35—36, 246—250 
inclined (0), 246—250 
perpendicular, 35—36 
shear strains (y,) on inclined, 240—250 
shear stresses (7), equality of on, 35-36 
stresses (o 5), on inclined, 246—249 
Plastic, 20, 23, 25—26, 170, 177—180, 505—510. See 
also Elastoplastic materials 
beams, elastoplastic bending of, 505—510 
displacement (6,), 177—180 
flow, 25 
loads (P), 177-180 
material properties of, 22, 25-26 
modulus (Z), 508—510 
moment (M p), 505—508 
perfectly, state of, 20, 170 
Plate girder, 408, 410 
Poisson's ratio, 28—29 
Polar moment of inertia (J p). 228, 230, 916—917 
Potential energy, 144, 153 
Power transmitted by shafts, 222, 254—258 
Pressure vessels, 621—635 
circumferential (hoop) stress, 627—628 
cylindrical, 627—635 
gage pressure, 621 
inner-surface stresses, 624, 629—630 
longitudinal (axial) stress, 628—629 
outer-surface stresses, 623—624, 629 
plane stress and, 621—635 
spherical, 621—627 
tensile stresses, 622 
Prestrains, 124 
Prestresses, 124 
Principal angles, 548, 550 
Principal axes, 923 
Principal moments of inertia, 923—926 
Principal point, 924 
Principal strains, 591—592 
Principal stresses, 548—557, 564—565, 637—640 
beams, 637—640 
eigenvalue analysis for, 551 
in-plane, 551—554 
maximum shear (7,,,.), 552—554 
Mohr’s circle for, 564—565 
out-of-plane, 554 
plane stress (o), 548—557, 564—565, 637—640 
stress contours for, 638 
stress trajectories for, 637—638 
Prismatic bars, 7—14, 92—93, 100-101, 223-226, 
238-239 
angle of twist (o), 223—226, 239 
axial loads and, 11—12, 92—93, 100-101 
cross sections of, 7—8 
elongation (6), 92—93, 100—101 
nonuniform axial loads, 100—101 
normal stress and strain in, 7-14 
segmented, 101, 239 
torsional deformation of, 223—226, 238—230 


uniform stress distribution of, 7-14 
Progressive fracture, 162—164 
Properties of materials, 15—31, 972—983, 990—994 
aluminum alloys, 21—22 
creep, 26 
elasticity, 24—26 
Hooke's law for, 27—28 
linear elasticity, 27-31 
lumber (structural), 983 
mechanical, 15—24, 993—994 
plasticity, 25—26 
Poisson’s ratio for, 28—29, 992 
stress-strain diagrams for, 17—24 
structural-steel, 19—21, 972—982 
thermal expansion (o), 994 
weight (y) and mass densities (p), 991 
Proportional limit, 19—20 
Pure shear (y), 34, 223-225, 245-252, 263-2710, 545, 
551, 566, 576, 580 
bars and, 223-225, 245-252 
plane stress and, 545, 551, 566, 576, 580 
strain (&) in, 240—250 
strain energy (U) and, 263—270, 580 
stresses (a) in, 245—249 
torsion and, 223-225, 245-252, 263-270 


Radius of curvature (p), 355, 680 
Radius of gyration (r), 830, 851, 910 
Ramberg-Osgood equation, 172-174 
Reactions in beams, 50, 308—313, 803 
horizontal, 803 
releases and, 309—313 
structural design and, 50 
Rectangular beams, 365, 376, 387—396, 419—420, 
508—510, 635—639 
cross sections of, 365, 388—391 
design of, 376 
elastoplastic bending of, 508—510 
integral (first) moment (Q), 391 
notches in, 419—420 
plane stresses in, 635—639 
shear strains (/y), effects of on, 393 
shear stresses (7) in, 387—396 
stress concentrations in bending of, 418—419 
Rectangular tubes, 270—279 
Reduced-modulus theory for column buckling, 
860—861 
Redundants, 774, 784—787 
force reaction (Rp), 784—786 
moment reaction (M ,), 786—787 
static, 774 
superposition, method of using, 784—787 
Reinforced concrete beams, 462 
Relaxation of materials, 26 
Release (primary) structures, 774 
Reloaded materials, 25—26 
Repeated loads, fatigue and, 162-164 
Residual strain, 24—25 
Restoring moment, 820 
Revolutions per minute (rpm), unit of, 255, 948 
Right-hand rule, 11, 222 
Rigidity, 38, 229, 252—253, 276, 351, 363, 460, 992 
axial (EA), 92 
elasticity (E), relationship to, 252—253 
flexural (EI), 351, 363, 460 
modulus of (G), 38, 252-253, 992 
torsional (G7, and GJ), 229, 276 
Roller support, simply supported beams, 307 
Rotation, 254—255, 681—683, 711—712, 838—839, 
921—922 
angles of (0 or y), 254, 681—683, 711—712 
axes, 921—922 
columns fixed against, 838—830 
frequency of (f), 255 
moments of inertia and, 921—922 
Rubber, material properties of, 22 


Sandwich beams, 457—458, 461—462 
Secant formula, 850—855 


Section moduli (S), 365, 374, 376—382 

Shafts, power transmitted by, 222, 254—258 

Shanely theory, 861—863 

Shape factor (f), 508—509 

Shear, 32-42, 49-54, 132-135, 223-227, 245—252, 
263-2773, 387-407, 489—496, 540—541, 545, 
550, 552—554, 565—566, 580—581. See also 


Spring constant, 91—92 

Springs, 91—92, 142 

Static loads (P), 140-141, 153 

Static sign conventions, 315 

Static test, 17 

Statically determinate structures, 91—107, 118, 124, 
175 
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static loads (P) and, 140-152 
thin-walled tubes (U), 274—275 
torsion and, 263—270, 274—275 
triaxial stress and, 582—583 
uniaxial stress and, 145—146, 579 
units of, 141, 145, 266 

work (W) and, 140—141, 263 


Pure shear 
beams and, 387—407, 489—496 
bearing stress (0;), 32-34 
bolted connections, 31—35 


axial loads (P) and, 91—107 
elastoplastic analysis, 175 
misfits and, 124 

thermal effects, 118 


Strain gage, 593—594 
Strain hardening, 20 
Strain rosette, 594 
Strength, 20, 43—48, 49 


direct, 35, 49—54 
distortion, 249 
double, 33 
equilibrium of, 35-34 
formula, 388—391 
hollow circular cross-sections, 398 
Hooke's law in, 38, 226-227, 575—576 
inclined sections (To), on, 132-135, 246-250 
internal strain (y), 225 
maximum strains (»,,,.), 592 
maximum stress (7,,,.), 133-135, 402-403, 
552—554, 565, 580—581 
minimum stress (7,,,,), 402—403 
Mohr’s circle for, 565—566 
outer-surface strain (y), 223-225 
plane stress and, 540—541, 545, 550, 552—554, 
565—566, 580—581, 592 
sign conventions for, 37—38, 245, 541, 565 
single, 34 
strain-energy density (u) in, 265-266 
strains (y), 37, 223-226, 249—250, 393 
stresses (7), 32-42, 245-249, 270—272, 387-407, 
489—496, 450—541, 550 
stress—strain diagrams, 38 
thin-walled tubes and, 270—272 
torsional deformation and, 223—227, 245-252, 
263-273 
triaxial stress and, 580—581 
units of, 32, 38 
webs of wide-flange beams, 400—407 
Shear center (S), 455, 487—489, 496—504 
angle sections, 500—501 
beam cross sections and, 455, 487—489 
centroid (C) and, 487—489 
channel sections, 497—500 
intersecting narrow rectangles, 501—502 
symmetric cross sections, 488 
thin-walled open cross sections, 489, 496—504 
unsymmetrical cross sections, 488—489 
Z-sections, 502 
Shear flow (f), 270—273, 408-411, 492 
built-up beams and, 408—411 
thin-walled open cross-section beams and, 492 
thin-walled tubes and, 270—273 
Shear forces (V), 33—35, 304—349, 403-404, 696—701 
beams, 304—349, 403—404 
bending moments (M) and, 304—349 
deflections by integration of, 696—701 
diagrams, 325—336 
free-body diagrams, 33-35 
loads and, 320—325, 696—701 
sign conventions for, 314—315 
webs (V...) in wide-flange beams, 403—404 
Shell structures, see Pressure vessels 
Shoulders, stress-concentration factors for, 168 
Simply supported (simple) beams, 306—307, 
309—310, 979—981 
deflections and slopes of, 979—981 
reactions, 309—310 
supports for, 306—307 
Skew directions, 581 
Slender beams, 415 
Slenderness ratio, 830, 851, 856—858, 870 
Slip bands, 135 
Slopes and deflections of beams, 681, 984—989 
S-N (endurance curve) diagrams, 163—164 
Spherical pressure vessels, 621—627 
Spherical stress, 583—584 


Statically indeterminate structures, 107—115, 
118—123, 124—125, 173, 175—180, 259—262, 
770-815 

axial loads (P) and, 107-115 

bars, 107-115 

beams, 770-815 

curvature shortening, 771, 801—803 

deflections of, 770—815 

degree of determinacy, 771, 774 

differential equations of deflection curve for, 
679—684, 748, 777—183, 799—800 

elastoplastic analysis of, 175—180 

equations of compatibility, 107-115, 176, 
259—260, 771 

equations of equilibrium, 107-115, 176, 259, 771 

force-displacement relations of, 107—115, 
176-178, 771, 784—796 

longitudinal displacements of, 801—804 

misfits and 124—125 

nonlinear behavior and, 173 

superposition, method of for, 784—796, 798—799 

temperature effects on, 771, 797—800 

thermal effects on, 118—123 

torque-displacement relations of, 259—262 

Stiffness (k), 49—50, 91—93, 229 

linearly elastic materials, 91—93, 229 

prismatic bars, 93 

spring constant, 91—92 

structural design and, 49—50 

torsional (k7), 229 

Stocky beams, 415 

Strain (£), 7, 10-11, 17—18, 28, 116—117, 175, 
223—225, 249—250, 356—360, 457-459, 
536—617. See also Plane strain; Shear 

analysis of, 536-617 

axially loaded members and, 116—117, 175 
beams and, 356—360, 457—459 

inclined planes and, 249—250 

lateral (&'), 28 

longitudinal (e,), 356-360, 457—458 
nominal, 17-18 

normal (£), 7, 10-11, 357—358 

pure shear, in, 249—250 

sign conventions for, 116 

thermal (¢,), 116-117 

torsional deformation and, 223-225, 249—250 
true, 17 

uniaxial, 11 

yield (ey), 175 

Strain-curvature relationship, 351 

Strain energy (U), 140—152, 263—270, 274—275, 
578—580, 582—583, 725—130 

axially loaded members, 140—152 
biaxial stress and, 579 
bending, by, 725—730 


density (u), 145—146, 265—266, 578—580, 582—583 


deflections (v) and, 725-730 

elastic, 141 

inelastic, 141 

linearly elastic behavior, 142-146 
load-displacement diagrams, 140—142 
load displacements and, 144—145 
modulus of resilience (u,), 145—146 
modulus of toughness (u,), 146 
nonuniform bars and, 143-144, 263—264 
nonuniform torsion and, 263—264 
plane stress and, 578—580, 582—583 
pure shear (y) and, 265—270, 580 


allowable loads, 45—46 
allowable stresses, 44—45 
factors of safety, 43—44 
structural design and, 49 


Stress (o), 7-14, 17—18, 43-48, 116—123, 128-139, 


175, 245-249, 350—453, 454—535, 536—617, 
618—675, 864—871. See also Flexural 
formulas; Plane Stress; Principal stresses; 
Shear 

allowable, 43—48, 864—871 

analysis of, 536—617 

axially loaded members and, 116—123, 128-139, 
175 

beams and, 350—453, 454—535, 635—644 

bending (normal), 364, 374—382, 454—535 

biaxial, 545, 550 

columns and, 830, 864—871 

compressive, 8 

contours, 638 

critical, 830 

element, 129, 539 

factors of safety (n), 43-44 

impact loading and, 155-156 

inclined sections (o9), on, 128-139, 246—249 

linearly elastic beams, 361—373 

maximum (@,,,,.), 133-135, 155-156, 364—365, 
635—644 

nominal, 17—18 

normal, 7—14, 540 

pressure vessels, 621—635 

pure shear, in, 245—246, 551 

sign conventions for, 8, 132, 246, 358, 540 

tensile, 8, 622 

thermal, 116—118 

torsional deformation and, 245—249 

trajectories, 637—638 

true, 17 

ultimate, 20 

uniaxial (plane), 11, 135, 145—146, 545, 550 

uniform distribution, 11—12 

units of, 8—9 

yield (ay), 20-22, 175 


Stress concentrations, 9—10, 162, 164—169, 279—281, 


418—420 
axially loaded members, 162, 164—175 
beams, 418—420 
bending and, 418—420 
factors (K), 166-168, 279—281, 420 
fatigue and, 162 
fillets, 162, 279—281 
Saint- Venant's principle, 164—166 
stress raisers, 164 
structural design for, 169 
torsion, in, 279—281 


Stress resultants, 305, 313—320, 361, 412-413 


axial loads and, 412—413 

beams, 313-320, 361, 412-413 
deformation sign conventions for, 314—315 
internal, 305, 313—320 

static sign conventions for, 315 


Stress—strain diagrams, 17—26, 35, 38, 170-173, 


858—860 
bilinear, 171 
compression and, 23—24 
curves, 17—24 
elastoplastic materials and, 170—171 
idealized curves, 170 
inelastic buckling of columns, 858—860 
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Stress—strain diagrams (Continued) 
loaded materials, 17—24 
modulus of elasticity (E), 19 
nonlinear behavior, 170—173 
properties of materials and, 17—26 
proportional limit, 19—20 
Ramberg-Osgood equation, 172-173 
shear, 35 
tangent-modulus theory, 858—860 
tension and, 17—23 
unloaded materials, 24—26 
Structural analysis, 49 
Structural design, 49—54 
Structural steel, 19-21, 375, 865-867, 972—982 
beam design, 375 
column design, 865-867 
material properties of, 19—21 
properties of shapes of, 972—982 
Superposition, method of, 702—710, 784—796, 798—799 
deflection by, 702—710, 784—796 
force reaction (R5) redundants for, 784—786 
moment reaction (M ,) redundants for, 786—787 
statically determinate beams, 702—710 
statically indeterminate beams, 784—796, 798—799 
temperature differential and, 798—799 


INDEX 


Tangential deviation, 713—715 
Tangent-modulus theory for column buckling, 
858—860 
Temperature-displacement relations, 117—123 
Temperature effects on deflection (v), 746—748, 
797-800. See also Thermal effects 
Temperature scales (units) of, 952-953 
Tensile test, 15—17 
Tension, 91, 133-134 
Tensors, 539 
Thermal effects, 116—123 
coefficient of thermal expansion (a), 109 
sign convention, 116—117 
stress (0) and strain (27) and, 116—123 
temperature-displacement relations, 117—123 
Thermal expansion, coefficient of (o), 116 
Thin-walled open cross-section beams, 489—492, 
496—504 
angle sections, 500—501 
channel sections, 497—500 
intersecting narrow rectangles, 501—502 
shear center of, 489, 496—504 
shear flow (f) of, 492 
shear stresses (7) in, 489—492 
Z-sections, 502 
Thin-walled tubes, torsion and, 270-279. See also 
Tubes 
Torque (T), 222, 227—230, 238-245, 948 
distributed, 240 
internal (T), 238—239, 264 
nonuniform torsion and, 238—245 
torsional formula and, 227-230 
Torque-displacement relations, 221, 259—262 


Torsion, 220—303 
angle of twist ($), 223—226, 229, 239, 275-276 
circular members, 223-237, 254—258, 270-279 
constant (J), 274—275 
deformations, 223—237 
elasticity, moduli (E and G) of, 252—253 
formula, 221, 227-229, 272—273 
Hooke's law, 221, 226-227 
nonuniform, 221, 238—244 
power transmitted by, 222, 254—258 
pure shear and, 223—224, 245-252, 263-270 
statically indeterminate members, 221, 259—262 
strain energy (U), 263—270, 274—275 
stress concentrations in, 279—281 
thin-walled tubes and, 270—279 
tubes, 225—226, 230—231, 270—279 
uniform, 221 
units of, 222, 228 
Torsional flexibility (f7), 229 
Torsional rigidity (GI), 229, 276 
Torsional stiffness (k7), 229 
Trail-an-error procedure for columns, 864—865 
Transformation equations, 539, 543—544, 587—591 
application of, 587 
plane strain (2), 587—591 
plane stress (o), 539, 543—544, 587 
Transformed-section method of analysis, 455, 466—471 
bending stresses, 468—471 
moment-curvature relationship for, 468 
neutral axis and, 467—468 
Triaxial stress, 537—538, 580—584 
Hooke's law for, 581—582 
maximum shear stresses (T ax) 580—581 
plane stress and, 537—538, 580—584 
spherical stress, 583—584 
strain-energy density (u), 582-583 
unit volume change and, 582 
Tubes, 225—226, 230—231, 270—279 
angle of twist (@) for, 225, 275—276 
linearly elastic, 230-231 
shear flow (f) in, 270—273 
shear strains (y) in, 225-226 
shear stresses (7) in, 270—272 
strain energy (U), 274—275 
thin-walled, 270-279 
torsion constant (J), 274—275 
torsional deformation of, 225—226, 230—231, 
270—279 
Turnbuckles, misfits and prestrains of, 125 
Twisting moments, see Torque 


U.S. Customary System (USCS), 375-376, 951—952 
Uniaxial stress, 11, 135, 145—146, 544—545, 550, 
566, 576, 578, 579 

Hooke’s law for, 576, 578 

inclined sections and, 135, 544—545 

plane stress and, 544—545, 550, 566, 576, 578, 579 

strain-energy density (u) and, 145—146, 579 
Uniform (distributed) loads, 11—12, 308, 327-328 


beams and, 308 
line of action for, 11—12 
shear-force and bending-moment diagrams, 328—330 
Units, 375—376, 943—955 
beam section designations, 375—376 
conversions between, 953—955 
International System (SI), 375, 944—951 
systems of, 943—944 
temperature scales, 952-953 
U.S. Customary System (USCS), 375—376, 
951—952 
Unsymmetric beams, 455, 479—487, 488—489 
analysis of, 481—487 
neutral axis of, 479—481 
shear center of, 488—489 


Vectors as representation of moments, 222 
Velocity (v), 153 
Volume, 577—578, 582, 584 
bulk modulus of elasticity (K), 584 
change (dilatation), 577—578, 582 
plane stress and, 577—578 
triaxial stress and, 582, 584 


Watts (W), unit of, 255, 943 
Web shear force (V pep), 403-404 
Webs in wide-flange beams, 377, 400—407, 
494—495 
Wedge-shaped stress elements, 542—543 
Wide-flange beams, 376—377, 400—407, 410, 
492—496, 510, 639—640 
built-up, 410 
design of, 376-377 
lower flanges of, 495 
plane stresses in, 639—640 
plastic modulus (Z), 510 
shear stresses (7) in, 400—407, 492—496 
upper flanges of, 493—494 
webs of, 377, 400—407, 494—495 
Wood, 375—376, 408, 410—411, 869—872, 983 
beam design, 375—376 
column design, 869-872 
box beam, 408, 410—411 
lumber (structural), properties of, 983 
Work (W), 140—141, 263, 948, 952 


Yield displacement (6,), 175-180 
Yield load (Py), 175-180 
Yield moment (M,), 505, 508—509 
Yield point, 20 
Yield strain (ey), 175 
Yield stress (oy), 20-22, 175 
Yielding, 19-21, 175-180 
strength, 20 
stress-strain diagrams for, 19—21 
elastoplastic analysis and, 175—180 
Young's modulus, 28 


Z-sections of beams, 502 


PRINCIPAL UNITS USED IN MECHANICS 


International System (SI) U.S. Customary System (USCS) 
Quantity 


Acceleration (angular) radian per second squared |o mds radian per second squared | jmd 
Acceleration (linear) meter per second squared | my foot per second squared -——— 
= o lee | bi —jemo 


Density (mass) kilogram per cubic meter kg/m? slug per cubic foot L— [E 
(Specific mass) 

Density (weight) newton per cubic meter N/m? pound per cubic foot pcf lb/ft? 
(Specific weight) 


e fem a | [eei 


mum ome D = g 
(Intensity of force) 

aee [howe [e [e ew 

246: 38 — —Ls jonulm — aea fient 
e — uem — e [mewb|me — | [eem 
Monet ofa remon —— | — [Nm [meta —— | — [bh 
Moment o eria awe) meneo tourin pome | (at [mhmtekpe | [int 
Mamane ot eria asaj [Kogan ee uae | ust | emeta | O S 


Power watt W J/s foot-pound per second ft-Ib/s 
(N-m/s) 


meas [med | [Mh [meiprmmacke | e [WW 
memo |en | a [memos — | [e — 
mee [mea [Um [we [prego | a [mu 
iG) [mtem — | — [m [meer O [mh 
Sana [aaeeea | | eea | iw [e — 





SELECTED PHYSICAL PROPERTIES 


Water (fresh) 
weight density 62.4 Ib/ft? 
mass density 1.94 slugs/ft° 


Sea water 
weight density 10.0 kN/m? 63.8 Ib/ft? 
mass density 1020 kg/m? 1.98 slugs/ft^ 


Aluminum (structural alloys) 
weight density 28 kN/m’ 175 lb/ft? 
mass density 2800 kg/m? 5.4 slugs/ft? 


Steel 
weight density 77.0 kN/m? 490 lb/ft? 
mass density 7850 kg/m? 15.2 slugs/ft° 


Reinforced concrete 
weight density 24 kN/m? 150 lb/ft? 
mass density 2400 kg/m? 4.7 slugs/ft^ 


Atmospheric pressure (sea level) 
Recommended value 101 kPa 14.7 psi 
Standard international value 101.325 kPa 14.6959 psi 


Acceleration of gravity 

(sea level, approx. 45? latitude) 
Recommended value 9.81 m/s? 32.2 ft/s? 
Standard international value 9.80665 m/s? 32.1740 ft/s? 





SI PREFIXES 


Symbol Multiplication factor 


1 000 000 000 000 
] 000 000 000 

] 000 000 

] 000 

100 


10 
0.1 
0.01 
0.001 
0.000 001 
0.000 000 001 
0.000 000 000 001 





Note: 'The use of the prefixes hecto, deka, deci, and centi is not recommended in SI. 


